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Course Content. Partial derivatives and differentiation of functions in several variables; Jacobians; maxima
and minima; implicit functions. Scalar and vector fields; orthogonal curvilinear coordinates. Multiple in-
tegrals; arc length, volume and surface area. Line and surface integrals; irrotational and solenoidal fields;
Green’s theorem; the divergence theorem. Stokes’ theorem; and applications.
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The Geometry of Euclidean Space

n-Dimensional Euclidean Space

Let R" be the vector space of n-tuples x = (x1, X, ..., X,) with entries
from R, defined under the operations of coordinate-wise addition
and multiplication. For x,y € R" and ¢ € R, we have that,

x+y= X1+, Xn+Yn)

cx = (ex1,0xp,...,CXy)
We will consider the Euclidean inner product on R" defined by,

(xy) —x-y

For x € R", we define the norm of x to be,

2l = /o) = Vi

The geometric significance of the norm

The Euclidean distance between x,y € R" is defined as, || - || in R? is shown below. Recall that,
n _ 'y
2 cosf =
dxy) = llx =yl =/ L (xi = v) [Ty

i=1

Remark. For x,y,z € R" and «, § € R, we have, lx =yl

1. (ax+By)-z=a(x-z)+B(y-z)
2. X y=y-Xx
3. x-x>0

4. x-x=0if and only if x =0

Theorem 1 (Cauchy-Schwartz Inequality). Let x,y € R". Then,

-yl < il lyll

Proof. Let x,y € R" and A € R™. If either x = 0 ory = 0, then
the statement holds trivially. Assume that this is not the case. Then,

p(A) == (x+Ay) - (x+ Ay)
=x-X+A-y-x+A-x-y+A(y-y)
= x>+ - 2(y - x) +A% |ly[* > 0
S~~~ —— ~—

-
¢ b a

with the second equality holding by the commutativity of the
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dot product. We have a quadratic polynomial with discriminant,
4(x-y) —4lIxI* - Iyl
which must be non-positive because,
p(A) =0
Simplifying gives that (x-y)? < ||x||?- ||y||*> and therefore,

-yl < X[ -yl

O
Example 1: Characterizing p(A)
A
2.5+
b2 —4dac < 0
b2 —4ac = 0
b2 —4dac > 0
3 25 Q/ 25 : g
254
Corollary (Triangle Inequality). Let x, y € IR". Then,
Ix+yll < [Ix[[ + llyl
Proof. We will consider the case where A = 1.
Ix+yl? = [Ix|* +2ly - x| + %[y
< [xl1? + 201l - Iyl + lly >
= ([Ixl + llyl)?
since |x-y| < ||x|| - |ly|| by Cauchy-Schwartz. This gives that,
I+l < (lIxll + llyl)?
O

which implies the desired result: ||x + y|| < ||| + ||y]|-

Lecture Notes | 5

An orientation is a choice of ordering
for our basis e1, ez, e3. By convention,

e; X ey =e3 e; xe; =0

ez X ey = ey erezZO

ey X e3 = e ez xe3 =0
€3

€1

€2
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Understanding the Cross Product

€] € €3
XXy=|X1 X2 X3
Vi Y2 Y3

for two vectors x and y in R3.

Remark. Let x and y be two vectors in IR®. Then,

Expanding and using the fact that,

e; X ey = e3
e] X e3 = —ey

ey X e3 = e

gives the following equality,

but this is the determinant of the matrix,

€1 e €3
X1 X2 X3
Y1 Y2 Y3

Corollary. Two vectors x,y € IRR3 are linearly independent if and
only if their cross-product is non-zero. This result does not hold

in higher dimensions because the normal n satisfying,
xxy = ([lx[l[lylsin®) - n

is no longer unique.

Graphs and Level-Sets

Definition (Graphs of Functions). The graph of a function,

f:UCR" >R

Definition (Cross-Product). Let eq, ea, e3 be the standard basis of R3.
The cross-product x : R® x R? — R is the map defined by,

X Xy = (x1e1 + x0e2 + x3e3) X (y1e1 + yoe2 + y3ze3)

x Xy = ez (x1y2 — Xay1) — €2 (Y1y3 — x3y1) + e1 (X2y3 — x32)

Lecture Notes | 6

x Xy is perpendicular to both x and
y. Moreover, ||x X y|| is the area of the
parallelogram spanned by x and y.

X

39 Jr [[x ]| sin@
y

Nyl

The graph of a function of two variables
taking values in R is,

graph(f)
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is the subset of R"*! given by,

graph(f) := {(x,f(x)) eR"™ |xe U}

Definition (Level Set). Let f : U € R" — R and ¢ € R. The level
set of value c is the subset of R" given by,

{xeu|fx)=c}=F"({c})

Remark. If ¢1, ¢, € range(f) are such that ¢; # ¢, then,

e nf (el =2

Examples of Graphs in R3

Example 2: Paraboloid of Revolution

The function f : R? — R defined by
floy) =2 +y°
is a paraboloid of revolution. It has range(f) = [0, ) and

F71({0}) = {(0,0)} and f~({c}) is a circle of radius /c

Example 3: Paraboloid of Translation

The function f : R? — R defined by

flry) =x*+1
is a paraboloid of translation. It has range(f) = [1, ) and,

F71({c}) is a pair of lines at ++/c — 1

Example 4: Lower Hemisphere
The function f : R — R defined by

flry) = —y/1- (¥ +y?)

is a lower hemisphere. It has range(f) = [—1,0] and,

F71({c}) is a circle of radius /1 — c2

Lecture Notes | 7

The level set is called a level curve if
n = 2 and a level surface if n = 3.

Paraboloid of Revoluation

flxy) =2 +y

Paraboloid of Translation

floy) = +1

Lower Hemisphere

flry) = —\/1— (2 +y?)

gy
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Example 5: Connected Components of the Level Sets

Level sets of a single value need not belong to a single con-
nected component. The function f : R> — R defined by

floy) =xy
has range(f) = (—o0, 0). Geometrically,

R D
\k

Remark. We will briefly review the six quadratic surfaces. These are,

1. The ellipsoid, which is called a sphere whena =b =c¢

z 2P
T2
3. The hyperbolic paraboloid,
t_ v v
a2 b2
4. The cone,
2 2 P

2 a2 e

5. The hyperboloid of one sheet, with sheets along z,

Lecture Notes | 8

We can also analyze functions taking
values from IR3. For instance,

foyz)=x+y+z
has range(f) = R and
U ={(xy2) | x+y+z=c}

is a plane intersecting the x-axis at c.
This can be visualized as follows,

©,0,¢

0, ¢, 0)
X (¢, 0,0)
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6. The hyperboloid of two sheets, with sheets along z,

Example 6: Quadratic Surfaces

The function f : R® — R defined by
flx,y,2) = x> +y*+ 22
has range(f) = (c0,00) and,
F1({c}) =0and f1({c}) is a sphere for ¢ > 0
If we had instead considered the function,
fx,y,2) =x* —y* + 22
then we would have had that,

Hyperboloid of Two Sheets for ¢ < 0
f71({c})isa { Circular Cone forc=10

Hyperboloid of One Sheet forc >0

Limits and Continuity
Limits of Functions

Definition (Open Disk). Let x € R". Given r > 0,
Dy(xg) :=={x € R" | ||x —xo|| <7}

is the open ball of radius r centered at x.

Definition (Open Subset). A subset U C R" is open if,

3r > 0 such that D,(xg) C U for all xg € U

Proposition 1. D;(xg) is open according to the preceding definition.

Proof. Let xg be arbitrary. We need to show that there exists s > 0
such that Ds(xg) C Dy(xp). Choose s := r — ||[x — xo||. Now,

Iy =xoll = lly = x+x=xol[ < [ly = xI[ + [[x = o[l <s+x=xoll

Lecture Notes | 9
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since y € Ds(x). By our choice of s, it follows that,
ly —xoll <7

and consequently D,(xg) is open. O

Definition (Boundary Point). We call x € R” a boundary point of an
open set A if every neighborhood of x contains a point in A and a
point in A¢. We write dA for the set of boundary points of A.

Corollary. 0D, (xg) = {x | ||[x — xo|| = 7}

Definition (Limit of a Function). Let f : A € R" — R™ be a function
defined on an open subset A of R". Let xg € AU0JA. Then,

1. f is eventually in N as x approaches x if 3U, a neighborhood
of xp, such that if x # xp and x € ANU, then f(x) € N

2. f(x) approaches b as x approaches x if, given any neighbor-
hood N of b, f is eventually in N as x approaches xg

where b € range(f) C R™. In either case, we write,

lim f(x) =b

X—XQ

m

-
u/x| — (& sunw
A N

The following are properties of limits of functions,

Remark (Uniqueness of Limits). Suppose that,

XILHQO f(x) - bl
Jim ) = by

Then by = by. That is, if f has a limit at xo, then that limit is unique.

Lecture Notes | 10

Choosing s to prove that D,(xg) is open.

We say that a neighborhood of x € R"
is an open set U such that x € U.

Example of a boundary point x.
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Remark (Limit Properties). Suppose that A C R", xg € AUJA, and
f and g are functions on A taking values in R". If we have that,

lim f(x) =b; and lim f(x) =by

X—5X0 X—Xp
Then the following properties hold,

1. limy_,x, cf(x) = cbg forc € R

2. limyx, (f(x) + g(x)) = b1+ by

3. If m =1, then limy_,x, f(x) - g(x) = b1 - by

4. Ifm=1and f(x) # 0Vx € A, then limy_,x, 1/f(x) = 1/by

Continuity

Definition (Continuity). A function f : A € R” — R™ is called con-
tinuous on A if it is continuous at every point xo € A.

