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1 Counting Spanning Trees

Problem 1 (number of labeled spanning trees) Given n labeled vertices vy, ...,v, How man
different spanning trees are there?

Theorem 1 (Cayley) there are n"~?2 labeled trees on n vertices.

Proof. (Bijection) Let T, be the set of labeled trees on n vertices, and Cp(n — 2) be the set of
(n — 2) element sequences with alphabet {1,2,...,n}. We give bijection C : T}, < Cyp(n —2). Given
t € T, create a code C(t) € Cp(n — 2) as follows:

1. lett1 =1t
2. fori=1ton—2

(
(

a) Let v be the largest leaf in ¢;.
b) let (u,v) be the edge in t;
(c) set ¢; =u

(d) set tit1 =t; — (u,v) —v

We show this is a bijection by giving its inverse. Given C' € Cp(n — 2) let [n] :={1,2,...,n}
1. Forj=1ton—2

(a) let lj = max{[n] —{l1,....lj—1,¢j, Cjs1, ..., Cn—2}}
(b) let (I;,¢;) be edge of T'

2. the last edge is (v, ¢p—2) where v = [n] — {l1, ..., lp—2,Cn—2}
Claim 1 1. Any number not in (¢;, Cit1, ..., Cn—2) 18 a leaf in t1,ta, ..., t;
2. Any number in (¢, ..., cn—2) s an interior vertex of t;.
Proof.
e By construction ¢; in C(7') is an internal vertex in ¢;

e Any interior node in ¢; will appear in (¢;,...,c,—2) as it has degree 0 or 1 in T;,_5. It had
deg > 2 in t; so we must remove a (leaf) neighbor later on. In other words the number of
times a node of t; appears in (¢;, ..., ¢,—2) is equal to its degree minus one. |



Therefore l; = max{[n] — {c1,...,cn}} , and more generally

l; = max{n] — {{ci, ...,en } U{l1, ..., li—1}}}

Thus given C(T') we can uniquely determine /;. In other words our function is reversible. [ |
Proof. (Generating Functions) Let ¢(n;dy, ..., dy,) be the number of labeled trees in which vertex
v; has degree d;.

Tn = Z t(n;dl,...,dn)

dlv---vdn
We can assume dy > dy > ... > d, = 1. So d,, = 1 and so v, has a neighbor. It could be any of the
other vertices. Removing v, and conditioning on the possible neighbor we have:
L t(n,dy,..,dn) = S0 (0 — 1,dy,y ydi — 1,y diy1)
2. Now consider the multinomial coefficients (a1 s ak) The number of ways to pick k disjoint
subsets 51, ..., Sk from [n] of sizes aq, ..., ax

m al ,ag . ag
a1,...,0k (al...ak)xl $2 xk

3. We know Multinomial Theorem: (z; 4+ z2+ ...+ )™ =

4. Since (x1 + 22 + ... + )™ = (w1 + 22 + ... + )" 21 + 22 + ... + 73) it follows that
(o) = 28t (=10
ai...ap =1 \ay,...,a;—1,...,a5

5. Induction t(n,ds,...,d,) = (d1—1 d2n:12... dn—l) or let the children of each node v denote a set

Sy. Since there are 2 leaves in any tree the claim follows.
6. Base case n = 3 works.

recurrences 1,4 are the same so the claim is true by induction. Finally setting z; = 1,k = n,m =
n —2,a; = d; — 1 we have

n—2 __ n—2 B | )
n —dz;l (dl—l,...,dn_1> _zd:t(mdl,...,dn) = ~(n)

Proof. (double counting) Consider a more complicated problem. Let F), ; = # forests with
k rooted trees. |Fy 1| = n|T,| Take Forest F, , € F,j direct edge away from roots. We say F;
contains Fj if F; contains F}; as a directed subgraph. We say Fi,..., F}, is a refining sequence if
F; € F, }, and F; contains F;1Vi. Fix a forest F}, € F,, ;, set

1. N(F}) = # rooted spanning trees containing Fj
2. N*(F}) = # refining sequences in in F},
We count N (Fj) in 2 ways.

1. Start at spanning tree. Suppose F € F), contains Fj. F; — F}, contains k — 1 edges. We can
remove them in any order to get a refining sequence from Fj to Fy, N*(Fy) = (k — 1)IN(F})

2. Start at Fj to get an Fj_q from Fj.



3. Pick any v add an arc from v to one of the other k£ — 1 roots.
Can do this in n(k — 1) ways. So
N*(Fy) =n(k — 1)n(k — 2)..n(1)
=n"1(k—1)!
(k- 1) = (k- 1)IN(Fy)

For k =n N(F,) = n""! So F,, = set of n singleton vertices. So N(F},) = # of rooted spanning
trees = n™ ! therefore v = n" 2 [ |

2 Enumerative Combinatorics

The main question in enumerative combinatorics is to count the number of objects in a set. Often
we have an infinite collection Si, ... of sets and we try to count the number of items f(¢) in S;(err
|Si|?) simultatiously for all ¢. Counting can be done in many ways.

1. Closed formula(nicest way but rare). e.g.
o f(n)

e f(n) = |T,| = n"2 where T, := labled trees on n vertices.
(n)

e f(n) = #0,1 matrices such that each row sum and, each col sum = 3 this is

=

alblcl6e

f(n) = number of ways a postman can deliver n letters tp all the wrong houses. =

n!> i, (_i!l)l A derangement is a set of non empty cycles

2. By recurrence: A recurrence formula often allows us to find f(n). e.g. g(n) = # of subsets
of [n] that dont contain two consecutive integers. g(n) = g(n — 1) + g(n — 2) (consider n)

3. Asymptotic Formula: We say f(n) ~ g(n) if limnem% = 1. This gives an estimate g(n) of
f(n). eg. f(n)=~ e 2367"(3n)! if f(n) = #0, 1 matrices such that each row sum and, each

col sum = 3

4. Generating Functions: this is the most useful way. We count an object using a formal
power series.

2.1 Generating functions

Definition 1 (Ordinary GF) F(z) =}, f(n)z"

Definition 2 (Exponential GF) F(x) =3, f(n)%;
The major advantage with generating functions is that we can perform many combinatorial
operations on them. e.g. addition multiplication, convolution, calculus.
From this we can extract information:



1. find exact formulas

2. find recurrences

3. find asymptotics

4. statistical properties

5. prove unimodal/convex properties

6. proving combinatorial identities

7. Allows us to tackle much harder problems.

EXAMPLE: consider

n>0 n>0 n!
n
(=1)"
>0 )z"
50 1= rln —r!

n
= Z(—l)r (n) =1ifn =0, 0 otherwise
r
r=0
We have shown that the number of even sized subsets is equal to the number of odd sized subsets
of [n].
3 Compositions
A composition of an integer n is an expression of that integer as a sum of positive integers. e.g.
3=14+1+1,2+1,1+2,3

A=14+1+1+1,24141,1424+1,14+1+23+1,1+3,2+2.4

A composition of n has k pars if n = 1 + x2 + ... + x; Let g(n) = # compositions of n into parts
all of value 1 or 2. Let G(z) be the ordinary generating function for ¢(O.G.F). We have

G(x) = Z g(n)z"™ = Z(x + x2)k

n>0 k>0

More generally if f(n) = # of compositions of n into parts that belong to a set A of integers,
then

k>0 acA



e.g. if A:=1{2,3,..} we have F(z) = -2, =1+22. L

l—2z—2 1—2z—22

SO
Fmg:1+ﬁl_x_x2:1+ﬁGuﬂ=1+ﬁ2;Mmﬁ
:1+Zg(n—2)xn= Zf(n)x”
n>2 n>0
thus
f(n)=g(n-2)

Theorem 2 # of compositions of n into parts greater then 1 equals the number of compositions of
n — 2 into parts of value 1 or 2

EXERCISE: TRY TO GIVE A COMBINATORIAL PROOF
REMARK:g(n) satisfies the Fibinoci recurrence

g(n) = g(n - 1)1515 part=1 + g(n - 2)1st part =2

Let A := set of odd integers. h(n) = #comps into parts with odd value.

n>0 k>0 i odd
B 1 1 1—a?
_l—zioddxi_l—ﬁ_l—x—ﬂ
T
14—
+1—:L‘—:E2
=1+ 2G(z)

= h(n) =g(n—1)

Theorem 3 # of compositions of h into n odd parts = # of compositions of n — 1 into parts 1 or
2.

EXERCISE: TRY TO GIVE A COMBINATORIAL PROOF



4 Elementary Counting

Given an n — set X we let (Z) denote the number of subsets of size k of X. Let nj; denote the
number of ordered k — subsets. So

ng=n-n—1---(n—k+1)

n
= (7!

n\ _ng_n-n-—1--(n-k+1)
k) kK k!

we could also write

Remark this formulation is better then ﬁlk), as it allows to evaluate (Z) when n is negative or
complex!. Recall:

Theorem 4 (Binomial)

k=0
therefore
e r:=1
" (n
2" =
k=0
o .= —1

e Differentiate

set x =1

this shows that the number of ways to choose an element and a subset on the remaining
elements is equal to the number of ways to choose a subset and then choose an element of
the subset.



4.1 Compositions
How are binomial coefficients related to compositions? let c¢(n, k) := number of compositions of n
into exactly k parts(order matters)

n—l)

Lemma 1 ¢(n, k) = (}~;

Proof. Draw n dots in a line.

there are n — 1 spaces. We need to choose k — 1 of them. so there are (Zj) ways to do this. [ |
Corollary 1 the number of solutions to > i, x; = n into non negative solutions is (njizl)

Proof. Add 1 to all z;. Get the number of solutions to Y i~ ; y; = n + k in positive solutions. M

4.2 Multisets

A k subset of a n set X does not allow repitions of elements. What if elements of X can be chosen
multiple times? We denote the number of ways by (})

Ve
_ (ntk—1

Theorem 5 (), = ("7, 7)

A multiset of X := {x1,...,2,} has the form {z{',...,z%} where a; is the number of copies of

z; in the multiset. So the number of ways is equal to the number of non negative solutions to

ai + ... +a, = k this is (kZﬁzl) = ("H]j*l) [ ]

Proof. (2) Orlet 1 < sy < s9... < s <n+k—1Dbeasubset of [n+k— 1] Let t; := s; +1 —i.
then
1<t;<..<t.<n

is a k multiset of [n]. This is a bijection. [ |

4.2.1 Multisets and GFs
consider the GF

A+z+22+ . )A4azet+as+.) 14z, +22+..)

