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Chapter 1
Background: Basic Analysis

This chapter provides some background material from measure theory, probability theory, and functional analysis. We
will not immediately need these definitions and results; the reader can skip this chapter or some parts in the first
reading and return to it when we refer to the material in future chapters.

1.1 Some basic inequalities

One of the most basic inequalities in analysis concerns the arithmetic and geometric mean. It is sometimes called
AM-GM inequality.

Theorem 1.1. The geometric mean of n non-negative reals is less than or equal to their arithmetic mean: If aq,...,an

are non-negative reals, then
l/n a1 + ...+ Qnp
{—.

(ar...an) -

In 1906, Jensen founded the theory of convex functions and proved a significant extension of the AM-GM inequality.
We call a subset D of a real vector space convez if every convex linear combination of a pair of points of D belongs
to D. Equivalently, if x,y € D, then tz + (1 — t)y € D for every t € [0,1]. Given a convex set D, we call a function
f: D — R convez if for every t < [0, 1],

flz+ (1 =t)y) <tf(z)+ (1 =) f(y).

If the inequality is strict for every ¢ € (0, 1), then the function is called strictly convexz.

Note that f is a convex function if and only if {(x,y) € DxR :y > f(x)} is a convex set. Also note that f: D — R
is convex if and only if fyy : [z,y] = R with fgy :te + (1 —t)y — tf(x) + (1 —t) f(y) is convex for every z,y € D. By
Rolle’s theorem, if f,, is twice differentiable, this condition is equivalent to J’D’y > 0.

A function f : D — R is concave if —f is convex. The following theorem is one of the most useful inequalities in
analysis.

Theorem 1.2 (Jensen’s inequality). If f : D — R is a concave function, then for every xy,...,2, € D andty,... t, =
0 with >, t; = 1 we have

Furthermore, if f is strictly concave, then the equality holds if and only if all x; are equal.

The most frequently used inequalities in functional analysis are the Cauchy-Schwarz inequality, Holder’s inequality,
and Minkowski’s inequality.

Theorem 1.3 (Cauchy-Schwarz). If z1,...,z, and y1,...,y, are complex numbers, then
n n 12 o, 1/2
o< () (Swr)
i=1 i=1 i=1
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Holder’s inequality is an important generalization of the Cauchy-Schwarz inequality.

Theorem 1.4 (Holder’s inequality). Let x1,...,2, and y1,...,y, be complex numbers, and p,q > 1 be such that

% + % =1. Then
n 1/p / n 1/q
< (zw) (zw) |
=1

i=1

n
E TiYi
i=1

The numbers p and g appearing in Theorem 1.4 are called conjugate exponents. Moreover, p = 1 and ¢ = co are

also called conjugate exponents, and Holder’s inequality in this case becomes:

n n

J— n
lelyl < (Z %|> (I{l:afqyz\)
1=

i=1
Finally, let us state Minkowski’s inequality, which corresponds to the triangle inequality for ¢, norms.

Theorem 1.5 (Minkowski’s inequality). If p > 1 is a real number, and x1,...,x, are complex numbers, then

n 1/p n 1/p n 1/p
(ZL’E: +yi|p> < <Z|$l|p> + <Z|yl|p> :
i=1 i=1 i=1

The case of p = oo of Minkowski’s inequality is the following:

n n n
max |z; + y;| < (maXIwil) + (maXIin) :
=1 1=1 =1

1.2 Measure and Probability Spaces

In this course, we will mainly work with measures over finite sets. However, to provide a reference for the interested
reader and put the concepts in a broader context, we state the following definitions in a more general form.
A o-algebra over a set ) is a collection F of subsets of ) that satisfies the following three properties:

e We have () € F.
e It is closed under taking complements. That is, if A € F, then A°:=Q\ A also belongs to F.
e It is closed under any countable union of its members. That is, if A;, As,... belong to F, then U2, A; € F.

Example 1.6. Let Q be an arbitrary set. Then F = {(, Q} is called the minimal or trivial o-algebra over Q. The
power set of Q, denoted by P (), is the mazimal o-algebra over Q.

For two o-algebras F; and F> over , if 71 C Fs, then we say that Fy is finer than Fi, or that F; is coarser
than F5. Note that the trivial o-algebra is the coarsest o-algebra over €2, while the maximal o-algebra is the finest
o-algebra over ).

Definition 1.7 (measure and probability spaces). A measure space is a triple (Q, F, ) where F is a o-algebra over
) and the measure p: F — [0,00) U {+00} satisfies the following two axioms:

e Null empty set: u(@) = 0.

e Countable additivity: if {E;};cz is a countable set of pairwise disjoint sets in F, then

wW(UiezBy) = u(Ey).
€L

The function p is called a measure, and the elements of F are called measurable sets.

If furthermore p : F — [0,1] and u(2) = 1, then (2, F, u) is a probability measure. In this case, the sets £ € F
are called events, and u(F) is the probability that the event E occurs.
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Definition 1.8 (Counting Measure). The counting measure on § is the triple (€2, P(Q2), 1) where the measure of a
subset S C 2 is the number of elements in S. Note that u(S) = oo if S is infinite.

When € is a finite set, another natural measure is associated with €2: the uniform probability measure, which
assigns an equal weight of ﬁ to every element.

Definition 1.9 (Uniform Probability Measure). The wuniform probability measure on a finite set § is the triple

(Q,P(Q), 1) with u(S) = {5} for all § C Q.

A measure space M = (Q, F, u) is called o-finite if Q is a countable union of measurable sets of finite measure. In
other words, there exists sets Eq, Ea,... in F such that u(FE;) < oo and Q = Uf; FE;. The class of o-finite measures
has many convenient properties.

‘ Every measure space in this course is assumed to be o-finite. ‘

For many natural measure spaces M = (2, F, u), it is difficult to specify the elements of the o-algebra F. Instead,
to definite i, one specifies ¢ on a subcollection F' C F that uniquely determines M. To make this rigorous, we need
the following definition.

Definition 1.10. For a set €2, a collection A of subsets of € is called an algebra if
o ) e A
e A/Be A, then AUB € A.
e A,B€ A, then A\ B € A.
The o-algebra generated by A is the minimal o-algebra containing .A.

Example 1.11. Let A be the set of all finite unions of disjoint (open, closed, or half-open) intervals in R. Then A is
an algebra over R, but it is not a o-algebra as it is not closed under taking countable unions.

A function p : A — [0,00) U{+0o0} is a measure over an algebra A if for every finite set of disjoint Ey,..., E,, € A,
we have

m
p(UL B = u(E;).
i=1
The following theorem shows that to define a measure space (€, u, F), it suffices to specify p on an algebra A that
generates F. By this theorem, such a measure extends to F uniquely.

Theorem 1.12 (Carathéodory’s extension theorem). Let A be an algebra of subsets of a given set Q. One can always
extend a o-finite measure p on A to the o-algebra generated by A; moreover, the extension is unique.

Example 1.13 (Borel measure on R). Let A be the algebra on R, defined in Example 1.11. Set the measure of an
(open, closed, or half-open) interval as its length and, more generally, the measure of a finite union of disjoint intervals
to be the sum of their lengths.

By Carathéodory’s extension theorem, p extends uniquely to the o-algebra generated by A. The generated o-
algebra on R is called the Borel g-algebra on R, and the resulting measure, the Borel measure.

Product Measure: Counsider two o-finite measure spaces My := (Q1, F1, 1) and Mo := (Qa, Fa, u2). Let F1 ® Fa
denote the o-algebra on the Cartesian product 1 x Q9 generated by subsets of the form A; x A; with A; € F; and
Ay € Fy. It should be noted that F x G is not the Cartesian product of the two sets F and G, and instead it is the
o-algebra generated by this Cartesian product.

We define the product measure My x Mg == (2 x 3, F; ® Fa, i1 X usz) as follows: For Fy € F; and Fy € Fo, let
1 X pa(Fy x Fy) = p1(F1)pe(Fy). One can use Theorem 1.12 to show that py X uo extends uniquely to a measure
over all of F x G, as desired.



Random Variables: Let P = (Q, F,u) be a measure space. Let (X,€) be a pair where £ is a o-algebra over 3.
A function X :  — ¥ is called measurable if the preimage of every set in £ belongs to F. In other words, for every
Eeg,

X YE)={X""Ya) |a€ E} € F.

If P is a probability space, then X is called a random variable. In this case, the random variable X induces a probability
distribution on (X, £): for every E € £, we have

Pr[X € E] .= n(X1(E)).

Example 1.14. Let Q@ = {00,01,10,11}, F = P(Q)), and let u be the uniform probability measure on €. Define
X :Q— Nas X(00) =0, X(10) = X(01) =1, and X (11) = 2, corresponding to the number of 1’s in the string. Here,
N refers to the set of natural numbers endowed with the discrete o-algebra P(N), which is the power set of N. Note
that X is a random variable, and for example, we have

Pr[X € {1,2}] = u({10,01,11}) = Z

We finish this section by stating the Borel-Cantelli theorem.

Theorem 1.15 (Borel-Cantelli). Let (E,)2; be a sequence of events in some probability space. If the sum of the
probabilities of E,, is finite, then the probability that infinitely many of them occur is 0, that is,

Z Pr(E,] < co = Pr[limsup E,,] = 0,
n=1 n—oo

where - n
limsup F,, := ﬂ U FEy.

n—roo n=1k=1

1.3 Normed spaces

A metric space is an ordered pair (M, d) where M is a set and d is a metric on M, that is, a function d : M x M — [0, 00)
such that

e Non-degeneracy: d(x,y) =0 if and only if z = y.
e Symmetry: d(z,y) = d(y,x), for every z,y € M.
e Triangle inequality: d(z,z) < d(x,y) + d(y, z), for every x,y,z € M.

A sequence {x;}5°, of elements of a metric space (M, d) is called a Cauchy sequence if for every € > 0, there exist an
integer N., such that for every m,n > N, we have d(z,, z,) < €. A metric space (M, d) is complete if every Cauchy
sequence has a limit in M. A metric space is compact if every sequence has a convergent subsequence.

Next, we define a normed space, a central concept to function analysis.

Definition 1.16. A normed space is a pair (V, || - ||), where V is a vector space over R or C, and || - || is a function
from V to nonnegative reals satisfying

e (non-degeneracy): |lz|| = 0 if and only if z = 0.
e (homogeneity): For every scalar A, and every = € V, || Az|| = |A|||z]]
e (triangle inequality): For z,y € V, ||z + y|| < ||z + [ly]|.

We call ||z||, the norm of x. A semi-norm is a function similar to a norm except that it might not satisfy the
non-degeneracy condition.

Example 1.17. The spaces (C, |- |) and (R, |- |) are respectively examples of 1-dimensional complex and real normed
spaces.



