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Deff A resolution refutation is tree- like if the
graph underlying the refutation is a tree .

( ie
. every derived clause is used at most once.)

- Tree - like resolution can be exponentially weaker
than general resolution , but , it is still complete .
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" size
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Snes (F ) : = min # of clauses in any resolution ref . of F

sates (F) E-- tree-like res . ref of F

Dre, LF) : = min depth of any resolution ref . of F

exj DAG likeproof ←
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w (F ) := width of the largest clause in F
# of Iits

hires (F) : = minimum width of any resolution
refutation of F .

Assumes F is minimally unsat,
I i. e . if we delete a clause it is SAT (safe assumption)

• wtf ) E w res CF ) E Dres CF ) E n
• Shes (E) E Srt, CF) e 2b res

CF )#7

• Spies LF ) E IE # of clauses of width E w resCF)} I



← It 2:(? ) a noakesCF))

In particular , if Wrede) = Oci ) then F has a

polynomial - size proof !

-

The [Haken 85] Any resolution refutation of PHPLt
'

requires length 2-
' n'

.
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= defined on (nti ) n variables
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xij = I ⇐ Pigeon i mapped to hole j

clauses: jt , xij for all ie Ent i]

Xijvxkj for all i # KE EntB , JEG] .

Proof two steps pet)
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(1) Any
"

proof
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of PHP't
'

requires a wide clause
(htt) n

(2) There is a partial restriction ee Eon , *}
such that

ntl mtl
- PHP

n
f e = PHP
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ere -
c.= plug e into

restricted

- AI wide clauses will be satisfied by e
in the proof .
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Deff If C is a clause over Xij vars , let

Ct be the clause obtained by replacing every
negative literal xij with

V
.
Xik .

KFS

Let IT be a resolution proof of pttpnnt
'

,
let

it = { Ct / CET } . "

nelativization
"

claim It contains a clause Ct with w Gt ) >n÷ .

Proof For any clause C
, define

critic) : = { ie Ents : Cca ) -- o for an i - crit assign a}
pic) : = lcritlc) 1

If C is a clause of pitpnt ' ,
- pic =o if C is a
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hole
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clause
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"

clause
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If A -- Res (Bgc) B Cc*ImcBItµ I
Ala) - O for i -crit a, then either Bla) -0 or CGI -0 !

:O Let C be any clause in the proof IT with

I < plc) E 231 (uses subadditivity) .
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But Cla ' ) =L - so Xin appears in Ct !

Apply the same argument to ad ie critic)
, jet Crite)

then

wut ) > pek) (n - pace)) > nya . I
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Aside : example of CNF formula F with small resolution
proofs but large tree - like resolution proofs ?

Answer : Q3 any Horn formula that is unsatisfiable
has a polynomial - size Res

. ref .



Ct - obtained from C by replacing

Xist → ¥kxik
Fast If d is a i -critical assignment for

some 9
,
then
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or

j - critical ⇒



Horn : = every clause has E l positive literal
→ Yz①E3

e.g . Iivxzvxz XTVXI Xs

Spies (Foxor) 72dm ' "=) . Exercise : There is a
Horn formula requiring
large depth !
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Deff If C is a clause over Xij vars , let

Ct be the clause obtained by replacing every
negative literal xij with

V
.
Xik .

KFS

Let IT be a resolution proof of Pttpnnt
'

,
let

It = { Ct Ice IT } . "

nelativization
"

claim It contains a clause Ct with w Gt ) >n .

Today : How do we kill all the wide clauses ?

Notice all clauses Ct are ORS of positive literals .
Son , restricting any variable in Ct to I will kill

the clause .

Say a clause C in the proof IT is wide if
wht ) x err (choose E later) .

Since every wide clause has an e - fraction of the
variables , by averaging there is some literal xij



occurring in z es of the wide clauses (where
S is the # of wide clauses) .

- Pick Xij , set Xij = I , set xik -0 for all K¥5 .

O

- After this restriction we're left
'

→
°
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with PAPI , , and the restricted

.

proof is a refutation of the new o
G

instance .

How many times until AI wide clauses are gone ?

- After d restrictions
, we have ( I -e)ds wide clauses

remaining . To kill all wide clauses
,
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So
, if ( n - d)493 End we have a contradiction
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Widthsizes [Ben- Sasson -wigdersonoif.se#ThmForanyunsatCNFF
,
we have

(1) Spies (F ) > 2wResCF) - WCF )
"

width gap is

(2) Spies (F) z z
thresh won ) then

on
lower bds

' '

↳ cannot naively be

applied to get
PHP lower bds

PI u)
integer

prone by induction on b ( parameter) and n (# vars )
that if Spies CF ) e 2b
then wwp.es (F) EE b t w (E) a

Notation
XO i. = I

,
X1 e. = X

FR *⇐a ÷- New CNF formula from F by substituting
a E {0,1} for X .

So
, if CEF contains x

"

we remove C
, if

X
' -a
EC we delete x

'-a from the clause .

Claim If wrest Frx --a) E ko and

wrester x - I - a) Ek- I then

W Res ( F ) E Max { K , WCF ) } .



Pf of claim
-

1- ref of t

Fr x-- a
'

ref of Fr x -- I- a

µidth Ek- d(width Ek

-
-

CFE

For simplicity , we assume resolution has the weakening
rule

C- for any XEIC .

cvx

( Note : This just makes the proof cleaner and can be
removed

.)

How to combine D and I into a refutation of F ?

- Let Tlq be the refutation of Frx= g
in width K- l .

a
- Let tf be obtained by adding x

'-

to every
clause in TIE .

- Every clause at start of the proof of TIE is either
a clause in F er a weakening of a clause in F .

i. a l - a '-a

doesnx v Av x x v BVI - observe adding x
'

t
-

affect the correctness of
X
'-ar AVB any resolution step .
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Now substitute the new

"
"

bxt-bxl-bprogemtod.eriveerx-i.ae//#/1 ⇐

( Almost ) done !

Let IT be a proof of F , It l E 2b .

If b=0 then IT 1=1
,
means LEF ✓



Otherwise : the last step of IT resolved two literals
x and I

.

b
Te t size E 2

l l
X I

"

AIT
-

Assume wlog ITIL l E Ital , so ITIL 1 a- 11¥ E 2b
"

.

- Induction on b for Tk , we get a width b - l

proof of Fr x .

- Induction on n for Tip we get a width b
proof of Frx=I .

Apply the claim and we are done !

This will massively restructure the proof - low
width at cost of doubly - exponential blow -up in size!



Q . Do you have to pay this cost ?

( i.e . can we optimize width and size at the
same time ? )

No !

[Razborov 2016] Doubly - exponential blow -up is
necessary for some formulas !

Next time :

(2) Spies (F) z z
(wrest

GN
co

X VI Z
,
④Zz = ( Eir Ez) x (zixzz)

4*2-7 = (Z ,
v Iz ) n (E , V Zz)

((z, V Zz ) a (Ertz ) ) v ((zzv Ey ) n ( ZI - Zg ))
↳ new rise in CNF

.