= > Il

a:X—>N"zieX
= > =
a1,...,an x; EX

Set x; = aVi
Qtzt+a?+.)m= Y guf-tem= 3 Gl

ai,...,an H is multiset

-2 (1),



But

(1+z+a22.)" = Ao = (1—z)™"
Now define
(- =Y (‘,f)(—l)kxk
k>0
So

—n(-n—-1)(-n—-2)---(—n—k+1

_nn+1)(n+2)---(n+k—1) _ (n—l—k—l)

k! k

4.2.2 example

What is the coefficient of 2™ in G(z)? L1 > djm H(d)

but Zd|mu(d) =1ifm=1,=04if m#1, m=p{ - p* Subsets of p; - - - p; that don’t give
0. Even subset give p(d) =1 odd give u(d) = —1. #even = #odd. So 3y, i(d) = Omz1 = Lin=1
G(z) =z F(z) =¢"



4.3 Multinomial Coefficients

The binomial coefficient (Z) can be interpreted as splitting X into 2 sets. This generalises. Let
(ala;“ak) = # of ways to split X into k sets of sizes ay...ar resp. Equiv place place n balls into k
boxes such that box ¢ has a; balls. Take a; balls of color i. How many ways can we arrange the balls
in a row (in a distinguishable manner). There are n! orderings there are ﬁ distinguishable

arrangements. There are ( arrangements as the positions of balls of color ¢ give a subset

alag...ak)
X; of X. Ho many ways to partition [n] into b; subsets of size ¢ when Zle 1 —b; =n.

Partition [n] into unordered sets. Apply above method, but the collections of subsets of size i
can themselves be permuted. So

1 n!
bylbo! -« byl (101 .. (K!)bk

Problem 2 How many sequences Ay, As, ..., A of subsets of [n] are there such that Uj=1 A; = [n]?

ANSWERE:(2F — 1)"

5 Inclusion-Exclusion

Notice: if Ay, Ay are sets, |A; U Ag| = |A1| + |A2| — |A1 N Ag|. Take a collection of sets {A; :i € I}

Theorem 6 I-F
| Uier Ail

= Yscrisi=t | Nie Ail = Xscrsi=a | Nies Ail + - + (=D Nier A

Proof. If z is in k of the A;. How many times is x counted by RHS?

() () - ()

By the binomial theoremygrigbie:=1

5.1 Examples

e Derangements: A permutation 7w such that m; # . Let A; be the set of 7 such that m; =i

|U Ail=n-(n—1)! - (Z) (n—2)! + (Z) (n—3)L..+ (=11 (Z) (n—n)!

_ ., nt ol =1 |
—n.—5+§....+(—) (n—n)!



SO
1 1

" —1¢  pl

7! e

=n!
i=0

e Can also derive this using generating functions. aside: S,, = ¢“ so D,, = ¢¢~*
Let D(z) := 3,50 dn’y be exponential GF. Now

- T x
e D) = (X L) a, D)
r>0 " s>0
k
d; 1
k i
= €T - .
lgj ;z! (k—1)!
k k
1
WO WIHEN
nZOk = 7 1—=
e—x
D(z) =
= D(@) 1—2
2 1.3
D(:U):(1—x+§—§...)(1+x—|—m2+...)

So

e Binomial Coeffs

(k)= ()0

Assume m > k. For the LHS there are (') ways to pick k blue balls from m blue balls. For
the RHS add n red balls rq,...,7,. Let A; be a collection of k subsets of R U B that contains
rj. The number of ways to pick a blue k — set from R U B is then

n+m - i (n\[(m+n—i
()=o)

pick i of r1, ..., and we have k — i choices for the other balls

e Euler Function: let n := p{*---pi* be prime decomposition of n. Let ¢(n) = # of integers
coprime with n and less then n. Set A; =set of integers divisible by p;. Set A; := set of
integers divisible by p;. So

pm)y=n—[1 - Y iy Y "

i=1 bi 1<iy <ia<r Piy Diy 1<i1<.ip <r pb1---Pr



Theorem 7 Euler ¢ n =3, ¢(d)

Proof. The number of integers m such that ged(m,n) = d is ¢(%). [m = m,d,n = n,d] So

S (5) = S $(d) = n

e This relates to the Mobius function: p(1) = 1,u(n) = 1 if n is a product of even number of
distinct primes. pu(n) — 1 if n is a product of odd number of distinct primes, p(n) =0 if n is

not square free.

Theorem 8

Z,u(d) =1if n=10 otherwise

dn

Proof. n =1, n=p{'---p;* then

3" () = i(—l)i(’j)

d|n =0
=(1-1F=0
Corollary 2
6(n) _ o pld)
n i d

Proof.

@ =1-Y5, p%. + D i<ii<in<k ﬁ = 1(1) + X g ()5 + Xy 1(d)

d = some p;

6 Mobius Inversion
Theorem 9 Let f(n) =34, 9(d) then g(n) =34, u(d) f(7)
Proof. n n

> p(d) - f(g) = Zu(a)f(d)

dn din

= w5 Y gld) = Y gld) S ud’) = g(n)

dn d'\d d'|n s

which is equal to 0 or 1, and is only 1 when % = 1. i.e. when d’' = n.

1
d

+ ...



Example: Let H, = the number of circular 0 — 1 sequences of size n, sequences are distinct if
not rotations of each other. Let u(d) = # sequences of period d.

dn

we know

> od-p(d)=2"

dln
Let f(n) = 2", g(n) = Xgn w(d)2d = n - p(n) in the Mobius Inversion Formula. So H, =
S (d) = g 5 X (d)2F

7 Stirling numbers of the first kind

Let 7 := 71,79, ..., Ty, € Sy, be a permutation of [n]. We can view 7 as a collection of disjoint cycles.
So we can write 7 as a set of disjoint cycles:

o m:=(ay,...,ar), (b1, ....;b), ...
e Each cycle starts with its largest element.
e The cycles are written in increasing order of their largest element.

for example (726)(84513)(9).
Now we can forget about the parenthesis. Let f(w) =m— parenthesis. For example

£(368517249) = £((726)(84513)(9)) = 726845139
Theorem 10 (surprizing) f is a bijection.
Proof. To see this take f(7) and we insert ( before every left-right maxima. [ |
Corollary 3 7 € S,, has k cycles iff f(7) has k left, right mazima.

Now given m € S, let ¢; := ¢;(7m) = # of cycles of length m We say 7 has type (c1, 2, ..., ¢p)



Lemma 1 number of permutations of type (c1,ca, ..., cpn) s

n!

1¢1 . 9¢2 .. .ncncl! . CZ! .. 'C’)’L!

Proof. Write 7 in a non-standard cycle form. Place cycles of length 1 first, then cycles of length
2, etc... We can order the —cycles in ¢;! ways and we can pick thier first element in i“ ways. H

Definition 3 (Stirling number of the first kind) Let 5(n, k) = # permutations of [n] with k
cycles. s(n, k) = (=1)""%5(n, k)

Lemma 2 35(n, k) satisfy:
s(n,k)=(n—1)s(n—1,k)+5(n—1,k—1)

Proof. Given 7 € 5,1 with k — 1 cycles we a w € S,, with k cycles by setting 7, = n. Given
m € Sp—1 with k cycles then we have n — 1 ‘slots’ to insert n. (add n as a midpoint in one of the
n — 1 edges of the cycles) [ ]

Theorem 11 Y}, 5(n, k)z* = (z +n — 1),

Proof. Set Fj,(z) =(r+n—1), =(x+n—1)(z+n—2)---(x+1) —x . We can write this as

n

Z b(n, k)"
k=0
and determine what b is. Now b(0,0) = 1, and set b(n,k) =0if n <0 or k < 0.
F.(z)=(x+n—-1)-F_1(x) =xF,_1(z) + (n — 1) F_1(x)

n—1 n—1

= Z xb(n —1,k)z" + (n — 1) Z b(n —1,k)zk
k=0 k=0
So .
Zb(n,k)xk Zb(n—1,k:—1)xk+(n—1)Zb(n—17k)xk
n=0 k=1 k=0

So b(n,k) =b(n—1,k—1)+ (n — 1)b(n — 1,k). The base cases for §(n, k) are the same so
s(n, k) = b(n, k)

|
We can prove combinatorial via a bijection show coeffs on the LH .S equal coeff on RHS. Instead
we give a different type of combinatorial proof.

e Two polynomials are the same if they agree on sufficiently many values of the
variable z

Using this we give a second proof of the theorem. Proof. (2) We show



— Y &(n,k)2F = (x+n—1),

for all positive integers x. Let C(m) be the set of cycles of 7. The LHS counts pairs (r, f) with
f:C(n) — [z]¥ The RHS counts integer sequences (1, b, ..., b,) where 1 < b; <z +n — 1.
Given sequence (b1, ..., b,) find a bijection to (m, f)

1. Write down n and assume it starts cycle Cy. Let f(Cy) = by,
2. Given n,n — 1,...,mn — i+ 1 have been inserted into cycles

(a) if 1 < b,—; < x start a new cycle C; with (n — ¢) to the left of previous elements. Set
f (Cj ) =bp—1

(b) If by—; = x+p insert (n—1) into an odd cycle such that it is to the right of p elements(it
doesnt start a cycle)

7.1 Example

(b ...by) = (596186352) n =9 z =4

bg =2 (9) SO f(Cl) =2

bs=4+1p=1(98)

br =3 (7)(98) f(C2) =3

this is in standard form by construction. given (7, f) for example (41)co10r=1(73) coi=3(96285) coi=2
1. 1 has one element to the left = p =1 cross off 1 (5...)
2. 2 now has 5 elements to the left = p =15 (5,9...)

3. 3 has 2 elements to the left so p =2 (5,9,6)

5. (5,9,6,1,8,6,3,5,2)

e.g. set x:=1



Corollary 4 the number of integer sequences (b1, ...,by) such that 1 < b; < n+1—1i with exactly
k of the b; = 1 is 5(n, k).

Corollary 5

Z s(n, k)zk = (z),
k=0
Proof. Take Y 5(n,k)2z* = (x +n — 1), set y = —x.
(=1)" > 5(n, k) (=1)"y" = (n = 1 —y)u(~1)"
> s k) (=)™ = ()" =1 —y)(n—2—y) - (L —y) —y
=yly—=1)--(y—(n=-1)
= s, k)(=1)" "yt

> s(n k)y* = (y)n

8 Stirling numbers of the second kind

Definition 4 (Partition) A partition of [n] is an unordered collection of subsets(blocks) By, ..., By
such that

e B, #0
° BiﬂBjZQ
° BlUBQ...UBk:[n]

Definition 5 (second kind) Let S(n, k) := # of partitions of [n] into exactly k blocks. We say
S(n, k) is a Stirling number of the second kind.

By convention S(0,0) = 1. We have

1. S(n,k)=0ifk>n
2. S(n,0) =0 for n > 0
3. S(n,1) =1

4. S(n,2)=2""1-1
5. S(n,n—1)= ()

6. S(n,n) =1

We have the following recurrence



Lemma 3 S(n,k) =kS(n—1,k)+S(n—1,k—1)

Proof. Look at element n. We can add it to any block in a k — block partition of [n — 1] or we
can put it in a block of its own. We have a (k — 1) — block partition of [n — 1] |

Theorem 12 Y ;' S(n,k)(z)r = ="

Proof. Let X be a set of size x. The RHS is the number of functions f : [n] — X. Each function
is a surjection onto a unique subset Y C X. Fix |y| = k. There are klS(n, k) such surjections.
There are () choices for Y. Thus

stnk<> ank

Recall Y7 s(n, k)z* = (2)n.
Theorem 13 o >0, S(n,k)s(k,r) = 0yt
o Yk S(n,k)s(k,r) = 11—
Proof. " = S0 S(n, k)(x), = S0y S(n, k) - YF_g s(k, r)a”

n

= Zxr(z S(n,k)s(k,r)) ="

r=0 k=r

8.0.1 Interpritation

e Let s be oo matrix with ij entry s(i, j)
e Let S be co matrix with ij entry S(4,5)

e Then the theorem implies that S and s are inverses

8.0.2 Example

B := {l1,2',22, ...} is a basis for the complex vector space defined by polynomials with complex
coefficients. But the By := {1, ()1, (z)2, ...} is also a basis as S is transition matrix for bases Bj
to B1. Remark: The equations

L (2)n =Y s(n, k)a*
= 2 5(n, k) (2)k

Are important in the theory of “calculus of finite differences”.