Every normed space (V, || - ||) has a metric space structure where the distance of two vectors = and y is ||z — y||.
Consider two normed spaces X and Y. A bounded operator from X to Y, is a linear function T': X — Y, such
that

T
1T = sup 120y (1.1)
w#0 |lzllx

The set of all bounded operators from X to Y is denoted by B(X,Y’). Note that the operator norm defined in (1.1)
makes B(X,Y’) a normed space.
A linear functional on a normed space X over C (or R) is a bounded linear map f : X — C (respectively R), where

171 = sup L < oo
"5 Tl

bounded means

The set of all bounded linear functionals on X endowed with the operator norm, is called the dual of X and is denoted
by X*. So for a normed space X over complex numbers, X* = B(X,C), and similarly for a normed space X over real
numbers, X* = B(X,R).

For a normed space X, the set Bx := {z : ||z|| < 1} is called the unit ball of X. Note that by the triangle
inequality, Bx is a convex set, and also by homogeneity, it is symmetric around the origin (i.e., x € Bx iff —x € Bx).
The non-degeneracy condition implies that B x has a non-empty interior.

Every compact symmetric convex subset of R™ with a non-empty interior is called a convezr body. Convex bodies
are in one-to-one correspondence with norms on R™. A convex body K corresponds to the norm | - || on R™, where

|z]| = sup{\ € [0,00) : Az € K}.
Note that K is the unit ball of || - || x. For a set K C R"™, define its polar conjugate as
K":{xeR":inyigl, Yy € K}. (1.2)

The polar conjugate of a convex body K is a convex body, and furthermore (K°)° = K.

Consider a normed space X on R™. For x € R™ define T, : R" — R as T (y) := >, z;y;. It is easy to see that
T, is a linear functional on X, and every functional on X is of the form T, for some z € R™. For x € R™ define
[lz]|* := ||T%||. This shows that we can identify X* with (R™,|| - ||*). Let K be the unit ball of || - ||. It is easy to see
that K°, the polar conjugate of K, is the unit ball of || - [|*.

1.4 Hilbert Spaces

Consider a vector space V over K, where K =R or K= C. An inner product (-,-) on V, is a function from V x V to
K that satisfies the following axioms.

e Conjugate symmetry: (z,y) = (y,x).
e Linearity in the first argument: (az + z,y) = a(z,y) + (z,y) for a € K and z,y € V.
e Positive-definiteness: (z,z) > 0 if and only if 2 # 0, and (0,0) = 0.

An inner product space is a vector space endowed with an inner product.

Example 1.18. Let (2 be a finite set endowed with the uniform probability measure and consider the vector space V
of all functions f: Q — C. For f,g: Q — C define

(f.9) = Encaf(2)g(@) = ﬁ 3 f@)g@).

z€|Q|

Note that this is a valid inner product as it satisfies all the axioms of an inner product.



Example 1.19. More generally, consider a measure space M = (Q, F, ), and let H be the space of measurable
functions f : 2 — C such that [ |f(z)|*du(x) < oo. For two functions f,g € H define

(f.9) = / f(@)g(@)du(x).

An inner product naturally defines a norm on V. For a vector x € V, define ||z| == v/(z, x).

Lemma 1.20. For an inner product space V', the function ||-|| : © — \/{x,x) is a norm. Furthermore, it satisfies the
Cauchy-Schwarz inequality
[z, 9| < [l llllyll-

Proof. First, note that for every x € V', we have
0,2) =(x —x,z) = (x,2) — (z,z) =0,

and similarly (x,0) = 0.
To verify the Cauchy-Schwarz inequality, we may assume that (z,y) # 0 and x,y # 0 as otherwise the Cauchy-
Schwarz inequality is trivial. By the positive-definiteness of the inner product,

0< @+ Ay, x4+ My) = (z,2) + [\ (y,9) + M, y) + Ay, z).

(z,x) (z,y)
[(z,y)]

W shows that

Now taking A = X

which shows

()| < 2v/(z,2)(y, ).

It remains to show that ||z|| = \/(z,z) is a norm. The non-degeneracy and homogeneity conditions are trivially
satisfied. To verify the triangle inequality, note that by the Cauchy-Schwarz inequality, we have

o +yl? = (z +y, 2 +y) = (,2) + (@,9) + (v, 2) + @, 9) < lzlllz] + Nzl + lylllzl + ly iyl = Azl + ly])*.
Therefore,
Iz +yll < ll=ll + [lyll-
|
A Hilbert space is a real or complex inner product space that is also a complete metric space with respect to the

distance function induced by the norm ||z|| :== /(z,x). It is easy to verify that every finite-dimensional inner product
space is a Hilbert space.

Example 1.21. Consider the vector space V of all functions f : N — R that have finite supports, meaning that
{z : f(z) # 0} is finite. This is a vector space over R and can be turned into an inner product space with the inner

(u,v) = Z Ui V5.

i€N

product

However, this is not a Hilbert space as it is not complete. For example, consider the sequence of vectors
u® = (1,271,272, ... 27%,0,0,...).

It is easy to see that vV, u(?), ... is a Cauchy sequence, but it does not have a limit in V, and hence V is not a Hilbert
space. However, we can complete V' to a Hilbert space by extending it to include all functions f : N — R with

ST < oc.

i€EN
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1.5 L, spaces

Consider a measure space M = (Q,F, ). For 1 < p < oo, the space L,(M) is the space of all functions f : Q@ — C

such that
1/p
a0 = ([ U@ Pduta)) <o

When 4 is clear from the context, and there is no ambiguity, we write [ f[|, instead of || f|[z, ()
Strictly speaking, every element in L,(u) is an equivalent class: Two functions f; and f are equivalent and are
considered identical if they agree almost everywhere or equivalently || f1 — falz, () = 0.

Proposition 1.22. For every measure space M = (Q, F, i), the vector space L,(M) is a normed space.

Proof. Non-degeneracy and homogeneity are trivial. It remains to verify the triangle inequality (or equivalently prove
Minkowski’s inequality). By applying Holder’s inequality:

I£49ly = [ 17(@)+ go)Pduta /|f +9(@)P1f(@) + 9(o)lduo)
< U@+ g@P @) + [ 1) + 9@ lg(olduta)
< ( / If(w)+g(w)lpdu(fc)> ’ ||f||p+< / If(x)+g(x)l”du(x)> " ol
= 1+l Al + ),
which simplifies to the triangle inequality ([

Another useful fact about the L, norms is that when defined on a probability space, they are monotone increasing
in the parameter p.

Theorem 1.23. Let M = (Q, F, u) be a probability space, 1 < p < g < oo be real numbers, and f € Ly(M). Then
feL,M), and
1£1lp < [1f1lq-

Proof. The case ¢ = oo is trivial. For the case ¢ < oo, by Holder’s inequality (applied with conjugate exponents % and

191 = [ 1P < 1dute (/|f Vod(a ) (/u%du(m))q:nﬂ?

-1 we have
a—p
Theorem 1.23 does not hold when M is not a probability space. For example, consider the set of natural numbers

O

N with the counting measure. It is common to use the notation ¢,(N) := L, (N) when we consider the counting measure

on N. In this case,
S 1/p
1flle, = (ZIf(TOI”) :
n=1

and it is not difficult to verify that the £, norms are actually decreasing.

Proposition 1.24. Let 1 < p < ¢ < 0o be real numbers, and f € £,(N). Then f € £,(N) and

£ lle, = 1 £1le, -

1.6 Exercises
Exercise 1.1. Prove Proposition 1.24.
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Exercise 1.2. Recall that by Holder’s inequality, if p,q > 1 are conjugate exponents and aq,...,an,b1,...,b, are

n n 1/p n 1/q
i=1 i=1 i=1

Deduce from this, that if 4(1),..., u(n) are non-negative numbers with > | p(i) = 1, then

n 1/p n 1/q
<<Z|aipu<i>) (Zlbilqﬁt(i)) :

i=1 i=1

complex numbers, then

Z aibipu(i)
i=1

Exercise 1.3. Let X be a probability space, and p,q > 1 be conjugate exponents (i.e., = +

every f € L,(X), we have

1,1 1). Show that for
p T q

[fllp =" sup [(f,9)].

gillglla=1

Exercise 1.4. Suppose that (X, u) is a measure space and % + % + % =1, for p,q,r > 1. Show that if f € L,(X),
g € Ly(X), and h € L,.(X), then

’/f(x)g(fc)h(x)du(w) < [ £llpllgllqllAll-

Exercise 1.5. Suppose that X is a measure space and %—&— L'— 1 for p,q,r > 1. Show that if f € L,(X) and

q T
g € Ly(X), then
1fgllr < 17 1Ipllgllq-

Exercise 1.6. Let X be a probability space. Let ||T||,—4 denote the operator norm of T : L,(X) — L4(X). In other
words

ITllp—q := sup (Tfq
Flfllp=1

Recall that the adjoint of T is an operator T*such that

(Tf,9)=(f,T"g),

for all f,g € La(X). Prove that for conjugate exponents p,q > 1, and every linear operator T : Lo(X) — Lo(X), we
have

ITllp—2 = 1T [l2-q-

12



Chapter 2

Fourier analysis of Finite Abelian Groups

This chapter develops the basic Fourier analysis of finite Abelian groups. Recall that the cyclic group Zy is the Abelian
group with elements {0,1,..., N — 1}, where the group operation is a + b := a + b (mod N).

The fundamental theorem of finite Abelian groups states that every finite Abelian group is a direct product of
cyclic groups.

Theorem 2.1. Every finite Abelian group G is isomorphic to the group Zn, X ... X Zp, for some positive integers
Ni,..., Ng.
In this course, we will mainly focus on the group Z§ := Zy x ... X Z2 as it naturally represents the discrete cube

{0,1}™. This identification of {0,1}"™ with Z% enables us to use the Fourier analysis as a powerful tool in the study of
Boolean functions f : {0,1}" — {0,1}.

2.1 The space of functions on GG

Let G be a finite Abelian group G. We endow G with the uniform probability measure, which assigns a probability of
|—Cl” to each element. We define the inner product of every two functions f,g: G — C accordingly as

(f,9) = Baca f(@)a(a) = ﬁ S f@)g@). (2.1)

zelG

We denote the linear space of all functions f : G — C with the above inner product by Lo(G). Note that Ly(G) is
a |G|-dimensional vector space, as it is spanned by the set of functions 1, : G — {0, 1} for a € G, where

1o(2) 1 ifxz=a
o) = .
0 ifzxs#a

Note that the norm defined by the above inner product is

11|z = V{f. ) = VEseal f(@)2.

