Review 1

Isabeau Prémont-Schwarz

‘é * McGill

School of Computer Science

(Fall 2023)



Model fitting

input 9 MLaIgorlthmé y output
labels

features with parameters 6
f(z™;6)

the process of estimating the model parameters 8 from given data D, is the
core of training ML models which often boils down into optimization of an

loss function
tion £(6) £00) = L 1y™, f(z);0))
O* —= arg miIlg ,C(H)




Model fitting: MLE
Input 9 MLaIgorlthmé Yy output

labels
features with parameters 6

the process of estimating the model parameters 6 from given data D, is the core of training ML
models which often boils down into optimization of an loss function £(6)

A common approach is to use negative log probability as our

loss function: l(y, f(w,é’)) = — logp(y]f(x; 9))



Model fitting: MAP
Input 9 MLaIgorlthmé Yy output

labels
features with parameters 6

the process of estimating the model parameters 6 from given data D, is the core of training ML
models which often boils down into optimization of an loss function £(6)

A common approach is to use negative log probability as our

loss function: 7, £ 9). 0) = — log p(d|z, y)



0 y=1
p(w|0):{1—9 y =0

D ={0,0,1,1,0,0,1,0,0,1}

B which maximizes this is Maximum Likelihood Estimate (MLE)

Likelihood L(6;D) = p(D\m})m = 6*(1-0)°

Not the same!

B8 which maximizes this is Maximum A Posteriori (MAP)

p(D|9)p(6)

Posterior p(0|D) = T o000
ot the same!
p(heads|D) = p(y = 1|D) = [, p(heads|0)p(6|D)d0

= J, 6p(6|D)d8 5

Posterior Predictive: probability of getting heads taking into account model uncertainty
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(1,1,1) (3,3.3)

LA

(7,7,7) (5,2,2)

AA

(5.5,2) (0.2,0.2,0.2)

A A

Dir(6, [.2,.2,.2])

Dirichlet distribution

is a distribution over the parameters €bf a Categorical dist.

is a generalization of Beta distribution to K categories

this should be a dist. over prob. simplex >, 0x =1

. I o ap—
Dir(0|c) = —ﬁ%(a:)) [T, 65"

vector of psedo-counts for K categories (aka concentration parameters)
a > 0VEk

for a = [1,..., 1], we get uniform distribution

for K=2, it reduces to Beta distribution



Maximizing the Likelihood:

wo-| & |
o) p(8) oc 0396351 — 6y — 65)%

ikelihood D=11,1,3;
p(D|0) = 07 (1 — 6, — 65)

op(DI0) _ 201 (1 —6; — 0y) — 07 =260,(1— 26, — 05)

004
op(D|0) _92
06, 1




Maximizing the Posterior:

prior<—>p(9) 0. (9%59%5(1 — 91 — (92)25

Iikeligood
p(D|6) = 05(1 — 61 — 6)
posterior
7

p(0|D) = p(D|0)p(6) - 9%7035(1 — 6, — 92)26

p(D)
D ={1,1,3}
LT, = 03563° (1 — 0, — 6,) (27 — 536, — 276,)
op(6|D)

o) = 07763° (1 — 61 — 62)(25 — 516, — 256;)
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Maximizing the Posterior:

priore> p(@) X 9%5055(1 — (91 — (92)25

Iikeligood
2
p(D|0) = 61(1 — 6, — 62)
postfrior
5(01D) = KOO0 o G161 — g, — 6,)"
{1,1, 3}
0 = (27 — 5360, — 276,)
0 = (25 — 516, — 256;)
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Maximizing the Posterior:

Priore p(H) X (9%50%5(1 — (91 — 92)25

Iikeligood
p(D|6) = 9%(1 — 01 — 03)
posterior
B6/D) = 1P o TG (1 — 5, — 6,)"

D ={1,1,3)

0 = (27 — 536, — 2765)
01 =1— 26,
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Maximizing the Posterior:

prior<_>p(9) X (9%50%5(1 — (91 — 92)25

Iikeligood
p(D|6) = 9%(1 — 01 — 6s)
posterior
b(6/D) = MPOO) o 27035 (1 — 6, - 6,)