8.1 Generating Functions

Let "
T
Fi(x) == Z S(n, k)—
n>k
So N .
Fi(x) =k S —1,K)> + 3 S -1,k - 1)
n>k n>k n
xn—l l,n—l
Fi(x)=k > S(n—1k) S+ Sn—1,k—1) ‘
n—1>k (n—1)! n>k (n—1)
n n—1
= kY Sk 5+ Y Stk -1)
n>k L op—1>k—1 (n—1)
=kFy(z) + Fp_1(x)
Lemma 4 - S(n, k)% = (ex;!1)k
Proof. Induction: "
S(n,1)227':€x—1
=
then )
/ _ T k—1
Fi(x) = kFy(x) + = 1)!(6 1)
has solution )
Fk(.’E) = X (ex — l)k

unique since the coefficient of z* is %

Corollary 6 S(n, k) =5 Sio(—DF()im

2

Proof. Coeff of 2" in 3 S(n, k)% is the coefficient of 2™ in

n!

k
%(ex . 1)k — %Z(_l)k—z <k> eim




8.1.1 Bell Numbers

The total number B(n) of partitions of an n—set is called the Bell number. So B(n) = >"}_, S(n, k)
Corollary 7 B(z) := 3,5 B(n)% =exp(e® — 1)

Proof. .
S B)S =33 S k)
© n>0 k=0
= Z Z S(n, k:)x‘
k>0n>k
= Z %(e“” — 1) = exp(e” — 1)

So lets extract some information
B(z) = exp(e® — 1)
B'(z) = e"exp(e® — 1)
/ at
B@) = Y Bl o
S Bn+1 x—, =

e

Consider the exponential generating function for the FIRST KIND

8.1.2 SNOTFK
Theorem 14 -, s(n, k)L = L(lg(l+2))*
Proof.
(1+y)" = eap(wlog(1 +y)) = 3 - [le(1 +y))"2"

Also



9 Catalan Numbers

How man sequences of n '+’ signs and n '—' signs are there such that each partial sum is non-

negative? This is the same as the number of paths from (0,0) to (2n,0) using arcs (1, 1) if we are
not allowed to go below the x —azis. Such waks are called byck walks. The number of these walks
is equal to the catalan number

Theorem 15 C, := %H(Qs)

Proof.

e Clearly the number of walks from (0,0) to (2n,0) is (27?) if there is no restriction of staying
non negative

e Any path that goes below the z — azis hits y = —1 . These are “bad” walks. Count the
number of bad walks.

Let P go below the x — axis, therefore it hits y = —1 for the first time at (2’, —1). Say this
divides P into Py and P. i.e. P; goes from (0,0); (2/,—1). Let P be the reflection of P
iny =—1. So (P, P,) is a walk from (0, —2) to (2n,0). This is a one to one mapping as
any walk from (0, —2) to (2n,0) crosses y = —1 from below at least once. There are (anl) of
these walks.

e So the number of Dyck paths is
2n _ 2n
n n+1

Lets see more examples of C),

<2n> 1 _e,
n/n+1

e Plane Trees on n + 1 vertices. Consider a caterpiller(i.e. DFS order) walking around the
tree. If he goes up we have a +, if he goes down we write a —.

e Planted trivalent trees on 2n + 2 vertices.
T=2z(1+T?
solve using quadratic equation.

e Decompositions of (n+2)-gon into n triangles using n—1 non intersection diagonals.
Outer face = root + leaves....

e Linear extensions(full ordering such that =z < y if x < y) of the poset 2 x n. For
each odd number we have a + and for each even number we have a —. For example

m:=13524768=+ + + — — + — —



e Covering non-comparable intervals on {1,...,n}
(1,2)(3,4,5,6) + (2,3,4)

covers (1,2,3,4,5,6).

Construct a Lattice:
123

12 23
123

any maximal antichain in this lattice defines a linear extension and gives us a corresponding
Dyck path.

e Binary Bracketing. A recursive partition of a non associative product x1, o, ..., Zyy1 into
products of 2 non empty products. Bijection with Dyck paths by sending ‘('= +,¢) = —
and reading from left to right.

9.1 Catalan GF

let f(n) = # of binary bracketings of (1,...,n). then f, = C,,_1 Clearly

n—1
Fn) =" F()f(n—3)
j=1
Let
Fz)=)Y_ f(n)a"=z+Y_ f(n)z"
n>1 n>2
n—2
=z+y (3 fG)f(n—j)a"
n>2 j=1
=z + F(x)?
SO
F(x) =z + F(x)?
thus 1+v1-4
Pla) = ——
How can we go backwards? we have
F0)=0

so we have

. 1
Fla)=——5——=(1-4x)" = > <Z> (—4)"z"




B W oa(2n—3)..5.3.1
71_24:6 ALY

n>1

(2n —2)!
1 n,.n
=1-) 4% on—1(p — 1)12nn]

2(2n—2
:1— — n
Zn(n—1>$

n>1

So
12(2n-2\ ,
F(x)_22n<n—1>x
:ZCn_lx"

n>1

10 Partitions of an integer
We say that p(n) = # of ordered partitions of n. e.g. p(5) = they are
5, 441342 34141, 24241, 2414141, 1+1+1+1+1

We often represent a partition A_Ln by a Ferrers diagram. We obtain the conjugate X' of \ by
transposing the rows and cols. A partition is self conjugate if A = \.

Theorem 16 The number of partitions of n into at most k parts is equal to the number of partitions
of n+ k into exactly k parts. i.e.

k
> pi(n) = pr(n+ k)
j=1

Proof. take a partition of n 4+ k into exactly k parts and remove the first column. |

Theorem 17 the number of partitions of n into distinct odd parts is equal to the number of self
conjugate partitions of n

Proof. Take the ‘hooks’ i.e. first column + first row, ...2nd col + 2nd row ..etc [ |

10.1 Generating Functions

2a2 ,

Consider [[;»; 72— and take a term z{'2$?--- 29" setting x; to 2’ we have z%'x am . It
= 7

o
follows that the coeflicient of z™ in )

Hl—xi

i>1

is p(n). Similarly we have generating functions for
1. Partitions into distinct parts: D(z) = [];5; (1 + ).

2. Partition into odd parts: O(x) = [[;>4 Hﬁ



3. Partitions into size at most r 1
R(x) = _
( ) H 1—2z

r>i>1

Theorem 18 The number of partitions of n into distinct parts is equal to the number of partitions
of n into odd parts.

Proof.
_ kY — (1+2M)(1 —ah)
D(:L‘)—kl;[l(1+ )—kl;[l 1= 5
_ (1 _ Jj%)
- Pt (1 — zk)
1
=~y = 0w

Lets investigate P(z) more. Consider the inverse of P(x) i.e. P(x) - P(z)~! = 1. Clearly
P(z) ™t =T (1 - x¥). This looks like D(x)! It follows that in the expansion of P(x)~!

e any partition of n into an even number of distinct parts contributes 1 to the coefficient of x™

e any partition of n into an odd number of distinct parts contributes —1 to the coefficient of

e ¢(n) := number of partitions of n into distinct parts with even number of parts

e 0(n) := number of partitions of n into distinct parts with odd number of parts

Pl) =1+ Z[é(n) —o(n)]z"

n>1

What is é(n) — 6(n) 7 Set up a bijection between partition of é(n) and 6(n). Take a partition
ALn . Set s(\) := size of smallest part. d(\) := length of 45° angle starting at top right.
We give a transformation A — )\ as follows

1. If s(A\) <d(\) then A — ) by moving the smallest part to the far right diagonal.

2. If s(A\) > d(\) then move diagonal to the bottom row.

These transformations keep parts distinct but change the parity of # parts. Also case 1 changes

s(A) < d(X) to d(N) < s(N). Similarly for case 2. Are we done ? no its not a bijection! We have 2
problems.

e in Case 1: what if s(A) = d()\) and the row and diagonal intersect? This is not a valid
diagonal.



e in Case 2: what if s(A) = d(\) + 1 and they intersect?

These are the only two problems . So we “nearly” have a bijection. Moreover the bad examples in
case 1 satisfy
n=sA)+(s(A) —1)+ (s(A) +2)+ ...+ (s(A) +s(\) — 1)
=s+(s+1)+..(2s—1)
n is of the form ) .
n? + in(n -1)= in(Bn - 1)

The Case 2 bad example has n = s+ (s +1)...(s + s — 2) thus n is of the form 2m(3m + 1).
Remarkably we have shown :
Theorem 19 é(n) —o(n) =

o (-1)™ifn=1im(Bm=+1)

e (0 otherwise
for somem > 1

For example

Plz)t=1—(z—2¥)ma1 + (@® + 27) oo — (22 — 2% es + (222 4+ 2%9) ey + ..

We remark that the numbers 1,5,12,22, ... are the “pentagonal numbers”. For 2,7,15,... add
one dot per pentagon. Observe:

(IT4pr+pz. )1 —z—a?+2°+27.)=1
So we can recursively compute p(n) then

p(n) =p(n —1)+p(n—2)—pn—->5)— ..

10.2 Asymptotics
First 2 terms are p(n) = p(n + 1) + p(n — 2) But Fib grows much quicker than p(n).
Lemma 6 p(n) < ———e™V?2/3Vn

1/ 6(n—1)
Proof.
lg(P(z)) = —lg [ (1 —2")"
k>l
== > lg(1—a")
k>1
iy
I I NI
k>1j>1 J =17 k=1
1
= jl1—a7



11 Inversions

Definition 6 (Inversion) Given a permutation ™ := 71,72, ..., Ty, we say a pair (i,7) forms an
inversion if

e 1< j
& T > T
We say i(m) := the number of inversions in .

Lemma 7 There is a one to one mapping between permutations and sequences b := (by, ..., by,) such
that 0 < b; <n—1

Proof. Take m € S, let b. be the number of elements to the left of ¢ in 7w that form an inversion
with c¢. Given b we can recover w by first writting n, then n — 1,... using b. [ |

Definition 7 (g-factorial) (k)!:= (k)(k — 1)(k — 2)...(2)(1) where (j) :=14+q+¢* + ...+ ¢ L.
Notice when ¢ = 1 we have (k)! = kl.
Theorem 20 Y, g ¢'™ = (n)!

Proof. Construct b as before such that i(w) = >_7_, b;. We have

7,(7r) — == 0 b1+bo+...+bn
A= > > a
TESH b1=0b2=0 b, =0
n—1 n—2 0
— Z qbl Z qbz . Z qbn
b1=0 bo=0 b, =0

=(1+q+@P+ " HA+ .+ (1 + g1 = (n)!

|
This generalizes to permutations of multisets. Take M := {1%1,2%2 ... m®m} let m € S(M).
Again an inversion is a pair ¢ < j with m; > 7;

Definition 8 (g-multinomial coeff)

< n > _ (n)!
A1y eeey Ay (a1)l(a2)!...(am)!