As we proved in Section 1.4, || f||2 satisfies the axioms of a norm, and we have the Cauchy-Schwarz inequality:

I(F Dl < Afll2llgll2-

For 1 < p < oo, we define
I£lly = (Ezec|f(2)P)"?,

and for p = oo,
Il = max|f(@)].
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We proved in Section 1.5 if p € [1,00], then ||-||, satisfies the axioms of a norm. Moreover, we have a generalization of
the Cauchy-Schwarz inequality, called Holder’s inequality. It states that if p, ¢ € [1, o] satisfy % + % =1, then

Kol < fllpllglla-

2.2 Fourier Analysis

We start with the definition of Fourier characters.

Definition 2.2 (Fourier Character). Let G be a finite Abelian group. A function x : G — C\ {0} mapping the group
to the non-zero complex numbers is called a character of G if it satisfies the following two conditions:

e x(0) =1, where 0 is the identity of G;
e x(a+b)=x(a)x(b) for all a,b € G.
In other words, x is a group homomorphism from G to the group (C\ {0}, x).

Note that the constant function 1 is always a character, which is called the principal character of G. Let x be a
character of GG, and consider an element a € (. Since G is a finite group, every element a is of some finite order n
(i.e., na = 0 where na refers to adding a to itself n times). Hence 1 = x(0) = x(|Gla) = x(a)™ which shows that x(a)
is an n-th root of unity. Recall that the n-th roots of unity are of the form

» 2mk 2mk
2™ = cos <W> + i sin (W) where £k =0,...,n— 1.
n n

In particular, every character y of G satisfies x : G — T where T is the unit complex circle.

6271'2%

Figure 2.1: The set of 8-th roots of unity. If a € G is an element with 8a = 0, then x(a) is an 8-th root of unity.

Theorem 2.3 (Pontryagin dual). The set of the characters of every finite Abelian group G equipped with the point-wise
product of complex-valued functions form an Abelian group G, which is called the Pontryagin dual of G.

Proof. The principal character 1 is the identity of G as we have x1 = 1x = x for every x € G. Note that if X

and ¢ are characters of G, then x¢ is also a character. To verify this fact, note x(ab)é(ab) = x(a)é(a)x(b)é(b), and
x(0)£(0) =1 x 1 = 1. To check the existence of the inverse elements, note that if y is a character, then y ! := % =X
is also a character as x(0) =1 =1 and x(ab) = x(a)x(b). O

2.2.1 Fourier characters of Z}

First, consider the group Zs = {0,1}. Let x be a character of Zs. According to the definition of a character, we must
have x(0) = 1. Furthermore, since 1 +1 = 0, we have 1 = x(1 + 1) = x(1)?, which shows that x(1) =1 or x(1) = —1.
Therefore, Zs has only two characters: the principal character xo =1 and x1 : @ — (—1)* for x € Zs.

14



Now that we have described the two characters of Za, we can easily construct the characters of Z%. Indeed if x is
a character of G and ¢ is a character of H, then the map x x ¢ : G x H — T defined as x x ¥(g, h) == x(g)¥(h) is a
character of G x H. Since Z% is the product of n copies of Zs, by choosing xo or x1, for each copy, we can construct
2™ characters for Zs. Let us describe these characters.

For every a = (a1, ...,a,) € ZY, we construct a corresponding character x, : Z% — {—1,+1} with
Xa($) = H (_1)901- _ (_1)21-:%:1 i
ia; =1

The principal character is o = 1 where the 0 in the index refers to (0, ...,0), the identity element of the group.
It is easy to verify that these are all the characters of Z%. In the case of Z%, the characters are real-valued (they only
take values 1 and —1), but as we shall see below for all other Abelian groups, some characters take non-real values.

Since the coordinates of a € Z} are 0 or 1, we will sometimes identify a with the set S ={i:a; =1} C{1,...,n},
and denote the characters as xs for S C {1,...,n}. This notation is sometimes more intuitive as

xs(z) = (_1)Eieszi7

furthermore, in future chapters, when we take a probabilistic approach to decomposing functions, this notation extends
to general product spaces (where there is no group structure). In this notation, xy corresponds to the principal
character.

2.2.2 Fourier characters of Zy and Zy, X ... X Zy,

Next, consider the group Zy = {0,1,..., N — 1}, where the addition is mod N. Let x be a character of Zy. According
to the definition of a character, we must have x(0) = 1. Moreover, as we discussed earlier

XY =x(1+...+1)=x(0) =1,
which shows that x(1) is an N-th root of unity and therefore, it is of the form

x(1) ="' F,

for some a € {0,..., N — 1}. Note further that for every = € Zy, we have y(z) = x(1)* = 2™¥ .

We showed that every character of Z must be of the form

Ya @ T €27

for some a € {0,..., N — 1}, and on the other hand, one can easily verify that each such y, is a character.

Finally, now that we have described the characters of Z, we can multiply these characters to obtain the characters
of any Abelian group G =Zy, X ... X Zn;, .

For a = (a1,...,a;) € {0,...,N;1 — 1} x ... x {0,..., Ny, — 1}, we define the corresponding character x, : G — T
as

k k
Xa(T1,-. ., Tk) = H Xa; () = H Bl LN (2.2)
i=1 i=1

2.2.3 Self-duality: G = G

In Theorem 2.3, we showed that the characters form an Abelian group G under the point-wise multiplication. On the
other hand, in Eq. (2.2), we gave a full description of the characters of a general finite Abelian group G = Zy, X...XZn;, .
Let us try to understand the structure of G using this description of characters.

First, let us consider G = Zy for simplicity. Consider a,b € {0,..., N — 1} and their corresponding characters
Xa(z) = 2% and x(z) = 27 ¥

Which x. corresponds to the character x,x;? Note that

(atb)x i cx
it 6271'1%

XaXb(Z) = Xa(z)Xx0(x) =€
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where ¢ € {0,..., N — 1} is the element with ¢ = (a + b) mod N. Note also that xo = 1. Indeed, Z?V is isomorphic
to Zy with the isomprphism y, +— a for a € Zy = {0,..., N —1}. Note that this argument easily generalizes to
Zn, X ... X Zp,. We obtain the following theorem.

Theorem 2.4. For every finite Abelian group G, we have G = G.

Remark 2.5. We emphasize that Theorem 2.4 is not necessarily true for infinite Abelian groups. However, the case
of infinite Abelian groups is beyond the scope of this course.

In light of Theorem 2.4, it is convenient to index the characters of G with the elements of G and denote the
characters of G by x, for a € G.

2.2.4 Fourier Transform and Orthogonality of characters

Our next goal will be to prove that the characters form an orthonormal basis with respect to the inner product defined
in Eq. (2.1). First, let us prove a simple lemma regarding the sum of a character over all elements in the group.

Lemma 2.6. Let G be a finite Abelian group, and x be a non-principal character of G. Then ) .~ x(x) = 0.

Proof. Suppose to the contrary that . x(x) # 0. Consider an arbitrary y € G, and note

XW) D x@) = xy+z)=> x),

zeG zeG zeG

which shows that x(y) = 1. Since this is true for every y € G, we conclude that x must be the principal character,
which contradicts the assumption of the lemma. ([l

Now, we can prove the orthogonality of the characters.

Lemma 2.7. The characters of a finite Abelian group G are orthonormal: For x,v € CAT', we have

)1 dfx =9
Do) = {o iFx#y

Proof. Since the range of a character is T, we have
(¢ x) =E[Ix(@)P’] =E[1] = 1.

It remains to verify the orthogonality. Let x # 1 be two different characters. Then xi = x¢~! is a non-principal
character of G. Hence by Lemma 2.6, we have

(x;¥) = E [x(z)¢(2)] = E [x¢(x)] = 0.
O

Since Ly(@) is a |G|-dimensional vector space and |G| = |G|, the orthonormality of the characters implies that
they must form an orthonormal basis for Ly(G). Namely, in addition to being orthonormal, they span the whole space

Ly(G).
Theorem 2.8. If G is a finite Abelian group, then the characters of G form an orthonormal basis for La(G).

Since the characters form an orthonormal basis for La(G), every function f : G — C has a unique expression as a
linear combination of the characters
F=>" fa)xa-
acG

~

The corresponding coefficients f(a) € C are the Fourier coefficients of f.
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Definition 2.9. The Fourier transform of a function f : G — C is the function f: G — C defined as

FO0 = (f.x) = Ef(2)x(2).

~ ~

For a € G, we will often use the notation f(a) to denote f(x,). Similarly, in the case of Z3, for S C [n] == {1,...,n},

~ o~

we use the notation f(S) to denote f(xs).

The formula

F=>" F@a)xa,

a€eG

that uniquely expresses f as a linear combination of characters is called the Fourier inversion formula as it shows how
the functions f can be reconstructed from its Fourier transform.

Example 2.10. Let f: Z5 — {0,1} be the parity function f:z + Y. | 2; (mod 2). Then

f@)zEﬂxMozEf@):%.
We also have ~ 1
F([n]) = Ef (@) (-1)>i= % = =,

since f(z) = 1 if and only if 337, z; = 1 (mod 2).
Next consider ) C S C [n], and let Consider jo € S and j; € S. We have

~ 1

f(S) =Ef(z)xs(z) = E [f(@)xa(z) + f(2 + €5y +ej)xs(z +€j, +e5,)],

where e; denotes the vector in Z% which has 1 at its jth coordinate and O everywhere else. Note that f(z) =

~

f(x +ej, +ej,) and furthermore xg(z) = —xs(x + €j, + €5, ). We conclude that f(S) =0 for every 0 C S C [n]. The
Fourier expansion of f is

2.2.5 Basic properties of the Fourier Coefficients

The Fourier transform is a linear operator: )7—&—\ g= /\]?—i— g, and we have the following easy observation.

Lemma 2.11. The Fourier transform satisfies
[ flloo := max [f(a)] < [ f]}1-

Proof. For every a € G, we have

F@) = [Ef@)xa@)| < Elf @) a(@)] = Elf@)] = £

-~

The principal Fourier coefficient f(0) is of particular importance as

~

f(0) = E[f(2)].
1]

So if 14 is the indicator function of a subset A C G, then i\A(O) = [g] Is the density of A.

Next, we prove Parseval’s identity, a simple but extremely useful fact in Fourier’s analysis.

Theorem 2.12 (Parseval). For every f € La(QG),

1715 =D If (@)

a€eG
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Proof. We have
If13 = (f: f) = <Z Fla)xa: Y f(b)Xb> = 3" F@) ) {xa x0)-
aed beG a,beG

The identity now follows from the orthonormality of characters:

( - 1 ifa=0b
Xayr Xb) = 0 1fa,7éb

O

The proof of the Parseval identity, when applied to two different functions f,g € Lo(G), implies the Plancherel
theorem:

(f.9)=">_ Fla)3(a).

a€eG
Let 14 denote the indicator function of A C G. In this case, Parseval’s identity shows

_ A

> Ta@F =Elta@) = Blta@)] = o

a€eG

Recall also that

2.2.6 Physical Space versus Fourier Space

Consider the space La(G) of the functions f : G — C. The most natural linear basis for L2(G) is the set of functions
1,: G — {0,1} for a € G, where
1 ifz=
1 () = { ifr=a

0 ifm;éa'

Note that the unique expansion of f in this linear basis is

F=Y fan,.

a€eG

This is the expansion of f in the “physical space” where we expanded f in terms of the indicator functions of the
elements in G, and the coefficients are simply the values of f on those elements.

