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Learning objectives

likelihood function and MLE
role of the sufficient statistics
MLE for parameter learning in directed models

= why is it easy?
conjugate priors and Bayesian parameter learning
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a thumbtack with unknown prob. of heads & tails heads = 1 tails = 0

Bernoulli dist. p(z;0) = 6*(1 — )0 K
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LikenhOOd fu nCtion through an example

a thumbtack with unknown prob. of heads & tails heads = 1 tails = 0

Bernoulli dist. p(z;0) = 6*(1 — )0 K |

max-likelihood estimate (MLE)

ID observations D ={1,0,0,1,1} ]

likelihood of @ is L(6;D) =I,cp P(x;0) = 6°(1 — 6)?

log-likelihood: log L(6; D) = 3log 6 + 2log(1 — 6)

maximizing the log-likelihood (m-projection of Pp) 5
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likelihood function 9

% (3 1Og0 + 210g(1 - 0)) =9 139 = 9?21__53) =0=0= % not a pdf (it does not integrate to 1)

W



SUffiCient StatiStiCS through an example

heads = 1 tails = ()

A

all we needed to know about the data:

e number of heads and tails

given a distribution P(z;0)
e jts sufficient statistics is function ¢ =[¢1,...,¢x] such that
Ep|$(z)] = Ep[#(«')] = 5L(6,D)=7L(6,D) VD, D',0

l

sufficient statistics of the dataset is all that matters about the data



Revisiting exponential family

given a distribution P(z;9)
e its sufficient statistics is function ¢=[¢1,...,¢x] such that
Ep[p(z)] = Ep [¢p(z)] = ﬁL(&D) = ﬁL(G,D’) vD,D',0 B

the (linear) exponential family: p(z) « exp((6, ¢(z)))

e max-entropy distribution subject to E,[¢(z)] = p



Revisiting exponential family

given a distribution P(z;9)
e its sufficient statistics is function ¢=[¢1,...,¢x] such that
Ep[p(z)] = Ep [p(z)] = ﬁL(&D) = ﬁL(G,D’) vD,D',0 B

the (linear) exponential family: p(z) « exp((6, ¢(z)))

e max-entropy distribution subject to E,[¢(z)] = p
o if ¢1,...,¢r arelinearly independent, then 6 < u
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MLE for Bayesian networks an example

a simple network p(z,y;0) = p(z; 0x)p(y|z; Oy x)
likelihood  L(D;0) =[], ,)cp p(=; 0x )p(ylz; by x)

= (H(ac)ED p(z; 0X)) (H(m’y)ep p(y|z; 9Y|X))

likelihood of x cond. likelihood of y
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L(D;0) = (HﬁeVal(X) : ( )> (He,zfeval(x)xVal(Y) et ))
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MLE for Bayesian networks an example

a simple network p(z,y;0) = p(z; 0x)p(y|z; fy|x)
likelihood  L(D;0) =[], ,)cp p(=; 0x )p(ylz; by x)

= (H(w)ED p(z; 0X)) (H(m’y)ep p(y|z; 9Y|X))

likelihood of x cond. likelihood of y
for discrete vars. | | | .
number of times x = £ in the dataset number of times x = ¢,y = £  in the dataset
. o N(z=¢) N(z=Ly=")
L(D:6) = (eevago O ) (Meeeva v O/ )

MLE : maximize local likelihood terms individually

__ N(z={) N(z=Ly={)
Oxe= —pr— Ovixee = —p




MLE for Bayesian networks generai case

| a I | i0 il

BayeS'net p(a’}; 9) = HZ p(a«;l ‘ Paxz;9X1|anz) 0.6 ()_4& / T o

likelihood  L(D;60) =11,.p L1, p(zi | Pas,; 0ipa;) i aos a0
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local likelihood terms



MLE for Bayesian networks generai case

d | d' |

Bayes-net  p(z;0) = [[; p(zi | Pa;0x, pay, )

8 8 8
03 |04 0.3
0.05 | 0.25 | 0.
0.9 0.08 | 0.

likelihood  L(D;0) =11, [, p(i | Pas,;0ipa,)
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local likelihood terms

maximizing the conditional likelihood for each node

® similar to solving individual prediction problems



MLE for Bayesian networks generai case

O a I | i0 il

Bayes-net  p(z;0) = [[; p(zi | Pas;0x, pay, )

likelihood  L(D;0) =11, [L; p(zi | Pas,;0ipa,)

- Hz H(xi,Pami)GD p(ml | Pa’mi;eﬂpai)

local likelihood terms

EYENENEN

maximizing the conditional likelihood for each node

® similar to solving individual prediction problems

how to learn a naive Bayes?




