
tectum Sherali - Adams Novy

Today : want to show a strong completeness theorem for SA

Throughout we're going to consider a system of linear

inequalities T
does also hold

Q := { a , ox Ebp , - - -

, am ox Ebm } for higher
degrees .

over n variables Xi;
- - xn ER

Deff Let d be a positive integer . The d - th level
Sherali - Adams polytope SADIQ) is defined as

follows .

(1) (Extend) For every inequality g :(x) > O
and every S

,
T ⇐ En] with

Isu TI E d
q Sn -1=0

,

add the inequality

⇒ xi.EU - x; ) gi > 0

to SAD ( Q)

(2) (Linearize) For each SEEN]
,
1st Edt deg (Q) , create

a variable ys .

Then
, for each inequality g: 30 in Q

,

replace each monomial

Tl x ,
ies

occurring in qi with the variable ys ,
to make a new linear inequality
5,030 .



• If Q has n variables then SADCQ) has

( 'ndtdegca, ) : - Iii"% ,
• The original variables × , ,

. . -

, xn are naturally embedded
in SADIQ) in vars yqz , ygzz ,

- - -

i 79ns .

Goal : SAN (Q) fu
.
. .
.

.
.

- hall z(Qn{0,13
"

)
Think distributionally

AE huHz(Qn{0,13
"

) ⇐ a is represented by a
probability distribution over

Qn{0,13
"

a = [ Xx X Xx 30
,
E xx =L

XEQn{0,13
"

Today : show SADCQ) has a
"

distributional
"

interpretation
for every d .



Main Lemma Let Q be a set of linear inequalities .

For every d C- SAD (Q ) and every SEED with
1st - t

,
Ost ed

x
"

e
"

com ({ BE SAD - t (Q) l ties : pie {0,133)

Remark 1) We mean the coordinates of a of size > I
-

and at most max { I, d- t } .

Remarked set Ed : (Gg , - - -

, doing) is a convex combination

of points in SAO (Q) with d o- l coordinates !

Core hull z(Qn{0,13
" ) = SANCQ) he

.
. . - in

PI Immediate by setting den . D

Proof of Main Lemma

Prone for t-- 1 :

claim For every e- SAD (Q) every ie En] there exist

points p
"

, P'" C- SAD- ICQ ) and Xe Eo
,
D St

.

• pig! -- o , pig:} -- I
• If 1st Ed- I then as = xp's

"
t Cl - x) post



PI . If Agis E {0,13 then the ix. ( as ) , sled. , is in

SAD - i ,
and satisfies the claim

.

So
, suppose

Old gig
< I

.

Let fol 's' = Lsu gig , BY = Ls - dsugis ,
X - dei}

-
-

dei } I - dei }
for all S

,
ISI Ed- I

.
Observe

• p 's:} =L , Gogi} -- o r
• as = xp 's

"
t Cl - Hp's

"

= dsuqiz t (as - Asus i3) - as ✓

Prove B
"'

, B
"'

c- SAD, CQ) .

First consider the SA inequalities from 130
. They

look like : gi 30

V-A.BE In] , IAUBI =D , AnB=0 add inequality

SFB G)
" "

Yas 30

Remember → this is from It Xi TI CI- xj ) >O and
A JEB

linearizing .

Plug in B
'"
first

E. th
' ' '

P'a''us = gift
'a' 'a'uses >o



-
This is satisfied by a in
SAD (Q) , it corresponds to the inequality

for LAuEi3 , B )

plug in B
"

then

£, C- 1)
"

pom's = ÷:{gift- 1)
"Laus - aausoeis

=÷j9isEos
' ' '
das

30

since the ( A
,
Bussi 3) inequality is satisfied in SADA)

B (Proof of claim)

The lemma immediately follows by recusing on all sets
of coordinates of size Ed .

D

Remark It's easy to prove (by reversing the previous
-

argument ) that the converse also holds
,
so

this gives a characterization of points in SADCQ) .

Let's give a more
" distributional " description of what

happens in SADCQ ) .



Defy A degree- d pseudo -distribution on {0,13
"

is given
by a family

{ pls IV. SEED > ISI Ed}

of probability distributions , where pls is supported
on {0,135 such that

VA EB
,
IBI Ed then

Erath " 't] Psmith. Yi -- H .

Facto (Exercise )

Let { pls } be a degree- d pseudo -distribution then

define that
ZE R

by Zs = Pr [ is Xi ] then ZESADCQ) .
Xnpls

exJ PHP:
"

defined by the inequalities
- xikt Xjr EI fits C- Ent D

,
fkecn]

- FEI xi; > 2 V-jc.cn]

- O 's xij EI



Consider the following distribution pls for SE Cnn]
defined as follows :

- Map all pigeons in S to 1st holes a. a. r
lie . with probability Ying , ) 1st ! )
All other pigeons are unmapped.

Facts ( consistent Marginals )
If SET ,

and R = { kn - - i

, Kis , } is a set of holes then

Pr [ Ti maps all pigeons in s to R]
TIN pls

=

*Pyu , [ IT maps all pigeons in s to R]

PI Easy independence !

Corollary SAN- gfpltpnnt
' ) ¥0

i. e . Pttpnnt ' requires degree > n- I to refute
in SA

.

Thin The ( B - W ) size - degree tradeoff holds for SA !

Ssa ( F ) z z
r e9sAfFI-degn )