In contrast, in the Fourier space, we expand f as a linear combination of the characters of the group, and the
coefficients are the Fourier coefficients:

F=>" fla)xa.

a€eG

The Fourier transform is simply a change of basis from the indicator functions 1, to Fourier characters x,.
Not that with our normalization choice in defining the inner product, the characters are orthonormal, while unfor-
tunately, the indicator functions 1, need to be normalized to |\/§|1a to become orthonormal.

2.3 Convolution

In this section, we introduce a key notion in functional analysis called convolution.

Definition 2.13 (Convolution). Let G be a finite Abelian group. Given two functions f,g : G — C, the convolution
f*g:G — Cis defined as

fxg(x) =Eyealf(z—y)g(y)]

Note that f * g(x) is the average of f(a)g(b) over all pairs a,b with a + b = x.

18



Remark 2.14. Consider a set A C G. Then f x 14(x) is the average of f over the set x — A= {z —y:y € A}. For
example if A is the Hamming ball' of radius r around 0 in Z%, then f x 14(x) is the average of f over the Hamming
ball of radius r around z.

Next, we list some basic properties of the convolution.

Lemma 2.15. Consider three functions f,g,h: G — C.

(a) We have
frg=gxf
(b) We have
(f*g)xh=fx(gxh).
(c) We have
fx(Ah+g)=Afxh+ fxg.
(d) We have

1 * glloo < 1f[l1llglloo-
(e) More generally, if p and q are conjugate exponents (i.e., they satisfy % + % =1), then

1 # gllee < I/ lIollgla-

(f) We have
I1f = glle < I1flxllglls-

Proof. (a) For every x € G, we have
frg(@) =Ey[f(z —y)g(¥)] = Ey[f(z —y)g(z — (z —y))] = Ez[f (2)g(x — 2)] = g = f ().
(b) By Part (a),

(fxg)xh(@) = (g9 f)*hx)=EEylg(x -2 —y)f(y)lh(z) =
By z9(x —2—y)f(y)h(z) = (h*g) * f(z) = [ (g +h)(x).

(c) is trivial.
(d) is a special case of (e).
(e) For every x € G, by Holder’s inequality, we have

|f # 9(@)| < Eyealf(z = y)llg)| < (Elf @ = )" Elg(x)|) " = ELF&I)Y lglly = 1£lllg]q
(f) We have

1% gl = Ex [f * 9(0)| < By [f(x = ¥)Il9(¥)| = Eay | f(2)[l9(y)| = Eal f(2)[Eylg(y)] = [IF]I1]lgl]1-

O

The following lemma states that the Fourier transform of f * g is the point-wise product of the individual Fourier
transforms f and g.

Lemma 2.16. For every f,g: G — C, we have

fxg=1f-g

I The Hamming ball of radius r around 0 is defined as {a: €Ly Yz < r} C Zy.
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Proof. We have

Frgla) = Exf+g(x)xa(x) = Ex (By f(z = y)9(y)) Xa(*) = Exy f(x = ¥)9(¥)Xa(x = ¥)Xa(y)
= E,yf(2)9(y)Xa(2)Xa(y) = E2f(2)Xa(2)Ey9(¥)Xa(¥) = f(a) - G(a).
|
Note that Lemma 2.16 in particular shows that
Ex f * g(x) = E[f]E[g].
We also have the dual version of Lemma 2.16,
folw) =" Fla—y)gly). (2:3)

yeG

2.4 Exercises

~

Exercise 2.1. Suppose that for f : Z§ — {0,1} satisfies f(S) = 0 for all |S| > 2 (that is degz(f) < 1). Show that
either f =0, f =1, f(z) = x;, or f(z) =1 — x; for some i € [n].

Exercise 2.2. Let G be a finite Abelian group and let f : G — {0,1}. Prove that

171l =" 1F(a)| < VIG.

acG

Exercise 2.3. Let G be a finite Abelian group and let f: G — {0,1}. Prove that

17114 < 3" If @ < |IFI%.

a€eG
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Chapter 3
An Application: Linearity Testing

Blum, Luby, and Rubinfeld [BLRI0] made a beautiful observation that given a function f : Z% — Zs, it is possible
to inquire the value of f on a few random points to probabilistically distinguish between the case that f is a linear
function and the case that f has to be modified on at least € > 0 fraction of points to become a linear function. This
result is known as the BLR linearity testing in theoretical computer science.

Inspired by the BLR test, Rubinfeld and Sudan [RS93] defined the concept of property testing, which is now an active
area of research in theoretical computer science. Roughly speaking, to test a function for a property means to examine
the value of the function on a few random points and accordingly (probabilistically) distinguish between the case that
the function has the property and the case that it is not too close to any function with that property. Interestingly, and
to some extent surprisingly, these tests exist for various basic properties. The first substantial investigation of property
testing occurred in Goldreich, Goldwasser, and Ron [GGR98], who showed that several natural combinatorial properties
are testable. Since then, significant research has been conducted on classifying testable properties in combinatorial
and algebraic settings.

The BLR test is a fundamental result in computer science, and its significance goes beyond property testing. It is a
crucial component of many results in coding theory, the study of pseudo-random generators, and PCP (probabilistically
checkable proofs) theorems. Its proof is surprisingly elementary. It only relies on the orthogonality of the Fourier
characters and the Parseval identity.

3.1 Linearity testing

In this section, we will state and analyze the BLR linearity test. We start by formally defining a linear function.
Definition 3.1. A function f : Z% — Zs is called linear if f(x +y) = f(x) + f(y) for all z,y € Z%.

Note that every linear function is of the form ¢, :  — ayx1 + ... + apzy(mod 2) where a = (ay,...,a,) € Z3.

We are interested in the following problem: given access to the truth table of a function f : Z5 — Zo, how quickly
can we verify whether f is linear? Note that any method for determining exact linearity would require probing the
function at every point as f could be almost linear, except corrupted on a single input. Therefore, we relax this
requirement slightly: can we quickly determine whether the function is approximately linear?

The BLR test says that it is possible to query the value of a function f : Z§ — Zs on a few points, and with some
non-negligible positive probability distinguish correctly between the following two cases

1. f is linear.

2. fis e-far from every linear function: for every linear ¢ : Z5 — Zo,
Pr(f(z) £ (x)] > .

More precisely, for every € > 0, there exists a § > 0 such that the following holds. Given a function f : Z§ — Zo,
we can query the value of f on only 3 points and output accept or reject such that the following holds.

1. Always accept f if it is linear;
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2. Reject f with probability at least 6 > 0 if f is e-far from every linear function.

In this description, the error is one-sided as we always accept f if it satisfies the property. We can easily boost the
probability of the success of such a test by applying it several times. More precisely, we can run the test NV independent
times and accept f only if all the N executions accept f. In this case, if f is e-far from every linear function, then the
test will reject it with probability at least 1 — (1 — &), which can be made very close to 1, by setting, for example,
N =1035""'. Note that such an error reduction makes 3N queries to f. Now let us finally state the BLR test:

Blum, Luby, and Rubinfeld’s [BLRI0] linearity test:
e Given a function f : Z5 — Zo.
e Pick two random points x,y € Z3.

o If f(x)+ f(y) # f(x +y), then Reject, otherwise Accept.

Note that as we claimed above, if f is linear, then the BLR test always succeeds; that is, it never rejects a linear
function. The main part of the analysis lies in proving that if f is e-far from every linear function, then the test rejects
f with probability at least § > 0.

3.1.1 Analysis of the BLR test

Theorem 3.2 (Blum, Luby, and Rubinfeld’s [BLR90]). Consider f : Z% — Zs.
o If f is linear, then the BLR test accepts with probability 1;
o If f is e-far from every linear function, then the BLR test rejects with probability at least § ==& > 0.

Proof. First, note that if f is a linear function, the BLR test always succeeds; that is, it never rejects a linear function.
We need to prove that if f is e-far from every linear function, then f is rejected with probability at least 6 > 0 for
some § depending only on e.

To analyze the test, it is more convenient to work with g : Z% — {—1,1} with g(z) == (—1)/® instead of f. Note
that for a linear function £, :  — a1z1 + ... + a,x,, we have (fl)zﬂ(””) = Xa(z), and thus

1—g(x T 1 1 1 1.
Prlfa) # £o(o)] = Prlg(o) # o)) = & =2 - 2 Sapopva o) = § - 500
So if f is e-far from every linear function, then
<5 - 5 maxgla)
€< 5 — 5 maxgla),
or equivalently
maxg(a) < 1 — 2e. (3.1)

Next, let us analyze the probability that the BLR test does not reject f. By the definition of g, we have

1

Eg[f(w) +fly) = flz+y)] = E;[Q(x)g(y)g(aﬁ +y)=1]= % + 5Bayl9(@)9(y)g(z +y)]-

Replacing g with its Fourier expansion, we get

E > 5(@)g®)a(e)xa(@)xs(y)xe(z + )

a,b,c

= Y G(@)FO)F(O)E [Xate(@)]Ey[Xars(y)]-

a,b,c

Elg(z)g(y)g(= + y)]
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Note that a + ¢ = 0 if and only if a = ¢, and thus by Lemma 2.6,

1 ifa=c

E[Xa+c(m)] = {

1 ifa;éc.
Similarly
1 ifb=c
E (z)] = .
[Xote()] {1 ) e

Therefore, the above expression for E[g(z)g(y)g(x + y)] simplifies to

Elg(x)g(y)g(x +y)] =Y _ gla)®.

Consequently,
Pr(f(a)f(y) = fa +9)] = § + 5 D 6(0)° < 3 + 5 (maxg(@) Y () (3:2)

z,y
a

Note that by Parseval identity and the fact that g : Z% — {—1,1}, we have

3 d(a)* = Igl3 = Eg(x)® = 1.

a€eG

Therefore, Eq. (3.2) shows

Prlf(a) + f() = f(z + )] < 5 + 5 maxga). (3.3

To conclude the proof note that by (3.1) and (3.3), if f is e-far from every character, then
Prif(z) + fly) = fla+yl<1-e

In other words, the test rejects with probability at least € > 0. (Il

3.2 Linear functions as error-correcting codes

An error-correcting code is an injective map C : {0,1}" — {0,1}™ that maps a binary message of length n to a longer
code-word of length m. Since C is injective, we can uniquely recover the original message a if we receive the intact
code-word C(a).