Theorem 2 (Continuity of Compositions). Let f : A C R* — R™ and
¢: B CR"™ — R be two functions with f(A) C B. If f is contin-
uous at xp and g is continuous at f(xg), then the composition,

gof:ACR" - R!

is continuous at xg.

f(A) 8o f(A)
f g
- s
B 3(B)
g f

We want to formulate the property of continuity precisely.

Theorem 3. Consider f : A C R" — R™. Let xg € A or xg UJdA.

1. If Ve > 0, 36(e) > 0 such that ||x — x¢|| < ¢ implies that,

1£() = bl <e

then we have that limy_,x, f(x) = b

2. fis continuous at xp € A if and only if limx_,x, f(x) = f(xo)

Lecture Notes | 11
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Example 7: Continuity via Composition

We can prove that the function f : R> — R defined by,
(w222
f(x,y,Z) —e (x*4y“+z°)
is continuous for all x € R? using continuity of compositions:
1. f1(t) = e ! is continuous for all + € R
2. fo(x,y,z) = —(x® +y* + 2z2) is continuous for all t € R3

Thus, f = fi o f = e~ (¥ ¥ +2)) is continuous for all x € R®.

Example 8: f(x,y) = x +y

We will prove that the function,
f:R> =R
floy)=x+y

is continuous. Let € > 0 be arbitrary and define é(¢) := 5.
Suppose that ||[x — xp|| < J. Then,

€ €
[x+y—(xo+yo)l < [x—xo| +|ly—p| <5 +5 =€
;\/_/ N’
<é(€) <6(e)
since,
5> Ilx—xoll = /(x = %02 + (v — y0)? = \/(x — x0)2 = |x — o]
and

5> Ilx—xoll = /(x = %02+ (¥ — y0)2 = \/ (x — x0) = [y~ wol

Example 9: f(x,y) = 4x%y/x? + y?

We will prove that the function,

f:R> =R
4x2y
flxy) = m

approaches 0 as (x,y) — (0,0). Let € > 0 be arbitrary and
define é(e) = §. Suppose that ||x — 0[] = ||x|| <.

4x%y 4x%y
x2 +y?

= =4yl <4lx| <e

Lecture Notes | 12

The graph of f : R? — R defined by,

4x%y

f(x/y) = x2+y2

The graph of f : R? — R defined by,
22

flxy) = m
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Example 10: f(x,y) = x%y*/x* + >

We will prove that the function,
f:R? =R

222
flxy) = m
approaches 0 as (x,y) — (0,0). Let € > 0 be arbitrary and

define J(e) = /€. Suppose that ||x — 0] = ||x|| < J.

2.2 2
Y = | < kP < I < e
Xty x-+y
———
<1

Differentiation

Defining the Derivative

Given a function f : U € R — RR. The derivative of f is,
df . _ . flx+h)—f(x)
x ) = Jim 7

We want to generalize this to functions of more than one variable.

Definition (Partial Derivative). Let I C R" be an open set. Given a
function f : U C R" — R, the partial derivative of f is,
of f(xl,...,xj—i—h,...,xn)—f(xl,...,xn)

2 (0 oo — 1
;1 %) = i n

Remark. If the partial derivative of a function, e.g., f : R? - R,
is being evaluated at a point, e.g., xo = (xg, yo) € R?, we write,

of of
fx(xoll/o) or a(xo,yo) or 5x

X0

Example 11: Existence of the Partial Derivatives

Let f(x,y) = x1/3 . y1/3. By definition,

fx(0,0) =%ig%lw ifﬂ%% .

£,(0,0) = lim [OM = F0.0) _ 1, 0-0

h—0 h h—0 h

Lecture Notes | 13

The graph of f : R? — R defined by,
f(x,y) _ x1/3 .yl/S

does not have a tangent plane at (0,0),

WJYEF
.
.

Its contour plot is shown below,
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Thus, f,(0,0) = fx(0,0) = 0. Consider the restriction of f(x,y)
to the liney = x. We obtain f(x,x) = x2/3, which we know

from one-variable calculus is not differentiable at (0,0).

Example 12: Computing Partial Derivatives

Let f : R — R be defined by f(x,1) = ¢*"¥. We compute,

af _ %y af _ ¥y .2
g_e -2xy and ay—e X

Definition (Linear Approximation). The linear approximation Lf |,
to graph(f) at the point xg = (xo, y0) is given by,

2= £ (o) + |3 G| (x =500+ | 3 (o v0)] (= 10)

Definition (Differentiability). A function f : R? — R is differentiable
at xg if the partial derivatives f, and f, exist and we have that,

lim f(X) _Lf|XO -0
=% |x = o]

Corollary. If f is differentiable at xo, then Lf|y, is called the tangent
plane of graph(f) at the point (xo, yo, f(x0,y0)) € R3.

Consider the function f : R> — R defined by,
floy) =1-2—¢
The equation of the tangent plane at,
(x0,y0) = (1/V3,1/V/3)

is given by,

Lecture Notes | 14

Tangent Plane of graph(f) at
(xo, Yo, f(x0, Y0))

(xo, Yo)
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Definition (Jacobian). Let U C R” be an open set. Given a function
f:UCR" — R™, the derivative (Df)(x) is,

oh ... %A

dxq 0xy
D) = | :

9fm Ofm

which we call the Jacobian matrix.

Remark. The Jacobian matrix can be thought of as a linear map from
R" to R™. When m = 1, the gradient Vf is the 1 X n matrix,

vi=mh=| % - %]

The graph of f : R? — R defined by,
Definition. Let U C R” be an open set. A function f : U C R" —

xy
R™ is differentiable at X if the partial derivatives exist at xy and, flx,y) = {xzwz for (x,y) # (0,0)
0 otherwise
po 1FO00 = (LAl
x=x0[lx = x|
where,
Lflx, = f(x0) + (Df)(x0) - (x = x0)
e~ —a— ——~

cR™ R”—R™ cR™

Its contour plot is shown below,

Theorem 4. Let f : U C R" — R™. Then,
1. If f is differentiable at xo, then f is continuous at xg

2. If the partial derivatives df;/dx; exist and are continuous in a J
neighborhood of xg, then f is differentiable at xg

Example 14: Continuity of the Partial Derivatives ZIN

The existence of the partial derivatives does not guarantee
continuity. Consider the function f : R> — R defined by,

fog) o [ o oy £ 00
' 0 otherwise
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The partial derivatives of f exist,

0
i f0) = f0,0) _ 20
A T A
0
_ i fOM) —f0,0) _ . 20 _
L T

but f is not continuous at the origin,

lim f(x, %) = 5 # £(0,0)

x—0

graph(f) is shown in the margin.

Sums, Products, and Quotients

Theorem 5 (Sums, Products, and Quotients). Let f : U C R" — R™
and g : U C R" — R™ be differentiable at xg € U.

1. (Constant Rule) Let c € R. c¢f(x) is differentiable at x¢, and,
(Def) (x0) = ¢(Df) (xo)
2. (Sum Rule) f(x) + g(x) is differentiable at xo, and,
(D(f +8)) (x0) = (Df) (x0) + (Dg) (x0)

The following two properties hold when m =1,

1. (Product Rule) ¢(x)f(x) is differentiable at x¢, and,
D(gf)(x0) = &(x0)(Df)(x0) + f(x0)(Dg) (x0)
2. (Quotient Rule) f(x)/g(x) is differentiable at x¢, and,

(x0)(Df)(x0) + f(x0)(Dg) (x0)

) = &
D(f/g)(xo) (3(x0))?

and g(xo) #0

Chain Rule

Theorem 6 (Chain Rule). Let g : U C R” — R™ and f : U C R" —
RP. If g is differentiable at xg and f is differentiable at g(xg), then,

D(fog) (x0) = (Df) (yo) (Dg) (x0)

Lecture Notes | 16
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Example 15: Polar Coordinates

We can relate a set of polar coordinates (7,60) to each point
(x,y) € R? expressed in Cartesian coordinates. Observe,

x=rcosff and y=rsinf

where ¥ > 0 and 0 < 0 < 27r. Consider the composition,

(r,0) L (x =rcosf,y =rsin0) N g(x,y)

Fix a point xg = We will compute (Dg)(xp):

r,0).
0 —rsinf
b _ o cos
(Df)(x0) <§,f_2 Q&) (sin@ 7 cos 6

or a0

(Dg) (f (x0)) = ( 3—‘; gy ) (x =rcosf,y = rsinf)

Therefore,

D(go f) = ( ag %, ) ( Cf)SG —rsinf >

sinf rcosf

9g 98 ing_ %8 9
= <ax cosf + == = sin 6 axrsme—f— ayrcos@

by the Chain Rule.

Example 16: Simple Function Composition

Consider f : R — R? and g : R? — R defined by,

f(t) = (t,#)
gxy) =x*+y°

We begin by computing the partial derivatives of f and g,

Vg=(2x 2y) and Vf:(;t>

We can compute (Dg o f)(t) as follows,

(Dgo f)(t) = (D) (f(£)) - (Df)(¢)

- (Zt’2t2> ' ( ;t )

=2t+2t
=4t

since (Dg)(f(t)) = (2,2¢2).
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Paths and Curves

Definition (Curve). A curve is the image of a set of real numbers, x

called a path. We write ¢ for the independent variable, so that o) »

" image of ¢

c(t) is its position. The path c is said to parameterize the curve.

