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Q2a_ degree lcltl , size Kitt O ( ICI )

P = { p, 70 , - ri

, pm 70} polynomial inequalities , 170 EP

For today , assume we are working modulo the Boolean

axioms (Xi
'
- x; -07 .

→ so
,
all polys are multilinear

,
and algebra preserves pmulti linearity

e.g .

p= X , Xz q=3XzXg

pq = 3×1×2×3

An Sos proof of iqlx) > c from P looks like
m

[ fip ; = g - ci= ,

where each fi is a sum - of - squares , i.e .

f- i = I gird for some polynomials g; .

Just like with Sherali - Adams there is an object
( a " pseudo - expectation " ) that rules out the existence

of low - degree Sos proofs .

Defy A function E :{multilinear polys}→ R
is a degree- d Sos pseudo - expectation for P if

(1) Ecg ] -

- g



(2) For all pepo {I} and any poly q with

deg ( paid ) Ed ,
I [paid ] 30

(3) E is linear : so E[apt by]=aE[p]tbECq]
for p ,g polys , a, b EIR .

As with SA
, if P has a degree-d Sos pseudo

expectation then it does not have a degree- d
Sos refutation .

Why ? Suppose y is a degree-d refutation

In tipi = - g

E ET [ fip ;] = EEE] = - I
70

contradiction !

Unlike SA
,
there isn't a linear program in general

that searches for Sos pseudo - expectations .
The E [pg2370 are not - linear

,
but they can

be captured by a semi - definite program .

Let's consider the constraint Eff og
' ] 30

write gin =

s? Is ¥sx :
= s.sc#yoTs it's"



E[gif -- ELISE:* . xiKEI.I.fi ))
=

g f gift E xi] >0

If I e Rl
!)

and let ME be the ( Ed ) x (Id )
matrix : Tlxi

it?

it's " f- -
- E = ME

then the E[g2] 30 translates to

g-
T

ME of > O

for all of c- RED) .

i.e
.

the matrix ME is positive semidefinite .

Deff A real symmetric matrix M is positive
semidefinite if

g-
T

Mq 70

for all real vectors of .
(Equivalently , all eigenvalues of M are non- negative .)



EXJ Let µ EIR
"

,
E E IR

""

,
E is symmetric and PSD

then there is a Gaussian distribution over IR
"

with
mean µ and covariance E

.

pseudo - expectationconstraints
Taken together , we can write this

a
as a set of

PSD constraints of matrices over EL xi ) as

variables :

Efe] -- I
FPEPUEE} ME ,p to lie . ME ,p is PSD ) .

Failed
a semi- definite program .

Like linear programming , semi - definite programs can

be * optimized over in polynomial time.

Tim Let P be a set of polynomial inequalities .
For any d

, E there is an algorithm
running "

no poly Clog'VE) )
time solving

min Ecg]

sit . ET e Sosa (p )
← The semidefinite constraints



for degree -d written above.
where each constraint is satisfied up to additive
error E .

S DPs also have a nice fish ) duality theory - for us
it means we can prove the following completeness
theorems for Sos

.

Lennox Sosnfp ) = com ( {0,13
"

n P )

Tim Let P = {p, 70 , -
- -

, pm 30} be a set of
poly inequalities , then , if qlx) BC
that is valid for all Eo, if - solutions of
P then there is an Sos proof of
q
- C from P .

Furthermore ,

may { qlx)
>c is derivable in

degree- d Sos
}

= min { E[qI=c : Eesosdcp)}



Approx . Algorithms for Sos
-

ed Max - Cut : Given graph G- (V, E) with edge
weights wij , goal is to partition
V -- V

,
u Vz s . t . the total weight of

edges cro

as:i:S : ::÷:*:::::*
.

- SA (even up to degree Acn))
also only gives a 2-approximation .

Ewij ← maximize
- we show degree- 2 Sos gives

e. cross
a

oy.gg
- approximation - this

cut is optimal assuming
UGC.

For each vertex i introduce a variable Xi E {II} .
Then Max - cut is exactly

×i=xj → xixj -- 2
maxqq.wisf-zxixi-J.ci#xso-sxixi---Is.t.xif--2Ci.e.xiEEIi3)

consider
man, I [ ¥jwij(l-z)]

← EExi4=2
S

-t . EE Sosa({I > o } ) for all Xi



max Eg. wi;(i-E)2

sat
.

Ee Sosa( EI >03 )

Let optsosa (G , w ) be the optimal value given by
the above SDP

,
and let opt (Gw ) be the

weight of the optimal cut .

←
since relaxation

I

⇒ opto ,w)> optsosz (Gw ) 7 opt (Gw )

{ [Goemans -Williamson 84]

The Given E
,
the optimizer for the previous SDP,

there is a polynomial - time algorithm that

noutputs
aeqt 13

s -
t
.

the value of this solution is at least

0.878 optsosz (Gw ) .

Q
.
How do we use E to get a decent integral
value?

Answer : we pretend E is an expectation over a

real distribution of solutions to Max- cut
,

and we sample from this ' ' fake " distribution
using E

.



Recall E gives values to all xis and all products
xixs .

Let p
-

- ( EG
,
]
,

- - r

,
Eun) ) EIR"

nxn

[ = ( ELxixjhijc.cn] ER
By Sos constraints E is PSD so N ( pi , E ) is
a real Gaussian distribution .

|±"¥I%h¥%%"""⇐"""°"""\E [l-signlgsign(h#) > 0.878¥)
-

Assume wlog that I [Xi ]=o fi , otherwise
E- ' [ pcx)) -

- { ( Espn] TEEN- x)) )
satisfies this and gives the same value to
the Max cut polynomial .

Sample from Gaussian g- ~ NCE ,#Exixj))) .
Then let LEEII }

"
be defined by

di = sign (g-i ) .



EJE wij )) > 0.878 Ewij(-E£xi)
= 0.878 optsosz . D

by properties of PSD matrix
← Psb Eu'vefE[xixD)iisea3

ueirnxn warn for gaechgnrgrk"

s .t . E[Xix;] = Ui ou;
Now sample r - N ( O , In ) output sign kn,u;D .

Recent ton of work in average - case statistical algs

- Clustering Gaussian Mixture Models
- compressed sensing
- Dictionary Learning

←
< '

'

.


