
Lecture 2 Sep 8
-

-

- proof system :

Deff A proof system for a language LEEO , B* is
a polynomial - time algorithm V sit .

the Eco ,B* : XEL ⇐ Ipe Eo ,B* : V (x,p ) accepts
V is polynomially bounded if I pl E poly Axl )

exj SAT : = { F : F is a satisfiable boolean formula} Gift
"

proof
"
:

p is a satisfying assignment !

F = (X , v Iz) n (Izu Xt) p = 1011

• Might have seen
"

proof system's
'

called
"

verifier
"

.

Defy The complexity class

NP : = { LE Eo,B* : L has a poly - bounded proof}
system

SAT := { satisfiable formulas F }
UNSAT := { unsatisfiable boolean formulas F}
F is unsatisfiable ⇐ TF is a tautology

Deff A prepositional proof system is a proof system
for UNSAT for TAUT) .



Thin There is a polynomial ly - bounded propositional
proof system

NP = comp .
iff

coNP = { E : LENP}
Proof ⇐ ) NP -- coNP then UNSATECONP = NP , so

by defn UNSAT has a prop . proof system .

⇐) If UNSAT has a poly - bounded P.RS . then

UNSAT is comp - complete , so every language LECONP
reduces to UNSAT , and so LENP .

co NP ENP
T

NP EcoNP is symmetric . O

[Cook- Reckhow 79] Research program for separating NP
and coNP : prove lower bounds against stronger and
stronger proof systems .

Examples of pps
-

- Truth table ! Just evaluate the boolean formula on
every input .

Resolution Restrict F in conjunctive normal form (CNF)

san AND of ORS of LITERALS ( inputs or negation)

exJF=x , n (XT vxz) n(xTvXz)nxJ (definitely unsat)
in
Clause



of F = Can .
- - ncm

Defy A resolution refutation a is a sequence of clause
D
, , D2 ,

-
- -

, Dg =L
Resolution : Avx But

- fi =L . - - m
, Di

-

- Ci Rule ATB
- Ds =L (empty clause, false)

- For all i - M
, Di is deduced from Dj , Dk

with j , Kc : by the resolution rule.

Tact Resolution rule is sound : any assignment satisfying
the input clauses also satisfies the output.

⇒ If F has a resolution refutation then F is

unsatisfiable !

exj Ci Cz Cz Ct

F
-

- X, n (XT v Xz) n(Tszvxz) NXT

÷
t C 3

/ \
-

Ct

Xz Xz Xz = Res CC, ,Cz )

l l l \ XI = Res (Cz , Ca)

X1 XTVXZ Xjvxz ×j
I = Res ( Xz , XI)

Q .
Is resolution complete? ( i.e. does every unsafe CNF

formula have a resolution
refutation ? )

A
. Yes !



thm Resolution is complete . Sep 8
-

Proofed Let F be an unsatisfiable CNF Formula
.

Idea: simulate a truth table proof Decision tree !
-

•
Resolve ←, Query 43

?+
on Xz Xz

- -
- it

Xz Xz L Eng
X, X3

I l l l
of yo 01MX

, XT v Xz XIV X3 XI
X , Xivxz XIV Xz XT

Deff If F is an unsatisfiable - Every path in this tree
CNF formula , then is consistent with some

boolean assignment.
Search CF) - clauses at leaves are

falsified by the assignments
is the following (algorithmic) on the path to the leaf .
problem : given an assignment
2- to the inputs of F, find
a clause falsified by z

.

Obs Decision trees solving Search( F )
I

Tree -like resolution proofs of F . D

Lower bounds ?
-

Truth tables - All proofs are exponentially long .

Resolution -



Proving lower bounds on resolution was long -standing sep8_
open problem

[Tseitin early Coos] Proposed lower bounds on resolution as an

open question , proved lower bounds on
"

regular
"
resolution .

[Haken 85] Arey resolution refutation of the pigeonhole
principle requires exponential length .

pitpnn ' = variables xij ie Ent is , je En]

Xij = I ⇐ pigeon i mapped to hole;

tie Gti) r
. xig Call pigeons in a hole )

Tietje [htt Tik v XII ( no 2 pigeons in one hole)

F K E [n]

Other proof systems ? ( see next page )



Sepoy

Boolean systems Semiagebra Algebraic- -

ZFC

q core Proqofsycftem ← Ideal Proof system

Extended Frege Dynamic Sos
Ls T

qT*8pcr#sT bounds

Frege sum-of- Squares
Ad - Fired⇒g¥f/Po Hnqomial Calculus
Resolution Sherali- Adams e- Nullstelknsatz

T f 9

Truth Tables
#

A -7 B : proof system B
simulates proof system A

i.e
. B is at least as efficient
as A .