However, what happens if we receive a slightly corrupted version y € {0,1}" instead of the exact code-word C(a)?
The code can still correct the errors, provided the following conditions are met. If the minimum Hamming distance
between the code-words {C(a)}ae{o,l}" is at least 2k 4+ 1 and the number of corrupted bits in y is at most k, then
there is a unique codeword C(a) that is the closest to y in Hamming distance. Thus, we can correctly recover C(a),
and consequently a, even when the received message is corrupted in up to k bits.

A key example of an error-correcting code with strong error-correcting capabilities is the Hadamard code. The
Hadamard code H : {0,1}" — {0,1}*" maps every element a € {0,1}" to

H(a) = (La(@))seqoy € {0,1}7 .

In other words, we map a to the truth table of the linear function /.
A simple observation demonstrates that the Hamming distance between any two distinct codewords in the Hadamard
code is 2"~ which implies that error correction is possible as long as fewer than 1/4 of the bits are corrupted.

Claim 3.3. For distinct a,b € Z, there are exactly 2"~ elements x € Z§ with £,(z) = ly(x).

Proof. Note that £,(x) = ¢(x) is equivalent to £.(x) = 0 where ¢ = a+b € Z%. Since ¢ # (0,...,0), the set of solutions
to £.(z) = 0 is a subspace of codimension 1 in Z%. The size of such a subspace is 2!, completing the proof. O
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A remarkable property of the Hadamard code is its local decodability. Local decodability means that we can
(probabilistically) recover any individual bit of C(a) by querying only a small number of positions in the corrupted
copy y. This holds as long as the fraction of corrupted bits in y is small.

Proposition 3.4. Let a € Z5 and let f : 75 — Zo satisfy
Pr(f(z) # lulx)] < 5
Then, given any x € Z%, the probability that we can recover £,(x) by querying only two positions y and x +y in f is
Prlf(y) + f(o +y) = fala)) > 120
Proof. We have

Prif(y) + f(z +y) # la(2)] < Pr{f(y) # La(y)] + Pr{f(z +y) # Lz +y)] = 2Pr(f(y) # la(y)] < 20.

3.3 Exercises

Exercise 3.1. Note that every function f : Z% — Zs of polynomial degree at most 1 satisfies f(z) + f(x +y + 2) =
fl@+y)+ f(x + z). Use this property to design a test with one-sided error for the property of being of degree (over
Zs) at most 1. Prove that the test works correctly.
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Chapter 4

An Application: Roth’s theorem

Our next application of Fourier analysis concerns a problem in number theory with a rich history.
What is the largest possible size of a set A C {1,..., N} without nontrivial 3-term arithmetic progressions?

In 1927, van der Waerden proved that for any given positive integers r and k, for any sufficiently large N, every
colouring of the integers {1,..., N} using r colours will result in a monochromatic arithmetic progression of length k.
Note that in any such colouring, at least one colour class is of size at least N/r. Erdds and Turdn [ET36] conjectured
that this size constraint was the key reason behind the existence of monochromatic progressions in van der Waerden’s
theorem. They proposed a strengthening of van der Waerden’s theorem that for any k£ € N any subset A C 1,..., N
without k-term progressions must be of size o(N).

In 1953, Roth [Rot53] used Fourier analysis to confirm Erdos and Turdn’s conjecture for 3-term arithmetic pro-

gressions, showing that any set A C {1,..., N} without nontrivial 3-term progressions must have size O (%).
This result, now known as Roth’s theorem, became a cornerstone in additive number theory and spurred decades of
further research. Determining the optimal bound in Roth’s theorem became one of the central problems in additive
number theory.

Heath-Brown[HB87] and Szemerédi[Sze90], and later Bourgain[Bou99a] refined Roth’s argument to attain the bound
O(lochN) for ¢ = 1 — c. Heath-Brown [HB87], Szemerédi [Sze90], and Bourgain [Bou99a] refined Roth’s methods,

improving the bound to O (IOgLLN) for ¢ = % — e. Further progress by Sanders [Sanlla], followed by Bloom and

Sisask [BS21b], led to an improved bound of O (bgl%N) for some small € > 0. In a remarkable breakthrough, recently

Kelley and Meka [KM23] improved the bound to N2—9(og"/*? N) . which was subsequently refined to N2~ (log!/? N) by
Bloom and Sisask [BS23]. On the other hand, Behrand’s classical construction [Beh46] shows that there are sets of
size N2~ OUog/?

Regarding the general case of Erdés and Turdn’s conjecture, in 1975, Szemerédi [Sze75], using a completely new
approach, proved the full conjecture and showed that for any fixed k, a set A C {1,..., N} without k-term progressions
must be of size o(N). However, in contrast to Roth’s Fourier-analytic proof, all the various known proofs of Szemerédi’s

N) that are free of non-trivial 3-progressions.

theorem give much weaker bounds. Indeed, it was considered a breakthrough when Gowers [Gow01] proved an upper

bound of O ((111\7)?”“”) on the size of sets of integers without k-term arithmetic progressions. Very recently,
oglog

Leng, Sah, and Sawhney posted a preprint [LSS24] improving Gowers’ bound to an impressive bound of O (W) ,

where c; > 0 is a constant depending on k.

Finite field model: The study of many problems in additive combinatorics, such as Szemerédi’s theorem on arith-
metic progressions, is often made easier by first studying the problem in Z for some fixed small prime p. This setting
is most relevant to applications in combinatorics and theoretical computer science, and it also serves as an elegant
model for tackling additive problems concerning integers.

In [Mes95], Meshulam carried out Roth’s argument in the case of Zy,, for odd fixed prime p, and the asymptotics
is as m grows to infinity. Since the particular choice of p is unimportant, we will assume p = 3. The rich subgroup
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structure of Z% simplifies some of the nuances in Roth’s argument. Moreover this simplification leads to the stronger
bound of O(log ~), where N = |Zy| = 3". In this chapter, we will present Meshulam’s proof.

4.1 Roth’s theorem in Zj

Throughout this section, we denote G := Z% and N = |Z}| = 3".
The density of 3-term progressions in a subset A C G is captured by

tsap(A) = Exyea [A(X)A (x+y) A(x + 2y)], (4.1)

where we identified A with its indicator function.
A set A C G is a cap set if it is free of nontrivial 3-term progressions. More precisely, there are no z,y € G such
that y # 0 and z,x + y,z + 2y € A.

16
-

Theorem 4.1. For sufficiently large n, every cap set A C Z% satzsﬁes —n <

Proof. Let o == léil < 1776 denote the density of A, and N := |G| = 3" the size of the group.
Replacing A with its Fourier expansion A(z) =", . A( )Xa(x) in Eq. (4.1) yields

tsap(4) = Ex yea (ZA a)Xa(x ) <ZA Xb x—i—y) (Z A\(C)XC(X+2y)>

acG beG ceG
Exyec Y. Ala)A(D)A(c)xa(x)xs(x +¥)xe(x +2y)
a,b,ceG
= > A(@)Ab)A()Exec [Xatbte()] Eyec [xpr2c(y)]
a,b,ceG

Note that
1 fa+b+c=0andb+2c=0

Exec [Xa+b+e(X)] Eyea [Xo+2:(¥)] = .
0 otherwise

Note that a + b+ ¢ =0 and b+ 2c = 0 imply a = ¢ and b = —2¢. Therefore,

tsap(A) = > A(a)*A(—2a). (4.2)

a€eG

Since A is a cap set, it only contains trivial 3-term progressions, and therefore,

t3AP (A) Pr [ 0] Pr [X S A] =

(6%
— 4.3
yeG x€G N’ ( )

which is tiny, assuming G is a large group. On the other hand, the sum on the right-hand side of Eq. (4.2) contains
at least one large term: 121\(0)3 = o3. We will show that there must be at least one other large Fourier coefficient to
cancel A(0)’s contribution.

We have

tsap(A ZA —2a) =« +ZA a3—(max|A )Z\A

acG a#0
By Parseval, we have > |A(a)|? = Ex|A(x)|?> = a, and therefore,

tsap(A) > a® — OzI(IlliédA( a)l.

2

Recalling that A is a cap set and satisfies t3ap(A) < § < % as shown in Eq. (4.3), we have

a2
max |A(a)| > —.
a#0 2
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Density increment: Let a # 0 satisfy |g(a)| > "‘72 We will use this assumption to show that A is significantly
denser in some large affine subspace of Z%.
For ¢ € {0,1,2}, let
Ve={x€Z] : a-z=~{mod 3}.

The set V; is an (n — 1)-dimensional linear subspace of Z%, and V; and V5 are its cosets. In particular, all Vg, Vi, Vs
are affine subspaces of dimension n — 1, and therefore, have the same linear structure as Zg_l. We will show that the
density of A in at least one is significantly higher than a.

Denoting w = €2™/3, by the definition of y,(z), we have

_ ANV [ANVA] L JANVA

A(a) = BregAGou™ = = =

Let 110 == |A N V|/3". Since |A(a)| > %2, we have

a2

5 SHotmw+ fiow?.

On the other hand, since
po +p1 4+ po =a and 1 4+w + w? =0,

it easily follows that, for some ¢ € {0, 1,2}, we must have

We showed that for some £ € {0,1,2}, we have

o _[AnV| _ |[AnVi|

a+4 S et T

Putting things together: As mentioned earlier, V; is an affine subspace of dimension (n — 1), and therefore it has
the same linear structure as ngl. Note also that since A is a cap set, ANV} is free of 3-progressions. Therefore,
we have shown the existence of a cap set in ngl with density o + "‘72. We can repeat this process ¢ = % < § many
times, with each repetition increasing the density by at least ”‘TZ, to arrive at a cap set in Z5~ © with density at least
o+ c”‘; > 2.

We showed that % repetition of the above process doubles the density from « to 2c.. Now let us repeat this doubling
of the density k = log(1/a) many times. This results in a cap set in Z%* with

4 4 4 S 8 .
m=n—————...———2>2n—— > —,
a 2« 2k a’” 2
with density 2¥a > 1. Since the density of a set cannot be larger than 1, this is a contradiction. O

An interesting consequence of the above proof is the following counting lemma, which states that if all the non-

principal Fourier coefficients of A are small, then t3ap(A) ~ o®.

Corollary 4.2. Let p be an odd number, and let A C Zj be any subset with density a. We have
ltsap(A) —a’| < amax |A(a).

Finally, let us mention that in 2017, [CLP17, EG17] found an extremely elegant and short proof based on the
polynomial method showing that cap sets in Z% are of size at most (3 —¢)” = N 1=9 for some fixed €,§ > 0. Note
that such a strong bound is not valid in Z due to Behrand’s construction. The significance of the Fourier analytic
approach lies in the integer case, where there is no known analog of the polynomial method. Moreover, compared to
the Fourier analytic approach, even in Z%, the polynomial method appears to be much limited in dealing with linear
structures other than arithmetic progressions.
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4.1.1 Roth’s original case A C {1,...,N}

To study the number of occurrences of a linear pattern (e.g., 3-progressions) in a subset of the interval {1,..., M}, it
suffices to embed {1, ..., M} in Zy for a prime N = O(M) chosen sufficiently large to avoid wraparound. Consequently,
rather than working with the interval, one can focus on the finite Abelian group Zy.