11.1 remarks
1.

is polynomial in q.

Theorem 21 For M = {1%,...m%"}

i(m) _ n
Z 1 N (al,...,am>

weS(M)

Proof. Define a map ¢ : S(M) X Sg; X Sg, X ... X S, as follows. Given m € S(M) and
7t € Say, ..., m™ € S,,. Convert the a; i's to the numbers aj+ag+....4a;_1+1,a1+as+....+a; _1+2,...
ai + ag + .... + aj_1 + a;. Let # € S,,. Place these numbers in 7 in the order created by 7!, ..., 7™
FOR EXAMPLE

(€ S(m),n', 72 73)

(21331223, 21,231, 312)
21331223
42861537 = 7 € Sy
This is a bijection. Moreover i(7) = i(7!) +i(7?) + ... + (™) +i(7) So

Zqi(ﬁ): Z qi(ﬂ)ﬁ Z qi(ﬂ’j)

TeS(M) j=1 WjESaj

m)l= 3 ¢™(a)!...(an)

meS(m)

by the previous theorem. [ |



12 Vector Spaces

Let ¢ be prime and Fj be a finite field with ¢ elements. Let V,,(¢) be the n dimensional vector
space

F) = {(a1, ..., an)|a; € Fy}

Theorem 22 The number of k dimensional subspaces of Vi(q) (})

Proof. Let this number be S(n, k). Let N(n, k) := the number of ordered k tuples (v1,...,vy) of
linearly independent vectors in V,,(¢). We can choose

e v in ¢" — 1 ways
e vy in ¢" — q ways
e v3 in ¢" — ¢ ways
o ...

So N(n,k) = (¢" — 1)(¢" — q)---(¢" — ¢*~1). On the other hand we choose (v1,...,v;) by first
choosing a k dimensional subspace in S(n, k) ways then choosing v; in (¢* — 1) ways. [ ]

13 Posets

Definition 9 (Poset) A partially ordered set P is a set P with a binary relation < such that
1. Reflexivity: a < a VYa € P
2. Transitivity: a <b, b<c=a<c
3. Anti-symmetry: a < b,b<a=a=0

A partial order is a total order(linear order) if all pairs are comparable. Hasse Diagram: draw
covering relations .

Definition 10 (Chain) C C P is a chain if it is totally ordered.
Definition 11 (Anti-chain) A C P is an antichain if all pairs in A are not comparable.

Theorem 23 (Dilworth) In a poset P the maximum size of an antichain is equal to the minimum
number of chains needed to cover the elements of P.

Proof. A chain covers at most one element in an antichain thus max antichain < min chain cover.
We prove the other direction for finite |P| but this result is also true in the infinite case. We induct
on |P| if |P| = 1 the statement is satisfied. Take |P| > 2 with max antichain = k. Pick a max
chain C' in P and a max antichain A in P — C. If |A] = k — 1 we are done by induction. Create
2 new posets Pt := {z : x > ¢; some i}, P~ := {z : x < a; some i}. Let y be max element in
C, z min element. We have y ¢ P~,2 ¢ P+ or C is not maximal. So by induction P~ or P* can



be covered by k chains. We claim aq, ..., a; are minimal elements of the chains for P™ and max
elements for the chains in P~.

Every element is in P~ or P, otherwise we get an antichain of size k + 1. So if claim is true
we can put the chains together to cover P. Consider P* and suppose there is some z in some
chain such that < aj. This cant happen since x € P' so z > a;. So ai,a; are comparable by
transitivity. Similar for P~ [ |

There is a dual result:

Theorem 24 Maz size of a chain = minimum number of antichains needed to cover P.

Proof. min > mazx is obvious. To prove max < min use induction on size k& of maximum chain.

If £ = 1 all elements are incomparable. If k > 2 let Az := set of maximal elements in poset.
Clearly A;nq. is an antichain. The maximum chain in P — A4, has size at least K — 1. So we are
done by induction. [ |

Theorem 25 Let St,..., Sy, be subsets of an n — set such that S; # S;, i # j. Then

"= (L;w)

Proof. Consider Poset of subsets of {1,2,...,n} with §; < S, iff S; C S;. We want the maximum
antichain in P.

Let a be an antichain of size )_;_yni where ny := the number of subsets in a. There are n!
chains from 0 to {1,2,...,n}. Exactly k!(n — k)! of the chains intersect a particular k — subset. No
chain contains more than 1 element of a. So the number of chains containing some element of « is

n

> (ng - kl(n —k)!) < nl

k=0
LA
kz:%) ()
since

We have
s (1)

Here is a less obvious application of Dilworth

Theorem 26 In any n? + 1 sequences of numbers there is either a non decreasing subsequence of
n + 1 numbers or a non increasing

Proof. Take x1,z2,...,2,2,17 = ®. we create a poset on x. For i < j : x; <) x5 if z; <
xj,x;Ax; if x; > xj. A chain of size n + 1 gives a non-decreasing subsequence of size n 4 1. If
there is no such chain then we can cover P with n antichains. Therefore there is an antichain of
size [%} =n+ 1. This gives decreasing subsequence of size n + 1. |



13.1 Graph Theory
We will be considering bipartite graphs G := (X,Y)

Definition 12 (Matching) A matching M C E is a set of vertex disjoint edges. A matching M
1s complete if every verter in X is adjacent to an edge in M.

Theorem 27 |I'(S)| > |S|VS C X iff there is a complete matching.

Proof. If [I'(S)| < |S| you can’t match up S. Let | X| = ni, ny := Y| > |I(X)| > |X| = n1.
Create a poset P by setting x; < y; if there is an edge (x;,y;). Take a maximum antichain a of
size k. a = {x1,29, ... Tr,y1,...,Ys}. Since I'(z1,....,2,) €Y —{y1,...,ys} . So na —s > r. Hence
ng > 1+ s = k. y is antichain so ny < k. By Dilworth there are k chains that cover P. Antichain
has size 1 or 2, so the k chains consist of ki vertices plus ko edges. The ko edges form a matching
(or we don’t need one of them). Thus k = (n1 — ka) + (n2 — k2) + k2 and k1 = (n1 — k2) + (ng — ko),
soky=n1+ny—k=n |

One last example

Theorem 28 Let S := {Swo, ...,Sﬁ} be pairwise intersecting k-subsets of an n — set. Then m <
-1

(:"1)-

Proof. We can obtain this bound. Take all k — subsets that contain element 1. Draw a‘Drum’
labled from 1,..,n. Let {F, Fy, ..., F,,} = F be the k-subsets induced by this ordering starting at
1,2,...,n respectively. |SNF| < ||. The left points differ by at most k—1 if they intersect. The same
statement holds for any 7 on the drum. Let 7™ = (Fr, ..., Fr ) Let m =3 cg [SNFT|[ < || -\
We can count m in another way. Fix S; € § and see how many 7 have S; as an interval. There are

k!(n — k)! ways to start a permutation with S;. There are n ways to pick the start position on the

drum. So m = Y7Ly n - kl(n — k)l = m - nkl(n — k)! < knl Som < (37)) =

14 Posets

A poset P has a maximum element 1 if there exists element z = 1 such that y < zVy € P. We
define 0 similarly. A poset is graded if every maximal saturated chain has the same length. A
graded poset has a rank function p : P — {0,1,...,n} such that p(x) = i if every maximal chain
from a minimal element to x has length 3.

Definition 13 (boolean algebra) B, := the boolean algebra of set [n].

B,, is a graded poset. We let r; := the number of nodes of rank ¢ in a graded poset.
Definition 14 (Combining Posets) Given posets P, Q

o Difect sum P+ Q: x <y in P+Q if

—z<yinP
—orx<yinQ

e Direct Producr P x Q: (z,y) < (2/,y') in P x Q if



—z <2 in P and
-~y <y inQ

Definition 15 (Sperners Property) We say that a graded poset has the Sperner Property if the
size of a mazimum antichain is equal to r; for some level i(any level is an antichain)

Note that By, D,,n are Sperner. Where n is a chain, D,, is the divisor poset.

Definition 16 (Rank Symmetric) A graded poset is rank-symmetric if r; = ry—; Yi. A chain is
symmetric if it starts at level i and finishes at level n — 1.

Definition 17 (Sym Chain Decomp) A poset has a symmetric chain decomposition(SCD) if it
can be covered by disjoint symmetric chains

Lemma 8 If P has a SCD then it is Sperner

Proof. Take a SCD and suppose it has k£ chains. Then a a maximum antichain has size at most
k. Each chain covers the middle row or middle two rows if n is odd. By symmetry d middle levels
has antichain of size k. [ |

EX:THE CONVERSE IS NOT TRUE, FIND A COUNTER EXAMPLE.

Lemma 9 B, has a SCD.

Proof. Observe B,, =2 x 2 x ... x 2 i.e. a 0,1 vector corresponds to a subset. Clearly 2 (along
with chains in general) has a SCD i.e. itself. The lemma will follow from the observation that if P
and @ have SCDs then so does P x Q. To see this let ¢y, ...,¢, be SCD of P and ¢}, ..., ¢, be SCD
of Q. Now ¢; X c} has SC'D obtained by taking ‘hooks’.

|

14.1 Order Ideals

Definition 18 (Order Ideals) An order ideal I of P is a subset such that if x € I then y < z =
y el

If P is finite then there is a one to one correspondence between antichains and order ideals. The

maximal elements in [ are an antichain. We write [ =< ay, ....,a > if I is generated by antichains
ai, ..., ag. The order ideals form a poset J(P) when ordered by inclusion.
Remarks

1. the number of elements in J(P) that ‘cover’ exactly k elements is equal to the number of k
element antichains in P. [Remove a generator for < ay, ..., ar > to get another order ideal.

2. the number of elements of rank &k in J(P) is the number of order ideals of rank k in P.

Theorem 29 Let P be a finite poset. Then the number of surjective order preserving maps =y :
P — [k] is equal to the number of chains 0 =1Ip < I; < ...< I =1 of length k in J(P).



Proof. Construct a bijection between chains and such surjection. Given valid v : P — [k] set
Ij = Uy~ (r) u

Of particular interest is the special case k = n := |P|. Then the number of bijective order
preserving maps 7 : P — [n] is equal to the number of saturated maximal chains in J(P). This is
called a linear extension of P. The number of such extensions is denoted e(P) and is perhaps the
most useful measure of the complexity of a poset. So finding e(P) is equivalent to counting lattice
paths from 0 to 1 in J(P).(permutation 7 such that 71, ..., 7; is an order ideal Vi = 1,...,n).

If P:= Py + Py + ... + P, where n; = |P;| then e(P) = ("1 1") . ¢(Py) - e(P2)---e(Py) the

ni,ng,...,Nk
multinomial coefficient picks image points of P, ..., Py then the e(F;) points can be ordered.