Bayesian parameter estimation

max-likelihood is the same =1 for

heads = 1 tails = ()
casel. IN(zx=1)=1,N(z=0)=2
case2. fN(z=1)=100,N(xz =0)=20 K ‘

Example



Bayesian parameter estimation

max-likelihood is the same =1 for

heads = tails =
case 1. N($:1)=1,N(m:0):2 eads = 1 ails = (
case2. | N(z =1) =100, N(z = 0) = 200 A |

need to model our uncertainty
Bayesian approach:

e assume a prior p(f) ()
e estimate the posterior :




Bayesian parameter estimation

max-likelihood is the same =1 for

casel. IN(z=1)=1,N(z=0)=2
case2. | N(z =1) =100, N(z = 0) = 200

need to model our uncertainty
Bayesian approach:

e assume a prior p(9) @
e estimate the posterior

(%)

p(e | D) - % X p(@)p(D | 0) Data m

l
[L,-p p(zl6)

heads = 1 tails = (
A |
(o)
DRI T



Bayesian parameter estimation

1 0<6<1

heads = 1 tails = ()
0 o.w.

A

assuming a uniform prior p(6) = {

posterior p(6 | D) x p(6)p(D | 6) o< p(D | 6)



Bayesian parameter estimation

1 0<6<1

heads = 1 tails = ()
0 o.w.

A

assuming a uniform prior p(6) = {

posterior p(0 | D) x p(d)p(D | 0) o< p(D | 6)

posterior predictive: predicting heads/tails using the posterior

. rather than a single MLE value
p(z | D) = [, p(6|D)p(x|6)d6
oc OV (1 — )N (1 — )1~



Bayesian parameter estimation

: : . 1 0<6<1 |
assuming a uniform prior p(6) = { 0 ow. heads = 1 tails = 0
posterior p(8|D) o« p(d)p(D | 6) < p(D | 6) K

posterior predictive: predicting heads/tails using the posterior

p(z | D) = [ p(6|D)p(z|0)d6
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rather than a single MLE value

if we do the integration above: p(z=1|D) = N((f;ff},ffm

(and normalize)



Bayesian parameter estimation

: , , 1 0<60<1 ‘
assuming a uniform prior p(6) = { 0 ow. heads = 1 tails = 0
posterior p(0 | D) ocp(0)p(D |0) o< p(D | 0) K

posterior predictive: predicting heads/tails using the posterior

. rather than a single MLE value
p(z | D) = [, p(6|D)p(x|6)d6
o OV (1 — o)NO g7(1 — )1~

if we do the integration above: p(z=1|D) = N((f;ff},ffm

(and normalize)

N(1
compare with prediction using MLE p(z=1|D) = N(O)L)v(l)



Conjugate priors
heads = 1 tails = ()

Z |

how about non-uniform priors? eg, morelikely to see heads

need an efficient way to get the posterior p(8 | D)x p(0)p(D | 6)
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Conjugate priors
heads = 1 tails = (

Z |

need an efficient way to get the posterior p(8 | D)x p(0)p(D | 6)

how about non-uniform priors? eg, morelikely to see heads

ideally the prior p(6) & the posterior p(9|D) should have the same form
p(0) is a conjugate prior to the likelihood p(D|6)

conjugate prior to the Bernoulli likelihood is the
p(D|6) oc G¥ND (1 — )N O
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Conjugate priors: Beta-Bernoulli

conjugate prior to the Bernoulli likelihood is
the
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Conjugate priors: Beta-Bernoulli

conjugate prior to the Bernoulli likelihood is
the Beta distribution
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extension of factorial function I'(n + 1) = n!
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Conjugate priors: Beta-Bernoulli

conjugate prior to the Bernoulli likelihood is
the Beta distribution
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extension of factorial function I'(n + 1) = n!
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hyper-parameters: can be interpreted as # imaginary heads & tails

prior predictive: p(z=1|D=0)= [,p(zx=1]86) o = ;%5

image: wikipedia
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Conjugate priors: Beta-Bernoulli

conjugate prior to the Bernoulli likelihood is
the Beta distribution
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extension of factorial function I'(n + 1) = n!