D={1,1,3)
0= (27— 53(1 — 216,) — 276,) = —26 + 81.126;
01 =1— 26,
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Maximizing the Posterior:
prior « p(e) X 9%59%5(1 — (91 — (92)25
likelihood

)
p(D‘e) — 9%(1 — 0 — 92)

postfrior
p(6|D) = EEAEE) o 63763° (1 — 6, — 6,)*°

D ={1,1,3}
0 = (27 — 53(1 — 51/256,) — 276) = —26 + 81.126,

01 =1-51/250, 2 27/78]  [0.346
f(,0) = 0 — |25/78| = |0.321
16, — 6, 2678 0.333:



01

f(ae)—|: 92
16,

4

p(6
p(0

p(4-=1D) =

fo fo le 28+26+27) 62725

p(4-=1D) =

T(28-+26+27)

}Finding the expected values of 6:
)

D|0)p(0
D) — p( p|(1))1))( ) 927925(1 o 9 B 92)26

I'(28+26+27
P<2(8>r< 26)T <)>927925(1 — 6 — 6,)*

D) =

= [, p(4=1]0)p(6|D)

(1 — 6, — 65)%do,db,

)T(27)

T'(29)0(26)T'(27)

— T(28)'(26)T(27)

__ 28 __
['(29+26+27) ]1 — 0.345...
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Linear model of regression

mput ML algorithm y
featu res with parameters w
f(z;w)

output
labels

fw(r) = wy +wizy + ... +wpxp

model parameters or weights (fve also called them 6 before)

[wo, wy, ... wp) bias or intercept

assuming a scalar output ~ f, : RP - R
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Probailistic interpretation

BN siven the dataset D = {(zV,yW), ..., (™), yM)}

learn a probabilistic model p(y|z;w)

consider p(y|z;w) with the following form

puly | z) =Ny |w'z,o?) = Lie 5

assume a fixed variance, say o¢% =1

Q: how to fit the model?
A: maximize the conditional likelihood!
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Maximum likelihood & linear regression

1 . (y_wT m)z

IETERIRY 5y | 25 w0) = N (y | w7 2,0%) = e 5

Y e w!z NN L(w) = [1p(y™ | 2™);w)

kg T ((w) = Y, — 5 (y™ — w' 2(™)2 + constants

AL R e
&

> e 578 :
N AR E I w* = arg max, {(w) = argmin,, 1 > (y™ —wz™)?
: | | linear least squares!

_,335

image from here

whenever we use square loss, we are assuming Gaussian noise!


http://http//blog.nguyenvq.com/blog/2009/05/12/linear-regression-plot-with-normal-curves-for-error-sideways/

Logistic function
p(y = 1z, w)/p(y = 0|z, w) = exp(w’ z)

desirable propertyof 0 : R — R, o(z) := 1—|—exi>(—a:)
all w'z > 0 are squashed close together
all w'z < 0 are squashed together
|OgiStiC funCtion (a ka )has these properties
14
r the decision boundary is
T,) — 1
o(w z) = lfew e > w'z=0&oc(w'z) =3
| | || still a linear decision boundary
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Logistic regression: The Loss
Maximize MLE <=> Minimize Negative Log Likelihood (NLL):

N @)Y if y(0) = 1 N . .
0)1.6) . Jow z)ify (T VD (1 — gD () )Y (1=
p(y |LL‘ ,w) {10(w ZC()) 1f (6) _ —0 J(w €L ) (1 a(w £ ))

L(D,w) = p(D|w) = [1,i yicp a(me(i))y(i) (1- a(wTa:(i)))(l_y(i))

J(w) = —log (L(D,w)) = = >4 yicp y D log (o(wlz®)) + (1 — y¥)log (1 — o(wTz?))

