Creating Fractals using Iterated Function Systems
Construction of Fractal Objectswith Iterated Function
Systems

Nicolas Dutil

1-Introduction:

Suppose you had no ideas what fractals were, and you were asked to model objects like clouds, grass,
plants, etc.. What else could you use to define the geometries of these objects? Although polynomials can
easily define objects with smooth geometry, they are pretty uselessif you want to model complex objects
like grass or plants, since those possess infinitely non smooth, highly structured geometries. In the early
1980s, mathematicians have become concerned with non-smooth sets, that is, sets where the method of
classical calculus couldn't be applied. It was the fundamental work of Mandelbrot that opened up a new
way to model natural phenomena. What is a fractal? Many definitions exists, and mathematicians have
not yet agreed on one. Benoit Mandelbrot refersto the word "fractals' as objects who possess
self-similarity. For the rest of this paper, we will adopt this as our definition of afractal.

It isimportant for the reader to understand that fractals don't really existsin nature. They are used as a
model for studying complex natural phenomena. If you look closer and closer at aleaf of atree, you will
eventualy arrive at the cellsthat constitute the leaf. This property of self-similarity that natural objects
possess is maintained as long as we don't look to close at them. However, with fractals, thereis no limit
as too how far we can look before this property disappears. As we keep looking deeper and deeper in the
structure, additional details will be revealed and you will probably have a strong feeling of dgavu.

This brings us to our main discussion: how can we generate these fractals? Besides using |FS, which is
our main topic, other techniques exists. Lindenmayer systems, or L-systems for short, where invented in
1968 by Aristid Lindenmayer [Lind68] as away to model biological growth. The technique works as
follows : we have an aphabet V consisting of various symbols and an initiator (a string of symbols from
V) to which we apply alist of production rules. By applying all the rules, we create anew word. If we
repeat this scheme over and over again, aglobal pattern will emerge. This global process will often have
the self-similarity property that we were talking about. This technique isvery similar to an iterated
function system. Both of them are dynamical systems (defined | ater).

An Iterated Function Systemsis a set of contraction mappings W={w;,w,,...w,;} acting on a space X.
Associated with this set of mappings W, is aset of probabilities P={ P;,P,,...,P,} . Aswe will see, these
probabilities are used to generate a random walk in the space X. If we start with any point in X and apply
these maps iteratively, we will come arbitrarily close to a set of points A in X called the attractor of the
IFS. These attractors are very often fractal. (for the most part, we will assume attractors are fractal sets,
and thus, use the words interchangeably) This forms the basis for creating an algorithm that will
approximate the attractor of an IFS. We sometime call sets { WK(A)} whose limits are fractals,
pre-fractals. These are sets the algorithm will be able to generate . Increasing the number of timeswe
apply the maps will give us a more accurate picture of what the attractor looks like.
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2-M athematical Preliminaries

In order to understand what iterated function systems are and why the random iteration agorithm works,
we need to be familiar with some mathematical concepts. Readers with a good background in analysis
and algebra can move on to the next section.

For the rest of this section, a space X issimply a set of elements (points).

|- Metric Spaces

definition: A space X with areal-valued function d: X x X - [ iscalled ametric space (X,d) if d possess
the following properties:

1.d(x,y) =0for Ox,y O X

2.d(x,y) =d(y,x) Ox,y O X

3.d(xy) £d(x,2) + d(z,y)OI x,y,z O X . (triangle inequality)

For instance, O with d = [x-y| isametric space. (2 with the usual euclidian distance is also ametric
space.

Open Sets
definition : A subset S of the metric space (X,d) isopen if, for each pointx 0 S, wecanfindar >0 so
that {y OO X : d(x,y) <r} iscontained in S.

Closed Sets
definition:A subset S of the metric space (X,d) is closed if, whenever a sequence{ x,,} contained in S
convergesto alimit x [OX,then in fact this limit xJS.

Bounded Sets
definition: A subset S of the metric space (X,d) isbounded if wecanfindanx 0 X andanM 00 >0 so
that dlax) <M OalS.

Cauchy Sequence
definition: A sequence {x,} in X is called a Cauchy sequenceif givene >0, wecanfindan N [ON >0

such that d(X;,, X)) <€ O nm>N
Note: A cauchy sequence need not have alimit in X. This stimulate the next definition.

Complete Metric Space
definition: A metric space (X,d) iscompleteif every Cauchy sequencesin X convergesin X.

Compact Sets
definition: A subset S of the metric space (X,d) iscompact if every sequences in S has a subsequence
which convergesin S.

