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using the chain rule to calculate the gradients
automatic differentiation

forward mode
reverse mode (backpropagation)

Learning objectivesLearning objectives

2



 Landscape of the cost function Landscape of the cost function
  

two layer MLPmodel

f(x;W ,V ) = g(Wh(V x))

image credit: https://www.offconvex.org

3



 Landscape of the cost function Landscape of the cost function
  

two layer MLPmodel

f(x;W ,V ) = g(Wh(V x)) loss function depends on the task
min L(y , f(x ;W ,V ))W ,V ∑n

(n) (n)objective

image credit: https://www.offconvex.org

3



 Landscape of the cost function Landscape of the cost function
  

this is a non-convex optimization problem
many critical points (points where gradient is zero)

two layer MLPmodel

f(x;W ,V ) = g(Wh(V x)) loss function depends on the task
min L(y , f(x ;W ,V ))W ,V ∑n

(n) (n)objective

image credit: https://www.offconvex.org

3



 Landscape of the cost function Landscape of the cost function
  

this is a non-convex optimization problem
many critical points (points where gradient is zero)

two layer MLPmodel

f(x;W ,V ) = g(Wh(V x)) loss function depends on the task
min L(y , f(x ;W ,V ))W ,V ∑n

(n) (n)objective

these are not stable and SGD can escape

image credit: https://www.offconvex.org

3



 Landscape of the cost function Landscape of the cost function
  

this is a non-convex optimization problem
many critical points (points where gradient is zero)

two layer MLPmodel

f(x;W ,V ) = g(Wh(V x)) loss function depends on the task
min L(y , f(x ;W ,V ))W ,V ∑n

(n) (n)objective

these are not stable and SGD can escape

image credit: https://www.offconvex.org

there are exponentially many global optima:
given one global optimum we can
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for rectifiers: rescale input/output of a unit
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strategy use gradient descent methods (covered earlier in the course)
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in matrix form

C x M Jacobian

 M x D Jacobian

=∂x
∂y

∂z
∂y
∂x
∂z

C x D Jacobian
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J(W ,V ) = L(y , g (W h (V x ))∑n
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Cost function we want to minimize

need gradient wrt W and V: J , J∂W
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∂
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=ŷc g(u )c

q =m V x∑d=1
D

m,d d

u =c W z∑m=1
M

c,m m

L(y, )ŷ
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=ŷc g(u )c

q =m V x∑d=1
D

m,d d

u =c W z∑m=1
M

c,m m

L(y, )ŷ
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∂ŷc

∂L
∂uc

∂ŷc
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∂ŷc

∂L
∂uc

∂ŷc
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∂ŷc

∂Wc,m

∂uc

zm

depends on the loss function

depends on the activation function

using the chain rule

L(y, ) =ŷ y log +ŷ (1 − y) log(1 − )ŷ
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=ŷc g(u )c

q =m V x∑d=1
D

m,d d

u =c W z∑m=1
M

c,m m

L(y, )ŷ
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=ŷc g(u )c

q =m V x∑d=1
D

m,d d

u =c W z∑m=1
M

c,m m

L =∂Vm,d

∂ ∑c ∂ŷc
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=ŷc g(u )c

q =m V x∑d=1
D

m,d d

u =c W z∑m=1
M

c,m m

L =∂Vm,d

∂ ∑c ∂ŷc
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Iris dataset (D=2 features + 1 bias)
M = 16 hidden units
C=3 classes

def cost(X, #N x D 
         Y, #N x C
         W, #M x C 
         V, #D x M
        ):

1
2
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4
5

  Q = np.dot(X, V) #N x M6
  Z = logistic(Q) #N x M7
  U = np.dot(Z, W) #N x K8
  Yh = softmax(U)9
  nll = - np.mean(np.sum(U*Y, 1) - logsumexp(U))10
  return nll11
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def logsumexp(
    Z,# NxC
):
    Zmax = np.max(Z,axis=1)[:, None]
    lse = Zmax + np.log(np.sum(np.exp(Z - Zmax), axis=1))[:, None]
    return lse #N
  
  def softmax(
    u, # N x C
):
    u_exp = np.exp(u - np.max(u, 1)[:, None])
    return u_exp / np.sum(u_exp, axis=-1)[:, None]

1
2
3
4
5
6
7
8
9

10
11
12

helper functions



Iris dataset (D=2 features + 1 bias)
M = 16 hidden units
C=3 classes

def cost(X, #N x D 
         Y, #N x C
         W, #M x C 
         V, #D x M
        ):