Example 17: Two Simple Curves

Define two curves ¢; and ¢, on the interval [0, 1] as follows,

ci(t) = (4 1)
ca(t) = (26,2¢)

cis a path

Observe that ¢1([0,1]) = ¢([0,1]) but ¢} (t) # ¢4(t),
=1 i) =(22)

|lc1(£)]] is constant, but ||c;()]] is not.

ler ()l = 1LY = VE+ 2 = V2
lea(t)]] = VA 42 = 2v/2t

Example 18: Unit Circle

Define a curve c on the interval [0,271] as follows,

c(f) = (cost,sint)

The unit circle {(x,y) | x> + y*> = 1} is parameterized by c.
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¢ = (cos(t), sin(t))

(D
)

Theorem 7 (Differentiation of Paths). If a path ¢ with component func-
tions x1(t), - - -, x,(t) is differentiable, then its derivative is

dxq/dt
dxy /dt

Z(t) =

dxy, /dt

Proposition 2. ¢/ () is the tangent vector at the point c(f).

Directional Derivatives

Definition (Directional Derivative). Let f : R3® — R. The directional
derivative of f at x¢ along the vector v is,

(Vuf) (00) = 7| £ (ta-+19) = fim 5 (F (0 + v) = £ ()

Remark. Conventionally, we take v so that ||v|| = 1.

Example 19: Computing Rate of Change in a Direction

We will compute the rate of change of
flay) = (P +y?) e ()

at (2,1) in the direction pointing towards (0,0). To do this, we
will find (Vyf) (2,1), where v is the unit vector pointing from
(2,1) towards (0,0). We require the partial derivatives,

fo=2x- e~ (FHH10) 4 (xz + !/2) L (FHPH10) oy

o= e ) (118) 20

Lecture Notes | 19

We can apply the typical differentiation
rules to the components of c(t).
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Evaluating fy and f, at (2,1),

fx(2,1) = —16e1°
fy(2,1) = 8P

We obtain the final result,

(Vvf) (21) =

Theorem 8. (Vyf) (xo) = v- (Vf) (x0)

Proof. Observe that,

d d

g/ o+ 1v) = (VF) (xo +1v) - = (x0 + V)
=(Vf)(xo+tv)-v

Plugging in t = 0,

d

G| ot m)= (91 60 v

Corollary. If xg € U is such that (Vf) (xo) # 0, then (V) (x¢) in-
dicates the direction of steepest increase for f at xo.

Proof. Using Theorem 7,

(Vvf) (x0) = v-(Vf) (x0)

= |v| -l (Vf) (xo0) | cos & (V) (x0) indicates the direction of

_ ” (V f) (XO) ” cos 0 since v is a unit vector steepest increase for the function f.

. . . . . . X
This expression is maximized when 6 = 0, which occurs whenv e (%0, Yo, fCX0, Y0)

and (Vf) (xo) are parallel. That is, when v points to (Vf) (xg). O

Remark. The gradient points in the direction in which the values of
f change most rapidly, whereas a level surface lies in the directions
in which they do not change at all. Hence, for f reasonably behaved,
the gradient and the level surface will be perpendicular.
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Example 20: f(x,y) = 1 — x> — 2

Consider the curve f : R> — R defined by

flry)=1-x*—y

The gradient of f is given by,
(V) = (=2x = 2y)

which at (xg, yo,z0) = (\%, \/Lg, %) gives the tangent plane,

Higher-Order Derivatives

Iterated Partial Derivatives

The second-order iterated derivatives for a function f : R? — R are,

af_a(ﬂ) i_i(%>

ox2  dx \ox dxy  dx \ 9y
~ ~~
fxx fxy
of _ 9 (of of _ 9 (
dyx  dy \ dx a2 dy \ dy
~~ ~~
fyx fyy

where f is assumed to be of class C2.

Example 21: Computing lterated Partials

Consider the following function,

f:R* =R
flxy) =2+ x%y+y?

We will compute the iterated partials of f,

frx = 6x 42y
fyx == fxy = 2x

and fyy =2

Theorem 9. If fy, and fy, are continuous in U, then they are equal.
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We say that f € CKif
ok f
ale s Bxik

all exist and are continuous in U.
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Taylor’s Theorem

We can generalize Taylor’s Theorem to functions f : U C R" — R in
n variables. The first-order formula is given by,

fuwuw=fuw+fy§£uw+Rumm>

where Ry (xg, h) /||h]] = 0ash — 0in R" and f is assumed to be
differentiable. The second-order formula is given be,

_ n P} f 1 2 82 f
o0+ ) = (o) + g (o) 5 32 bz o) + R (o)

where R, (xg, h) /||h||> — 0ash — 0and f is assumed to have
continuous partial derivatives of third order.

Remark. We can obtain an explicit formula for Ry (xp, h) by repeat-
edly applying Integration by Parts,

xo+h 1 k (k+1)
Ry (x0,h) = / £ (0 +h - 2)f ) (2)dz
X0 .

Example 22: Computing the 2nd Order Taylor Polynomial

We will compute the 2nd order Taylor polynomial for,

flry) =t

at the point xg = (1,1). The partial derivatives of f are,

fe=2x-6"1 = f,(x) =2
fy=et = fy=(x0)=¢
The iterated partial derivatives of f are,
Fox =265 4422 Y = £ (x0) = 662
froy=2x- et — fay(x0) = 2¢
foe=2%" Y — bl — 262
foy = N — fyy (x0) = &
This gives the following 2nd order approximation,

1
e 422 hi+e® hp+-e?(6-h24+ 2-2-hihy +1-h3)
~ — 2 ——— ~——
f(xo) Y of (x0)h; fxy'hlh2+fyx'h2h1 fyy-h%

ox;

Lecture Notes | 22
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Defining Extreme, Critical, and Saddle Points
Let f: U C R" — R", where U is an open set.
Definition (Local Maxima and Minima). We say that,

1. f has a local maximum at x if there exists an open neighbor-
hood N of xg such that f(x) > f(xg) forall x € N

2. f has a local minimum at X if there exists an open neighbor-
hood N of xg such that f(x) < f(xg) forall x € N

The local extremum are called strict if the inequalities are strict. Extrema can be local or global. De-
pending on the choice of U, these

extrema may or may not be captured by

. . ang . he first-derivati .
Definition (Critical Points). There are (3) types of critical points, the first-derivative test

* xg € U is extreme if xq is a local minimum or maximum
e xo € U is critical if,

- f is not differentiable at x

- f is differentiable at xp and

(Df)(x0) =0 <= (Vvf)(x0) =0

* xo € U is a saddle point if x is critical but not extreme

First-Derivative Test for Local Extrema

Theorem 10 (First-Derivative Test for Local Extrema). Let x be a local max-
imum or minimum. If f is differentiable at xo, then Df (xp) = 0.

Proof. Suppose that f achieves a local maximum at Xp.

1. If m = 1, then for any h € R”, the function g(t) = f(xo, th)
has a local maximum at t = 0. From one-variable calculus,

g'(0)=0
By the chain rule,
§'(0) = [(Df) (xo)]-h =0
This implies that D f (xg) = 0.

2. If m > 1, then we can use the same idea. Given x¢ and h fixed,

% (xo+th) = (Vf)(xo+th)-h
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Evaluated at t = 0,

0= (V£) (xo) -h = (V£) (xo) =0

h
/‘ flxo +th)

f restricted to the line [ has a
local extremum fort = 0

Xo = (X0, Yo)

The case where f achieves a local minimum is analogous. O
Example 23: Critical Points which are not Local Extremum
The function f : R? — R defined by

flxy) =xy

has (0,0) as a critical point, but it is not a local extremum.

Example 24: Geometric Interpretation of Critical Points

f(xo, Yo)

(Vf)xo) = 0
=4
Tangent plane at (Xo, f(Xp)) is horizontal

B

d
n= —g(xo)r - %(Xo), 1

Second Derivative Test

We will establish an analog of the second derivative test. At a critical
point xg, Taylor’s Theorem tells us that,

1 n 2

- of o f
xo+h) = f(x xo) hi+ = -
f(xo+h) f((’”i;axi(“) 51 gy

ij=1 9Xi%;

(x0) hihj+ Rz (xo, h)
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Functions can have many critical points:
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implying in particular that,

2
f@o+hy—f@@::%Zhii'QQM@+R2&mm
ij OXiX;

(%)

where (%) is quadratic in h and the remainder decays faster than
quadratically. We require the following algebraic terminology:

Definition (Quadratic Function). A function g : R” — R defined

n
g (]’ll, 000 ,hn) = E al-]-hl-h]-
ij=1

for an n x n matrix A with entries a;; is called quadratic.

Example 25: Quadratic Function: n = 3

1 -1 0][m
g (h1,hp, h3) = [hy,hp, 3] | =1 0 0 hy
0 0 1 hs

= h? —2hihy + 43

Proposition 3 (Properties of Quadratic Forms). Observe that,

1. g is homogeneous of degree 2,

g(/\hll e /\hl’l) = Azg(hl/ o /h}’l)

2. We may assume that the matrix A is symmetric, i.e., a;; = aji
for all 7,j. If not, then we can write

1 1
aij = 5 (ai + aji) +5 (aij — aj;)
——— —_——

bij Cij

where b;; = bj; (symmetric) and ¢;; = —cj; (skew-symmetric).