Since we are mostly concerned with metric spaces where the underlying spaceis 1" or C", we can state
the following :
theorem: If asubset S [0 [N (or C") is closed and bounded, then it is compact.

Now that we know what a compact set is, we can define the following space:
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definition: Let X be a complete metric space. Then H(X) consists of the non-empty compact subsets of X.

To make H(X) into a metric space, we must find areal valued function h: H(X) x H(X) - 0O with the
properties enumerated before. To construct this metric, we need to know what a o-parallel body Ay of a
setAis:

definition : Let (X,d) be ametric space. A &-parallel body A of aset A isthe set of pointsin X within
distanced of A : {x O X : d(x,y) <d for somey [1 A}

definition : Let A,B 1 H(X), and h(A,B) = infinimum{ d: A 1 Bsand B J A5} . We call h(A,B) the
Hausdorff metric.

The Hausdorff metric tells us how close two sets are to each other. If A and B are very close, then d will
be small, and thus h(A,B) will be small also.

Before we can begin talking about iterated function systems,there's two more interesting mathematical
notions we must be aware of.

II- Dynamical Systems

definition : A dynamical systemisatransformation S: X - X on ametric space (X,d). It is denoted by
{X;S}.

definition : Let { X ;S} be adynamical systems. A point x [1 X for which §(x) = x is called afixed point
of {X;S}.

[11- Contraction Mappings

definition : Let S: X — X be atransformation on the metric space (X,d). Sisacontraction if Js [
Owith 0 < s< 1 such that d(S(x),S(y)) < sd(x,y) O x,y 0O X. Any such number sis called a contractivity
factor of S.

The following theorem will be very important for later on.

Contraction Theorem: Let S: X — X be acontraction on a complete metric space (X,d). Then S
possess exactly one fixed point x [ X and moreover for any point x 0 X, the sequence { SK (x): n =
0,1,2.....} convergesto xg. That is, limn— inf SK(x) = x.

The proof can be found in [Barn93]

3-Iterated Function Systems

[Barn93] defines an iterated function systemsin the following way :

definition : A (hyperbolic) iterated function system consists of a complete metric space (X,d) together
with afinite set of contraction mappingsw,, : X — X, with respective contractivity factor s, for n=

1,2,....N. The abbreviation "IFS" is used for "iterated function systems'. The notation for the |FS just
announced is{ X ;w,: n=12,...N} and its contractivity factor iss= max{s, :n=1,2,...N}.

The following theorem is extremely important and suggest an algorithm for computing the pre-fractals.
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Theorem 3.1:
Let {H(X) ;wq,wWo,...wp} be an IFS with contractivity factor s. We define W(B) = union(wi(B)) for

iI=1..N, B H(X). Then the following can be said :
a) W(B) is a contraction mapping with contractivity factor s

b) Its unique fixed point A [0 H(X) obeys A = W(A) = union(wi(A)) fori =1..N
givenby A =limy _ iiniy WK(B) = intersection(WK(B)) k=L..infinity, for any B 0 H(X).

The proof can be found in [Barn93].
definition : The fixed point A [0 H(X) as described in the theorem is called the attractor of the IFS.

Like we've said before, attractors of |FS are very often fractals. So, this theorem gives us away to
compute pre-fractals. All we have to do is take any compact subset A (e.g asquareif X = 02 would
work} of X, and apply iteratively the contraction mapping W on A. Ask — inf, the set { WK(B) } for
any B [0 H(X) will give us better and better approximations to the attractor of the IFS.

The Deterministic Algorithm [Barn93]:
Let {X ;wq,Wo,..W,) be an IFS. Choose any compact set Bo [ [12. Then compute successively

Bh+1 = union(w;(B,,)) fori =1..n

Thissequence { B, } will converge to the attractor of the IFS.

4-The Random Iteration Algorithm

The Random Iteration Algorithm [Barn93]: Let { X ;wq w5 ,...wx} bean IFS, where probability P, >0
has been assigned tow; for i = 1,2,....n, where ¥ P; = 1. Choose X, [1 X and then choose recursively and
independently

Xpn O { W1(Xp.1) Wo(Xp-1),---WN(Xp1) } fOrn=1,23....

where the probability of the event x,, = wj(Xp.1) is Pi. Thus construct a sequence{x,: n=0,1,2....} OO X.
This sequence of points will come arbitrarely close to every point in the attractor of the IFS.

The amazing thing this algorithm tells usis that we don't even have to think about choosing a compact
subset B of X and apply iteratively the contraction mapping W to this subset. The process of applying W
to B is computationally expensive compare to applying one of the maps wi to asingle point x [ X. So,
given ak , the sequence { WK(B)} will take much longer to generate than the sequence {x,,: n =
0,1,2....k}. However, we immediately observed the familiar trade-off between time and space. Thereis
much more points generated by the sequence { WX(B)} than the sequence {x,, : n=0,1,2...k} for the same
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value of k. But the simplicity of the random iteration algorithm makes it an attractive solution for
generating approximations of afractal set.

