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How to determine the running time of a
divide-and-conquer algorithm?

The Master Theorem



Recursive definition

T(n): execution time on an input of size n.

n

Merge Sort: T(n) = 2T (E) +

n

Time to
divide/merge

earch:T(n) =T (E)

Number of
recursive calls

n

Karatsuba:T(n) =3-T (E) +n

Size of sub-
problems




Master method

Goal. Recipe for solving common divide-and-conquer recurrences:

n

T(n):aT<b

) + fm)

Terms.
* a>1is the number of subproblems.
* b>0is the factor by which the subproblem size decreases.
* f(n) = work to divide/merge subproblems.

Recursion tree.
* k = logyn levels.
* ai = number of subproblems at level i.
* n/bi=size of subproblem at level i.



Case 1: total cost dominated by cost of leaves

Ex 1. If T(n) satisfies T(n)=3 T(n/2)+ n, with T(1) =1, then T(n) = O(n'e?3).
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Case 2: total cost evenly distributed among levels

Ex 2. If T'(n) satisfies T(n)=2T(n/2)+ n, with T(1) =1, then T(n) = O(n log n).
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Case 3: total cost dominated by cost of root

Ex 3. If T'(n) satisfies T(n)=3 T(n/4)+ n’, with T(1) =1, then T'(n) = O(n).
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Master theorem

Master theorem. Suppose that T'(n) is a function on the nonnegative
integers that satisfies the recurrence
n

=) + f(n)

where n/b means either | n/b| or [ n/b]. Let k =logsa. Then,

Tm):aT<

Case 1. If f(n) = O(nk-¢) for some constant ¢ >0, then T (n) = O#*).

Ex. T(n)=3T(n/2)+ n.

e a=3, b=2, f(n)=n, k=log3. You need to find

a € that works

* T = O, x

The formula works withe =log,3 —1> 0
f(n) =Nn= O(nlogz 3—(log; 3—1))

~
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Master theorem

Master theorem. Suppose that T'(n) is a function on the nonnegative
integers that satisfies the recurrence
n

T(n):aT<b> + f(n)

where n/b means either | n/b| or [ n/b]. Let k =logsa. Then,
Case 2. If f(n) = O(nklogrn), then T (n) = O(nk logr+! n).
Ex. T(n)=2T(n/2)+ O log n).

*a=2,b=2, f(n)=nlogn,k=logx2=1, p=1.
* T(n)=0O(mnlog?n).

You need to find
a p that works

f(n) = 0(nlogn) = O(n'°822logn)




Master theorem

Master theorem. Suppose that T'(n) is a function on the nonnegative
integers that satisfies the recurrence

n
Tn)=aT <E> + f(n)
regularity condition holds
where n/b means either | n/b| or [ n/b]. Let k =logsa. Then, if f(n) = ©(nk+9)

/

Case 3. If f(n) = Q(nk+¢) for some constant ¢ >0 and if af(n/b) <c f(n) for
some constant ¢ < 1 and all sufficiently large n, then T (n) = © (f(n)).

Ex. T(n)=3T(n/4)+nd.
*a=3,b=4, f(n)=n>, k=1logs3.
* T(n)=0O(m).

15t property satistied withe = 1 — log, 5N
f(n) — ns — Q(nlog4 3+(1-logy 3))

Here, there are two 2md property satistied with C:%
. : N5
condltlgns to fulflll and 3. (_) <conS
two variable to find! J




Master theorem

Master theorem. Suppose that T'(n) is a function on the nonnegative
integers that satisfies the recurrence

n
Tn)=aT <E> + f(n)
where n/b means either | n/b| or [ n/b]. Let k =logsa. Then, Time spent on last

recursive calls
Case 1. If f(n) = O(nk-¢) for some constant ¢ >0, then T (n) = O#*).

Time evenly distributed

Case 2. If f(n) = O(nklogrn), then T (n) = O(nk logP*! n). _
among recursive levels

Case 3. If f(n) = Q(n**+¢) for some constant ¢ >0 and if af(n/b) <cf(n) for
some constant ¢ < 1 and all sufficiently large n, then T(n) =© (f(n)). Time spent
on first calls
Pf sketch.
* Use recursion tree to sum up terms (assuming » is an exact power of b).
* Three cases for geometric series.
* Deal with floors and ceilings.



