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1 INTRODUCTION

Markov Chains are often so complex that an exact solution for the steady-
state probabilities (or other ‘features’ of the Markov Chain) are not com-
putable. It is therefore necessary to use variance reducing approximations.
There are many techniques currently in use; importance sampling, smooth-
ing, and ”control variates and regression” [1]. All these methods make use of
simulations of the complex process or simulations of a simpler, related pro-
cess that is used as an external control in simulating the complex process.
The problem with this approach is that both the complex and simple pro-
cess need to be simulated simultaneously. The approach we consider differs in
that it constructs a Martingale from the simpler related process which is then
used as an internal control in the simulation of the more complicated process.
The construction of the martingale is entirely dependent on the ‘feature’ we
choose to measure.! The benefit of such an approach is that the simple and
complex markov processes do not need to be simulated simultaneously.

1.1 Approximating Martingale Process Method

We construct a system of linear equations that give us the exact solution
for some feature of a simpler Markov Chain that approximates our com-
plex Markov Chain. A martingale is then constructed from this ‘exact-
approximate’ solution. This martingale will then be used to define an unbi-
ased, variance reducing estimate (using linear combinations of more standard
estimates) of a measure of the feature we choose. This new estimate can
then be used to construct another newer estimate, again using an appropri-
ate martingale and in this way we can get unlimited variance reduction. I
will illustrate this mechanism using several examples.

2 Two STATE CONTINUOUS-TIME MARKOV
CHAIN

Let us define a continuous-time markov chain {Y; : ¢ > 0} on the state space

S = {yo,y1}, where the time spent in state y; is exponentially distributed
with mean /\i By the Markov property, the time spent in each state is

memoryless ~"the remaining time spent in any state, before a transition to

I'More specifically, the construction of the martingale is dependent on a system of linear
equations which depend on the ‘feature’ we choose to measure.



another state occurs, is dependent only on the state and not on the amount
of time already spent in that state. The Markov process is determined in
this case by a generator or rate matrix of the form

. — lim P(Yt+5t :j‘Y; :i)
pZJ o t—0 5t

(1)

where each 7, j entry is the probability per time unit that a transition between
states 7 and j result. The rate matrix for the continuous-time Markov chain

Y, is then
=2 o
A_{ N _Al] 2)

Now define a reward function f such that f(yo) = 1 and f(y;) = 0. We can
approximate «(t), the fraction of time spent in state yo in the interval [0, ¢]
by

I A1
t) = — Ys)d t 3
o2 [ 00— st = g
Define F; to be the o-algebra generated by {Y; : 0 < s < ¢} and construct
the history or filtration {F; : t > 0} such that F; C Fs whenever s < t. Now

let Py (y) = P(Y; = y|Yo = o) and then P,(y) = [, Py, (Y: = y)u(dyo).

Definition 1. M = {M, : t > 0} is a martingale under probability measure
P, with respect to filtration {F, : t > 0} iff (1) M, is Fy-measurable for all
t >0 (2) M, is integrable for allt >0 (i.e. E{M;|Yo =1yo} < o0) and (3) if
s <t then E(M;|Fs) = M a.s. where the expectation is taken with respect
to probability measure P,

We now construct a P, martingale with mean zero as follows (see Theorem
1)
t
M(O) = u(Y) ~ u(¥y) — [ Au(v.)ds ()
0

where v is any function u : S — R. If we now simply construct a new unbiased
estimator of the fraction of time spent in state yq as follows &y = a;— MT(t) then
we have reduced the variance since var{d;} = var{o, — MT(t)} < var{o},
without adding any bias so the estimators have the same expected value.

This holds for any choice of function w.

There is however an optimal choice for u that will change the martingale
and estimator such that unlimited variance reduction will be possible. Let
us take u as follows; u(0) = 0 and u(1) = —(\g + A\;)~!. Then

A1
o
Ao+ A (5)

Au(z) = —f(x) +



and so we have

G — _M_(t>
= /fY;ds—M %/OAu(Ys)ds
_ u(Yp) — u(Yy)
- >\0+>\1+ ! ©)

where var{a(t)} o« I and var{a(t)} % 80 we can continue the above
process by setting «(t) = &(t) and using the martingale M to derive a new
estimator and in this way unlimited variance reduction is possible. We now
apply the above ideas to the approximation of several other relevant ‘fea-

tures’.