Now, let's see why the algorithm works. Suppose we have aset B [1 H(X). Then for each k, we have

WK(B) = union(w;; (w;o(....(w;(B))))) where the union is over the set J, of k-term sequences
(i1,0,.ip) With 1 <ij < n.
What we did is simply expand the set WX(B) :

WK(B) = union(w;(Wk-1(B))) for i=1..N = union(w;(union( w;(Wk-2(B))) for j=1..N ) fori = 1..N = union
(Wi(w;(WK2(B)))) for i=L.N

We keep expanding the set WK(B) until it's the union of sets obtained by applying iteratively k
COMPpOSitions w;q,W;jo,Wjs,...W;) to the set B. It is not unlikely that some sets might contain the same
elements.

Now, suppose that w;(B) is contained in B for every i. Thenif x O A (the attractor), it follows from
theorem 3.1 (statement b) that thereis a (not necessarily unique) sequence (iq,is,...,ix) such that x [
Wi1(Wio(...(w; (B)))) for al k. A sequence of thiskind is often called the address of a point. So A =
union{ Xy jo = intersection(w;i (wi,(...w;j(B)))) k = 1...inf . Thisisthe key to
understanding why the random iteration algorithm works.

Let X, 1 B and Xy = Wi, (W;y_1(...w;1(B))) after k steps. Then the address of xk will agree with one point in

A up to the k-th term in the sequence. If we let k get bigger and bigger, xk will get closer and closer to a
point in A. At the same time, the sequence { x,,} gets closer and closer to all pointsin the attractor.

Suppose after n iterations, we have avalue xn. Then if we iterated k-th times more, X, 4+, =
Wi(k+n)(Wick+n-1)--(Win(Xp))) Will be close to apoint in A with an address beginning by (ipin+q,--ik+n)-
Thus, the more we iterate the more close we are to each point in A. If let B be the entire monitor, then B

is obviously compact , and so any point chosen in this areawill work. If wefall in A after acertain
number of iterations, that is, X, = Wi, (X,.1) | A, then we will never leave the attractor after that. We will

simply hop from one point in the attractor to another. Since there are infinitely many pointsin A, we can
only display an approximation of what the attractor looks like. The probabilities associated with each
maps will determine the density of each portions of the attractor. If a map has a high probability of being
chosen, then the region where the contraction mappings maps the point too will be more dense than the
other regions.

5- Implementation

5.1 Restrictions

The definition of the IFS and the description of the random iteration algorithm are quite generic. We will
restrict ourselvesto |FS where the space is either [1,12,013 or the complex numbers C.The contraction
mappings { wq,W»,....w,} used for generating the pictures are affine transformations. An affine
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transformation in (2 is of the following form :

a b}
o d
TIx,y] = Alxy]T + [ef]T , where A = {

5.2 Thealgorithm

Aswe've said before, the random iteration algorithm presented earlier was implemented. Theinitial point
Xo U X isawaysthe origin of the space : x, = (0,0) if X U2 0or xg =0+ 0i = (0,0) if X O C (complex
numbers) . Similarly, If X 00 03, then X, = (0,0,0). If we want to see the path the sequence { x,,} takes
beforeit fallsin the attractor A of the IFS,we can choose an initial point far from the attractor, which
usualy liein the unit square [0,0]x[1,1] if X O 2. if X 02, choosing a point near the edges of the
screen will work fine in most cases.

Since most computers don't have a built-in function that generates random numbers according to a given
probability density function (e.g normal distribution) , the following agorithm was used to select the
maps according to their probabilities P, of being chosen :

Let {wq,w,,....,.wp} beaset of contraction mappings and { P1,P.,....Py} the associated set of probabilities
P;, where P, means the probability of choosing w;. Let r be a number generated using a uniform

distribution. r is chosen in the interval [0,1]. The algorithm isthen :
letsum=plandleti=1

while (r>sum)

{

sum = sum + pi

i=i+1

}

use map wi

The coloring scheme we used attibutes a color to each contraction mapping wi. The user can specify the
color they want for each mappings, but the goal hereisto identify what each mapping accomplishes, so it
IS best to associate a unique color to each mapping wi.

5.2 Complexity of thealgorithm :

The complexity of the algorithm depends on the number of points in the sequence { x,,} we wish to

generate and the number of maps wi. But the former largely suppress the latter. So, the algorithmis
©(number of iterations).