(kzlog 1=O-f(n):2"\ (k=log23;f(n)=n2 h
on 2: Q(nO,"'lng) . . n? = Q(nlogz 3+(2-log, 3))
1 Applications
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\ 2 2
T(n) =3 * T(n/2) + n? V

= T(n) = O(n?) (case 3)

J

T(n) =T(n/2) + 2"
= T(n) = O(2") (case 3)

T(n) =16 * T(n/4) + n
= T(n) = ©(n?) (case 1)

T(n)=2*T(n/2) +nlogn
= T(n) =nlog?n (case 2)

g T(n) =2"*T(n/2) + n" /_/\ )

k =log, 16 = 2; =
T o<nz_’i§") " | = Does not apply!! | k=log,2=1;f(n) = nlogn

nlogn = O(ntlogin)
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Akra-Bazzi theorem

Desiderata. Generalizes master theorem to divide-and-conquer algorithms
where subproblems have substantially different sizes.

Theorem. [Akra-Bazzi] Given constants a; >0 and 0 <b; <1, functions

hi(n) = O(n /log 2n) and g(n) = O(n°), if the function T(n) satisfies the recurrence:

k
T(n) = Y a;T (bin+ hi(n)) + g(n)

NN

ai subproblems small perturbation to handle
of size bin floors and ceilings

k

Then T(n)= 6 (np (1 + /n g}gu) du>> where p satisfies Zai b =1,
1

=1

EX. T(n) = 7/4 T(\n/2]) + T(3/4n]) + n2.
e a1=7/4, bi=172, ax=1, by=3/4 = p=2.
© (n)= [1/2n]-1/2n, h(n) = [3/4n]-3/4n.

your curiosity.

This is only to satisfy

Not at the final exam!

* g(n)=n? = T(n)=0On2log n).




Another Divide-and-Conquer Algorithms



Dot product

Dot product. Given two length n vectors a and b, compute ¢ = a-b.

Grade-school. ©(n) arithmetic operations. \
a-b = i
a =[.70 20 .10]
=[ A0 30]

b = (70 x 30) + (.20 x 40) + (.10 x .30) =

Remark. Grade-school dot product algorithm is asymptotically optimal.

24



Matrix multiplication

Matrix multiplication. Given two n-by-n matrices A and B, compute C = AB.

Grade-school. ©(3) arithmetic operations. '
CU = E atk bkj
k=1
-Cn Cp C, -au a, a, -bn b12 bln -
G Gy Gy, _ d, d, - 4, % b21 bzz e 2n
_Cnl Cn2 e Cnn i _anl an2 ot ann i _bnl an ot bnn |
59 32 41 J0 20 .10 .80 30 .50
31 36 25 = 30 .60 .10 x 10 40 .10
45 31 42 S0 .10 40 10 30 40

We can use divide-and-conquer techniques to
solve many problems on matrices!

Q. Is grade-school matrix multiplication algorithm asymptotically optimal?

25



Block matrix multiplication

C” /All A12 Bll
(152 158 164 170] [0 1 (2 3] [16 17 18 19]
504 526 548 570 4 5 6 7| |20 21 22 23
= X
856 894 932 970 8 9 10 11| |24 25 26 27
1208 1262 1316 1370 [12 13 14 15| |28 29 30 31|

0 1 16 17 2 3 24 25 152 158
C = A,xB,, + A,xB, = X + X =
! 4 5 20 21 6 7 28 29 504 526

That’s a like with binary numbers, but here with a 2D matrix instead.



Matrix multiplication: warmup

To multiply two n-by-n matrices A and B:
* Divide: partition A and B into %n-by-%n blocks.
* Conquer: multiply 8 pairs of Y4n-by-%4n matrices, recursively.
* Combine: add appropriate products using 4 matrix additions.

¢, = (AnXBn) + (A12XBz1)
C; Gy 4, A4y B, Bp C, = (A11XB12) + (Au"Bzz)
= X
Gy Gy Ay Ay By, By Cu = (AuxBy) + (4 xBy)
G, = (Azl XBlz) + (A22XBzz)
Running time. Apply case 1 of Master Theorem.
T(n)= 8T(n/2) + O(n*) = T(n)=0®n’)

~
recursive calls add, form submatrices

So far not better...
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Strassen's trick

Key idea. multiply 2-by-2 blocks with only 7 multiplications.
(plus 11 additions and 7 subtractions)

|

Pf. Ci2

Cll C12:| — |:A11 Al2] % |:B11 B12
C21 C22 A21 A22 B21 B22

Cii = Ps+Ps—Pr+ Ps
Cio= Pi+ P
Ca = P3+ Py
Cxn = P1+Ps—P3—P7

=P+ P>
= A1 x (Bi2—B») + (A1 + A12) x B»