=0
D aij - hiby =} b - i+ ) cij - hih

and choose the symmetric matrix B.
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Every matrix can be written as a func-

tion of a symmetric matrix and a skew

symmetric matrix.
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Definition (Positive and Negative Definite). A quadratic form is
* Positive definite if g(h) > 0 for all h € R”
* Negative definite if g(h) < 0 for all h € R"

with the added condition that g(h) = 0 if and only if h = 0.

Definition (Hessian). Suppose that f : U C R" — R has second-
order continuous derivatives at xp € U. The Hessian of f at x¢ is

n 2
(HF) (x0) () = 5+ 3 5oL (xg) il

ij=1 axiax]'
2f
1 0x10x1 9x10xy, h
=Sl h] | .
#r o | | o
0x,0X1 XXy

which is a quadratic function by equality of the mixed partials.

VA 2

g(h) =i +13 g(h) =ni-h3 gh) = =i —13

(1) G ()

Positive Definite Neither Negative Definite

N~ O
O NI~

Proposition 4. Let ¢ : R"” — R be a positive definite quadratic form.
There exists a constant M > 0 such that,

g(h) > M- ||h|?

Theorem 11 (Second Derivative Test). Let f : U C R" — R be a func-
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tion of class C®. Consider a critical point x of f. Then,

Positive Definite = xg is a local minimum

(H(f)) (xo) (h) = {

Negative Definite = xq is a local maximum

Proof. If f: U C R"” — R is of class C3, then,

f(xo+h) — f(x0) = (Hf)(x0)(h) + Ra(x0, h)

by Taylor’s Theorem, where Rj(xo, h/|[h[> = 0ash — 0 and xq €
U is a critical point. Since (Hf)(xo)(h) is positive definite,

(Hf)(x0)(h) > M- |[h]|?
for some M > 0. There exists 6 > 0 such that for 0 < ||h]| < J,
[Ra(xo,h| < M- |||?

Thus, 0 < (Hf) (xo) (h) + Rz (xo,h) = f (xo +h) — f (x) for 0 <
|h|| < 6. It follows that X is a strict relative minimum. The neg-
ative definite case follows by applying this argument to —f. [

Positive Definite

Negative Definite

Proposition 5. For a quadratic form g(hy, hy),

a>0and ac — b*> > 0 <= Positive Definite
a<0andac—b*> >0 <= Negative Definite

Proof. Take

g(hlfhz):(lﬁ hz)(i Z)(Z;)

Expanding this expression gives that,
g(h1, ) = ah? + 2bhihy + ch3

Completing the square:

1 b \* 1 2\ ,
g(hlth) = Eﬂ (hl + ah2> + E (C - a> hz
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Suppose that g is positive definite.

1
h220:>§ah%:>a>0

b 1 b2\
hl——ah2:>2<c_a>h2

N————
>0

Conversely,
a>0and ac—b> >0 = g(hy,h) >0

since we sum over positive numbers. O

Remark (Determinant Test). Let n > 0 and consider

n
g(h) = ) ajhih;
ii=1

with entries taken from the symmetric matrix

a1 412 -

A azy dxp - A2y
| a4z oazm - azy
Ann

With reference to the margin figure,

1. g is positive definite if the determinants of every diagonal em-

bedded minor are positive
Diagonal embedded minors of A

2. g is negative definite if the determinants of every diagonal em-

. . 0
bedded minor alternate signs -
aiz| ... Aain

az1

Theorem 12 (Second-Derivative Test). Let f : U C R?> — R.
(7 e Aun

* xis a local minimum of f if,
L fu(x) = (0 =0
2. frx(x) >0
3- (fax - fyy _fJ%y)(x) >0

¢ xis a local maximum of f if,

1. fx(x) = fy(x) =0
2. frx(x) <0
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3 (fax *fyy _fa%y)(x) >0
¢ x is a saddle type of f if,

1. (fax - fyy _fJ%y)(x) <0

with the indeterminant case occuring when,

(fxx * foy — fa%y)(x) =0

Example 26: f(x,y) = x> — y*> + xy

Consider the function,

floy)=x* -y’ +xy
fr=2x+y=0 and f,=-2y+x=0

(0,0) is the unique critical point. Computing the Hessian,

’(ﬁ; ;;ZN:Ki —12)':(fXX'fw—ffy)(O,O):—s

shows that (0,0) is a saddle point.

Example 27: f(x,y) = e*

Consider the function,

f(x,y) =e*-cosy

fx=¢*cosy and f, =e siny

f has no critical points.

: ey 11
Example 28: f(x,y) = xy + ¢ + ;

Consider the function,
1 1
NG ST

1
and =x— —
fi=x=1

(1,1) is the unique critical point. Computing the Hessian,

2
DR HE
¥

fry fuy

shows that (1,1) is a local minimum.

1
fx:y_;

Jno

8
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floy) =x*—y* +xy

flx,y) =¢* - cosy

%x3 + %y3 - %xz - %yz +xy +10

floy)=xy+3+y

/
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Example 29: f(x,y) = 3x® + 312 — 322 — 32 + xy + 10

Consider the function,

fr=x*—x and fy=y2—5y+6

(0,2),(0,3), (1,2), and (1,3) are critical points.

<fxx fxy>:<2x—1 0 )
fry fuy 0 2y-5

shows that,

(0,2) is a local minimum
(0,3) is a saddle point
(1,2) is a saddle point
(1,3) is a local minimum

Classifying Global Extrema

The theorems that we saw previously allowed us to classify local
extrema. We want to identify global extrema.

x Absolute Maximum
Local Maximum

\/ Local Minimum y

Definition (Global Extrema). Let f : A CR" — R. xp € Ais a,

A set D € R" is bounded if there is a
number M > 0 such that ||x|| < M for
all x € D. It is closed if it contains all of
its boundary points. For example, the
level sets of a continuous function are
always closed.

Global Maximum if f(x) < f(xp) forallx € A
Global Minimum  if f(x) > f(xo) forall x € A
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Definition (Compact). A set is compact if it is closed and bounded.

Example 30: Compact Sets

The following two sets are compact,
1 {(y) | x*+y? <a?}

2. {(x,y) |a< x| <b}

Theorem 13. If D C IR" is compact, then f : D C R" — R admits
a global maximum and minimum, reached at some points of D.

Example 31: Finding Global Maxima and Minima

Letf : D C R2 — R be a continuous function defined on a
compact set D. To find the global maximum and minimum,

1. Locate all critical points of f in int(D)
2. Locate all critical points of f on 0D
3. Compute the value of f on each critical point

4. Compare these values to determine the largest and smallest

Example 32: Finding Global Maxima and Minima

We want to find the absolute maximum and minimum of,

f:ACR?— R defined by f(x,y) = x* + xy + >
on the set A = {(x,y) | x* + y> < 1}. We have that,
IA={(xy) | ¥ +y* =1}
Let x := cosf and y := sin6 for 0 < 6 < 27. Then,
flaa = f(cosB,sinf) =1+ cos@sin 6
=1+ 7sin(26) = g(6)

Differentiating g(6) gives that,

3

(g — _ton
<'(0) =cos(20) = 6= 11

Lecture Notes | 31
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This gives two points,

f(po) = £(0,0) =0

fio0 = (cos (7). (3)) =5 =3

fio0 =1 (cos (%) sn (3F)) = 3 = (—??) |1

There is a global minimum at py and a global maximum at p;.

Example 33: Finding Global Maxima and Minima

We want to find the absolute maximum and minimum of,

f:ACR?— R defined by f(x,y) = sinx + cos x
ontheset A = {(x,y) | x € [0,2r] and y € [0,27]}. Write,
dA=71UrnUrU7ms
If we consider the restriction,
fl,, = f(x,0) = sinx+1 = g1(x)
on x € (0,27), then we obtain that,
¢'(x) =cosx = x=rm/2and. x =37/2

so the critical points are (7r/2,0) and (377/2,0). We can repeat
this for each 7; to find the global maximum and minimum.

Constrained Extrema and Lagrange Multipliers

We want to find the local extrema of a function f restricted to a level
set g(xo) = c. We call this a constrained extremum.

Theorem 14. Suppose that f : U CR" - Rand g: U C R" -+ R
are of the class C!. f has a constrained extremum at g(xg) = c if,

(V) (x0) = A(Vg)(x)

where A € R s called a Lagrange multiplier.

Remark. The point X is a critical point of f|U. If f|U has a maxi-
mum or minimum at xp, then (V f)(xg) is perpendicular to U at xo.
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Remark. A is an additional variable in the auxiliary function,

L(xlz"'/xn;}\) =f(x1,"',xn)—/\'(g(xh'“ /xn)—c)

To find the extreme points of f|S we find the critical points of L,

0= hxl :fx1 _/\gxl

Ozhxn :fxn _/\gxn
Ozh/\:g<x1/"'1xn)_c

Example 34: Constrained Extrema

Consider the function f : R> — R defined by,

f(,y,2) = xy +2*

on the sphere x> + y?> + z2 = 1. Define the Lagrange function
L:=f+Ag=xy+2z2+A (x> +y>+22). Now,

y+2Ax =0
x+2ly =20

L=0 =
v 2z+2Az =0

4y 4+22=0
We can then solve the system.

Example 35: Applications of Lagrange Multipliers

We want to find the points on the curve

g(x,y) = 17x* + 12xy + 8y> = 100

which are closest to and farthest from the origin (0,0). To do
this, define the squared distance function f(x,y) = x> + y°.

