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Proof systems
-

Nullstellensatz Proofs Egipcci ) t Ehicxi - xi) =L

for unsat CNF formula F = C, n
- - - Acm .

• degree of Ns refutation is max {degcgipkci )) , deg Chidi
• size is total number of monomials obtained by

multiplying out the proof before cancellation
.

exj C = X. vxzr
-
. . . vxn → plc)=G - x, )G - xz) - - - Cl- xn)

2
" monomials ?

Polynomial Calculus ( " Dynamic Nullstellensatz
")

Def Let D= { p , =o,pz=0 , - . . ,pm=o} be a

set of polynomial equations over field IF
.

A Polynomial calculus proof of poly h from P
is given by a sequence of polynomials

hi , hz ,
- - i

, has =L

s
-t .

• Each hi is either in P or deduced
from earlier his by one of two rules

potPptqpoq for any poly . q

A polynomial calculus refutation of P is a

proof of Io



• The degree of a PC refutation is the maximal

degree of any polynomial in the proof .

• The size of a PC refutation is the size of
all polynomials in the proof , when expanded as
monomials .

degpclf ) : - min degree of any PC refutation of F

Space) := - size-

Fact degpcce) E degnscf ) clearly Ns proofs
can be simulated

Spc CF ) E Sns CF)
""

by PC .

Claim Pebg have OCD
,
short proofs in PC if

the degree of the graph is small !

Pfeidea . Locally simulate Resolution using PC !

Cv x IvD → PCC) ( I - x ) t PCD) x-
- -

CVD pcb) plc) N
- x) plop b) x

pc)
D

To solve the "

( I - x ,>a - xz) .
-

- G - xn)
"

problem , define

PCR ( polynomial calculus Resolution)
Just change encoding of clauses to polynomials !



Now : for every variable x introduce two variables

×
,
x
'
with the equations XZ- x -0

672×1=0
Xt x' =L

Now : translate

⇐ XIV XIV Xz us ptcc ) = × ,
×,
-

× ,

"
X = I - X

'
' '

Fact PCR can size and degree - simulate resolution !

Lower Bounds :

the exact same

width- size
relationship!

Tim [KEI 96]

For any unsat care f
,

I as Resolution

Spc (F ) z 2169pct
) - degCFDZ→

So : degree lower bounds imply size lower bounds !

The [Razborov 98
,
AR 01

,
BCEIP 98] true if

← Charlie)
# 2

degpc (PHP 't
' ) > hztl , degpcctseig ) -- rcn)

degpc ( random K- CN Fs) > Dcn)



Ideal proof system [Grochow - Atassi 14]
Let P = { p , -0,102=0 , - - - ,pm=O} be a set of polys .

Deff An IPS certificate for P is another

polynomial shared by Pis

-C ( Xi , Xz , - - - in , Yi , - - - gym )

on ntm variables that satisfies

(1) ( ( X , , Xz, - - i

, Xn , 0,0 , - - - so ) = O

(2) C ( x , , Xz , - - -

, Xn , Pi , Pz ,
"

; pm) =L

So any such C witnesses P is unsatisfiable !

The size of C is the size of the
smallest algebraic circuit computing C .

I
- inputs are variables x. " ' Xn ,Yi

- Ym
- output is C
- gates are t

.
.

Test conditions CE) and (2) using polynomial Identity
Testing lie . evaluate C on a bunch of
random points in tf ) .

Lem[Schwarz-Zipp# If p is a polynomial with

n variables over a field IF
,
and SEE is

finite , and rnrz , - - - irn ane chosen uniformly
at random from 5

, then



Pr [pcr , , - - , rn ) -- o] e-d-
151

So : IPS proofs are not
" formal " propositional proof

systems unless PIT EP .

"

Them"[Grochow - pitassi it] [ POIYfoesmi.gg
Identity

There are a set of
"

PIT axioms
"

that encode
the correctness of PIT .

If a proof system P can

- simulate polynomial evaluation and

- can prove the PIT axioms

then P can efficiently simulate IPS !

IPS is in the intersection of

- Algebra - Derandomization
← proof complexity


