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Goal : Find assignment xe{0,13
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maximizing the
# of SAT clauses.
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• Represents Max - SAT exactly • Doesn't represent Max- SAT

exactly
• NP -Hard to solve

• can be solved in poly time !



Geometric Picture
•

JLP relaxation

•

• • •
We want the

optimal integral
Integral • point , can
Points-• • • • only get the

optimal
• fractional

• • • • point .

• • •

•

•

Q . Is there a linear program that solves Max- SAT
exactly ?

A .
Yes ! Take the convex hull of •

integral points f
,

•

• • •

•

Problems • • • •

•(1) How do we get it? • • • •

A : Sherali - Adams
• • •

•

(2) There might be exponentially •

many inequalities in any
description .



Today we focus on finding the integral hull
using the SA hierarchy .

Prelims
• If YT , - - -

, Fm EIR
"

then a convex combination

of the yds is any point of the form
m

§ aiyi ai >o , Edi
- I

=/

• If CER
"

then come (e) ER" is all
convex combos of points in C

.

exj Cv
• •

C red points

•
Conde) blue points

⑥ 0

•

• If CEIR
"

then hullzle) :=conv(Enzi )



• we
-

re given polytope PE [0,13
"

i.e
.
the

constraints

a- Xi El are in D
.

• we want to describe hullzfp) .
o since PECO

, , ]
"

, every point in hullzcp) can
be written as

a c- hullzcp ) ⇒ a = I
XE{gig

# XX ' Xx so
[ xx - I

° Equivalently : tehullzlp) represents a probability
distribution of

XEPNEQB
"

• For each a let pen :{0,13N → R sit .

µ
"'( x) = Xx

so pi
"

is a prob . dist . over {0,13
"

np

observation If we can test if AER
"

hepresents
a valid prob .

dist . over Pn{0,13
"

then he hullzlp ) !

So : how do we test if a represents a probability
distribution ?

µ :{0,13
"
→ IR µ(x) >O and Epix) =3



-
we modify this by sufficient to show µ is

adding more tests to dist over {QB?
verify that we are

in P . Not for EQBNNP

Specific : Test the marginal distributions of µ .

If SEEN] then

pls :{o , is→ R

is defined by push) := E µ(x ) .
XEEO,Bn
Xps =L

( if µ is a real prob .
dist then

push) =
,?rµ[ ties : xia:])

Lemme µ :{0,55→ IR is a prob . dist on {QB
"

if

it SET E En] , tae Eo , less
(1) pls (a) = I put Cp ) marginals agreeBEEQBT

Brs =L

(2) peg (d) 70 non- negativity

(3) ploy =L normalizing ←
"9918



PI (⇒ ) Easy
⇐ ) Define Pr Ex - y ] spicy)
(3) c, y Xnpi
⇐ NO = xfqo.in PG ) D

Answer : where do non- negative juntas come from ?

Y E {0,135 ,
let 5- Tu U so that

push , Yi
-

- {I
'

tu Jan
v k
Pr [ xrs -- y] = ×Pq[ it, xij.ua - xi ) =D+ up

Non - negative Juntas are random variables that describe
the marginals of probability distributions over hullzcp) .

This lemma is going to give a (somewhat crazy )
LP for [0,13" .

- For each SEEN] let Ys EIR be a variable for S .

Intuitively : ys = pls II ) =×Pgu ( x ; =L ties]
-

Epe [ iesxi]
← Ernest



Define an LP on {ys ) SEEN]} :g with constraints

(al y =L
Yei } - Xi

(b) TSE Cn]
,
fTuU=S

, TnU=0

Eti )
""
yaw, 30 (230 )

U'EU

claim 117,127 ⇒ (b )
set

(1) push ) >o (2) push ) = E pulp)
Beko ,BT
B. As =L

Cl) (2)
o 's pish)=×Iq[ xrs -

- a] let ai={'off !:{
=Pr[ ietxijultxi )

-
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= El
, xij.cat - x;D
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'
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How to include constraints from P ?

write P as

Axes =

Esb:

O EXE 2
am - X Ebm

Let Q = { b ,
- a,x > o ,

- -
- ,bm - amx > o} u { 130}

D.efn The degree - d Sherali - Adams tightening
-

of Q is obtained by the following two
steps

(1) For each inequality qiao in Q add

Js
,Tgi 30

← Ss,T=¥xi¥, "- Xi )
to Q where ISUTI Ed , SnT=o

(2) For every inequality pix created in the
last step , linearize pi by
- Replace each xp

'

term with x ;

- For every monomial its Xi , replace
it with Ys .

Lenya (Next class ) The degree - n Sherani - Adams

tightening is exactly

hullz, )
.



ed Max - SAT

Let F= (x , vxz ) a ( x ,vxI)nCxT )
LP Relaxation

constraints : Xlt Xz 343

× ,
ta - Xz) >Xa

( I - X , ) 7×5

The degree- 2 SA tightening would add

Yei 's 70 Cl- Yei } ) > O fi ,j its

yill - Yj ) 30 yiyj 70
t t

Yi - ygi.jp/0Yszij37O

Then
,
we multiply each constraint in the LP by

a non -neg junta and

linearizedXitxz 3×4 -s x:(Xitxz - Xy ) >0
( I - Xi ) (xitxz - xg ) > O

ti
, 's Xi Xj ( x , txz

- Xo) 30

its xiltxj ) ( x , txz - Xy) >O
K -xilctxjlcxitxz - Xt) 70



Xi (x , txz
- Xy ) >O

E

King t ysi ,23
- Y sein370

~ m (end ) = m n
Ocd )