Remark. Given k constraints,

g1(x) =c1,..., Qk(x) = cx
We have that (V) (xg) = A1 (Vgo) (x0) + ... + A (Vgk) (x0)-

Lecture Notes | 33
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The Implicit Function Theorem

Example 36: Motivating Example

We can find neighborhoods around points of the circle
24yt =1
for which they correspond to the graph of the function

flx) =+vV1—x2

1-x

<
I

N/A N/A
-10 - 0 10

2+y? =1

This does not hold at (1,0), (—1,0).

Theorem 15 (Implicit Function Theorem). Let f : R"*1 — R be of class
Cl. Denote points in R*t1 by (x,z), where x € R" and z € R. If,

f(x0,20) =0 and %(xo,zo) #0

for a point (xp,y0) € R"!, then there exists,
1. A ball U containing xp in R”

2. A neighborhood V of zg in R

1. zisdefined forxin U and zisin V

2. f(xg(x) =0

Moreover, if x € U and z € Z satisfy f(x,z) = 0, thenz = g(x).
Finally, z = ¢(x) is continuously differentiable and,

D¢)(x) = — =—— - Dyxf(x,
(D)0 = = gre— - Duf(x2) ,

such that there is a unique implicit function z = g(x) satisfying that,
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The Implicit Function Theorem pro-
vides conditions under which a rela-
tionship of the form f(x,y) = 0 can be
re-written as a function y = f(x) locally.



MATH 248 Honours Vector Calculus

where D, f is the partial derivative of f with respect to x. That is,

ag  Odf/ox;

dx;  of/oz

foralli=1,2,--- ,n.

Theorem 16 (General Implicit Function Theorem). Suppose that F; is C!
for 1 < i < m. Consider the determinant A of the matrix,

oFf = 0F
22 0z
oF, .. OFy
0z1 0z

evaluated at a point (xp, zp). If A # 0, then

Fl (xl,...,xn,zl,...,zm) =0
Fo (X1, ,Xn,21,--,2Zm) =

Fu (x1,...,%0,21,--,2m) =0
defines a unique set of smooth functions,
zi=2zi(x1,...,xn) (i=1,...,m)

near the point (xg, zp).

Example 37: Applications of the Implicit Function Theorem

Consider the functions Fj, F; : R* — R defined in the system,

F(xy,u0)=x>4+xy—y*—u=0
B(x,y,u,0) =2xy+y*—v=0

We want to show that x and y can be solved for as C! func-
tions of u and v near the point (xo, yo, 4o, v0) = (2, —1,1, —3).

1. (2,—1,1, —3) satisfies the constraints,
F(2,-1,1,-3) =4-2-1-1=0
F(2,-1,1,-3) = -4+1+3=0

2. Computing the determinant of the matrix,

aaixl aa% [ 2x+y x—2
) ) =
% aiyz 2y 2x +2y

at our point gives 3-2 — (—2) -4 =6+8 # 0.
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The derivatives of z; can be computed

by implicit differentiation.
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To compute the partial derivatives via implicit differentiation,
DyFy : 2xxy + x4y + xyy —2yy, —1 =0
= x(2x+y) +yu(x—2y)—1=0
DyFy : 2x,y + 2xyy, +2yy, = 0
= x,(2y) +yu(2x+2y) =0
Evaluated at (2,—1,1, —3), this is,

3xy +4y, —1=0
—2xy +2y, =0

which implies that x, =y, =1/7.

Example 38: Applications of the Implicit Function Theorem

Consider the function F : R® — R defined on the level surface,

F(x,y,z) =x+y—z+cos(xyz) =0
We want to compute Fy(0,0).
1. (0,0,1) satisfies the constraints,

04+0—1+cos(0) =0

To compute the partial derivatives by implicit differentiation,
DyF :1—z-zy — [yz + xyzyz| sin(xyz)

— 1_Zx:O

DyF : 1 —z -z, — [xz + xyzyz] sin(xyz)
=1-2,=0

Vector-Valued Functions
Vector Fields

Definition (Vector Field). A vector field in R” is a map

V:UCR"— R"
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that assigns each x in its domain U a vector V(x).

Example 39: Describing Rotary Motion using a Vector Field

Rotary motion can be described by the vector field,

V(x,y) = —yi+xj

v

~ N\
v 9 8
A

-100 0 100
s 7
l,

\
T
’
7/

v
N
~N

"
)
\
N

Example 40: Unit Length Vector Fields

The vector field V defined by,
x . -y

V(x,y) = A4 i
Y N

has unit length. It is not defined at the origin,

-100

Example 41: Gradient Vector Fields

The gradient of a C! function is given by,

of
ay

9 d
f(x,y,z) i+ ==(xyz)-j+ a—]zr(x,y,z) -k

ox

Vi(xyz) =

We can think of this as an example of a vector field V.

Example 42: |dentifying Gradient Vector Fields

* V(x,y) = —yi+ xj is not a gradient vector field because the
mixed partials V,y, and Vy, are not equal,

Vi=-y and V,=x
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Amap V: U C R" — R assigning a
number to each point is a scalar field.

A vector field on R" has n components.
If each component is a Ck function, then
the vector field is said to be of class C¥.
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e V(x,y) = yi+ xjis a conservative because the mixed par-
tials Vyy and Vy, are equal to 1,

Example 43: Equipotential Surfaces

Given the gradient of V,

VV = (x,2y,3z) = xi+2j + 3z

we can recover the original function V : R> — R,

1
V = Exz‘i‘yz"‘gzz

The level curves of V are called equipotential surfaces.

Definition (Flow Line). A flow line c(f) for a vector field V has

c(t) = V(c(t))

Example 44: Rays

Consider the vector field V(x,y) = xi + yj, where || V|| = 7.

Y -i+y'(#®)-j=xb-i+y®)-j
20 F(e(t))

gives the following differential equation,

X'(t) =x(t) = x(t) =c;-¢
(B =y(t) = y() =cr-¢
implying that the flow lines are rays through the origin.

A

5 2ls5 0 25 5 7.5
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Level Curves of f
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Example 45: Concentric Circles
Consider the vector field V(x,y) = xi — yj, where ||V|| = 7.

Y -i-y'(®)-j=xb-i+y®)-j
20 F(e(t))

gives the following differential equation,

x'(t) = x(t) = x(t) =c1-cost
v (t) =y(t) = y(t) = cy - sint

implying that the flow lines are concentric circles at the origin.

{r
AN

y
10

I/

Divergence and Curl

Definition (V). The del operator in n-space is,
Jd d d

Definition (div V). The divergence of a vector field V on IR" is,

LAV _ovi LV,

leVZV'F:i:1a—.Xi—E 00 axn

then V is called solenoidal.

Remark. We evaluate the divergence at a point x.

1. If div V(x) < 0, then V converges at x

2. If div V(x) > 0, then V diverges at x

Definition (Solenoidal). If a vector field V on R” has div V(x) = 0,
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Exercise: What are the flow lines of:

-y . x .
V= i .
VErg  Varg

The gradient of f is obtained by taking
the V operator and applying it to f.
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which evaluates to,

V3 odVn\ .
(ay‘az>"+<

Proposition 6 (Curl of a Gradient). For any C? function f,

Definition (curl V). The curl of a vector field V on R3 is,

i j k

curlV=V xV=| o, dy O

Vi Vo Vs

avl_a\@)_ (3"2_3"1>.k

dz  0x ox  dy

curl VfF =V x (Vf) =0

That is, the curl of any gradient is the zero vector.

Corollary. If curl V.=V x V # 0, then V is not a gradient field.

Proposition 7 (Divergence of a Curl). For any C2 vector field V,
diveurl V=V -(VxV)=0

That is, the divergence of any curl is zero.

Corollary. If divV = V -V £ 0, then V is not solenoidal.

Integrals over Paths and Surfaces

Summary

In this section, we will see the following variations of integrals:

Path Integral
Line Integral
Surface Integral (Scalar)

Surface Integral (Vector)

S fds = [P F(c(t)) - ||/ ()] dt
J.Fds = [V F(c(t)) - ¢ ()dt
lls fds = [[p f(®(u,v)) - | Tu X To|| dudo

| F-dS = [[F- (T, x Ty) dudv
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curl(V) tells us how much the flow
lines is V rotate. In particular, a gra-
dient field has no center of rotation or
else the level curves would intersect.

For an interpretation of double, triple,
and line integrals in terms of weighted
sums, please see this reference.


https://www.math.ucla.edu/~josephbreen/Line_and_Surface_Integrals.pdf

MATH 248 Honours Vector Calculus

Line Integrals of Vector Fields

Consider a parameterized curve c(t)

c(t):[a,b] - UCR?
F—c(t)

which is assumed to be simple and oriented.

Definition (Path Integral). Given a curve ¢ : [2,b] — RS3 that is of
class C!, the path integral of f : R — R along c is,

b
/Cfds:/u Fle(®) || (t)|] at

Remark. If c(t) is piecewise C! or f(c(t)) is piecewise continuous,
then we can break I into pieces over which f(c(t))|c/(t)] is contin-
uous. We then sum the integrals over the pieces.

Example 46: Oriented Simple Curves

1. Let 0 <t < 1. The following curves have the same image,

ai(t) = (4 t,1)
o) =(1-t1—t1—1)

but opposite orientations.
2. Let 0 <t < 1. The following curves have the same image,

c1(t) = (cost,sint)
o (t) = (cos2t,sin 2t)

but c;(t) is not simple.