=A11 xBio+Aix x By, v

P1— A1 x (Bi2— B»)
P> «— (A1 + A12) x B»
P3 — (421 + 422) x B
P4 — A x (B21 — Bn)
Ps — (A1 + A2) x (Bi1 + B2)
Ps — (412 — A22) x (B21 + B22)
P7 — (A1 — 421) x (B11 + B12)
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Strassen's algorithm

STRASSEN (n, A, B)
IFEA471= 1) RETURN A4 x B.
; ;Souv\r,r:; gfisz Partition 4 and B into 2-by-2 block matrices.
P1 < STRASSEN(n / 2, A11, (B12 — B22)). \
P> <« STRASSEN (n /2, (A1 + A12), B22). keep track of indices of submatrices

(don't copy matrix entries)

P3 «— STRASSEN (n /2, (421 + A2), B).

P4 «— STRASSEN(n /2, A2, (B21 — Bi1)).

Ps < STRASSEN(n /2, (A1 + A22) x (Bu1 + B22)).
Ps <— STRASSEN (n/ 2, (A12 — A22) x (B21 + B22)).
P7 < STRASSEN (n/ 2, (A1 — 421) x (Bu1 + B12)).
Ci = Ps+ Ps— P>+ Pe.

Ci2 = P1+ P

C21 = P3+ Pa.

Cxn = P1+Ps—P;— P

RETURN C.

29



Analysis of Strassen's algorithm

Theorem. Strassen's algorithm requires O(n*3!) arithmetic operations to
multiply two n-by-n matrices.

Pf. Apply case 1 of the master theorem to the recurrence:

T(n)= 7T(n/2)+ Om’) = T(n)=0n"=")=0n>*")

recursive calls add, subtract

Q. What if n is not a power of 2?
A. Could pad matrices with zeros.

1 2 3 0 10 11 12 O 8 90 96 O
4 5 6 0 13 14 15 0 | | 201 216 231 O
78 9 0 16 17 18 0 318 342 366 O
0 0 0 O 0 0 0 O 0 0 0 O

30



Strassen's algorithm: practice

Implementation issues.
» Sparsity.

Caching effects.

Numerical stability.

Odd matrix dimensions.
* Crossover to classical algorithm when # is "small” .

Common misperception. “Strassen is only a theoretical curiosity.”
* Apple reports 8x speedup on G4 Velocity Engine when n = 2,048.

« Range of instances where it's useful is a subject of controversy.

Outdated, but these are still valid observations!

31



Linear algebra reductions

Matrix multiplication. Given two n-by-n matrices, compute their product.

linear algebra order of growth

matrix multiplication AXB O(MM(n))
matrix inversion A1 O(MM(n))
determinant | 4| O(MM(n))
system of linear equations Ax=b OMM(n))
LU decomposition A=LU OMM(n))
least squares min ||[Ax — b ||2 O(MM(n))

numerical linear algebra problems with the same complexity as matrix multiplication

32



Fast matrix multiplication: theory

Q. Multiply two 2-by-2 matrices with 7 scalar multiplications?
A. Yes! [Strassen 1969] On' =7y = 0(n >

Q. Multiply two 2-by-2 matrices with 6 scalar multiplications?

A. Impossible. [Hopcroft and Kerr 1971] O(n =26 = 0(n )

Q. Multiply two 3-by-3 matrices with 21 scalar multiplications?
A. Unknown. @(nlog321)=0(n2.77)

Begun, the decimal wars have. [Pan, Bini et al, Schdonhage, ...]

- Two 20-by-20 matrices with 4,460 scalar multiplications. O(n>™)
« Two 48-by-48 matrices with 47,217 scalar multiplications. O(n>"™")
* A year later. 027
 December 1979. O(n >3

January 1980. O(n 2191y

33



History of asymptotic complexity of matrix multiplication

? brute force On?)
1969 Strassen O (n2808)
1978 Pan O (n27%)
1979 Bini O (n2730)
1981 Schénhage O (n2522)
1982 Romani O (n2517)
1982 Coppersmith-Winograd O (n249)
1986 Strassen O (n2479)
1989 Coppersmith-Winograd O (n2370)
2010 Strother O (n23737)
2011 Williams O (n23727)

? ? O(n2+e)

number of floating-point operations to multiply two n-by-n matrices