3 EXPECTED TOTAL REWARD PRIOR TO
ABSORPTION

3.1 In a Discrete-Time Markov Chain

Let us define a discrete-time markov chain {X; : £ > 0} on the state space
Y = {xo,x1, - -} which is countably infinite. Also define a reward function
f on X. If C is a subset of ¥ such that each z; € C is an absorbing state
then we define 7' = inf{n > 1 : X,, € C} to be the time to absorption. We
can also define the expected total cumulative reward before absorption given
that the state starts in x € C' by

E{Zf i) | Xo =z} (7)

Let us make two assumptions that will be useful at a later stage; first assume
that E{T|X, = x} is finite [Al] and that the reward function f is also
bounded for all x € C° [A2] . Combining these assumptions we have that u*
is also bounded since

u'(z) = E{Zf i) Xo = x}

< ||fHE{T!Xo =z}
= sup |f(2)|E{T|Xo = 2} < o0 (8)
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Now given a total of N sample trajectories {X; : 1 < i < T|X, = 2},
let us define U, to be the observed cumulative reward for the kth tra-
jectory {ZZT:_Ol f(X:)|Xo = x}x. Then o = u*(z) can be estimated by
ay = % Zivzl Uk. By the markov property we can show that u* satisfies
the linear system

u(ze) = f(2s) + Bu(zy1) 9)

where B is the restriction of P to C°¢ (i.e. P(z,y) = B(x,y)Vz,y € C°) and
Bu(xiy) = fccu(y)B(:th,dy) for z;,1 € C° For x € C we will assume
that u*(x) = f(z) = 0 and hence

uw* = f+Puforz el (10)

Theorem 1. As in the previous section, define F; to be the o-algebra gener-
ated by { X, : 0 < s <t} and construct the history or filtration {F; : t > 0}
such that Fy C Fs whenever s < t. Now let P, (z) = P(X: = z|Xo = x0)
and then let the two assumptions [Al] and [A2] hold so that we have for a
function u : 3 — R such that u(x) = 0 for v € C and 0 < u(z) < oo for
x € C° the following

My, = u(Xn) = u(Xo) = ) (P = Du(Xy) (11)

3
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where for a fized and bounded constant b we have |(P — Hu(z)| < b for
x € C°. It follows that M = (M, : n > 0) is a P, martingale for all x € 3.

If we have the additional condition E{>>" " u(X})| Xy = 2} < oo, then



E(M7p|Xo=x) =0 for all x € C°. To see this observe that

E,(Y My = Mi||F) = B [ulXpsr) = u(Xo) — Z(P — Du(X;)
k-1
— u(Xp) +u(Xo) + ) (P — DHu(Xi)[|F)

A
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=
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x
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< > 2(u(Xy) +b) < o0 (12)

Now applying the dominated convergence theorem we have that E{My|X, =
x} = 0 since the following hold

E{Min(r,m)| Xo = 2} = 0 for all m
lim Mmin(T,m) = MTCL.S.

T

sup Mmin(T,m)| Z |Mk+1 - Mk| (13)
m k=1

We now define the martingale estimator as

N 1o
by ==Y (Up— Mp(k)) =y — = > Mp(k) (14)

"= "=
where Mr(k) is My (as defined in Theorem 1) for the kth trajectory {X; :
0 <i < T}y If we take u in 11 to be equal to u* (from Equation 7) then

under the probability law P, defined in section 2 we have
Mp = —u*(z)+ U (15)

which implies that var{é,} = Hvar{}_, Us—My(k)} = Hvar{d ,_, u*(z)} =

n2



var{u*(z)} = 0. This follows from the following

T-1

E. My = E{u"(Xr) —u'(Xo) = Y (Pr = Du(Xp)}

k=0

- B{w (%) + 3 f)

T-1
= —u(Xo=2)+ EA{) [}
k=0
where Equation 10 gives us that (P, — I)u* = —f and u*(Xr) = 0 since
X7 € C and since Xy = z under P,.