0 0.2 0.4 0.6 0.8 1

hyper-parameters: can be interpreted as # imaginary heads & tails
prior predictive: p(z=1|D=0)= [,p(zx=1186) o = ;%5
posterior: p(0 | D) x P(D|0) x eV (1 — G)N(O) = ga—l+N(1) (1 _ g)B-1+N(0)

if the prior is p(6;a,8) , the posterior is p(6;a + N(1), 8+ N(0))

image: wikipedia



Beta-Bernoulli: Example

p(m = 1) — .9 &——— heads tails

A

pOSte FIOT for different priors and sample sizes

different prior means ﬁ different prior strength a + ,B

0 20 40 60 80 100 0 20 40 60 80 100
M = # samples M = # samples



Beta-Bernoulli: Example

p(gj = 1) — .9 &——— heads tails

A

posterior predictive for online setting

pOSte FIOT for different priors and sample sizes MLE
______ o = /8 =
i i o i bt A~ L QT esssssessseeeeee o = /B =
different prior means different prior strength a + ,3

a+p
0.6 ‘ 0.6

0.6
0.5 t,l..' i 3

0.4

P(X=H|D)

0.3

0.2

0.1 1 1 L 1 1 1 L 1
5 10 15 20 25 30 35 40 45 50

.

M

0 20 40 60 80 100 0 20 40 60 80 100
M = # samples M = # samples



Conjugate priors: Dirichlet-categorical

Bernoulli Beta
Categorical

(5.5,2) (0.2,0.2,0.2)
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Conjugate priors: Dirichlet-categorical

w1 533 ) Bernoulli Beta
111 3,3,3 s
A : Categorical
6=1(0,0,1)
6 =(0,1,0)

!

a € (R pseudo-counts for different categories
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prior:
I(x=d N(d
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posterior: P(6 | D) o< p(?)p(D | 6)



Conjugate priors: Dirichlet-categorical

w1 533 ) Bernoulli Beta
111 3,3,3 s
A : Categorical
6=1(0,0,1)
6 =(0,1,0)

!

a € (R pseudo-counts for different categories

(5.5,2) (0.2,0.2,0.2)

prior:
I(z=d N(d
A A likelihood: p(D | 0) x erp Hd )= Hd 0, “

posterior: P(6 [ D) < p(7)p(D | 6) o[, %7 = [, 65N~



Conjugate priors: Dirichlet-categorical

w1 533 ) Bernoulli Beta
111 3,3,3 ’
A : Categorical
6 =(0,0,1)
6 =(0,1,0)

!

a € (R pseudo-counts for different categories
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prior:
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Conjugate priors: Dirichlet-categorical

w1 533 ) Bernoulli Beta
111 3,3,3 ’
A : Categorical
6 =(0,0,1)
6 =(0,1,0)

!

a € (R pseudo-counts for different categories

(5.5,2) (0.2,0.2,0.2)

prior:
I(z=d N(d
A A likelihood: (D ‘ 9) X erD Hd )= Hd 9d “
(01D) o p(0)p(D [ 0) o [1,0, 05" =TI, 05"

posterior: P

posterior predictive: p(z =2 [ D) = [,p(0 | D)p(z =z | )df = ﬁfﬁ@
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A

tails

likelihood vs. maximum likelihood

D = {1,0,0,1,1}
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maximum likelihood value: P(D|9) = (¢)* (2)* ~ .035



likelihood vs. maximum likelihood

heads tails

A

maximum likelihood value: P(D|9) = (¢)* (2)* ~ .035
marginal likelihood value:

= Jocio,y P(O)P(D]6)do

D = {1,0,0,1,1}




likelihood vs. maximum likelihood

heads tails

A

maximum likelihood value: P(D|d) = (3)* (
marginal likelihood value:

= Jocio,y P(O)P(D]6)do

chain rule: P(D) = Hff:l P(zm|zM ..

D = {1,0,0,1,1}

2)% ~ 035

w(m_l))



likelihood vs. maximum likelihood

heads tails

A

maximum likelihood value: P(D|§) = (
marginal likelihood value:

= Jocio,y P(O)P(D]6)do

chain rule: P(D) = Hff:l P(zm|zM ..