/ px) 4 q(x)

Cross-Entropy: >, —prloglqr)
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Gradient

how did we find the optimal weights?
(in contrast to linear regression, no closed form solution)

cost: J(w) =Y, 3" log (1+ e *") + (1 —y™)log (1 +e* *")

T..(n)

taking partial derivative ;% J(w) =", —y® g ﬁ + a2l (1 - y)-

VJ(w) =Y, ™ (" —y™)
o(w'z™)
compare to gradient for linear regression VJ(w) =) w(n)( _ y(n))

wa(n) 21



Softmax

generalization of logistic to > 2 classes:
e logistic: o : R — (0,1) produces a single probability
= probability of the second classis (1 — ¢(2))

o softmax: R¢ — Ac  recall: probability simplex p € A, — Zle pe=1
o = softmax(z). = w—r so ¥.9=1
=1

2

softmax([1,1,2,0]) = [2e+22+1’ SeT 1) 2ot 1) 2e+(122+1]
softmax([10,100, —1]) ~ [0, 1, 0]

if input values are large, softmax becomes similar to argmax

similar to logistic this is also a squashing function
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Implementing the cost function

softmax cross entropy cost function is the negative of the log-likelihood
similar to the binary case

T({we}) = — (N, (g™ 20 —log 3, e2))

naive implementation of log-sum-exp causes over/underflow

we could run into very large or small numbers inside the exponential
prevent this using this one trick!
Z2c — =~ Ze—2Z
log) . .e* =Z+log) . e*
where 2z <— maX,. 2.

this bring the numbers in exponent close to zero and makes the log-sum-exp numerically stable
23



10

S N A~ & ®

GCradient descent
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10

(= S - e .

GCradient descent

wittlh it — oV J(wlt)

l

learning rate
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Minimum of a convex function

Convex functions are easier to minimize:

e critical points are global minimum (t+1} o “
e gradient descent can find it w cw aVJ(w')

convex non-convex: gradient descent may find a local optima

J(w) @

/ o ~
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(Batch) Gradient Descent

use all training data to produce gradient estimates
_ 1

D the whole training dataset

(Mini Batch) Stochastic Gradient Descent

use a minibatch to produce gradient estimates

VI = 3 es Vin(w)

BC{1,...,N} asubset of the dataset

27



HOW TO SAMPLE LR
THE MINIBATCHES?? /o



Momentum

to help with oscillations:

e use a running average of gradients
* more recent gradients should have higher weights

Al e fAWED 4 (1 - )V (wlD)

|
w{t} <— w{t_l} — Aw{t} momentum of 0 reduces to SGD

common value > .9

is effectively an exponential moving average

Awi™h = ST BT-1(1 — B)V g (w)

there are other variations of momentum with similar idea P

weight for the most recent gradient (1-58)

weight for the oldest gradient (1 — 8)37 -1

t=1
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Example



(Adaptive Step Size) RMSprop

S ySUT 4 (1 ) (VI (1))’

wl — wp_qy — \/S??ﬂVJ(w{tl})

note that here is a vector and with the square root is element-wise
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Regularization and Maximum a Posteriori (MAP)

can we do Bayesian inference instead of maximum likelihood?
p(wly, X) o< p(w)p(y|w, X)

in general, this is expensive, but there's a cheap compromise:

MAP estimate  wM4P = arg max,, p(w)p(y|X,w)

= arg max,, log p(y| X, w) + log p(w)

likelihood: original objective

all that is changing is the additional penalty on w

32



Gaussian or Laplace prior

Gaussian Prior: L2 J(w) < J(w) + )‘H’LUH%
regularization:

Laplace Prior: L1 J(w) < J(w) +
regularization:

0.¢

0F

0sr

04drF

03fF

02F

01F

image from here

33


https://stats.stackexchange.com/questions/177210/why-is-laplace-prior-producing-sparse-solutions

A

El(fp(z) - ly)z] = E[(fp(z) — Ep[fp(2)] — y + Ep[fp(2)])’]
f(z) +e

unavoidable

Ffo(z) + Ep[fp(z)] — Ep[fp(x)] add and subtract a term oise error 3
=E[(fp(z) — Ep[fp(2)])’] +E[(f(z) —Ep[fp(x)])?] +E[] L A
variance biasA2 | gmé&-ﬁe& ‘gwéii: | g@’
Dy N /‘\J/ | / ‘



Cross validation

e divide the (training + validation) data into L parts

e use one part for validation and L-1 for training

e use the average

validation error and its

validation error

run 1

35
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this is called L-fold cross-validation



mean squared error
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