We now consider the problem of integrating a vector field along a
path. We can approximate the work done by the force field F on a
particle moving along a path c : [a,b] — R3 as,

/b F(e(t)) - < ()dt
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The assumption that c(t) is simple tells
us that it is a one-to-one on [g, b].
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Definition (Line Integral). Given a curve c : [a,b] — R3 that is of class
C!, the line integral of a vector field F on IR® along c is,

F-ds:= hF(c(t)) - (t)dt
o=

Remark (Notation). Let c(t) = (x(¢),y(t),z(t)). Then,
b
/ F(c(t)) - ' (1)dt
a
is the integral,
b
/ (Fit B j+ By k) (X (0) - i1/ (1) -]+ 2() - K)dt
a
which we can re-write by an abuse of notation as,

b
/ F-x' () + By ()t + F - 2/ (b)dt
a

Example 47:F = x2 i +y-j

We will calculate the work of the force field
F=x>-it+y-j
along the line segment given by,
c(t)=(tt) 0<t<1

By definition, this is,

/CF i /ahF(c(t)) L (t)dt

which evaluates to,

/01 (tz-i+t-j)-(i+j)dt:g

Example 48: F =y - i

We will calculate the work of the force field

F=y-i
along the unit circle oriented counter-clockwise,

c(t) = (cost,sint) 0<t<2m

Lecture Notes | 42
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By definition, this is,

27
/F-ds:/ (sint-i)-(—sint-i4cost-j)dt = —m
c 0

Example 49: F =y - i

Consider the work of the same force field

F=y-i
along the curve,
c(t) = (cos2t,sin2t) 0<t<2n

This is not a simple curve because the unit circle is covered
twice by the image of ¢(¢). Computing the line integral,

27
/F'ds:/ sin2t-i-(—2sin2t-i+2cos2t-j)dt = —2m
c 0

as opposed to —7.

Remark. The line integral can be thought of as the path integral of
the tangential component F(c(t)) - T(t) of F along c.

/F~ds=/hF(c(t))~c’(t)dt
P e €0 1o
= [ [pen- gz e ol
b
=/ﬂ [F(e(t) - T(8)] ||/ ()] dt.

Definition (Reparameterization). Let h : [a,b] — [4’,}] be a one-to-
one C! real-valued function. If ¢ : [4/,b'] — R is piecewise C!,

p:=(coh):[ab] - R3

is a reparameterization of c.

Theorem 17 (Change of Parameterization). Let F be a vector field con-
tinuous on the C! path ¢ : [a/,b'] — R3. Given a reparameteriza-
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tion p : [a,b] — R3 of p := (coh) : [a,b] — R, we have that,

/ Fods — + [ F-ds if h increases monotonically
p ] - F-ds if h decreases monotonically

Corollary. If p is orientation-preserving, then,

/F-ds:/F-ds
P c

If p is orientation-reversing, then,

/F-ds:—/F-ds
P C

Example 50: F = x2-i + v - j

We will calculate the work of the force field
F=2x2-i+ y-j
along the line segment given by,
c(t)= (513 0<t<1

By definition, this is,

F.-ds = bF(c(t))-c’(t)dt
Jode=

which evaluates to,

! 5
/ <t4i+ tzj) - (2H + 2j)dt = 2
0 6

Example 51: F = x2 i+ -j

We will calculate the work of the force field
F=x>-ity-j
along the line segment given by,
ct)=(1-t1-¢t) 0<t<1

By definition, this is,

/CF ds = /ahF(c(t)) L (t)dt
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which evaluates to,

/01 ((1—t)2.i+(1—t).j>.(_i_]-)dt:_g

Remark. Unlike the line integral, the path integral is not oriented.
In fact, path integrals are unchanged under re-parametrizations.

Recall that a vector field F is called a gradient vector field if F = V f
for some real-valued function f. In particular,
oL O O,

Theorem 18 (Fundamental Theorem of Calculus). Suppose that f : R3 —
R is of class C! and ¢ : [a,b] — R3 is piecewise C!. Then,

5+ = £(e0) = flel@)

Proof. Define a composite function F : R — R by F(t) = f(c(t)).
Apply the chain rule to compute F':

F'(t) = Vf(e(t) - (1)
By the Fundamental Theorem of Calculus,
b
| 0= Fo) — F@) = f(e() = fela))

Hence, the result follows from the fact that,

/ch~ds:/:Vf(c(t))-c’(t)dt

If we can recognize the integrand as a gradient, then the evaluation
of the integral becomes much easier. This is summarized below:
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Remark. If F is conservative, then F = Vf for f : R — R. Then,

/C F-ds = f(c(b)) — f(c(a))

Corollary. The value of the work of a gradient field is independent
of the choice of path connecting the two endpoints. That is,

/Fds=/ Fds
C1 Co

if ¢; and ¢y have the same endpoints.

Corollary. If ¢ is closed, then [, Vf -ds = 0.

If ¢ is a closed curve, then we write,

§£Fds
C

Remark. If ¢; and c; are two curves that differ only in orientation,

/ F-ds:—/ F-ds
C1 C

Remark. If c is an oriented curve that is made up of several oriented

It may be easier to parameterize the
components ¢; than the whole curve c.

component curves ci, - - -, ¢y, thatis, ¢ = ¢; + - - - ¢, then,

/F-ds:/ F~ds—|—--'+/ F-ds
c C1 Cn
Example 52: Verification of Path Independence

Consider the force field,
F=xi+yj+zk
=V (%xz + %y2 -+ %zz)
along the curve,
c(t) = (t,tz,t) 0<t<1
Both from applying the definitions or our theorems,

/F-ds = V(1,1,1) - V(0,0,0) = ;
C
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Definition (Flux). The flux of a vector field F across c is,

b
/a F(c(t)) - n(t)dt

where n(t ) is the normal vector. Flux and work are independent of the

choice of parameterization for ¢, but
they are not independent of the choice
of orientation.

Parameterized Surfaces

Definition (Parameterized Surface). A parametrization of a surface
®:UCR?>— R

is a map defined over a domain U in R?. The surface S corre-
sponding to @ is its image S = ®. We can write,

®(u,v) = (x(u,v),y(u,v),z(u,v))

Remark. If ® is C!, then S is called a differentiable surface. This con-
dition is equivalent to saying that x(u, v), y(u,v), and z(u, v) are C'.

D(ug, vo)

Suppose that @ is differentiable at (1,v) € R2. The tangent vectors
T, and T, to the curves ®(f,ug) and ®(¢,vp) on the surface are,

_0®  ox . 0y . 0z
T‘U - % - % (uo,vo)l+ av (u(),v())] + % (uo,vo)k

Jo® Oox . 0 . 0z
Tu=5-=5 (ug,v0) i+ 50 (1o, v0)j + 3 (10, v0) k

Remark. T, x T, is normal to the surface at the point (1o, vp).
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Definition (Regular Surface). We say that a surface S is regular at
D(up,vp) is T, x Ty, # 0 at (up, vp). If this condition holds at all
points on the surface, then S is called regular.

Example 53: ®(u,v) = (u,v, f(u,v))

Given a C! function f, define the map ®(u,v) = (u,v, f(u,v)).
We have that T, = (1,0, f,) and T, = (0,1, f,). Therefore,

i j ok
ToxTo=|1 0 fo |=—fori—fo-j+k#0
01 f

regardless of our choice of f.

Example 54: Upper Sheet of a Cone

The upper sheet of a cone is given by,

®(u,v) = (ucosv,usinov, u)
where u > 0 and 0 < v < 27t. Here,

T, = (cosv,sinv, 1)

Ty, = (—usinov,ucosv,0)

and consequently,

i j k
T, x Ty = CcoS v sinv 1 | = —ucosvi— usinvj + uk
—usinv ucosv 0

We have that T, x T, = 0 if and only if | T, x Ty|| = 0 and,

1/2
| Ty X Ty = (uzcoszv—i-uzsinzv-i—uz) =2Vu

which is 0 if and only if u = 0.
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The condition that T, X Ty (u,v) # 0
suggests that the partials ®, and ®,
are linearly independent everywhere,
which ensures the existence of the
tangent plane at every point of ® = S.

The upper sheet of the cone is,

®(u,v) = (ucosv,usinov, u)

Example 55: Helicoid

The helicoid is given by,
®(u,v) = (ucosv,usinv,v)
where u > 0 and 0 < v < 271. Here,

T, = (cosv,sinv,0)

T, = (—usinv,ucosv,1)

The helicoid is,

®(u,v) = (ucosv, usinv,v)
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and consequently,

1 j k
Ty X My = Ccos v sinv 0
—usinv wucosv 1

Observe that this is equal to,
sinvi — cos vj + uk

Hence, || T, x Ty|| = V14 u? # 0 for all u.

In the next example, we will see how to parameterize the torus of
revolution. This is summarized in the diagram below:

Example 56: Torus of Revolution

The torus of revolution ®(u,v) is given by,
x(u,v) = (a+rcosv)cosu
y(u,v) = (a+rcosv)sinu
z(u,v) = rsinv

where 0 < u,v < 27. Here,

Ty, = (—sinu(a+ rcosv),cosu(a+rcosv),0)

T, = (—rsinvcosu, —rsinvsinu,r cosv)
Computing the cross-product and simplifying gives,
Ty X Ty|| = r|(a+ rcosv)|

which is non-zero if r #2 0 and a > r.
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Example 57: Sphere

Using the spherical coordinate transformation,
®(u,v) = (asinvcosu,asinvsinu, acosv)
is a sphere of radius a where 0 < u < 2w and 0 < v < 7.