1
2
3
4
5

  Q = np.dot(X, V) #N x M6
  Z = logistic(Q) #N x M7
  U = np.dot(Z, W) #N x K8
  Yh = softmax(U)9
  nll = - np.mean(np.sum(U*Y, 1) - logsumexp(U))10
  return nll11

  Q = np.dot(X, V) #N x M

def cost(X, #N x D 1
         Y, #N x C2
         W, #M x C 3
         V, #D x M4
        ):5

6
  Z = logistic(Q) #N x M7
  U = np.dot(Z, W) #N x K8
  Yh = softmax(U)9
  nll = - np.mean(np.sum(U*Y, 1) - logsumexp(U))10
  return nll11

cost is softmax-cross-entropy

xd

z =m σ(q )m
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J = − y u +∑n=1
N (n)⊤ (n) log e∑c

uc
(n)

6 . 1

  
Example:Example: classification classification

def logsumexp(
    Z,# NxC
):
    Zmax = np.max(Z,axis=1)[:, None]
    lse = Zmax + np.log(np.sum(np.exp(Z - Zmax), axis=1))[:, None]
    return lse #N
  
  def softmax(
    u, # N x C
):
    u_exp = np.exp(u - np.max(u, 1)[:, None])
    return u_exp / np.sum(u_exp, axis=-1)[:, None]

1
2
3
4
5
6
7
8
9

10
11
12

helper functions



Iris dataset (D=2 features + 1 bias)
M = 16 hidden units
C=3 classes

xd

z =m σ(q )m

=ŷ softmax(u)

q =m V x∑d=1
D

m,d d

u =c W z∑m=1
M

c,m m

6 . 2

L(y, )ŷ
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def gradients(X,#N x D
              Y,#N x K
              W,#M x K 
              V,#D x M
             ):
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    dV = np.dot(X.T, dZ * Z * (1 - Z))/N #D x M12
    return dW, dV13
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∂ ( −ŷ y)W z (1 −m m z )xm d

Iris dataset (D=2 features + 1 bias)
M = 16 hidden units
C=3 classes

xd

z =m σ(q )m
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check your gradient function using finite difference
approximation that uses the cost function

scipy.optimize.check_grad1
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Example:Example: classification classification



def gradients(X,#N x D
              Y,#N x K
              W,#M x K 
              V,#D x M
             ):

1
2
3
4
5

    Z = logistic(np.dot(X, V))#N x M6
    N,D = X.shape7
    Yh = softmax(np.dot(Z, W))#N x K8
    dY = Yh - Y #N x K9
    dW= np.dot(Z.T, dY)/N #M x K10
    dZ = np.dot(dY, W.T) #N x M11
    dV = np.dot(X.T, dZ * Z * (1 - Z))/N #D x M12
    return dW, dV13

    Z = logistic(np.dot(X, V))#N x M

def gradients(X,#N x D1
              Y,#N x K2
              W,#M x K 3
              V,#D x M4
             ):5

6
    N,D = X.shape7
    Yh = softmax(np.dot(Z, W))#N x K8
    dY = Yh - Y #N x K9
    dW= np.dot(Z.T, dY)/N #M x K10
    dZ = np.dot(dY, W.T) #N x M11
    dV = np.dot(X.T, dZ * Z * (1 - Z))/N #D x M12
    return dW, dV13

    Yh = softmax(np.dot(Z, W))#N x K

def gradients(X,#N x D1
              Y,#N x K2
              W,#M x K 3
              V,#D x M4
             ):5
    Z = logistic(np.dot(X, V))#N x M6
    N,D = X.shape7

8
    dY = Yh - Y #N x K9
    dW= np.dot(Z.T, dY)/N #M x K10
    dZ = np.dot(dY, W.T) #N x M11
    dV = np.dot(X.T, dZ * Z * (1 - Z))/N #D x M12
    return dW, dV13

    dY = Yh - Y #N x K
    dW= np.dot(Z.T, dY)/N #M x K

def gradients(X,#N x D1
              Y,#N x K2
              W,#M x K 3
              V,#D x M4
             ):5
    Z = logistic(np.dot(X, V))#N x M6
    N,D = X.shape7
    Yh = softmax(np.dot(Z, W))#N x K8

9
10

    dZ = np.dot(dY, W.T) #N x M11
    dV = np.dot(X.T, dZ * Z * (1 - Z))/N #D x M12
    return dW, dV13

    dZ = np.dot(dY, W.T) #N x M
    dV = np.dot(X.T, dZ * Z * (1 - Z))/N #D x M

def gradients(X,#N x D1
              Y,#N x K2
              W,#M x K 3
              V,#D x M4
             ):5
    Z = logistic(np.dot(X, V))#N x M6
    N,D = X.shape7
    Yh = softmax(np.dot(Z, W))#N x K8
    dY = Yh - Y #N x K9
    dW= np.dot(Z.T, dY)/N #M x K10