Let A C Zy be a cap set of density a. Similar to the Z%, one can apply Corollary 4.2 to show the existence of a
large non-principal Fourier coefficient: |121\(a)| > %2 Unlike Z%, the group Zy does not have a rich collection of large
subgroups. Therefore, we cannot deduce that A is significantly denser in a large coset. Instead, we need to work with
some notion of an “approximate subgroup”.

673

In the case of Zy, Roth’s argument shows that \A\(a)\ > 72 implies the existence of a set P C Zy such that the
following conditions hold.

. . 2
e (Density increment) "T;‘P‘ >a+ 5.

e (Approximate subgroup) P is an arithmetic progression of size m := |P| > N'/3.

Note that P has the same linear structure as an interval. In particular, since A N P is a cap set in P, we can
2
deduce that there exists a cap set A’ C {1,...,m} with density at least o + -

. T() l)e T T iS lf =
100 more precise, if P
{z+jy : je{1,...,m}}, then we take

Al ={je{l,...,m} : z+4jy € A}.

Note that each step of this proof increases the density by %, which is similar to the case of G = Z%§. However,
this density increment comes at a higher cost of decreasing the group size from N to approximately N'/3. This large
decrease in the group size is the reason behind the extra logarithm in the denominator of Roth’s bound O ($).

Later improvements use more efficient notions of “approximate subgroups”. In particular, Szemerédi [Sze90] uses
the so-called generalized arithmetic progressions, which are sets of the form = + jiy1 + ... + jayq where z,y1,...,9q
are fixed and each j; ranges over some interval [0, k;]. In Bourgain[Bou99a], Bohr sets were used to develop a theory
of approximate subgroups. Bohr sets are a key component of many recent improvements in the bounds of Roth’s
theorem.

4.2 Exercises

Exercise 4.1. Let H = (V, E) be a small undirected graph. Let A C Z%. Consider

tu(A)=E [ Axu+x),

(u,v)EE

where {x, : u € V} are independent random variables taking values in Z% uniformly at random.
In each of the following cases, express tg(A) in terms of the Fourier coefficients of A. Your formula must be as
simple as possible.

1. H is a tree.
2. H is a cycle on k vertices.

3. H is the graph with vertex set {1,2,3,4} and edges {(1,2),(1,3),(1,4),(3,2),(4,2)}. In this case, your final

formula will involve two sums.

4. Similarly, for A C Zy, give a Fourier analytic formula for

EA(x)A(x +y)A(x + 2y)A(x + 3y).
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Chapter 5

Pseudorandomness: Fourier Uniformity

Pseudo-randomness is one of the most useful concepts in computer science and several branches of mathematics.
Broadly speaking, we consider a mathematical object pseudo-random if it mimics the typical behaviour of truly
random objects according to specific criteria.

For instance, by the law of large numbers, a random sequence of £1’s typically contains an approximately equal
number of each. Based on this criterion, we could define a notion of pseudo-randomness, where any sequence with a
roughly balanced count of £1’s is considered pseudo-random. Interestingly, even such a basic notion can lead to deep
and notoriously difficult problems in mathematics.

To be more rigorous, consider a random sequence a = (aj,as,as,...) where each a; is chosen randomly and
independently from the set {—1,0,1}. It follows from Hoeffding’s concentration inequality (Lemma 5.1 below) that,
with probability 1, we have

_ ol (5.1)

n
> a
i=1

Now consider the Mébius function p: N — {—1,0,1}, defined as

(n) = 0 p?|n for some prime p;
o) = (=1)F n = pj...pg for distinct primes p1,..., k.

We might ask whether the Mobius function behaves similarly to a typical random function f : N — {—1,0,1} in
regards to having a balanced count of +1’s: Is it true that |y ., p(i)| = O(nzto)?

Remarkably, this seemingly basic question is equivalent to one of the most important unsolved problems in math-
ematics, the Riemann Hypothesis! The weaker statement that |>."_; u(i)] = o(n) is equivalent to the prime number
theorem, which was first proved independently by Hadamard and Poussin in 1896.

For a notion of pseudo-randomness to be truly useful, it must ensure that a pseudo-random object behaves similarly
to a random one in multiple ways beyond the specific criteria used to define it. For example, the Riemann Hypothesis
is of great interest in number theory because, if true, it would show that, in many ways, the distribution of primes is
similar to the numbers generated according to specific random heuristics.

In this chapter, we will discuss a notion of pseudo-randomness based on Fourier coefficients. Let us first recall
Hoeffding’s concentration inequality, which we will frequently apply to establish various properties of random functions.

Lemma 5.1 (Hoeffding’s Inequality). Suppose that x1,...,%, are independent random variables with |x;| < 1 for
each 1 <i<n. Let X =31, x;. For every t >0,

42
Pr[|X — E[X]| > 1] < 2¢ 7.

5.1 Fourier Uniformity

Let G be a finite group. The simplest statistic we can use to define pseudo-randomness for functions f : G — {0,1}
is their average, E[f] = f(0). By Hoeffding’s inequality, for a random f : G — {0, 1}, we expect £(0) to be close to 1.
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Thus, we may call f pseudorandom if [E[f] — | is small. However, this notion is too weak, as functions that meet this
criterion do not exhibit many interesting properties of truly random functions. We will introduce a stronger notion
of pseudo-randomness, called Fourier uniformity. Since we wish to apply this notion to sets A C G of a given fixed
density a € [0,1], we will discard the principal Fourier coefficient A(0) = E[A], and consider A — E[A].

Definition 5.2. Let G be a finite Abelian group and § > 0 be a parameter. A function f : G — R is §-Fourier
uniform if

— ~

£ = Elfl e = maxx | F(a)] < 6

Fourier uniformity measures the correlation of f with non-principal characters of G. We will show in Section 5.1.1
that, in certain aspects, a Fourier uniform function f : G — {0, 1} with E[f] = « behaves similar to a random function
f:G — {0,1} conditioned on Ex[f(x)] = a.

First, let’s establish that Fourier uniformity is a meaningful measure of pseudo-randomness by showing that a truly
random function f : G — {0, 1} is typically Fourier uniform.

Proposition 5.3. Let G be a finite Abelian group of size N, and let A C G be a random subset of G. We have

~ 2¢/log N
Pr {max|A(a)| > VOB
A | a#0 v N

Proof. By Hoeffding’s inequality, for a € G with a # 0, we have

] = ON—yoo(1). (5.2)

Pr [|§(a>| > 5] =Pr (|3 A@)xa(@)

zeG

> 6N] < 2e=IT = 9p—0°N/2
Then, the union bound over all non-principal characters implies
Pr {max./&(aﬂ > 5} < 2Ne N2
a#0

Setting § = QV\I;%N establishes Eq. (5.2). O

Remark 5.4. Note that the proof of Proposition 5.3 holds even if we sample A by including each element independently
with any fixed probability a € [0, 1]. Moreover, one can extend Proposition 5.3 further to the case where A C G is a
random subset of a given density o > 0. However, in that case, since A(xz) are not independent, the proof is slightly
more involved as one cannot simply apply Hoeffding’s inequality.

On the other hand, the following proposition shows that no subset A C G with density bounded away from 0 and 1
can achieve Fourier uniformity with parameters significantly stronger than those of a random subset. The assumption
on density is crucial, as extreme cases like the empty set A = () and the entire group A = G are 0-Fourier uniform.

Proposition 5.5. Let ¢ € (0,1) be a fized constant. Every set A C G with density € < % < 1 — ¢ satisfies
~ e(l—e)
A > .
max | A(a)] i

Proof. Let o :== %. By Parseval’s identity, we have

a=[Al}=>"A@[* =A0) + Y |A@)]* =a®+ Y |A(a)?,
a€G a#0 a#0
which shows that

max [A(a)] > 2L =)

a#0 \/N '
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5.1.1 Fourier Uniformity and Counting Linear Patterns

In this section, we prove that Fourier uniformity is sufficient to guarantee that a subset A of a finite Abelian group G
contains the “expected” number of certain linear patterns. We have already seen this result for the particular case of
3-term progressions in the proof of Roth’s theorem in Chapter 4. As the reader may recall, every set A C Zy with
oAl .
density ' = « satisfies , R
ltsap(A) — @’| < amax|A(a)|.
a#0

In particular, t3ap(A) ~ o if A is 6-Fourier uniform for a small §. Note that a truly random subset A C Zy with
density « is expected to satisfy t3ap(A) &~ o with high probability.

We aim to generalize this result to a larger class of linear patterns.

Systems of linear forms. A linear form in d variables is a vector L = ()1,...,\q) € Z%. The linear form L
defines a linear map G¢ — G by L(zy,...,24) == Yo Nixi. A system of m linear forms in d variables is a tuple
L = (Li,...,Ly) of linear forms. A tuple (ay,...,a,,) € G™ is called an instance of L if there exists * € G with
L(z) = (L1(x),...,Ln(x)) = (a1,...,a,). It is called a non-degenerate instance if additionally ay,...,a,, are all
distinct.

We emphasize that the choice of the system of linear forms that defines a linear pattern is not unique. For example,
3-term arithmetic progressions are instances of the system of linear forms (x1,x1 + 2, 21 + 2x2), or alternatively, one
can take the system of linear forms £ = (2z1 — 29, 21 — x3, 229 — 223).

We often require that |G| be coprime with all the coefficients of the linear forms that define £. Otherwise, it would
be possible to have sets that do not contain instances of even a single linear form. For example, let L(z) = 2z and
G =Z}. Then the set A ={x € G : . mod 2 =1} does not contain any instance of L(x) for z € G.

Let £ = (L1,...,Ly) be a system of linear forms in d variables and let A C G. Let x3,...,%4 be independent

random variables taking values in G uniformly at random. The probability that £(x1,...,%x4) € A™ is given by the

expectation
m

tﬁ(A) =K HA(Li(X17~-~7Xd))

Definition 5.6 (Binary Systems of Linear forms). A system of linear forms £ = (Lq,...,L,,) in the d variables
T1,...,2Tq is binary if every linear form in £ is supported on exactly two variables, and moreover, no two linear forms
in £ are supported on the same two variables.

Example 5.7. The system of linear forms (2x; — 222, 21 — 23, 225 — 22:3) that defines 3-term arithmetic progressions
is a binary system. As another example, (z1 + 2,1 + @3, %1 + T4, T2 + X3, T2 + T4, 23 + x4) is a binary system of
6-linear forms in 4 variables.