15 Posets Mobius Inversion

An interval I(z,y) of P is the induced poset formed by {z € P : x < z < y}. Consider all functions
f: Int(P) — C. Where multiplication(convolution) is defined by :

fa(z,y) = > flz,2)9(z,y)

z<z<y
The following functions are of interest
1. identity : 6(x,y) = 1(xz,y) =1 if x =y 0 otherwise
2. zeta function ((x,y) =1 if z <y 0 otherwise
3. mobius inversion: u(z,y) =1, u(z,y) = =3, <,y p(,2) Vo <y

1 is the left inverse of ¢
pG(z,y) = Y plx, 2)¢(z,y)

r<z<y

= p(z,y) + Z wlx,z) =11if x =y 0 otherwise
r<z<y

Lemma 10 Left inverse = right inverse = inverse if it exists

15.1 Examples of zeta function
1.

C2($7y) = Z C(z,y)((z,y) = Z 1=|I(z,y)|

<2<y <2<y

Fa,y) = > 1

r=x0<x1<...<TK=Y

this is the number of multichains of length k from x to y.

(=1 (z,y) =11if x <y 0 otherwise



So
(-1 = > (¢ = D(wo, 21)(¢ — 1)(z122)...(¢C — 1) (Th—17%)

r=x0<x1..<TL=Y
= > 1

r=20<..<TR=Y

equals the number of chains of length k starting at x and ending at y.
Lemma 11 (2 —¢)~!(z,y) = total number of chains from x to y

Proof. (2 —-()(z,y) =1if x =y —1if © < y Let [ be the longest chain in I(x,y). Then
€D (u,0)=0Vr<u<v<ySo(2-3)1+B-1)+B-12+...+ (3 -1l (u,v)

(1= (=) =1~ — ") (u,0) =l(u,v)

So
2-3)'=0+3B-1...3-1D)H

Theorem 30 (Mobius Inversion Formula) Finite P and f,g: P — C. Then

glx) =Y fly) Ve e P& f(z) = g(y)ply,z) Vo € P

y<w y<w

Proof. Follows from the fact that u is inverse of (. B(g(z) =25, f(2) & flo) =

15.2 Examples
1. P=chain N
2. plx,z) =1
3o pw(z,y) = =P pmsey (@, 2) = —1 y>z 0 otherwise

pli,j)=1ifi=j,-14if i=j—10 otherwise

g(n) =370 f(i) = f(n) = g(n) — g(n - 1).

Theorem 31 (Product theorem) If (z,y) < (2/,y/) in P x Q then ppxo((z,y),(@',y)) =
pp(z, o) - ng(y, y')

Proof. Take (z,y) < («/,3') Then D@y <(uw)< (2 ) PP (T, u) (Y, v)

= Z MP(x7u) Z MQ(y’U)

r<u<a! y<v<y/

= 5]3(1',1'/)(5@2(2/, y’) - 5P><Q((xa y), (:c’,y’))



But
S mexal(@,y), (u,0) = dpxol(@y), (¢',y)

(zy)<(u,v)<(z',y")
|
Lets see where this takes us with the Boolean algebra B, = 2 x 2 x ... x 2 Identify B, with
subsets of an n set X.

pB, (S, T) = p1(s1,t1)pu2(s2,t2) - . . pin(Snstn) si € {0,1}

1; corresponds to chain C; = 2.
= (-1)7s

Mobius Inversion:

=Y f(S) Ve f(t) = (=) Slg(s)ve

SCT SCT

or

= > f(S)Vt & f(T) = (-1)F Tlg(S) vT

S>T S>t

Lets interpret this . Let {A; : ¢ € I} be family of subsets of X. I—F is |U;jer Ai| = E@?ﬁsg(—l)‘s‘*lmieg
A,‘ Let

o 9(T) = | Nier Al
® f(T):|mi6TAi—Ui¢TAZ" =getl — F
° T:(Z)

Consider the divisor poset D,,. D, is the poset of divisors of n ordered by divisibility. if n :=
P pzk then D, = a1 +1xaa+1x -+ xar+ 1 Hence up, (z,y) = p1(z,y) - p(xg, yx) =
(=1)"if ¥ is product of ¢ distinct primes, 0 otherwise.

S0 9(7) = Xyen FU) & (@) = Xyew 9)nlye)
n) = fd) & fn) =3 g(d)

dln din

16 Lattices

Given z,y € P z is an upper bound of z , y if 2 < x,z > y. z is a least upper bound or join if
z < w Yw upperbounds of x and y.

Definition 19 (Lattice) A lattice is a poset in which every pair x,y has a
e JoinxVy
o Meetxz Ny

Clearly a finite lattice has a 0 and 1.



Definition 20 (Modular) A finite lattice L is modular if it is graded and
p(x) + p(y) = plx Ay) + pla Vy) Yo,y € L
Lemma 12 In a finite lattice the follow are equivalent

1. L is graded: p(x) + p(y) > p(x ANy) + p(xzVy) Vz,y

2. If x and y both cover x ANy then x Vy covers x and y

Proof. (1) — (2) trivial. For (2) —(1): First show L is graded. Suppose not , take smallest
interval I(u,v) that is not graded. w is covered by x1,x9 € I or I is not graded. But I[zy,v], I[z2, v]
are graded, i.e. maximal chains have the same lengths sayl; in I[z;,v] So WLOG [ # ls.

By (2) x1 V x9 covers x1,x2 But then Il = l3(use chains through z1 V 22) . So L is graded.
Choose z,y € L such that

p(x) +p(y) < p(x Ay) +p(z Vy)
such that I(z A y,z V y) is minimized. (such that p(z) + p(y) is minimized). [ |

Lemma 13 In a finite lattice TFAFE
1. L is graded and p(z) + p(y) > p(x Ay) + p(x V y)Vz,y
2. Both x,y can not cover x N\vy.

Proof. WLOG z > 2/ > 2 A y by minimality

p(x') + p(y) > p(a’ Ny) + p(a’ Vy) = plaz Ny) + p(z Vy)

But
A (@' Vy) >a
and
V(@' Vy)=zVy
i.e. this pair violates the choice of x,y |

17 Distributive Lattices
Combinatorially the most important lattices are distributive lattices.
Definition 21 (Distributive Lattices) Distributive Lattices if satisfy
1.zV(yAnz)=(xVy A(zVz2)
2. xAN(yVz)=(xAy)V(zAz)

There is a nice way to view distributive lattices

Theorem 32 (Fundamental thm for finite DL) If L is finite D.L then there exists a unique
P such that J(P) = L



Proof. We say that x € L is join(meet) irreducible if we can’t write x = y V z where x > y, z. Let
P C L be join irreducible elements in L. Then J(P) = L. Takex € Landlet I, :={y € P:y < z}.
Clearly I, € J(P). The resulting map ¢ : L — J(P) is an order preserving injection. We want
to show it is surjective. Take I € J(P) and set x = \/{y : y € I}. We want I = I, now I C I,.
Suppose z € I, want to show that z € I.

x:\/{y:yef}g\/{y:yefx}:m

So apply A z by distributivity.

\/{y/\z:yGI}:\/{yAz:yEIx}

So there exists y € I such that y A z = z = y > z since [ is an order ideal this means that z €
as well.

18 Binet- Cauchy Thm

From linear algebra:

Theorem 33 (Binet-Cauchy) Let A be n x m matriz, B m xn , D a m x m diagonal matriz.
Then

ADB| = Y |As| - |B%| [] d,
S €S
where the sum is over all n-subsets S C [1,2, ..., m]
o Ag is n x n submatriz of A induced by cols corresponding to S.
e B% isn x n submatriz of B induced by cols corresponding to S.

All we need is

Theorem 34 |AAT| =Y ¢|Ag|?

18.1 Example

Take graph G with labeled vertices v1,...,v,. Let C' be vertex arc adjacency matrix induced by
“some” orientation of the edges. Take C - CT is a square matrix with my; = deg(v;), mij =
—1if(vi,vj) € E, else 0. = D — A where A is vertex -vertex adjacency matrix, and D is the
diagonal matrix of degrees.

Let M;; be the matrix obtained by deleting the ¢th row and ¢th column of M.

M;; = (C — row;)(C — row;)T

write as

C—i i (C—i)T

Theorem 35 (Matrix Tree thm) The number of spanning trees of G is equal to | M.



Proof. By Binet-Cauchy
|M|=3_|B|-|BT|=>_|B
B B

where B runs over (n — 1) x (n — 1) submatrices of C~%. So if |B| = %1 then the edges of B
correspond to a spanning tree, 0 otherwise. To show this suppose B does not give a spanning tree.
WLOG let ¢ = 1. So B induces at least 2 components . So there is a component R that does not
contain v;. But row sum of vertices in R is 0 since each edge has +1,—1 in rows of R.

Therefore |B| = 0. Take B a spanning tree. Renumber vertices s.t. w; # v; and v, has degree
= 1 with respect to B. A tree has at least 2 leaves, so w; exists. Repeat on B — w1, (let e; be edge
of B incident to w;. To get we # v, ez, w3, e3. By construction if e = (ws,w;) then s < t. i.e.
Lower triangular. Therefore £1 on diagonals. Therefore |B| = £1 [ |

Corollary 8 (Cayley’s Theorem) The number of spanning trees of K, is n" 2.

Proof. M;(K,) = product of n — 1 on diagonal —1’s everywhere else and Add ;- r; to give
row 1 all ones. is upper diagonal with n — 2 n’s on diagonal.

19 Generating Functions

Let f(n) be the number of objects of type f of size n. Then the basic generating function method
is

e find a recurrence for f(n)

e multiply both sides of the recurrence by ™ and sum over values of n for which recurrence
holds

e Solve the resulting equation for F'(z) := 37, 5 f(n)a"
e Use this generating function , e.g. we may using partial sums find an exact formula for f(n).

for example

fm)y=2f(ln—1)+n-1
Zf(n) = 2Zf(n— 1)az™ + Z(n— 1)a"

n>1 n>1 n>1
F(z)— f(0) =2zF(z) + « Y _(n)a"

n>0

1

F(x) — f(0) = 2zF (x) + x2m

1

F(z)—1=2zF(x) +m2m
1 — 2z + 222

F@) = aona=ae



Now we can find nicer representation using partial fractions

A B C 1 — 2z + 222
Fg) = —
@ =t i o a-wa—ap

multiply by (1 —22)(1 — x)?
Al —22)+ B(1—2)(1—-2z) + C(1 — 2)* = 1 — 2z + 22*

substitute some convenient values for x and solve for A= -1, B=0,C =2. So

1 1

Fe)=-l g 5n*2 1%

1 1
1—a)?