11
12

    return dW, dV13     return dW, dV

def gradients(X,#N x D1
              Y,#N x K2
              W,#M x K 3
              V,#D x M4
             ):5
    Z = logistic(np.dot(X, V))#N x M6
    N,D = X.shape7
    Yh = softmax(np.dot(Z, W))#N x K8
    dY = Yh - Y #N x K9
    dW= np.dot(Z.T, dY)/N #M x K10
    dZ = np.dot(dY, W.T) #N x M11
    dV = np.dot(X.T, dZ * Z * (1 - Z))/N #D x M12

13

L =∂Wm

∂ ( −ŷ y)zm
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=ŷ softmax(u)

q =m V x∑d=1
D

m,d d

u =c W z∑m=1
M

c,m m

6 . 2

L(y, )ŷ
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Iris dataset (D=2 features + 1 bias)
M = 16 hidden units
C=3 classes

using GD for optimization

        dW, dV = gradients(X, Y, W, V)
        W = W - lr*dW
        V = V - lr*dV

def GD(X, Y, M, lr=.1, eps=1e-9, max_iters=100000):1
    N, D = X.shape2
    N,K = Y.shape3
    W = np.random.randn(M, K)*.014
    V = np.random.randn(D, M)*.015
    dW = np.inf*np.ones_like(W)6
    t = 07
    while np.linalg.norm(dW) > eps and t < max_iters:8

9
10
11

        t += 112
    return W, V13

6 . 3
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M = 16 hidden units
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using GD for optimization

        dW, dV = gradients(X, Y, W, V)
        W = W - lr*dW
        V = V - lr*dV

def GD(X, Y, M, lr=.1, eps=1e-9, max_iters=100000):1
    N, D = X.shape2
    N,K = Y.shape3
    W = np.random.randn(M, K)*.014
    V = np.random.randn(D, M)*.015
    dW = np.inf*np.ones_like(W)6
    t = 07
    while np.linalg.norm(dW) > eps and t < max_iters:8

9
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11

        t += 112
    return W, V13

the resulting decision boundaries
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gradient computation is tedious and mechanical.
can we automate it?

approximates partial derivatives using finite difference
needs multiple forward passes (for each input output pair)

can be slow and inaccurate
useful for black-box cost functions or checking the correctness of gradient functions

using numerical differentiation?
≈∂w

∂f
ϵ

f(w+ϵ)−f(w)

symbolic differentiation: symbolic calculation of derivatives
does not identify the computational procedure and reuse of values

automatic / algorithmic differentiation is what we want

write code that calculates various functions, e.g., the cost function
automatically produce (partial) derivatives  e.g., gradients used in learning
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there are two ways to use the computational graph to calculate derivativesstep 3

forward mode: start from the leafs and propagate derivatives upward

reverse mode:

1. first in a bottom-up (forward) pass calculate the values
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forward mode is more natural, easier to implement and requires less memory

a single forward pass calculates ,… ,∂w
∂y1
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however, reverse mode is more efficient in calculating gradient ∇ y =w [ ,… , ]∂w1
∂y

∂wD

∂y ⊤

this is more efficient if we have single output (cost) and many variables (weights)
for this reason, in training neural networks, reverse mode is used
the backward pass in the reverse mode is called backpropagation

many machine learning software implement autodiff:

autograd (extends numpy)

pytorch

tensorflow
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curriculum learning (similar idea)

increase the number of "difficult" examples over time
similar to the way humans learn
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each unit is unnecessarily constrained to have zero-mean and std=1 (we only need to fix the distribution)

idea normalize the input to each unit (m) of a layer ℓ

alternatively: apply the batch-norm to W x{ℓ} {ℓ}

recent observations the change in distribution of activations is not a big issue empirically
BN works so well because it makes the loss function smooth
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exponentially many local optima and saddle points
most local minima are good
calculate the gradients using backpropagation

automatic differentiation

simplifies gradient calculation for complex models
gradient descent becomes simpler to use
forward mode is useful for calculating the jacobian of                             when
reverse mode can be more efficient when

backpropagation is reverse mode autodiff.

f : R →Q RP P ≥ Q
Q > P

Better optimization in deep learning:

better initialization
models that are easier to optimize (using skip-connection, batch-norm, ReLU)
pre-training and curriculum learning
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