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geometry of linear classification
Perceptron learning algorithm
margin maximization and support vectors
hinge loss and relation to logistic regression

Learning objectivesLearning objectives
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  PerceptronPerceptron
historically a significant algorithm
(first neural network, or rather just a neuron)

old implementation (1960's)

biologically motivated model
simple learning algorithm
convergence proof
beginning of connectionist AI
it's criticism in the book  "Perceptrons" was a factor in AI winter
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Model

  PerceptronPerceptron
historically a significant algorithm
(first neural network, or rather just a neuron)

old implementation (1960's)

biologically motivated model
simple learning algorithm
convergence proof
beginning of connectionist AI
it's criticism in the book  "Perceptrons" was a factor in AI winter

note that we're using +1/-1 for labels rather than 0/1.
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w ←{t+1} w −{t} α∇J  (w) =n w +{t} αy x(n) (n)

Perceptron uses learning rate of 1
this is okay because scaling w does not affect prediction

sign(w x) =⊤ sign(αw x)⊤

the algorithm is guaranteed to converge in finite steps if linearly separable
Perceptron convergence theorem
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Iris dataset
(linearly separable case)

iteration 10

observations:
after finding a linear separator no further updates happen

the final boundary depends on the order of instances
(different from all previous methods)

note that the code is not chacking for convergence
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Iris dataset
(NOT linearly separable case)

the algorithm does not converge
there is always a wrong prediction and the weights will be updated
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Perceptron: Perceptron: issuesissues   

cyclic updates if the data is not linearly separable?

try make the data separable using additional features?
data may be inherently noisy

even if linearly separable
convergence could take many iterations

the decision boundary may be suboptimal

let's fix this problem first
assume linear separability

5 . 7
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this is positive for correctly classified points
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the margin of a classifier (assuming correct classification)

is the distance of the closest point to the decision boundary

 (w x +∣∣w∣∣
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correcting for sign (margin)  y (w x +∣∣w∣∣
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these are called support vectors

only the points (n) with

M =  y (w x +∣∣w∣∣  2

1 (n) ⊤ (n) w  )0 matter in finding the boundary

max-margin classifier is called support vector machine (SVM)
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fix the norm of w to avoid this ∣∣w∣∣  =2  M
1

if                  is an optimal solution thenw ,w  

∗
0
∗

observation



  Support Vector MachineSupport Vector Machine
find the decision boundary with maximum margin

max  Mw,w  0

M ≤  y (w x +∣∣w∣∣  2

1 (n) ⊤ (n) w  ) ∀n0{

6 . 5



  Support Vector MachineSupport Vector Machine
find the decision boundary with maximum margin

max  Mw,w  0

M ≤  y (w x +∣∣w∣∣  2

1 (n) ⊤ (n) w  ) ∀n0{

6 . 5

 ∣∣w∣∣  2

1

 ∣∣w∣∣  2

1



  Support Vector MachineSupport Vector Machine
find the decision boundary with maximum margin
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simplifying, we get hard margin SVM objective
min  ∣∣w∣∣  w,w  0 2
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Perceptron: Perceptron: issuesissues   

cyclic updates if the data is not linearly separable?

try make the data separable using additional features?
data may be inherently noisy

even if linearly separable
convergence could take many iterations

the decision boundary may be suboptimal

now lets fix this problem
maximize a soft margin

maximize the hard margin
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γ



  Hinge lossHinge loss
would be nice to turn this into an unconstrained optimization

 ∣∣w∣∣  2

1

 ∣∣w∣∣  2

1

8 . 3

y (w x +(n) ⊤ (n) w  ) ≥0 1 − ξ(n)

 ∣∣w∣∣  2

ξ(n)

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ  ξ∑n

(n)

ξ ≥(n) 0 ∀n



  Hinge lossHinge loss
would be nice to turn this into an unconstrained optimization

 ∣∣w∣∣  2

1

 ∣∣w∣∣  2

1

8 . 3

y (w x +(n) ⊤ (n) w  ) ≥0 1 − ξ(n)

 ∣∣w∣∣  2

ξ(n)

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ  ξ∑n

(n)

ξ ≥(n) 0 ∀n

if point satisfies the margin

ξ =(n) 0

y (w x +(n) ⊤ (n) w  ) ≥0 1

minimum slack is



  Hinge lossHinge loss
would be nice to turn this into an unconstrained optimization

 ∣∣w∣∣  2

1

 ∣∣w∣∣  2

1

8 . 3

y (w x +(n) ⊤ (n) w  ) ≥0 1 − ξ(n)

 ∣∣w∣∣  2

ξ(n)

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ  ξ∑n

(n)

ξ ≥(n) 0 ∀n

if point satisfies the margin

ξ =(n) 0

y (w x +(n) ⊤ (n) w  ) ≥0 1

minimum slack is

otherwise
the smallest slack is ξ =(n) 1 − y (w x +(n) ⊤ (n) w  )0

y (w x +(n) ⊤ (n) w  ) <0 1



  Hinge lossHinge loss
would be nice to turn this into an unconstrained optimization

 ∣∣w∣∣  2

1

 ∣∣w∣∣  2

1

8 . 3

y (w x +(n) ⊤ (n) w  ) ≥0 1 − ξ(n)

 ∣∣w∣∣  2

ξ(n)

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ  ξ∑n

(n)

