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Please attempt all of the first five questions. Your answers must be typed and submitted in
pdf. The best was is to use LATEXbut it is not required. You can use anything you feel like as long
as you submit typed solutions. For automata you can draw them by hand and render them to pdf.
There are 5 questions for credit and one for your spiritual growth. The homework is due on
myCourses at 5pm on the 21st of September. I have added a new version of Question 3, the
older one mentions well-founded orders which we only discussed very briefly. You can do either
version of Question 3 but don’t do both. There are alternate versions of questions 3 and 4 if you
want more challenging questions or questions requiring more mathematical background. Do not
do them unless you are very confident. If you attempt the alternate questions we will ignore any
answers to the regular versions of the questions, even if they are correct and your answers to the
alternate versions are wrong. Question 6 should not be handed in, but discussed privately with
me. You will get no extra credit or other benefit related to your grade for doing it; it is for your
spiritual growth.
Question 1[20 points] We fix a finite alphabet Σ for this question. As usual, Σ∗ refers to the set
of all finite strings (words) over Σ.
(a) Given x, y ∈ Σ∗ we say that x is a prefix of y if ∃z ∈ Σ∗ y = xz. If x is a prefix of y and y is
a prefix of x what can you deduce about the relationship between x and y? [5 points]
(b) For this part we assume that Σ = {a, b}. We write #a (x) for the number of occurrences of
the letter a in the word x and similarly for #b . We claim that
∀x ∈ Σ∗ , ∃y, z ∈ Σ∗ such that x = yz ∧ [#a (y) = #b (z)].
Is this true? If so prove it, if not disprove it. [15 points]
Question 2[20 points] Fix a finite alphabet Σ and let ∅ =
6 L ⊆ Σ∗ . We define the following relation
∗
R on words from Σ :
∀x, y ∈ Σ∗ , xRy if ∀z ∈ Σ∗ , xz ∈ L iff yz ∈ L.
Prove that this is an equivalence relation.
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New Question 3[20 points] Consider the set of positive integers : Z+ = {1, 2, 3, . . .}. We define
the following binary relation div on Z+ : n div m if n divides m with no remainder. For example
5 div 35, 12 div 36. On the negative side not 14 div 21. In formal logic terms n div m means
∃k ∈ Z+ , m = k ∗ n. Prove that div is a partial order relation.
Old Question 3[20 points] Consider, pairs of natural numbers hm, ni where m, n ∈ N. We order
them by the relation hm, ni v hm0 , n0 i if m < m0 or (m = m0 ) ∧ n ≤ n0 , where ≤ is the usual
numerical order.
1. Prove that the relation v is a partial order. [10 points]
2. Prove that v is a well-founded order. [10 points]
Alternate Question 3[20 points] Recall that a well-ordered set is a set equipped with an order
that is well-founded as well as linear (total). For any poset (S, ≤) and monotone function f : S → S,
we say f is strictly monotone if x < y implies that f (x) < f (y); recall that x < y means x ≤ y
and x 6= y. A function f : S → S is said to be inflationary if for every x ∈ S we have x ≤ f (x).
Suppose that W is a well-ordered set and that h : W → W is strictly monotone. Prove that h
must be inflationary.
Question 4[20 points] Give deterministic finite automata accepting the following languages over
the alphabet {0, 1}.
1. The set of all words ending in 00. [6 points]
2. The set of all words ending in 00 or 11. [6 points]
3. The set of all words such that the second last element is a 1. By “second last” I mean
the second element counting backwards from the end. Thus, 0001101 is not accepted and
11101010 is accepted. [8 points]
Alternate Question 4[20 points] Suppose that L is a language accepted by a DFA (i.e. a regular
language) show that the following language is also regular:
righthalf(L) := {w1 |∃w2 ∈ Σ∗ such that w2 w1 ∈ L and |w1 | = |w2 |}.
[Hint: use nondeterminism.]

Question 5[20 points]
1. Give a deterministic finite automaton accepting the following language over the alphabet
{0, 1}: The set of all words containing 100 or 110. [5 points]
2. Show that any dfa for recognizing this language must have at least 5 states. [15 points]
Question 6[0 points] Suppose that L is a language accepted by a DFA (i.e. a regular language)
show that the following language is also regular:
LOG(L) := {x|∃y ∈ Σ∗ such that xy ∈ L and |y| = 2|x| }.
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