COMP 330 - Fall 2010 - Assignment 6

Solutions

General rules: In solving this you may consult books and you may also consult with each other,
but you must each find and write your own solution. In each problem list the people you consulted.
This list will not affect your grade. There are in total 115 points, but your grade will be considered
out of 100. You should drop your solutions in the assignment drop-off box located in the Trottier
Building on the 3rd floor left of the elevators.

1. Recall that for f,g: N — RT, we say f = O(g) if and only if

de,ng > 0Vn > ng f(n) <cg(n). (1)

In each one of the following cases show that f = O(g) by proving (1).

(a)

(5 Points) f(n) = (n+5)% and g(n) = n3.

Solution: Note that f(n) = n® + 15n% + 75n + 125 < n3 + 1513 + 7503 + 12503 = 21603
for n > 1. Thus for ¢ = 216 and ng = 1 we have f(n) < cg(n) Vn > ng as required.

(10 Points) f(n) = 10V™ and g(n) = 2.

Solution: Note that 10V" < 2" & /nlogy,10 < n < n > (logy(10))%. Let ¢ = 1 and
ng = [(logQ(lO))Q-‘ = 12 to obtain f(n) < cg(n) Vn > ng as required.

(10 Points) f(n) = logyn and g(n) = /n.

Solution: Define h(n) = g(n) — f(n). Differentiating with respect to n we obtain h'(n) =
ﬁ — ﬁ@) Setting h'(n) = 0 we note that the only critical point is lné)Q ~ 8.325 and

h'(n) >0 for all n > 9.
Now h(n) = 0 for n = 16 and h(n) is increasing for all n > 9 hence letting ¢ = 1 and
no = 16 we obtain f(n) < cg(n) Vn > ng as required.

2. Recall that for f,g: N — R, we say f = o(g) if and only if

Ve > 03ng > 0Vn > ng f(n) <eg(n). (2)

In each one of the following cases show that f = o(g) by proving (2).



(a) (10 Points) f(n) = 342n% + n + 10 and g(n) = n?logy n

Solution: Let ¢ > 0 be given. Note that 342n% +n + 10 < ?5%271 +n? + 10n? = 353n? for
n > 1. And 353n? < en?log,n < 353 < elogyn < n > 27 . Hence choosing ng = 9
gives f(n) < eg(n) Yn > ng as required.

(b) (10 Points) f(n) = /n+ 10 and g(n) = /nlogy n.

Solution: Let € > 0 be given. Note that /n + 10 < n+10y/n = 11y/n ¥V n > 1.
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Next 11y/n < ey/nlogon < 11 < €y/logyn < n > 2 . Hence choosing ng = 22 gives
f(n) <eg(n) ¥n > ng as required.

3. Consider the following algorithm:
On input w which is the binary representation of a positive integer:
e Fori=2,3,...,w—1
° If w is divisible by i, reject.

e If w was not divisible by any of the above values of 4, accept.

(a) (5 Points) What is the language of the above Turing Machine?

Solution: The language of this Turing Machine is the set of prime numbers.

(b) (5 Points) Is the running time of this Turing Machine polynomial? (Explain)

Solution: No. Suppose we have an input w consisting of n bits where each bit is a 1.
Then the size of w is 2" — 1. In the case that w is a prime number the machine would have
to perform O(2") steps to check if w is divisible by any positive integer smaller than itself.
Hence the running time of this machine is exponential in the input size n.

4. (15 Points) A cycle of size m in a graph G is a set of distinct vertices vy, ..., v, such that vy is
adjacent to vg, vo is adjacent to vs,...,v,,—1 is adjacent to v,,, and v, is adjacent to v;. Show
that the following language is in P:

Cio0 = {{G) : G is a graph which contains a cycle of size at least 100}.

Solution: To show that Cigg is in P we will construct a TM that decides C1go in polynomial
time.

M = On input (G) where G = (V, E) with |V| =n:
1. If n < 100 reject (G).
2. Let k =n!/(n —100)! and Vi, -- -, Vj be all the possible permutations of 100 vertices in V.



3. Fori=1,---k:

Check if the vertices given by the permutation V; form a simple path in G. If they do,
mark the vertices in V; except the very first and last vertex. Then check if there exists
another simple path from the first vertex in V; to the last vertex in V; that does not
use any marked vertices. If there is, accept (G) and return.

4. If the loop terminates without accepting (G) then reject (G).

To compute the running time of this TM note that the for loop is repeated k = O(n'%) times.
Inside each iteration we can check if the vertices of a given permutation V; form a simple path in
a constant number of steps since each permutation constains a constant number of vertices. Next
we can check if the there exists a path between the first and last vertex consisting of unmarked
vertices by using a BFS. This can be done in O(n?). Therefore the overall running time of the
TM is O(n'%) which is polynomial.

To see that the TM does indeed decide Cgp note that if (G) € Cigp then there is a set of vertices
V1, , Uy with m > 100 that form a cycle. Hence when the TM performs the for loop for
the permutation vy, --- ,v199 it will find that these vertices form a simple path. The TM will
then mark the vertices vg, - -+, v9g9 and will proceed to find the simple path vigg, v101, ** ;Vim, V1
which connects v; to v1gg without using any marked vertices. Hence the TM will accept (G) and
terminate.

Now if (G) ¢ Cioo then there is no cycle of length at least 100. Hence even if the TM finds a
pemutation of 100 vertices that form a simple path there will be no path joining the first and
last vertex using only unmarked vertices. Therefore the TM will reject (G).

. (10 Points) Show that if P=NP, then every language in NP except () and ¥* is NP-complete.