5.3 Results
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Figure5.3.1 Figure 5.3.2
A Spiral A close-up of a 3-D fern

Y oY
d—

Figure5.3.3 Figure5.3.4
Dragon Serpinski'striangle
Fractal Set Number of Iterations | Scale Factor | Time taken to generate the picture(millisec)
Sierpinski'striangle 4400 0.024 1047.85
Dragon Curve 82000 0.202 1079.57
Spiral 219000 0.517 1214.45
3-D Fern (Close-Up) 343000 2.035 1447.575
Table 5.3
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Table 5.3 gives us some quantitive informations about the pictures shown above. All pictures were
generated using the random iteration algorithm. The time taken to generate a picture is not very useful by
itself. Asyou can see by looking at the pictures, we tried to make every picture look equally good so that
we can compare objectively the time taken for generating approximations to different fractals. The
number of iterations (i.e number of pointsin the sequence {x,,} ) isshown in table 5.3 for each of the

pictures. The scale factor tells us by how much we contracted or expanded the original picture. The
scaling is applied after we have multiplied the points x [1 X by the affine transformation wi.

The dragon and the sierpinski's triangle took about the same time to generate. The spiral took alittle bit
longer , and finally the three dimensional fern was the longest to compute. This is attributable to the fact
that it's the only figure shown here that's in three dimensions. So some details of the picture are hidden
by pixels closer to our viewpoint.

Finally, we can observe the coloring scheme at its work in these picture. We can clearly see the region of
space a mapping wi maps points x [1 X into. The mappings used to generate the sierpinski's triangle
seems to map points into different region of space, while the two mappings used to create the dragon
seems to share aregion in space. We emphasize the word seems here, since we should not forget that
rounding errors occur when moving points belonging in a continuous 2-D space onto a discrete 2-D
space (the screen).

5.4 |mprovements

We talked about how the deterministic algorithm takes less iterations but more time for each iteration to
compute the next set B,,. The random iteration algorithm is faster for one iteration, but it needs alot more
iterations for generating the same picture. A good compromise would be to start with more than one
point X,[J X and build a sequence {x,} for each initial points {Xg,X1,... X} [ X. Another improvement

would be to use the scale factor as an estimate for how much iterations we will need to produce each time
the picture is expanded (more points needed) or contracted (Iess points needed).

6. Conclusion
6.1 Critique

The random iteration algorithm is a pretty fast way to generate complex objects. It lends itself perfectly
to objects which are self-similar since we can easily find contraction mappings wi that recreate
approximately the original object. One way to achieve fractal compression is based on thisidea. The
detail at which we can see objects generated by an IFSis only limited by the amount of computer
memory that's available. By looking again at the pictures in section 5.3, it would seem that we have
applied some sort of shading technique to these pictures. However, thisis not the case. The reason is that
pixels with non-zero intensities in areas (near the set's boundaries) where there are surrounded by lots of
black pixels appear to have less intensities than they truely have. In contrast, dense areas (lots of
non-black pixels) appear brighter.

This bring the issue of how we could apply conventional shading techniques to these pictures. Applying
the global illumination model for every point in the sequence { x,,} would be extremely time consuming.
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[Reev85] describes a method for shading objects,made using particle systems, that could be used here
also at some extent. An other property of the random iteration algorithm that might be undesirable in
some cases is that every time we run the algorithm, we will never quite get the same picture twice. So if
we want to reproduce exactly an image that we generated a while ago, chances are, we will never be able
to do s0.Thisis dueto the fact that we don't always choose the same mapping w; for generating the point

Xp = Wi(X,.1) 1N the sequence { x,} . However, in some cases we might like the fact that each mapping wi
has a probability P; of being chosen. If we are more interested in a certain region of the fractal, we might
attribute higher probabilities { P;,Ps,..P} to the mappings { wq,w,,..w, } which maps pointsx [1 X in that
region.

6.2 Summary

Two algorithms were presented : the deterministic algorithm and the random iteration algorithm.
Although not implemented, the deterministic algorithm was discussed because it was a direct
conseguence of theorem 3.1. It turns out there isasimpler way of generating the attractor of the IFS. The
random iteration algorithm takes as argument one point X, in X,aset {wl,w2,...wy} of contraction
mappings, with an associated probability set { P1,P2,...Py}, and then generate a sequence { x,,} where x,
= W;j(Xp.1) , With the probability of chosing wi equal to P,. Asn - inf, {X,} clusters around a set called

the attractor of the IFS. The attractor is very often afractal set. A fractal has the property of being
self-similar.
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Go Vist the |IFS Gallery
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