3.2 In a Continous-Time Markov Chain

Use the definitions in Section 2 for a CTMC (and let the state space S be
countably infinite) and redefine the following from Section 3

T=inf{n>1:Y, €C} (17)

u* (y) = Y / FYOIYo =y} (18)
1 N

ay =+ ; Us (19)

Ur — Z FYi(k)) (20)

Note that (18) implies u*(z) = 0Vx € C.

Theorem 2. Again, define F; to be the o-algebra generated by {X, : 0 <
s < t} and construct the history or filtration {F; : t > 0} such that F; C
Fs whenever s < t. Now let Py, (y) = P(Y: = y|Yo = yo) and P,(y) =
Js Py (Y = y)pi(dyo) so that we have for a function v : S — R the following

M, = u(Y,) — u(Ye) — /0 Au(Y,)ds (21)

It follows that M = (M, : n > 0) is a P, martingale for any choice of p.
Also setting u = u* makes & have zero variance.



4 INFINITE HORIZON EXPECTED DISCOUNTED
REWARDS

Let us define a discrete-time markov chain {X; : ¢ > 0} on the state space
Y = {xo,x1, - -} which is countably infinite. Also define a reward function
f on X and further assume that f is bounded. We now define a discounting
function h such that 0 < h(z) < § < 1 for all z € ¥. We can now discount
rewards in the infinite horizon as follows:

U= 5() x [ﬂ h(Xw] (22)

since [HZ_:IO h(Xk)] < 1. The ‘measure’ we are interested in is the following

w'(a) = B(UXo = 2) < 1L (23)

and is bounded. We cannot directly simulate the process to estimate U or u*

because of the infinite horizon. We could use an unbiased estimate that runs

the process for a random number of time steps and then uses a finite sum in

22 to estimate U. We know that u* satisfies the following linear system of
equations

u(z) = f(x) + h(z)Pu(x) Vo € & (24)

Theorem 3. For a function h such that 0 < h(x) < § <1 for all z € ¥ and
a bounded function u : 3 — R (lu(z)| <b), we define

M, = 3 u(X) ~ Pu(xe)] [ A(X) (25)

then M = {M, : t > 0} is a P, martingale for all x € ¥ so that M,, — M,
a.s. such that E, M.

If we generate n different finite trajectories under P, then we can estimate
o = u*(z) by the average o, = + >, U;. We now define the martingale
estimator

.1 .
an_n;m M (3) (26)

which is an unbiased estimator. If we take u in 25 to be equal to u* then
My, = U — u*(Xy), so that under P,, &, is an estimator for u*(x) such that



var(é,) = 0. To see this observe that

My = i[Hh ] — Pu(X;1)

k=1 Lj=0

= —h(Xo)Pu(Xy) —i—f:

k-1
(X)X + S S [H h(X»]
k=1 =0
= U-— U*(Xo) (27)
since u(Xy) = f(Xo) + h(Xo)Pu(Xo) and u(X,,) = f(X,) +h(X,) Pu(X,—1).

5 FINITE HORIZON CUMULATIVE REWARDS

As in the previous section, we define a discrete-time markov chain {X, : ¢t >
0} on the state space ¥ = {xg,xy, -} which is countably infinite. Also
assume that the chain terminates with probability one. Also define a reward
function f on ¥ and further assume that f is bounded ||f]| < oo. We now

define .
up(z) =E (Z f(Xi)|Xo = x) (28)

k=0
Next we define «,,, and the martingale estimator as follows

s ({zf X200 })

=0

<{Zf (X (D))} — M (i >>

M, (i) = [u(Xi (i) — Pu(Xp_o Hh (29)

k=1

where {X(7) : £ > 0} is the ith (of a total of m) trajectory simulated. We
also know that u’ (x) satisfies the linear system

uy = f
uj=Pu; 1+ fj=1---,n (30)

9



If we now take u; = uj for j =1,---,n then
M) = > i Xp(i)) = Pun_i(Xp_1(i))
k=1

= > XG(0) — un(Xo(0) (31)

so that under P, we have that

var{a,} = wvar {Z ({Z f(Xk(2))} — Mn@)) }

= var{Zun(Xo(i))}
0 (32)

6 AVERAGE STEADY-STATE REWARD

10
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