T, = (—asinvsinu,asinvcosu,0)

T, = (acosvcosu,acosvsinu, —asinv)
Taking the cross-product and simplifying gives,
| Ty x Tp|| = a*sinv

which is zero if v = 0, 71.

Remark. As shown in the previous example, the condition that
[Ty x Tol| # 0

is necessary but not sufficient for the existence of a tangent plane.

Area of a Surface

In this chapter, we will consider piecewise regular surfaces that are
unions of images of parametrized surfaces ®; : D; — R? for which:

¢ D; is an elementary region in the plane
e ®;is C! and one-to-one, except possibly at the boundary

® S; is regular except possibly at a finite number of points

Definition (Surface Area). The surface area A(S) is,

A(S) = // T X To| dudv
u

where S is a parameterized surface.

Example 58: Area of a Sphere

In this example, we will verify the standard formula for the
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If S is the union of surfaces S;, then the
area is the sum of the areas of S;.

To find the surface area of a function,
we are scaling by the area of the paral-
lelogram spanned by T, and T.
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area of a sphere. Since || T, x T,|| = a%sino,
V=T uU=2T7
A(S) :/ T x T dudo
=0 u=0
T

:27'(112/ sin vdv
0

= 471a?

Integrals of Scalar Functions Over Surfaces

In this section, we will define the integral of a scalar function f over
a surface S. This generalizes the area of a surface, which corresponds
to the integral over S of the scalar function f(x,y,z) = 1. Consider a
surface S parameterized by a mapping ® : D — S C R3, where D is
an elementary region. We write,

O(u,0) = (x(u,0),y(u,0),2(u,v))

Definition (Integral of a Scalar Function Over a Surface). Let f : R® —
R be a continuous function defined on a parameterized surface S.

//sf(x’y'z)ds = //sfds = //Df(<1>(u,v)) I Ty x To|| dudo

is the integral of f over S.

Remark. We can compute the average value of a function f as,

ffsfds
|A(S)]

Example 59: Average over a Cone

We want to compute the average of the surface defined by,

flx,y,z) = x + 22

where D is the portion of the cone x> + y? = 22 for which 1 <
z < 4. Parameterize the graph z = f(x,y) = \/x% + y2.

D(u,v) = (u, v, Vu?+ 02)

Taking the appropriate partials T, and T,

u v
T = 1,0,— T = 0,1,—
! < \/u2—|—02> ’ ( \/uz—i—vz)
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Exercise: Compute the area of a cylin-
der of radius a and height h.

®(u,v) = (acosv,asinv,u)

where 0 < v <2mand 0 < u < h.

The surface integral is independent of
the choice of the parameterization.
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gives || T, x Ty| = v/2. Next,

//sfds - //Df@(urv)) |ITu X To|| dudo

= //D (u +u+ vz) V2dudv

We can use polar coordinates to compute this integral,

0=2m

r=4
/ (r cosf + r2> rV2drdd = V2 - 157
r=1

=0

Hence, the average value of f is,

Ifs fds 255 _ 85

[A(S)] 30

Oriented Surfaces

An oriented surface is a two-sided surface with one side specified
as positive ("outside") and one side specified as negative ("inside").
At each point (x,y,z) € S, there are two unit normal vectors n; and
ny satisfying n; = —ny. Each of these normals can be associated
with one side of the surface. Let ® : D — RR® be a parametrization
of an oriented surface S. Suppose that S is regular at ® (19, vp). Let
n (® (ug,vg)) be the unit normal to S at ®(ug, vg). Since,

(Tuy X Toy)
[ Tuy X Top |

exists, it is defined and equal to n (® (19, vg)).

Remark. ® is called orientation-preserving if we have the +

sign, and orientation-reversing if we have the — sign. The definition of an oriented surface
given in this section assumes that a
surface has two sides. This is in fact not

. . necessary, e.g., the Mobius strip.
Remark. Any one-to-one parameterized surface for which

T, X T, # 0 can be considered as an oriented surface with a
positive side determined by the direction of T, x T,.

Theorem 19. Let S be an oriented surface and let ®; and ®, be
two regular orientation-preserving parametrizations, with F a
continuous vector field defined on S. Then

/A)lF-dS—/A)ZF-dS
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If ®; and &, are orientation-reversing, then

/A)lF-dS:—//sz-dS

If f is a real-valued continuous function defined on S, and if ®;
and ®; are parametrizations of S, then

/Alde:/Azde

Surface Integrals of Vector Fields

We can define the integral of a vector field F over a surface S.

z n=T,xT,

F-T,xT,
[Ty X Tl

Definition (Surface Integral of Vector Fields). Let F be a vector field
defined on a surface S, the image of a parameterized surface ®.

/A;F'dsz//DF'(TuxTz;)dudv

is the surface integral of F over ®.
Remark. This integral quantifies the flux of F across S.

Remark. The integral [[, F - dS is not dependent on the choice of
parameterization for S, but it does depend on the orientation.

Integral Theorems and Vector Analysis r3 O—IN

Green’s and Stokes’ Theorem \

In this section, we will relate a line integral along a closed curve C in
the plane to a double integral over the region enclosed by the curve.
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Theorem 20 (Green’s Theorem). Let D be a simple region with
an oriented piecewise continuous boundary C*. Suppose that
P:D—Rand Q:D — R are of class Cl. Then,

§é+de+Qdy://D (%g—gi) dxdy

Remark. If F = VV is conservative, then V x F = 0. Since,

i j K
P
VxF=| o, dy 9 :O~i+0-j+<%§gy>~k
P(x,y) Q(x,y) 0

Green’s Theorem quantifies the amount by which F fails to be
conservative by relating the two integrals:

yﬁ F.-ds and // 9Q _oP dxdy
(aD)* p \dx dy

The corollary of the previous remark is not true.

Remark. If V X F = 0, then F is not necessarily conservative.

Proof. Consider the vector field F defined on U = R*> — {(0,0)}:

-y x o,
F— . .
2+ 12 1+x2+y2 )

We will verify that V x F = 0 everywhere on U.
VxF=(Qx—PFy)-k
Observe that Py = Qy for all x,y € U.

—x2+y2 —x2+y2
Qx = 22 Y and P, = 7(x2 +y2)2

It follows that (Qx — Py) - k = 0. However, F was carefully cho-
sen not to be conservative. Assume for a contradiction that F is
conservative. The line integral must satisfy that,

¢F~ds=0
C

for any choice of closed curve c(t). Take the unit circle
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c(t) = (cost,sint) where 0 < t < 271. We obtain,

27
§£F-ds: dt # 0
c 0

There is more to learn from this counter-example.

Example 60: Visualizing the vector field F

. _ —y . . . .
The vector field F = peae Al + ﬁ -j can be visualized as,

T RS D S S 2 L I S S

«
Y Y Y Y vy Y

-50 0 50
yvvvw.ygl\\‘

Remark. Let c(t) be an arbitrary closed curve. Consider

-y, x o,
F— . i
2+ 12 1+x2+y2 J

If ¢(t) contains (0,0) in its interior, then,

¢F~ds:2n

C

%F-ds:o
C

It is possible for the region D to contain holes, in which case there are

Otherwise,

multiple boundary curves. In this case, we write:

75 F~ds:y§ F-ds+§l§ F-ds
oD+ oD} oDy
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Let D be a region in R? containing

the origin. There exists > 0 such

that D,(0) C D. The area of B, is 27,
implying that the line integral evaluates
to 277 since the remaining work is o by
the previous calculation:

// (Qx — Py) dxdy =0
DDy (0) ~——~—

C1 ; D,
@

D=D,u D,
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Example 61: Verifying Green’s Formula by an Example

We will verify Green’s Formula for the vector field,

1
F=2(-y+x)
where D is taken to be the interior of the ellipse,

2 2

y
=+

ol

Parameterizing the curve gives that,
c(f) = (acost bsint) where 0<t<2m
Taking the derivative of c(t),
c(t) = (—asin6,bcos6)

Hence, F(c(t)) - /() = § - ab because,
F(c(t)) = ( £ — bsin®, Sacosd
=3 sin®, 5 cos
Integrating from t = 0 to t = 27 gives ab - 7. Thus,
27
55 F.ds = / F(c(t)) - (£)dt = ab-
oD+t 0
On the other hand,

P(x,y)z—%-y Qlx,y) =5 -x

1
2
Computing the partial derivatives of P and Q,

It follows that,

//D(Qx—Py)dxdy://D%_ (—%) dxdy =ab- 7

since this integral is simply the area of an ellipse.

.

Example 62: Verifying Green’s Formula by an Example

We will verify Green’s Formula on the line integral,

yé <2x3 = y3> dx + (x3 +y3) dy
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where c is the unit circle in the x-y plane oriented counter-
clockwise. Taking c(t) = (cos(t),sin(t)) for 0 < t < 27,

27T
55:/ —2cos’t-sint +sin*t + cos* t + sin® t - cos tdt
0

Applying the double angle formula, this evaluates to 37” Now,
Qr =3x*> and Py = —3y?

so Qx — P, = 3(x? + y?). In polar coordinates,

27
// — P))dxdy = / /3r - rdrdf
227'(/ 3r2dr
0

where 7 is the Jacobian.