D = {1,0,0,1,1}

3 2
1) (2)? ~ 035

m(m_l) )

— o a  afl oatl  op+tl
T @ a+1 a+2 a+3 at+4




Viarginal likelihood vs. maximum likelihood

heads tails
A | D ={1,0,0,1,1}
maximum likelihood value: P(D|§) = (g)3 (%)2 ~ .035 005
ooz
marginal likelihood value: g o
= om
fee 0,1] D|9) = 0ol
chain rule: P(D) = Hﬁf:l P(zt™|zM,. .. zm1) T TR T
5]
_ a1 o | optl  art+l | e+l . T(a)  T(+3) T(a+2) 017
T a  atl a2 a+3 a+4 T T'(a+5) (1) () using
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heads tails

A |

maximum likelihood value: P(D|)

D = {1,0,0,1,1}

SONOE

likelihood vs. maximum likelihood

.035

D0ES =

ENE]
marginal likelihood value: C
= om
=
fee 0,1] D|9) * 0.0l
chain rule: P(D) = HJT\n/[:1 P(x(m) ‘m(l)’ y ,iU(m_l)) % 0z o4 o0s o8 1
f
_ a1 o | optl  art+l | e+l . T(a)  T(+3) T(a+2) 017
T a atl a+2  at+3  at4 T TI(at+b) TI'(m) (o) ~ using
marginal likelihood for Dirichlet P(D) = % 1L (aiJ;‘(Zl’))D(i))
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for the likelihood function: »p(z | 6) = exp((¢(z),0) — A(9))

suppose we observe N instances p(D | 6) = exp((>_,.p ¢(z),0) — NA(0))

conjugate prior p(0;n,v) = exp({vn,8) — vA(0))



Conjugate priors: exponential family

for the likelihood function: »p(z | 6) = exp({¢(z),0) — A(9))

suppose we observe N instances p(D | 6) = exp((>_,p ¢(z),0) — NA(0))

conjugate prior p(0;m,v) = exp({vn,8) — vA(0))

imaginary expected sufficient statistics

posterior: p(6 | Dsn,v) = exp ((vn + 3 ,cp #(2),0) — (v + N)A(6))
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Data 1
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Data 1
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® we can apply Bayesian learning to individual conditional distributions



Bayesian learning for Bayes-nets

assumption D (o)
® global parameter independence: prior decomposes p(8) = [, p(0x, pax. ) @
conclusion D)
Data 1
® posterior also decomposes  p(9 | D) = [, p(0x, pax. | D) Ox Loyx | X,Y

p(@ | D) - Hz p(eXi|PaXi ) HmeD Hz p(m’i ‘Pawi ) 0Xi|PaXi ): Hz p(QXi|PaXi ) HmeD p(xi ‘Pa’-’l?i 3 0Xi|PaXi )

prior likelihood P(eXi|PaXi ‘ D)

individual posteriors

® we can apply Bayesian learning to individual conditional distributions

® posterior predictive also decomposes: p(z’ | D) = []; p(; | D)

l

Jo2(0x,pay. | D)p(2i|Pay; 0x, pay, )A0x; | Pay,



Bayesian learning for Bayes-nets

discrete case: conditional probability tables (CPTs)

we can further decompose the prior & posterior

@ local parameter independence
® assume a decomposed prior  p(fy|x) = P(Oy(a0)P(Oyiat Yo binary x

c @ B one for each assignment to the parent (e.g., cols of the table)



Bayesian learning for Bayes-nets

discrete case: conditional probability tables (CPTs)

we can further decompose the prior & posterior

@ local parameter independence
® assume a decomposed prior  p(fy|x) = P(Oy(a0)P(Oyiat Yo binary x

c @ B one for each assignment to the parent (e.g., cols of the table)

Data ® posterior is also decomposed P(fy|x | D) = p(Oyj0 | P)p(Oy .t | D)

d

p(0Y|x0) H(;UO,y)ED p(y|32‘0; OY\wO)



Bayesian learning for Bayes-nets

discrete case: conditional probability tables (CPTs)

In practice this means:

e keep a vector of pseudo-counts for each node @
e after observing N samples: 6 @
= update these based on the frequency of different (x,y) values ﬂ @
ay|$0 = ay‘wl = [1, ceny 1] Data 72

similar to Laplace smoothing

use a second Bayes-net to I keep frequencies P'(x;,pay,)
keep a total pseudo-count «

then axi|ani = O‘P,(wi’pa’Xi)



Bayesian learning for Bayes-nets

ICU alarm network

example

Bayesian learning vs MLE

? L4p!

|
|

|

12

|

|

|
|

KL Divergence

Bayes; oo =5 TR

.'.“q.—_ ............................

0 1 1 Il 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
M = # instances



Summary

learn the parameter by maximizing the likelihood
it does not reflect uncertainty:

e maintain a distribution over the parameters
e for conjugate pairs priorikeiinoos), this maintenance is easy



Summary

learn the parameter by maximizing the likelihood
it does not reflect uncertainty:

e maintain a distribution over the parameters
e for conjugate pairs priorikeiinoos), this maintenance is easy

In Bayes-nets:

e both MLE and Bayesian learning is easy
= they have a decomposed form