Solution: Let B be a language in NP such that B # () and B # ¥*. Note that this implies
the existence of two distinct elements x # y such that * € B and y ¢ B. To show that B is
NP-complete, we must show that:

(a) Be€ NP and

(b) every A in NP is polynomial-time reducible to B.
The first condition holds by definition. To check the second condition let A be any language in

NP. Since we are assuming that P=NP it follows that A € P. Hence there exists a deterministic
TM M that decides A in polynomial time. Then define the function f : ¥* — X* as

z ifweAd
fw) = {y ifw ¢ A

Then note that f is a polynomial time computable function due the the existence of the TM M.



We then obtain

Hence w € A & f(w) € B and therefore A is polynomial-time reducible to B. It follows that B
is NP-complete.

6. (10 Points) Show that if L is in NP, then L* is also in NP.

Solution: First note that since L is in NP there exists a nondeterministic polynomial time TM
N that decideds L. To show that L* is in NP we will construct a nondeterministic polynomial
time TM M that decides L* as follows:

M = On input w with |w| = n: 1. If w = () accept w.
2. Fori=1,---n:

3. Partition w nondeterministically into ¢ non-empty substring wy, - - - , w;.

4. Run N on each substring wq, - -+, w;. 5. If each substring is accepted then accept
w.
6. Reject w.

If w € L* then we can write w = wy - - - wy, for some k < n such that each w; € L. Hence the
TM M will accept w. If instead w ¢ L* then there is no way of partitioning w into substrings
which are in L hence the TM M will reject w.

Since N runs in polynomial time it follows that M also runs in polynomial time.

7. Show that the following languages are NP-complete.

(a) (10 Points)

{(¢) : ¢ is a CNF with a solution that sets exactly half of the variables to TRUE}.

Solution: Let L be the language in question. We will first show that L is in NP. To see
this consider the TM that chooses half of the variables of ¢ nondeterministically, sets them
to TRUE and sets all other variables to FALSE. The TM then verifies if this assignment
satisfies ¢. If it does it accepts and if it does not it rejects. Also if there is an odd number
of variables the TM just rejects.

We now look at 3SAT which is NP-complete and we will show that 3SAT <, L which
together with L € NP will imply that L is NP-complete. We do this using the following
polynomial time reduction:



M = On input (¢) such that ¢ has has variables z1, - - - x,:
1. Define new variables y1,- - ,y, and set ¢ = ¢.
2. For each clause in C; in ¢:
3. Define a new clause C! = C;.
4. Negate all the literals in C!.
4. For each variable z; in C] replace it with y;.
5. Append clause C/ to ¢’ .
6. Output (¢').

If (¢) € 3SAT then there is some assignment of values TRUE / FALSE to the variables
x1, -,y which satisfies ¢. Wlog we can assume that the variable z1,--- ,x; are set to
TRUE in this assignment and the variables x;y1,- - , x, are set to FALSE, for some [ < n.
We then set y,--- ,y; to FALSE and y;11,- -+ , ¥, to TRUE. We claim that this assignment
satisfies ¢/. To see this note that every clause C; which is a clause of ¢ must have a literal
which evaluates to TRUE. It follows that the corresponding clause in C] will also evaluate
to TRUE. In addition ¢ has 2n variables, of which exactly [+ (n—1) = n are set to TRUE.
Hence (¢') € L.

If (¢) ¢ 3SAT then ¢ always evaluates to FALSE for any assignment of TRUE / FALSE
values to the variables. It follows that ¢’ will also evaluate to FALSE and hence (¢/) ¢ L .

Therefore (¢) € 3SAT < (¢') € L.

(15 Points) A d-clique in a graph G is a set of vertices such that every two of them are
in distance at most d from each other. So a 1-clique is an actual clique. The language in
question is

{(G, k) | G contains a 2-clique with k vertices}.

Solution: Let L be the language in question. We will first show that L is in NP. Suppose
we have a graph G = (V, E) with |V| = n and a given integer k£ < n. Consider the TM that
chooses a set S of k vertices nondeterministically. For every pair of vertices u,v € S that
are not joined by an edge the TM checks if there exists a vertex w € S such that (u,w) € E
and (v,w) € E. If it does not find such a w for a pair u,v it reject. If it cycles through all
pairs without rejecting, it accepts. This can be done in polynomial time.

We now look at CLIQUE which is NP-complete and we will show that CLIQUE <, L
which together with L € NP will imply that L is NP-complete. We do this using the
following polynomial time reduction:

M = On input (G, k) where G = (V, E) with |V| =n, |E| =m and k < n:

1. Construct a new graph H by subdividing each edge in G (as decribed in the hint). Let
W be the set of new vertices added when subdividing the edges.

2. Add a separate clique of size 100n? to the graph consisting of vertices w1, - - , %192



3. Join u; to every vertex in V.
4. Output <H, k+ 100n2>.

If (G,k) € CLIQUE then G has a clique of k vertices vy, -+ , v . In this case the vertices
V1, Uk, UL, - Upgon2 form a 2-clique in H of size k4 100n2. Hence <H, k + 100n2> € L.

If (G, k) ¢ CLIQUE then the maximum clique in G must be of size strictly smaller than k.
Let v1,--- ,v; denote the maximum clique in G with [ < k. Now note that the maximum
2-clique in H cannot include any vertices from the set W since |[WW| < n? < 100n? and each
vertex in W is at a distance 3 from each of the vertices ug, - - - , u1gg,2. Hence the maximum
2-clique in H is vy,--- ,v,u1, -+ ,Ugp,2 and has size [ + 100n? < k + 100n2. Therefore
(H,100n* + k) ¢ L.

It follows that (G, k) € CLIQUE < (H,100n* + k) € L.