=—1-(n+1)+2""

[z"]F(z) = f(n) = —1[z"]

Lets look at a multi-variable example: f(n,k) := # of k-subsets of an n-set Have
f(nuk) :f(n_lak)+f(n_17k_1)

Let Fn(x) = ZkZO f(nv k)wk

Fn(.%') :f(n70)+ Z(f(n_ 17k)xk+f(n_ Lk — 1)xk)

E>1
=1+ > f(n—1,k)z"+> f(n—1,k—1)z"
E>1 E>1
=14+ (Fho1(x) — 1)+ Fo1(x)

Fy(x) =1 so
Fo(z)=(1+x)"
So

Summing over n and multiplying by y"

n>0 n>0 k

> (+a)y"

n>0

For example consider



20 Formal Power Series

Take formal power series F'(x) = >_,~o f(n)z". We work in the ring of f.p.s here issues of con-

vergence are non-existent(if after applying operations in the ring our series does converge then we
may also apply analytic techniques). If not our algebraic work still applies. e.g. exact formulas for

the series still apply.
F(x) = Z nlx"
n>0

converges at x = 0 but is a nice formal power series.
We have operations on formal power series :

1. Addition
F(z) + G(z) = Y _(f(n) + g(n))z"
n>0
2. Multiply
F(2)G(x) =) (D flz)g(n — k))z"
n>0 k=0
Z h(n)x" = H(x)
n>0

We say that G(z) = F~!(z) is the multiplicative inverse or reciprocal of F if F(z)G(x) = 1.

Lemma 14 A formal power series F(x) = 3,50 f(n)x™ has a multiplicative inverse iff f(0) # 0.
if so it is unique.

Proof. If F has a reciprocal then fo + fiz + fox® +..)(go + g1z +...) = 1 + 0z + 02> + ... So
fo-go:1:>f07éOiff07£0theng0:f—loButthen

fogo =1

fogr + fig0 =0
fog2 + f191 + f290 = 0



so we can find G(z) = F(x)~L. [ |
H(x) = F(z)~! is the compositional inverse of F if F(H(x)) =z

F(H(x)) =) f(n)(H(2)" = 2*

n>0
Lemma 15 A formal power series F' has compositional inverse iff f(1) #0 , f(0) =0
Proof. If F has computable inverse then
fO)+ f(H(z)+ fH () + ... =

fo+ fl(hO + hix + h21’2 + ) + fg(ho + hix + ) +.=x

This means hg = 0 or we need convergence which we cant do. Therefore fo = 0 therefore fih; =1
so fihe 4+ foh1 = 0... etc So we can find H BEor example

B(z) = et 1

is a well defined formal power series. Other operations in the ring including calculus exist dont
need limiting operations.

20.1 Ordinary Generating Functions

Let
n>0
be an ordinary generating function.
1.
SUMp>0 [t k" = Fle) = fo - f13;k— St

2. Let 2D = mdi
T

3.
xDF(x) = Z nf(n)z"
n>0
4.
(@D)*F(z) =) faa"
n>0
5.

F(2)G(x) =Y fugn-r)a"

n>0 k=0



For example let G(z) = t==. Then F(z)- G(z) = > n>0(>k=o fr)z". This generalizes to more
than 2 products. It is typically the product rule that determines the best choice of generating
function. Here for ordinary generating functions hy, := > ;_, fn—kgr means that these h structures
are made up of an f object of size n — k and a g object of size k. (Here elements are unlabeled).
For example suppose we want to find >, n?. Observer

So

20.2 Exponential Generating functions

Let F(z) = 3,50 fn% be an exponential generating function. Then

1.
ngof(n + k)% = D"F(z)
2.
@Dt = St
3.

F)G@) = (0 (}j)f(k)gm —)Z = )

This is useful when the elements are labeled . An h object of size n consists of an f — object of
size k and a g object of size n — k.
For example consider derangements: d(n).

= (Z) fRdn—k) =3 (Z) 1d(n — k)
k=0 k=0

1 et

1—=x

H(a:):Zn!-%:

n>0



Another example are the Bell numbers. i.e. The number of ways to partition an n — set

YBLCESIEED 3oy <Z> L)
n>0 T n>0 k=0 )
So
DB(x) = B(x) - €*
B(x) = cexp(e®)
B0)=1=c¢=-
therefore

B(z) = exp(e® — 1)

20.3 Dirchlet Series GFs (DGF)

Let F(z) = 3,51 f(n)% is a d.gf. Take F(2)-G(z) = (fiis + fage + )&+ £ +..)

n.’t

+ +
R f192 + fogu n f193 + f3g1

S Fg(o) L = Hi)
n>1 dn
What if f(n) =1 ?

Z % = C(w)Rieman Zeta Function

n>1

()e(e) = Y (=)

n>1 djn
= Z #divisors(n)% = Zp(n)%
n>1

. Recall

A number theoretic function f is multiplicative if f(mn) = f(m)f(n) when m,n relatively prime.

l.e.

f)=f™)f"™)- f(™)

Theorem 36 If f is a multiplicative function then

2
> s = T a+ f;f) + f;fx) i

n>1 prime



Proof. Multiply it out...

)= I O+ S+t g+
p prime
_ H r 1
- 1 1
p prime ~  p% Hp prime(l ;F)

Take the mobius function

pp?)=1lifa=0, —-lifa=1, 0if a>2

pe) = Y = = [ @+ 10

T
n>1 p prime p

- II a--

T
p prime P

Theorem 37 (Mobius Inversion Formula)

an =Y b b = > ald)u(s)

dln din

Proof.

21 Combinatorial Identities

Here we give a general technique for proving combinatorial identities.

e Identify free variable say n, and call function f(n).

Consider the generating function for f.

Change order of summation

Solve the new inner summation and the outer one.

Equate coefficients to give f(n).



21.1 Examples

Evaluate

o f(n) =2k>0 (nﬁk)

What is f(n) = Zkgg(—l)k(”;k)y”_gk

Z Z (—1)k <n ; k) y" 2k g

n>0 k<2

WIS o Gy

k n>2k

S Y <k> @y
T zu)F
- SV
2

1 —x
~ (- %:( )’

1—zy

1 1 1

1—5Uy'1+1fiy :1—1:y+x2




Solving by partial fractions...

J(n) = ———I(

Heres another one

Another example

LHS

k>0
B xm 1., (x+1)
(1 —a)mtl (1+ ;) (1—z)m+!

for the RHS we have

S ()G -2 (1) 5 ()

1 2x
= 1 m
< >1—$ 1—m<+1—x)

(A4
T (1= )t
Heres an exponential generating function one: What is f(n) = > s(n, k)b(k) 7 where s(n, k)
is the Stirling number of the first kind, and b(k) are the Bernoulli numbers which satisfy

k




z z
= blk)— =
§()k' er —1

So far we used the method in cases where the free variable appears once. What is

)
]

22 Combinatorial Interpretation of Generating Functions

7?7 Solve

instead. Specialize the answer.

Consider F(z)G(x) exponential generating functions.

Lemma 16 Take f,g,h : N — C suppose h(#X) = > g1 f(#5)g9(#T) where S, T are ordered
partitions over a finite set X. Then H(x) = F(x)G(z).

Let n := #X there are (}) partitions (S,T) with #S =k so h(n) = >, (7) f(k)g(n — k) [ |

Interpretation: We put 2 structures f,g on a set X, then a “combined” structure h = fUg
is obtained by splitting X into two and putting an f structure on one part and a g structure
on the other. If the number of structures (f or g) depends only on the set size then h(n) =
Yo (1) f(k)g(n — k) is the number of h structures.

e.g. Let h(n) be the number of ways to partition an n set X into S,7" and to linearly order S
and choose a subset of T. There are f(k) = k! ways to order the k set, and there are g(k) = 2F
ways to pick a subset of a k set.

H(:L‘)ZF(w) (x)
DR
_ 1 2x
_1—1"6

More generally

Lemma 17 Take fi,...,fx : N — C such that h(#X) = Y (g, . s,) f1(#51) - f(#Sk) where
(S1, ..., Sk) ranges over ordered partitions of X into k sets. Then H(x) = Fy(x)Fs(z) - Fi(z)

What is the interpretation of composition(algebraic)?



Theorem 38 (Compositional Formula) f,g,h: N — C g(0) =1, f(0)=0
h(IXD = > FUBOS(Bel)--- F(IBel)g(k)
Bl,.A.,BkGH(X)
h(0) = 1 where By, ..., By is over unordered partitions of X. Then H(x) = G(F(x))

Proof. Let n := |X| and for fixed k let hi(|X|) = X5, .5, f(IB1]) - f(|Bk|)g(k) Since B;
are non-empty we can order them in k! ways. So by the previous lemma

h(1X]) = >2k>1 he(1X]) - So

|

Interpretation: many structures on a set, graph, poset, permutation can be considered as

structures on a disjoint union of structures. More over some additional structure ordering may be
put on the components themselves. Of particular interest is the case g(k) = 1 Vk.

Theorem 39 (Exponential Formula) f,h: N — C f(0) =0,h(0) =1, h(|X|) = X5, g, f(|B1
then H(z) = '@

22.1 Examples

Permutations: A permutation 7 is a collection of disjoint directed cycles.

h(IXD) = > f(Bil)-- f(IBxl)

Bi,...,By,
where f(n) = (n —1)! = # of dicycles on n set. So H(z) = e”'®). We have
1
— F@)
1—2z
SO
1
F(z) = log(——).

11—z
How many labeled connected graphs c(n) are there on an n —set V' 7 It is easy to
count simple graphs. h(|V]|=mn) = 2(3) 5o

h(n)= 3 c(Bil)--c(|Byl)

Bi,...,By
So
H(x) =" 2() 5 = &0
n>0 :
C(z) =log(> 2(2)2%)
n>0

We see that a useful operation: D log

)..

- f(|By



e log simplifies RH S

e D then simplifies LHS

e x puts back power lost by D.

This is a recurrence for ¢(n).

xDlog(H(x)) = xDC(x)

22.2  Exponential Formula (two variables)

Suppose we want to keep track of the number of blocks. e.g. the number of connected components
, number of cycles in m... We do this with a 2 variable generating function.

H(z,y):= Z(Z h(n, k)yk)%?

n>0 k>0

Its easy to evaluate H(x,y) using compositional formula

Theorem 40 (two variable exponential formula) Take f,h: N — C h(|X|) =35, g f(|Bil) -

with h(0) = 1. Then H(z,y) = evF®)

Proof. Set g(k) = %* in the compositional formula to keep track of the number of blocks. So
G(z) =2 >0 YL =e™. So H(x,y) = G(F(z)) by compositional formula.

Corollary 9 H(z,y) = (H(z))Y

Proof. H(z) = ef'®)

_ (@)

- f(| By



22.3 Exponential Formula -cont

H(z,y) = e*"*) = H(x)

22.3.1 Examples
Let h(n) be the number of permutations , we have

1

H =H@)Y=———

(@) = H@ = =0

h(n, k) = s(n, k) = signless Stirling number of the first kind. So
k" 1

E :S(nvk)y - [n|](1 _ x)y

k

1
=y

J(142+a? +..)Y
=n(”+y‘1) (“+y‘l>=<n+y—1><n+y—2>---<y+1>

= nl[z"

=yly+)y+2)---(y+n-1)
Since H(x,y) = Ylos(755)
M) (@) = 1 log(——)*
s, k) =[] log( )
= "] log(=—))*

Another example. For graphs

H(z,y) = H(x)" = ( 22

n>0

Lets count permutations such that 7™ = 1. This means that 7 consists of cycles whose lengths

divide m. So L

Fz)=Y (d- 1)'5
dlm
So H(z) = exp(Xgjm %1). e.g. if m = 2 we count involutions( 7> = 1). t(n) := # of involutions.
T(z) = exp(z + 12?).
Suppose we want to count h(n) for specific values of n. e.g. n € S C N.