ξ ≥(n) 0 ∀n

so the optimal slack satisfying both cases

ξ =(n) max(0, 1 − y (w x +(n) ⊤ (n) w  ))0

if point satisfies the margin

ξ =(n) 0

y (w x +(n) ⊤ (n) w  ) ≥0 1

minimum slack is

otherwise
the smallest slack is ξ =(n) 1 − y (w x +(n) ⊤ (n) w  )0

y (w x +(n) ⊤ (n) w  ) <0 1



  Hinge lossHinge loss
would be nice to turn this into an unconstrained optimization

 ∣∣w∣∣  2

1

 ∣∣w∣∣  2

1

8 . 4

 ∣∣w∣∣  2

ξ(n)

y (w x +(n) ⊤ (n) w  ) ≥0 1 − ξ(n)

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ  ξ∑n

(n)

ξ ≥(n) 0 ∀n



  Hinge lossHinge loss
would be nice to turn this into an unconstrained optimization

 ∣∣w∣∣  2

1

 ∣∣w∣∣  2

1

8 . 4

 ∣∣w∣∣  2

ξ(n)

y (w x +(n) ⊤ (n) w  ) ≥0 1 − ξ(n)

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ  ξ∑n

(n)

ξ ≥(n) 0 ∀n

ξ =(n) max(0, 1 − y (w x +(n) ⊤ (n) w  ))0replace



  Hinge lossHinge loss
would be nice to turn this into an unconstrained optimization

 ∣∣w∣∣  2

1

 ∣∣w∣∣  2

1

8 . 4

 ∣∣w∣∣  2

ξ(n)

y (w x +(n) ⊤ (n) w  ) ≥0 1 − ξ(n)

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ  ξ∑n

(n)

ξ ≥(n) 0 ∀n

ξ =(n) max(0, 1 − y (w x +(n) ⊤ (n) w  ))0replace

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ max(0, 1 −∑n y (w x +(n) ⊤ (n) w  ))0we get



  Hinge lossHinge loss
would be nice to turn this into an unconstrained optimization

 ∣∣w∣∣  2

1

 ∣∣w∣∣  2

1

8 . 4

 ∣∣w∣∣  2

ξ(n)

y (w x +(n) ⊤ (n) w  ) ≥0 1 − ξ(n)

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ  ξ∑n

(n)

ξ ≥(n) 0 ∀n

ξ =(n) max(0, 1 − y (w x +(n) ⊤ (n) w  ))0replace

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ max(0, 1 −∑n y (w x +(n) ⊤ (n) w  ))0we get

the same as min   max(0, 1 −w,w  0 ∑n y (w x +(n) ⊤ (n) w  )) +0  ∣∣w∣∣  2γ
1

2
2



  Hinge lossHinge loss
would be nice to turn this into an unconstrained optimization

 ∣∣w∣∣  2

1

 ∣∣w∣∣  2

1

8 . 4

 ∣∣w∣∣  2

ξ(n)

y (w x +(n) ⊤ (n) w  ) ≥0 1 − ξ(n)

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ  ξ∑n

(n)

ξ ≥(n) 0 ∀n

ξ =(n) max(0, 1 − y (w x +(n) ⊤ (n) w  ))0replace

min   ∣∣w∣∣  +w,w  0 2
1

2
2 γ max(0, 1 −∑n y (w x +(n) ⊤ (n) w  ))0we get

the same as min   max(0, 1 −w,w  0 ∑n y (w x +(n) ⊤ (n) w  )) +0  ∣∣w∣∣  2γ
1

2
2
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Iris dataset (D=2)
(linearly separable case)
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Iris dataset (D=2)
(NOT linearly separable case)
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ExampleExample   

Iris dataset (D=2)
(NOT linearly separable case)
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Perceptron does not converge
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SVM vs. logistic regressionSVM vs. logistic regression   

includes the bias

recall: logistic regression simplified cost for y ∈ {0, 1}

J(w) =  y log (1 +∑n=1
N (n) e )+−z(n)

(1 − y ) log (1 +(n) e )z(n)

where z =(n) w x⊤ (n)
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J(w) =  max(0, 1 −∑n y (z )) +(n) (n)
 ∣∣w∣∣  2

λ
2
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compare to SVM cost y ∈ {−1, +1}for

J(w)

L  2

L  0,1

scaled L  CEscaled L  CE

L  hinge (SVM)

(logistic regression)

they both try to approximate 0-1 loss (accuracy)
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  MulticlassMulticlass  classificationclassification
can we use multiple binary classifiders?

image credit: Andrew Zisserman

one versus the rest

test time:
choose the class with the highest score

z =∗ arg max  z  (x)c c

training:
train C different 1-vs-(C-1) classifiers z  (x) =c w  x[c]

⊤

problems:
class imbalance
not clear what it means to compare               valuesz  (x)c
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MulticlassMulticlass  classificationclassification   

can we use multiple binary classifiders?

one versus one

problems:
computationally more demanding for large C
ambiguities in the final classification

test time:
choose the class with the highest vote

training:
train                    classifiers for each class pair

 2
C(C−1)
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SummarySummary   

geometry of linear classification
Perceptron algorithm
distance to the decision boundary (margin)
max-margin classification
support vectors
hard vs soft SVM
relation to perceptron
hinge loss and its relation to logistic regression
some ideas for max-margin multi-class classification
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