Let £ be a system of m linear forms. A simple second-moment argument shows that if A is a random subset of G
with density «, then with high probability t2(A) =~ a™. We will show that if £ is a binary system, then t,(A4) ~ a™
for any Fourier uniform set A C G. We will need the following lemma.

Lemma 5.8. Let G be a finite Abelian group and f: G — R. We have

~

< .
LA [Ex.yeaf(x+y)g(x)h(y)| < [ flloo

Proof. By replacing f, g, h with their Fourier expansion and using the orthogonality of Fourier characters, we obtain

Exyecg(X)f(x+y)h(y) = f(@)g(—a)h(—a).

Note that g, h : G — [—1, 1], and therefore, ||g||2, [|h]|2 < 1. By using the Cauchy-Schwarz inequality and then Parseval,
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we have

=
2
.
\
G
=
\
2
N

1Flloo D" [G(a)|h(a)|

1/2 1/2
1]l (Z@(anz) (Z%)F)

[fllocllgli2llll2 < 11 £]loo-

N

Theorem 5.9. Let L = (Ly,...,Ly) be a binary system of linear forms. Suppose G is a finite Abelian group such
that |G| is coprime with all the coefficients in L. If A C G is §-Fourier uniform, then

[te(A) —a™| < md

Proof. We will use induction on m. The statement is trivial for m = 1, since in that case, t2(A) = a.

Consider m > 1. Suppose that the first linear form is Li(x1,...,24) = A121 + Aax2 for constants Ai, A2 € Z that
are coprime with |G|. We may apply® the change of variables #f = Az and x5, = \a72, and assume, without loss of
generality, that Lq(z1,...,24) = 1 + x2. We have

tr(A)=E

A(x1 +x2) [[ALi(xy, - .- ,xd))] .

=2

Denote f := A — «, and note that d-Fourier uniformity of A means ||]?||OO < 4. By substituting A = « + f in the first
linear form, we obtain

te(A) = o |[JALi(x1,....xa)) | +E | f(x1 +x2) [JALi(xa, ... ,xd))] : (5.3)
i=2 i=2
Since (La,...,Ly) is a binary system of (m — 1)-linear forms, we can apply the induction hypothesis to the first
expected value and obtain
E HA(Li(xl,...,xd))] —a™ 7 < (m - 1)6. (5.4)
i=2

Next, we will study the second expected value. By the definition of a binary system, L; is the only linear form involving
both x; and x3. Let S be the set of ¢ € {2,...,m} such that L; involves z1, and let S" = {2,...,m} \ S. For any
choice of z3,...,x, € GG, we can decompose

[[AZ(1, . 20) = [T AL, . za) [ AZi(2r, -2 20)) = Gagoown (31 Py, (22),
=2 €S €S’

for some functions gu,... 4., Pas,...z, : G — {0,1}. With this notation, we have

m

E f(Xl +X2) HA(Li(Xl’ cee ;Xd))

=2

== ]EX3 ..... xdExl \Xo f(xl + X2)gx;; ..... Xn (xl)hx;;,...,xn (X2)~

Since H]?HOo < 4, we can apply Lemma 5.8 to the inner expected value Ex, x, f(x1 + x2)g(x1)h(x2) and upper-bound
it by 6. We obtain

m

Fx1+ %) [TALZi(xa, .. xa)) | <6,

=2

E

1Since A1, A2 are coprime with |G, there exist )\1_1 and )\2_1 such that x; = /\1_13:’1 and o = A;lxé.
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which combined with Eq. (5.4) and Eq. (5.3) gives
[te(A) —a™| <6+ ad(m—1) < om.
(|

Remark 5.10. By more careful analysis, one can improve the assertion of Theorem 5.9 to |tz(A) — a™| < mad. See
Exercise 5.1.

Theorem 5.9 shows that binary linear patterns are controlled by Fourier uniformity. On the other hand, many
interesting linear form systems are not controlled by Fourier uniformity. For example, there are sets A C Zy that
are o(1)-Fourier uniform, but the count of 4-term arithmetic progressions in them is far from what is expected from a
random set of the same density [Gow01].

5.2 Gowers Uniformity Norms

n [Gow01], Gowers introduced a way of quantifying Fourier uniformity that operates entirely in the physical space
without relying on Fourier coefficients.

Definition 5.11. Let G be a finite Abelian group and f : G — C be a function. The U? norm of f is defined as

£lle = (Bxyace PTG 4 Y fx @) fx+y +2)) (55)

We must establish that the |||z is a norm. Note that a priori, it is not even clear that the expected value in the
right-hand side of (5.5) is a non-negative real number. Replacing f by its Fourier expansion and expanding, we have

Ifllf: = Efx)Fx+y)fx+a)f(x+y+z)
= Y F(@F®)F () F(AE [xa(x)X-b(x + ¥)X—c(x + 2)xa(x + y +2)]

a,b,c,d
= 3 F@FOFOFDE Xa-bcra()X-praly)x—cral@)].
a,b,c,d

Since
1 a—b—c+d=0,-b+d=0,—c+d=0;
E[Xa—b-cta(X)X-v+a(Y)X—ct+a(2)] = { 0 otherwise
_ 1 a=b=c=d;
N 0 otherwise,

we have || fll}2 = Y .cq |f(a)|4. Therefore,

1/4
1fllo= = (Z If(a)l4> = [IFlla, (5.6)

acG

and the U? norm coincides with the £, norm of the Fourier coefficients of f. The following lemma shows that for
functions f : G — [0,1] or more generally f : G — C with ||f|lcc < 1, the ||f|lp2 and ||f||c are within a quadratic
factor of each other.

Lemma 5.12. Let G be a finite Abelian group, and f : G — C satisfy || flloo < 1. Then

1Flloo < Iflwe < A/ N flloo-

17112 = Y 1F(@)* > max | f(a)|* = I fl%.

a€eG

Proof. By (5.6), we have
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which establishes the first inequality. To prove the second inequality, note that || f]l2 < || f]leo, and therefore by
Parseval’s identity,

15l = X @1 < (max F)P ) ¥ 170 < max (o) = 11

acG acG

O

In light of Lemma 5.12, a set A is Fourier uniform if and only if ||A — E[A]||p= is small. The advantage of the U?
norm over || f||oo is that its definition does not involve the Fourier transform and can be fully described in the physical
space without any reference to Fourier coefficients.

Gowers’s interpretation of Fourier uniformity using the U? norm enabled him to generalize it to stronger notions of
pseudo-randomness. In his proof [Gow01] of Szemerédi’s theorem, he introduced a hierarchy of increasingly stronger
notions of pseudo-randomness based on the so-called Gowers uniformity norms |[|-||+ for & > 1.

Definition 5.13 (Gowers Uniformity Norms). Let G be a finite Abelian group and f : G — C be a function. For
k € N, the U* uniformity norm of f is

1/2k

o = | Exyioyeea [ C¥Fx+Dyi) ;
]

SClk i€s
where C denotes the complex conjugation operator. In other words, the terms with odd |S| are conjugated.
He used iterated applications of the classical Cauchy—Schwarz inequality to prove
[Exy [A)A(x +y) - Ax+ (k= 1)y)] — o <KJA = oy,

showing that the density of k-progressions in A is controlled by the pseudo-randomness condition ||A — «|gr-1 = o(1).

5.3 Conclusion

Green and Tao [GT10] determined the most general class of systems of linear forms that can be handled by Gowers’
iterated Cauchy-Shwarz argument.

Definition 5.14 (The Cauchy—Schwarz Complexity). Let £ = {Ly,...,Ln,} be a system of linear forms. The
Cauchy-Schwarz complexity of L is the minimal k such that the following holds. For every 1 < i < m, we can partition
{L;}jemm\fiy into k + 1 subsets, such that L; does not belong to the linear span of any of these subsets.

In particular, Green and Tao [GT10] showed that if the Cauchy—Schwarz complexity of L is k, then
[te(A) —a™| < ml|A — afgr+. (5.7)

Remark 5.15. It is easy to see that binary systems of linear forms have CS-complexity 1. The system of linear forms
(z,z+vy,...,z+ (k—1)y), which represents k-term arithmetic progressions, has CS-complexity k — 2.

Later, in a series of articles [GW11, GW10], Gowers and Wolf initiated a systematic study of classifying the systems
of linear forms controlled by the k-th Gowers uniformity norm. They defined the true complezity of a system of linear
forms L = (Lq,...,Ly,) as the smallest k such that the pseudo-randomness condition of ||A — al|yr+1 = o(1) implies
[tz (A) — a™| = o(1). Note that by (5.7), the true complexity is at most the CS-complexity.

In connection to Theorem 5.9, we have
{£ : Lisbinary} C {£ : L has CS-complexity 1} C {£ : £ has true complexity 1}.
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Randomness versus structure The dichotomy between pseudorandomness and structure refers to a general phe-
nomenon that non-pseudo-random behaviour indicates resemblance to a highly structured object. Like many proofs in
extremal and additive combinatorics, Roth’s argument on 3-term progressions exploits this dichotomy. It shows that
if the number of 3-progressions in A C Z% significantly deviates from what is expected from a random set of density «,
then A has a large non-principal Fourier coefficient. Equivalently, it has a notable positive correlation with an affine
subspace V' C Z% of codimension 1 (a highly structured object).

5.4 Exercises

Exercise 5.1. Improve the assertion of Theorem 5.9 to |tz (A) — ™| < mad.

Exercise 5.2. This exercise shows that for some linear patterns, the Fourier uniformity (i.e. having small non-principal
Fourier coefficients) is insufficient to guarantee that a set behaves similarly to a random set in terms of the density of
the pattern. Let n = 2m be an even integer, and let

A, = {x €Zy : il‘gi_ll‘gi =0 mod 2} .
i=1
1. Directly calculate all the Fourier coefficients of A,,.

2. What are A, (0) and max,_o |4, (a)|?

3. Prove that

. N AL (0)(5)
nh_}rrolo E H A (% + x5 + xp) |An(0)[\s) | # 0,

1<i<j<k<6

where X1, ...,Xg are independent random variables taking values uniformly in Z7.

Exercise 5.3. Extend Theorem 5.9 to systems of linear forms of CS-complexity 1.
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Chapter 6

Degree and Granularity of Fourier

Coeflicients

By identifying {FALSE, TRUE} with Zo, {—1,1}, or {0,1} we obtain different representation of functions on Boolean

domain.