A generalized formulation of Green’s Theorem is that,

Theorem 21 (Stokes’ Theorem). Define the vector field,

F(x,y) = P(x,y) i+ Q(x,y)j

If F is continuously differentiable and defined on D, then,

}15 F-ds=/ (V xF)-kdA
(oD)* D

Remark. Fix a vector field F as,

F=P(xy) i+Q(x,y)-j

Stokes” Theorem can be seen as generalizing Green’s Theorem:

//VXF -dS = // — P,) dxdy

where the curl of the vector field V X F represents its circulation.
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Remark. For any two surfaces S; and Sy,

//Sl(VxF)-dslz//sz(VxF)dSz

because Stokes” Theorem tells us that both integrals are equal to,

%Fds
C

where (951)" = ¢ = (35;)"

Proposition 8. If S is a closed surface, then,

#(VxF)-dS:O
——

G

where G is called a solenoidal vector field.

Proof. Write S = S; U Sy and split the integral:

#(M)-dsz//s +//5 :¢F-dsl+¢F-dsz
- s,

Exploiting the orientations of each component,

% F-d81+§£ F-dSQZyg F'dS1+y§ F-ds,
(681)* (682)* (681)* (681)

so we can cancel terms and obtain the desired integral. O

Corollary. The net flux of a solenoidal vector field is always 0.

Gauss’ Divergence Theorem

In this section, we will quantify the extent to which a vector field F
fails to be solenoidal. Recall that a solenoidal vector field,

F=V .-F#0
satisfies that V - F = 0.

Theorem 22 (Gauss’ Divergence Theorem). Let F be a C! vector field
in U C R3. Given a bounded open subset V of U where 9V is
regular or piece-wise regular,

#avﬁ F-ds = ///V(V'F)dxdydz
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where the left-hand side is the flux of F across (0V)" and the
right-hand side is the integral divergence of F.

Theorem 23 (Gauss’ Law). Consider the vector field

Pk where r=x-i+y-j+z-k

Observe that the norm of F is,
r 1

I#1 = | ] = |

[x[]® [ ]]3

defined on U = R® — {0}.

4 if0 &S
# F-ds = To0ES

1 1

el =Tae = = 2

Definition (Outgoing Flux). The outgoing flux of a vector field F is,

b
/(aD)+ Fds :/a F(c(f)) - n(t)dt

where n(t) = (y/(t), —x'(t)).

Remark. The outgoing flux of F across (dD)* satisfies,

/ Fds = // F)dxdy
aD)+

Proof. Since F = P(x,y) -i+ Q(x,y) -,

b b
/ﬂF(c(t))-n(t)dt:/ (Pi+ Qi) (y'(t),x'(t))dt

a

- — P d
/aD) \P/ \Sﬂy

// Py + Qy)dxdy

= /D(V - F)dxdy

Lecture Notes | 59

Recall that the sign of V x Fis a
measure of the contraction or expansion
of the flow lines of F. Specifically,

F < 0 = Contraction
F >0 = Expansion

To prove Gauss’ Law, fix a sphere at
the origin and apply the Divergence
Theorem to the region between the
sphere and the surface.



MATH 248 Honours Vector Calculus

Appendix

Double and Triple Integrals

The three types of simple domains of integration are,

Definition (Type I). A Type I domain of integration is,

A= Type
D x=b ry=ax)
v =60 S L e dyas

Type IT

fy=dfy=¢z(X) dvd
e Jymgug SED Y&

Type III: TypeI or TypelIl

Remark. To compute a triple integral,

//D f(x,y,z)dxdydz

we decompose D into simple domains of integration,

x=b [ py=h(x) z=",(x,y)
/ / [/ f(x,y,z)dz] dy] dx
x=a y=h(x) z=¥1(xy)
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Example 63: [[,(x + 2y)dxdy

We will compute [, (x + 2y)dxdy over a Type I domain.

P1(x) = x* G20 = Vx

Type I 11

A

In this case,

x=1 y=v/x x=1 _
/ [/ (x+2y)dy] dx :/ [xy—i—yz}y \fdx
x=0 y=x2 x=0 y=x

x=1

:/ x3/2 — x3 + x — x*dx
x=0

=9/20

We can also compute [[},(x 4 2y)dxdy over a Type II domain.

A

Type IT 1

y=1 ry=
f f W(x +2y) dx dy
y=0 Ja=y?

$2(®) = Vy H1(x) = 2

\4

= 0 1 2

The formula for the volume of a sphere is

x=r y=vr2—x2 2=/~ X242 4
8/ / / dz| dy| dx = = mr?
x=0 y 4 3

—0 =0

Example 64: Volume of a Sphere of Radius r
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Change of Variables

The formula for change of variables for simple integrals is,

Theorem 24. Under the following conditions,
1. f is continuous
2. u +— x(u) is continuously differentiable on [a, b]

we can relate the two integrals,

x(b)
/ fx (u) -du = f(x)dx
x(a)
Suppose that u +— x(u) is one-to-one on [a,b] := I*. Let I be the

interval whose endpoints are given by x(a) and x(b). That is,

[ [x(a),x(b)] «xisincreasing <= x,(u) > 0on [a,b]
a [x(b),x(a)] xis decreasing <= x,(u) > 0on [a,b]

If x,(u) > 0 on [a,b], then,

/ ") 2 ) / (()b) F(x)dx
[ e [ 1

We combine these to obtain,
du = / f(x)dx

IREDIHT

where the absolute value covers both cases.

Otherwise,

Theorem 25. If T: A* CRZ - A C R%is bijective and C!, then,

Y)

//ATA* (x,y)dxdy = //f x(u,0), uv))‘g o)

where
a(xry) — det Xu Xo
a(u,v) Yu Yo
_\/ﬁ

is the determinant of the Jacobian matrix of T.

dudv
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Remark. By properties of the determinant,

Remark. If T : A* — A maps dA* to dA in a one-to-one and onto
fashion at det(D)(T) # 0, then T is one-to-one and onto.

Example 65: [[ (x +y)dxdy

We will compute [, (x +y)dxdy where
A={(x,y) eR*|0<y<xand0< x <1}

Define the transformation

x(u,v) =u+0v — u:x—zi—y

T:(u0v)—
x—y
y(u,v) =u—ov = v=">5

Yy Yy
M \/A\

X X
0 1 0 1

We first calculate the determinant of the Jacobian,

M=det e = det L
a(”rv> Yu Yo 1 -1

which gives the integral,

v=1 u=1-v 1
// 2u - 2dudv = / / 2u - 2dudo = =
* v=0 u=u 2

where x + y = 2u by our choiceof x =u +vand y = u —v.

Example 66: [/, (1+ x> + )2 dxdy

We will compute [[, (1+ x>+ y2)3/2 dxdy where A is the unit

disk in the x — y plane. Define the transformation,

T:(r,0) — (x =rcosb,y =rsinf)
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We begin by writing A in polar coordinates,

{(r,0) eR>|0<r<1land0<6 <27}
The determinant of the Jacobian matrix is,
(D)(T) = Xr Xg |\ [ cosf® —rsin®
“\ v yo ) \ sinf rcosf
which implies that,

A(x,y) _ 2 Y
3(r, 0) =rcos 0 +rsin“0=r

It follows that the desired integral is,

3/2 0=2m ,r=1
// (1 + 72 rdrdf = / / (1+12)32rdrde
* 0 r=0
1

Theorem 26. If T : A* C R® — A C IR? is bijective and C', then,

///A_T(A*) f(x,y, z)dxdydz

is equal to the integral,

(x,y,2)

=[] #txtu0,0), 00,0 200,00 [ S o

Spherical and Cylindrical Coordinates

Cylindrical coordinates involve the transformation,

0
0

8 INIA

r
¢
<z

N
g ys8

x(r, 6, z) = rcos6
y(r, 6, z) = rsin6
z(r, 0,z) = z
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with the determinant,

Xy Xp Xz cos —rsinf 0
M yz) = | sing 6 0 |=r
a0,z |V vn ve ]| g reos B
Zy 29 Zgz 0 0 1

Example 67: [[[, (x> +y* + z%) dxdydz

We will use cylindrical coordinates to compute the integral

///A (x2 +y7+ 22) dxdydz

along the z axis, where,
A={(x,y,2) | ¥*+y*<2and —2<z<3}

Applying the change of variables formula,

/// (2 cos? 0 + 1% sin® 0 + %) rdrddz

We obtain that,

0=21 [z=3 [r=y2
/ / (r? 4 22)rdrdzd6 = 7t - 100
9=0 Jz=-2Jr=0 3

Spherical coordinates involve the transofmration,

x(r, 0, z) = rsin¢cos O
y(r, 0, z) = rsin¢gsinO
z(r, 0, z) = rcos¢

with the determinant,

Xn X X
a(x,y,2) — det " ¢

= de
e C

which evaluates to,

singcos® —rsingsin® rcos¢cosd
singsin —singcos¢ rcosPsinf | = —r"sing
cos¢ 0 —rsin¢
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Example 68: Two-Step Integration

Leta > 0,b > 0, and ¢ > 0. We will compute the integral,
2y 2
///A (Cl_z + b—2 + (ﬁ) dxdydz

2 2 2
A:{(x,y,z)E]R|z—2+y +i—2<1}

where,

ﬁ =

We begin by defining the transformation,
x=au y=>bv z=cw

so that,

2 2 2 Py b202 )

z +c w
a2 c?

2
a
Thus, A* = {(u,v,w) | u? +v*+w? < 1} is a unit solid sphere.
In particular,

a 0 O
9¥2) G| 0 b 0 | =abe
o(u, w, w) 00 e

Putting everything together,
// (u* + v* + w?)abc - dudvdw

evaluates to,

¢=m rO=21 pr=1
/ / / 1 sin ¢pdrdfd¢ = abc - i
¢p=0 Jo=0 Jr=0 5
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