Corollary 10 H(z) =)",cq F(;p!)"



Example: take h(n) := number of permutations with even number of odd cycles, and no even
cycles.

So by the corollary

i.e.

Corollary 11 The probability that a random w consists of an even number of odd cycles is equal
to the probability that we get 5 heads in n coin tosses.

22.4 Combinatorial Interpretations of Generating Functions

So we know what multiplication and composition mean. What about addition, differentiation?
Lemma 18 Let = be finite set f,g — N , if h(|X]|) = f(|X]|) + g(|X]|) then H(z) = F(x) + G(z).
Interpretation: Place either f structure of g structure on X.
Lemma 19 If h(|X|) = |z|f(|Y]) where |Y| = |X| —1, then

Interpretation: Pick “node” r in X. Put f structure on x — r.
Lemma 20 If h(|X|) = f(|Z]|) when |Z| = |X|+ 1 then H(x) = F'(x)
Interpretation: Add a new element z to z , put f structure on X U z.

Lemma 21 If h(|X|) = |X|f(|X]) then H(z) = xF'(x)



Interpretation: Place f structure on X , then pick root of X.

Theorem 41 (Exp Formula) h(|X|) =325, g f(IBil])--- f(|Bk]) = H(z) = exp(F(z))

H'(z) = F'(z)exp F(z) = F'(z)H ()

Compare coefficients of %L to get

h(n+1) = En: (Z) hk)f(n+1—k)
k=1

Fnt ) =hin 1) -3 <Z>h(k)f(n+ 1—k)
k=1
By Lemma 3 H'(x) : add z to X put H structure on X U z.
F'(z)H ()

Pick subset S C X. Add z to S, put f structure on S U z. Put h structure on X — S.

But h is a disjoint set of f structures. So these are the same things.
23 Enumeration of Trees
Labeled vertices. Let

e t(n) := the number of trees on [n].

e f(n) := the number of forests on [n]

e 7(n) := the number of rooted (planted) trees on [n]

e p(n) := the number of rooted (planted forests) on [n]

Theorem 42 R(z) = zefi(®)

Proof. R(z) =Y ,>17(n)%; So P(z) = ef®. But 2P(z) is a root and a P structure on the rest,
i.e. a root and a forest on the rest i.e. a rooted tree. So

R(z) = o exp(R(x))

Similarly

and also



24 Lagrange Inversion Formula

Theorem 43 (Lagrange Inversion) Let G(z) = go+ 91§ +gz§ + ... with go # 0 and let f(x) =
rG[F(x)]. Then n[z"]f(z)* = k[z*]G(2)" (k,n € Z)

Proof.
Let F(z)(~Y = H(z) be the compositional inverse of F(z) if H(F(z)) = F(H(z)) =

Corollary 12 Let F(x) = fiz + for?2! + ..., f; # 0. then n[z"]|(F(z)™1)* = klz=F|F(z)™"

Proof. This follows as f(x) = F~!(z) is the same as f(z) = 2G(f(z)) where G(z) = @) [ |

24.1 Example

Let 7(n) be the number of rooted trees on [n]. Know R(z) = zef®) ie. z = R(x)e f® so
R(z) = H'(x) where H(z) = xze™®

Lemma 22 The number of rooted trees is n™ !

Proof. R(z) = (ze )" Set F(z) = ze % set k=1

1 T
n z\(—1) ~[.n—1 n
2" (e ) ) = (=)
" R() =~ e
n
_ l[xn—l] Z (nx)t _ l nnfl _ nnfl
n = t! n(n—1)! n!
|
Lemma 23 The number of k forests is (Zj)n”_k
Proof. B
k x" k n"~
"R k_ Mion—k n_ "
bR = ) =
Recall from our exponential formula
R
> p(n,k)y* = = exp(yR(x))
iy n!
where p(n, k) = the number of planted k forests on [n] So p(Z’!k) = [2"] R(,f!)k Le.
nlk nnFk
k)= — =

So the number of planted k forests is (gfll):c”*k [ |



Corollary 13 Take F(x) = fix + fg%2 + ... and H(z) a Laurant series. Then

X

nla"|H(F(z)Y) = [!E”_I]H'(w)(%)”

Proof. By linearity it suffices to prove for H(xz) = ¥ This is Lagrange inversion formula as

H(zx) = kab 1. [ |
another example Find the sum of the first n terms in binomial expansion of (1 —5)™"

We need to compute f(n) = [z" (1 — $2)™"(1 —z)"' . Let

1 -
:(1—5:3) !

and

= "0 -2 - )

Fl)tY =1-v1-2z
H(z) = —log(1—xz)

s(n) = n[z"] —log(1l — (1 — V1 — 2z))
= n[z"] — log(v'1 — 2x)
- g[:c"] log(1 — 2z)

n (2z)™

— 5[%”] — 2n—1

n

25 Young Tableau

Definition 22 ( Standard Young Tableau) A standard Young Tableau is an n box Young dia-
gram filled with the numbers 1,2, ..., n such that numbers increase rightwards along rows and increase
downwards along columns.

Definition 23 (Young Tableau) Weakly increasing along rows. Strictly increasing down columns.

Let f* be the number of standard Young Tableau of shape X. Then
Theorem 44 (Frobenius-Young)

S () =

AFn



Proof.

We give a bijection between permutations and pairs (P, Q) of SYT of the same shape on n
boxes. Take w € S,,. We build P as follows:

e Given partial SYT built by 71, ..., m_1.
e We insert m; in row 1 in place of the smallest entry y greater than m;(exists as put oo at the
end of each row). Insert y into row z by same procedure etc. This is called Bumping.

e.g Take
2761354

2272616 13 135 134
- ——72262625
- —— = 7776

How do we get Q7 @ has the same shape but numbers are given according to the order in which
boxes are added.
Note: Pis a SYT.

e Rows are fine as we insert = after smaller number in row before bigger numbers.

e Columns are fine as a number bumped down can not move further to the right in the row
below.

e () is a SYT by a similar argument. Numbers are bigger than the previous ones added.

This is a bijection. Given (P, Q) we recover m as follows. We pick boxes in reverse order based
on numbering in (). We then bump upwards the corresponding element = in P. Push z to row
above replacing largest number smaller than it y. Repeat with y on row above. Repeat until pops
out of the top. [ |

Corollary 14

Z r=# of involutions

AFn

Proof. Suppose 7 — (P, Q). Look at 7—!. Show 7! — (Q, P). So involutions 7 — (P, P). ®
To count involutions:

Gn+1 = Qp + NAp—1

n
X 1.2
n:

Since we can view each involution is a matching with singletons

#involutions = Z (7;) (2k—1)(2k—3)---3-1

Lkl +2k=n

B n (2k)!
R <n - 2k> B



26 Schur Polynomials

Let T be a Young tableau(opposed to standard) of shape A(weakly increasing in rows). Then

A1) =] ="

i>1
and the Schur polynomial for shape A is

SA(@1, s Tm) = > f(T)

T with shape A lables in [m)]

Two important cases are: complete symmetric polynomial, and elementary symmetric polyno-
mial . In fact Schur polynomials are symmetric for general A\. To show this we first use the
Schensted bumping algorithm to define a product of tableau

T=U-V
as follows:

e Repeatedly insert the first element of the last row of V into U.
Lemma 24 This is associative.
(can prove it using a sliding algorithm U - V' = Rect[U - V])
Lemma 25 if T =Y - [|[.][.][.] then the boxes we add to U to get T are in different columns.
(As we add numbers in increasing order the elements that get bumped move rightwards.)
Lemma 26 IfT = U - column then the boxes we add to U to get T are in different rows.

As corollaries

Theorem 45 5)(T1...Tm)Srow length k(T1--Tm) = >z S3(21...2m) where & is obtained from A by
adding k bozes in different columns.

Theorem 46 S)(z1, ..., Tm)Scotumn (T1; s Tm) = 2.5 85 (01,5 oy Tin)

where A is obtained from A by adding k boxes in different rows. [ |
26.1 Kostka Numbers

K, = # of tableau of shape A with p 1's pg 2's ete
where
H1 2 fl2 2 [3 2 oo 2 fbm

So
Ky, = # of sequences A\1 C ... C A\py = A

where A\;j;1 — A; has p;41 boxes in different columns.



Corollary 15

SplSu2 Sy = Z Kyusa(r1...0m)
A

SpySpm = ZK/\TPS)\(ZU]_, ey T) = ZK,\pSAT(ml, ey T
A A

We can order the A lexicographically as follows
ASAVIf N <A and Ay = A

So
Ky,=1if A=p0ifA>pn

Corollary 16 Schur polynomial is symmetric

26.2 The Hooklength Formula

So the number of standard young tableau on n boxes is equal to the number of involutions. How
many standard Young tableau are there for a fixed shape A\? Is there a nice formula for f* =
FfA1, .y Ap) where |A| = n.

First lets investigate f(\1,.., Ay,) clearly

Lo f(M,y o5 Am) =0unless Ay > Xy > ... > A\, >0
2. f(0,0,...,0) =1, f(n)=1
3. f(A, e, Am, 0,0.) = fF(A1, ooy Am)
We also have a recurrence
FO1 ) = FA =1L A e A) H f(A, A2 — 1, ) + -+ F(A, Ay o A) — 1

if A1 > Xy > .. > A\ > 0. (Look at where #n goes). We will relate f* to the Vandermode
Determinate V' (ay, ..., o) = [[; (i — o).

Lemma 27 if g(aq,...,am; A) = > a;V(aq, ..o + A, oauy). Then glan, ..., am; A) = (aq + g +
it o+ Q) AV (o)

Proof. g is a homogeneous polynomial of degree 1 + degV (a1, ..., ) moreover if we interchange
a; and a; then g changes sign. So (a; — ;) divides g and so is [];;(c; — ;)
If A =0 the result is trivial. So if A # 0 what is its coefficient?

alv(al + Da a2, ..., am)

= a1 [[(A+ (a1 —ay)) I [[(ai—ay)

3>2 2<i<g



So the coefficient of A in this term is

a1 V(alv 7am)
It follows that the coefficient of A in g is
1% Q;
Dt )
o - 0

1<j

= <7§) Viag,...,om)
Theorem 47 The number of Standard Young Tableau of shape A

n!
Ay ooy App) = V(A —1,A — 2,0
f( 1y -4y m) (/\1+m—1)'()\g+m—2)')\m‘ ( 1+m , A2 +m ) s \m

Proof. If \j+m—i=X+m—(i+1) then LHS=RHS =0So \i+m—1i> XNjy1+m—(i+1).
Want to show RHS h satisfies i, i7, iii, 7v. The base cases are easy to check. So consider (iv). Set

;=N +m—1i

and A = —1 in claim. Then %()\1 +m -1V +m—2 +m—2)+(A+m—
V(A +m—=—1+m—=3)+ ..+ X\ V(A1 +m—1,..., A1)
n—1)! m
n=1)Y X\ n
G DLV TR

. M Fm—T A
This is not very illuminating(!) We can rewrite it in a nice way. Let h;; = hooklength of box

ij = 1 + # of boxes below + number of boxes to the right.

n!

Theorem 48 f) = 2 —
f HijE/\ hij

let h;; = hooklength of box ij = 1+ number of boxes below + number of boxes to right.
Proof. Consider the products of hook lengths in row i. e.g. i = rowl. We can check

()\1 +m — 1)!
[locj<mlM +m —=1) = (A +m — j)]

= product of row 1 hooks.
. I Qam=t  TTutm—i)! r o
So Hfzj S )\hl] - Hl Hiijgm(ai_aj) T V(Aitm=1,...,2m) Therefore f* = th,-j m




27 The Transfer Matrix Method

Take a directed graph D with arc weights w,. Let A be the corresponding adjacency matrix.
Let P}’ be the set of paths (walks) from i to j containing exactly n arcs. The weight of a path

P :={aj,a9,...,a;} is
w(P) = H Wq
a€eP
Theorem 49

pPe P}
Proof. True for n = 1. Follows by induction using the definition of matrix multiplication

n o __ n—1 . n—1
aj =D ai kg =D an wy
k k

:Zwkj Z w(P)
k

peP; !

= > w(P)

rePy;

This observation is useful.

Theorem 50 Fy(@) = Thfi=5'

(—1)"*7 may be slightly incorrect...)

(cofactor , det after removing the ith row, jth col, signed by

Proof. F;j(z) is just ijth entry at
Z g"A" = (I — zA)~!

n>0
|
If we just consider circuits
Corollary 17 If d(z) = det(I — Ax) then
—xd'(z)
Y g = )
i n>1 d(z)
Proof. 37, aj; = tr(A") = AT + A5 + ... + A\ where the ); are eigen values of A. So
A Ao A\
= tr(A™)z" = + 4+ —1
nzZ:l (4%) 1— Xz 11— Xz 11—z
Now .
d(z) = H(l — \ix)
i=1
and the result follows. [ ]

For example



27.1 Restricted Walks

Let f(n) be the number of grid walks using only N, E,W such that NN and EW cannot be
consecutive. We set this up as

N E W
N 0 1 1
E 1 1 0
w 1 1 1

Observe that a walk of k arcs is k + 1 nodes.

Z fn+1)a" = ZFU(ZL‘)

n>0 ij
3+ —a?
C1-2r—22 423

(find —det(I —xzA) , and then find coefficients in numerator).

t(34+z—a?) 1+2z
—2rx —x2+23 1-2z— 22+ 23

Zf(n)x”zl—{— 1

n>0

Note to prohibit subsequence NSNN say , label the nodes by sequences of size 3.

28 Free Monoids

e Let A be an alphabet(finite set).
e A* is the set of all words.

o A} is words with n letters.

Then (A*,-) is a Free Monoid on A where - is concatenation. If B C A* then B* consists of
all words that can be obtained by concatenating words in B. We say that B* is freely generated if
b € B* has a unique factorization in terms of words in B. Give each letter a a weight w(a), and let

w(ay, ..., a) = w(a) - w(ag).
For any subset H C A* let

veH

where L(v) is the number of letters of v. So the coefficient h(n) of H(x) is

> w()

veEH,

Theorem 51 Let B freely generate B*. Then



Proof.

k
b*(n) = Z H Z w(v)

n=ni+nz+...+ng j=1 vean

by uniqueness. [ |
For example: Dominoes How many ways can we fill a 2 x n grid of dominoes of size 1 x 1 and
1 x 2 (rotations not allowed) ?
Here factorising breaks the grid into smaller 2 x k grids. What grids can not be factored further?

([.]) ([..]) ([..][.]) 3 ([..][..]...[..][.]) ( AR )
0\ L)\ Ui n S L

2

Words in B.

2x
1—z

Bz)=z+2*+2) a"=z+2"+
n>2

So

B (2) 1 11—z
xr) = =
1— (22 a2+ 22y 122227 +43

Another example: f(n) = the number of permutations such that m; —i € {0, £1,+2}

B(m):x+x2+x3+x4+22x”
n>3

223
l1—=z

)—1

B(zx)=(1 -z —2*— 2% -

B 1—=z
01— 22— 223 + b

29 Statistics

Generating functions can easily be used to find moments of distributions etc, so they can be useful
in statistics. For example, let €2 be a finite set of objects. Let each w € ) possess a collection
of properties. Let f(k) be the number of objects with exactly k properties. What is the average
number of properties that an object has?

1 1
o= @w%:gp(w) = @;kf(k)

where p(w) is the number of properties of w.

o Zikof() _aDF@@)
Sf k) Fla)
(

Dlog(F(x))|z=1




How about variance?

(xD)?F —2u(xD)F + p?F

therefore
F/
ﬂzf‘mzl
zD)*F = xD(xF") = 2*F" + o F'
(
2?F"  xF 2uF
:UQF” :L’F/ F/
= S~ (e
Now .
Dlog(F) =
og(F) =+
F/ FF// _ F/F/
2 —_— J—
D logF—D(F)_T
%0 9 " F’Q F’
Dlog(F D*log(F)|,—1 = — — Y PR
0g(F) + D*log(F)le=1 = 2= = (F)° + Frle=1 = Var

29.1 example: signless Stirling numbers

Let f(k) = s(n, k) be the number of permutations with &k cycles. So

F(:z:):S(x):ZS(n,k)xk:x(a:+1)-~'(az+n—1)
k

p = Dlog(F)[z=1
log(F) = log(z) +log(x + 1) + ... + log(z +n — 1)

1 1 1
Dlog(F) = — e ——
og(F) x+:c+1 +$+n—1

1 1 1

Dlog(F)|lpm1 =14+ =4+ =+ ...+ —

og(F)|z=1 +2+3+ +n
—H,




Now

-1 1 1
D?*log(F) = — — — . —— ~
o8(F) = 23 ~ )2 (@ +n—1)2
1 1 1 —72
2 _ _
D log(F)|z=1——(1+?+?+...+ﬁ)—7+0(1)

SO
2

Var = 02 = Dlog(F) + D?log(F)|y—1 = H, — % +o(1)

o ~ y/log(n)

i.e. the number of cycles is concentrated around log(n) if we take a random permutation. What
about other functions that can be viewed in terms of the exponential formula?
Let h(n, k) be the number of objects of size n with k blocks. Then

) — >k kh(n, k)

But

n

H(z,y) = Y 3 h(n. k) =yt = exp(yF ()

n k
SHE Dl = Y5 ST b bk = Fa) exp(F ()
n ok

Lemma 28 pu(n) = ﬁ > () f(@)h(n — 1)

Proof.

e.g. consider s(n, k) again.



- %Z (’Z) (i — 1)(n — i)

|

_ ;;Mn’t (= Dl =)

::E:%l:_Hﬁ
[

30 Inclusion Exclusion

What do generating functions have to do with IE? We have a set € of objects, and a collection P
of properties which objects may or may not posses. For example a property is just ¢ € P. Basically
, 1 E is useful when

e It is hard to see how many objects have exactly k properties.
e But it is easy to see how many have at least k properties: Given a set P C P let

— N;' be the number of objects with at least the properties in P
— P(w) C P be the properties of w € Q.

Set ln = Z|P|:n N;

-y Y =X %y

|P|=n w:PCP(w) weQ |P|=n,PCP(w)

Consider the ordinary generating function for L

L(z) = Z L,a" = Z(Z <t>et)m"

n>0 n>0 t>0

Y ey (Z):cn

t>0  n>0
=Y elr+1)' =E(@+1)
>0
So
E(x)=L(z—-1)

e.g. To find a formula for e, we equate coefficients of 2™ ([2"] > Li(x — 1)?)

€n = Z(—l)t_n (;) Ly

t

e.g.(objects with no properties)

€ey) = Z(—l)tLt

t
So I'E method is:



1. Given Q2 and P

2. Find Nj’s

3. Find L,’s

4. Find e,’s by E(z) = L(z — 1)

30.1 Non-Attacking Rooks

How many ways can we place k rooks on a chess board of size C' C [n] x [n] such that no rooks can
take each other?

Look at something similar. Let ey be the number of permutations that hit C in exactly k
squares. We have a property for each square s = (i,5) € C. P(s) = set of mw that hit s. (7(i) = j)
.So a set P C P of properties is just a set of squares in C.

Ly= > Nf
|P|=k
=rg-(n—Fk)!

Given k hit squares then we can complete 7 in (n — k)! ways.
x) = Zrk(n — k)lz®
k

So
ej = [27]C(x — 1) = [27] Zrkn— l(z — 1)

In particular eg is the number of permutations that miss C.
= Z T’k n — )'

e.g. if C' := diagonal : {(1,1),(2,2),...,(n,n)} then eg is the number of derangements. rj, = (}) =
the number of ways to put k& non attacking rooks on diagonal.

e =y (—1)F (Z) (n—k)!

k

-2 e

Next let C :={(1,1),(2,2), ..., (n,n), (1, ), (2,3),...,(n,1)}
7 is the number of ways to put non attacking rooks on C or the number of ways to pick k£ non
adjacent points in a 2n cycle.

Lemma 29 The number of ways to pick k non adjacent points in an m cycle is

m m—k
m—k k



Proof. Call this f(m,k).

e Color the chosen points red.

e Color one of the other points blue
We can do this in (m — k) f(m, k) = g(m, k) ways. We can also count g(m, k) as follows:

1. Color a point blue in m ways

2. Arrange m — k — 1 clear points in a line and put k red points in the spaces between them(can

use ends). There are (mk_k) ways to do this.

So g(m, k) = m(mk_k) . Therefore f(m, k)= ﬁ(mk_k) B(note this sort of trick changes ring
problems to line problems).
So
_2n (2n—k
Tk k
Thus
2n —k
L(z—-1) :Z< nk >(n—k)!(m—1)k
k
r 2n (2n—k |
k

This is the number of permutations missing C. This is Problem des Menage: The number of ways
to seat n couples around a table such that couples do not sit next to each other.

30.1.1 another example

Let Q be n sets in a 2n set. Let S C [2n]| have property i € [n] if i ¢ S. So how many subsets have

exactly k properties.
B n n\ (n ?
C=\n—k)\k) " &

(have exactly n — k elements from [n] and the rest come from [n, ..., 2n])
What does I'E tell us? Let P C [n] be a set of properties. Then

2n — | P|

we =)0

So

So

S5



30.2 Increasing Subsequence

Given a sequence
§S:=63387241152493

What is the length of the longest non-decreasing subsequence?
We can answer this with Schensted’s algorithm:

o (3) (33) (338) (337
6/ \ 6 6 68 )
(237, 38,6) (234,37,68) (134,27,38,6) (114,23,37,68) (1145,23,37,68) (1125,234, 37, 68)
(1125,234,37,68) (1125, 234, 37, 68) (1124, 2345, 37, 68) (11245, 2345, 37, 68)
(11239, 2344, 35, 67, 8)

e Largest non decreasing subsequence is the number of columns

e Longest decreasing subsequence is equal to the number of rows.

Corollary 18 (Erdos-Szekeres) A sequence of length n has either a non decreasing subsequence
of length \/n or a decreasing subsequence of length \/n.

We get stronger results, for example

Lemma 30 IfA(S) = (A1, A2, A, ...) then S contains disjoint non decreasing subsequences of length
>\la )\27 )‘37

Exam: 10:00 — 12 : 00 rooM 1205