(D

(D)

(I11)

f:2Z% — {0,1}. This representation allows us to consider the Fourier transform of f over the Abelian group Z7,
and write

fa@) = 3 F(S)vs(o). (6.1)

SCln]
with xs(z) = (—1)2 %,

f:{-1,1}" — {0,1}. This representation will allow us to consider the unique representation of f as a multilinear
polynomial

) =Y 7S [ v (6.2)

SC[n] ies
where

J?(S) =Ey

f(y) H%] for S C [n].

i€S

~

To verify that the correct coefficients are indeed the Fourier coefficients f(S), note that the change of variable
(—1)* = y converts the character ys(z) = (—1)2® to the monomial [Lics yi-

f:40,1}™ — {0,1}. This representation will allow us to consider the polynomial representation of f as

fe) =Y as]] s (6.3)

SCln] i€S

with the coefficients given by the inclusion-exclusion formula

as = 3 (-1 f(1p),

TCS

where 17 € {0,1}" denotes the vector that is 1 for the coordinates in T and 0 in other coordinates. We emphasize
that, unlike Fourier coefficients, the coefficients ag are integers in this representation.

The change of variable z; = yTH between z; € {0,1} and y; € {—1,1} shows

> os[la= Yas[[*5 = X | 32 or | [T

SCln] €S SCln]  i€S SCln] \T2S ies
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Consequently, we obtain the following relations between the coefficients ag and the Fourier coeflicients:

F8) =327 May, (6.4)

TDS

and conversely

as = 3 25I(-)TSIF(7), (6.5)

TDS

6.1 Real Degree

A crucial fact about the representations Eq. (6.2) and Eq. (6.3) is that whether we define f : {—-1,1}" — R or
f:{0,1}™ — R, the degree of the polynomial remains the same: The largest S such that ag # 0 also satisfies f(S) # 0
and vice versa.

Definition 6.1 (Degree). The real degree (degree for short) of f:Z3 — R denoted by deg(f), is the largest |S| such

~

that f(S) # 0.

Remark 6.2. In Definition 6.1, we called deg(f) the “real” degree to differentiate it from the degree of polynomials
p: Z% — Zy. For example, the parity function as a polynomial from Z% the Zs is of degree 1 since PARITY (21, ..., Z,)
is the sum (over Zsy) of the coordinates. However, as the Example 6.3 below shows, the real degree of the parity
function is n.

Example 6.3. Consider the function PARITY : Z§ — {0, 1} defined as
PARITY(2) = sz mod 2.
i=1

We have

1 1
PARITY(2) = 3 + 5)([”] (z),

and therefore, deg(PARITY) = n.

6.2 Granularity of Fourier Coefficients

The following theorem shows that non-zero Fourier coefficients of a low-degree function f : Z§ — {0,1} are large in
magnitude.

Theorem 6.4 (Granularity of Fourier Coefficients). Consider f : Z5 — {0,1} and let d == deg(f). FEvery Fourier
coefficient of f is of the form f(S) = g—i for some integer bg € Z. In particular, non-zero Fourier coefficients satisfy

~

[F(S)] > 22

Proof. In Eq. (6.4), we have ag € Z and ap = 0 if |T'| > deg(f). The assertion immediately follows. O

Remark 6.5. Theorem 6.4 shows that for G = Z%, every non-zero Fourier coefficient of a Boolean function f :
G — {0,1} must satisfy |f(S)| > ﬁ Such a strong lower bound is not true for general finite Abelian groups. In
particular, there exist Boolean functions f : Zy — {0,1} that have non-zero Fourier coefficients with | f(a)| < %.

See Exercise 6.1.

It is also possible to prove Theorem 6.4 directly, without referring to the polynomial representation of f as a real
function on {0,1}".

Define the discrete derivative of f : Z — {0,1} in direction e; as 0;f : x — %

) | Since

—xr(z) ifieT

xr(e+e) = {XT(J:) ifz'gZT7
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we have

oif = > F(D)xr

TweT
Note that 0; is a linear operator on the space of function f : Z% — R. Given S = {iy,... it} C [n], let 9s = J;,0...00;,
and note
Osf=0;0...00, f =271 (—1)S\ T f(z+3 "ey) (6.6)
TCS ieT
and
0sf =Y [(T)xr. (6.7)
T2S

A second proof of Theorem 6.4. Let f : Z% — {0, 1} be a polynomial of degree d. We prove the statement by induction
on |S| with the base case |S| = d. To verify the base of induction, consider S C [n] with |S| = d. Since f(T') =0 for
any T whose size is larger than d, Equation (6.7) shows

~

dsf(0) = F(S)xs(0) = F(S).

Therefore, f(S) = df(0), which verifies the base of induction since by Equation (6.6), we have dg f(0) € 2-151 . Z.
Next, consider S C [n] with |S| < d. By Equation (6.7), we have

0sf(0) =" F(S)xr(0) =Y F(T)

TDS 728

and therefore,

F(8)=0sf(0) = J(T)

T2S

By the induction hypothesis, for every T" 2 S, we have f(T ) = Z—E with by € Z. Consequently, f(S) = g—g with
bs € Z. O

6.3 Low-degree functions are dictators and juntas

Theorem 6.4 shows that the non-zero Fourier coeflicients of a low-degree function f : Z§ — {0,1} are large in
magnitude. On the other hand, by the Parseval identity, we have )¢ |J/”\(S)|2 = E,f(x)? < 1. Therefore, a low-
degree Boolean function cannot have many non-zero Fourier coefficients. This observation allows us to obtain certain
classifications of low-degree Boolean functions.

The following two definitions are crucial in the analysis of Boolean functions. They describe functions that are
“local” in that a few variables determine their values.

Definition 6.6 (Dictator). Let f : Z§ — {0, 1} is a dictator if there exists i € [n], such that one of the following cases
hold:

o f(z) =ux; for all x € Z5.
o f(z)=1—u,; for all x € Z3.

In other words, the value of f(x) is dictated by only one variable. More generally, we can consider the functions
that depend on a few variables.

Definition 6.7 (Junta). Let f: Z% — R and J = {j1,...,jr} C [n]. We call f a J-junta if there exists g : Z§ — R
such that f(z) = g(xj,,...,xj,) for all x € Z3. We call f a k-junta if f is a J-junta for a set J of size at most k.

We have the following characterization of low-degree Boolean functions.
Proposition 6.8. Let f : Z3 — {0,1}.

1. Ifdeg(f) =0, then f=0 or f = 1.
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2. If deg(f) =1, then f is a dictator.
3. If deg(f) = d, then f is a d2%?-junta.

Proof. The first item is trivial. To prove the second item, suppose deg(f) = 1. Since f # 0 and f # 1, we have

~ ~ Py
1

0 < f(0) < 1, and therefore, by Theorem 6.4, we have f(0) = 1. By Parseval, we have ZS(zy|f(S)|2 =E[f?]-E[f] = ;.

o~

Then Theorem 6.4, implies that there exists exactly one non-zero Fourier coefficient f({i}) # 0 and it satisfies
Fiy) = +4. Depending on the sign, either f(z) =; or f(z) =1 — ;.

To prove the third item, note that by Theorem 6.4, all the non-zero Fourier coefficients satisfy |]?(S)| > 2%,
Combined with Parseval 17(9)]2 = E[f2] < 1, we conclude that there are at most 22% non-zero Fourier coefficients.

Then f =3¢ f(S)xs is a J-junta with
J= J s

5:7(8)#0

which satisfies |.J| < d22? where we used the fact that Xs is an S-Junta. O

6.4 Exercises

Exercise 6.1. TO BE COMPLETED.
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Chapter 7
Degree, decision trees, and sensitivity

In Chapter 6, we obtained a characterization of low-degree boolean functions: The real degree of a k-junta is at most k&,
and we prove that, conversely, a boolean function with degree at most k is a k22*-junta. In particular, deg(f) = O(1)
if and only if f is a O(1)-junta.

In this chapter, we will obtain a more refined characterization of low-degree boolean that does not suffer the
exponential loss of the degree versus junta characterization. This new characterization shows that the real degree is
polynomially equivalent to the decision tree complexity.

deg(f) < dt(f) < 2° deg(f)°.

7.1 Decision trees

We define the decision tree complexity of boolean functions f : {0,1}" — {0, 1}.

Definition 7.1 (decision tree). A decision tree over variables x1, ..., x, is a binary tree where each internal node has
two children, left and right. Moreover, each internal node is labelled with a variable, and each leaf is labelled with a
value of 0 or 1. To evaluate a decision tree at a point z = (z1,...,7,) € {0,1}", we start from the root, and at each

internal node with label z; we query the value of x;, go left if ; = 0 and right if ; = 1 until we reach a leaf. The
leaf’s value is the decision tree’s output on x. For a boolean function f : {0,1}" — {0,1}, we let dt(f) denote the
smallest depth of a decision tree computing f.

Figure 7.1: A depth 2 decision tree computing f : {0,1}3 — {0,1} with f(x1,2z2,23) == (=21 A =x3) V (21 A —22).

The following proposition shows that the decision tree complexity is an upper bound on the real degree.
Proposition 7.2. For every f:{0,1}" — {0,1}, we have deg(f) < dt(f).

Proof. Recall that the real degree is equal to the degree of f : {0,1}" — {0, 1} as a multilinear polynomial {0,1}" — R.
Consider a decision tree of f with depth dt(f). Let £ be the set of the leaves of this tree, and let £; be the set of
leaves with label 1.
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For every z € {0,1}", let £(z) € L denote the leaf reached by the tree when computing f(x). Note
fz) = Z Lio(z)=1-
leLy

For every | € L;, consider the path from the root to [, and let 7} be the indices of variables on this path that
returned the value 1, and F) be the indices of the variables that returned the value 0. We have

(H x) (H(l—xﬁ) =1 {(z) =1,

i€Ty i€ F

and the degree of ([T;er, i) (ITicp (1 — #4)) is |T1] + |Fi| < dt(f). Therefore,

F@) =Y lpw=g= ) (H x) (H(l —m) :

leLy lelLy \i€T i€ F]

which shows deg(f) < dt(f). O

7.2 Certificate complexity

Next, we will discuss a complexity measure closely related to decision trees.

Definition 7.3 (Certificate). A certificate for an input = € {0,1}" to a boolean function f: {0,1}" — {0,1} is a set
S C [n] of indices such that f is constant on all inputs that match = on S.

e We denote by Cf(x) the size of a smallest certificate for x.
e The certificate complexity of f is C(f) == max, Cy(z).
The following theorem shows that certificate and decision tree complexities are polynomially equivalent.

Theorem 7.4. For every boolean function f : {0,1}" — {0,1}, we have

C(f) < dt(f) < C(f)*

Proof. To prove C(f) < dt(f), consider a decision tree of depth at most dt(f) for f. The set of the variables queried
by the decision tree on an input x determines the value of f(x) and, therefore, forms a certificate of size at most dt(f)
for z.

Next, we prove dt(f) < C(f)2. Observe that if S is a certificate for x € f~1(0) and T is a certificate for y € f~1(1),
then z|g cannot be compatible with y|7, and therefore, S NT # . Define

Cof) = e Ci(z) <C(f) and C'(f) = mer}@ﬁl)cf(x) < O(f).

Pick any input  with f(z) = 0. If such an x does not exist, dt(f) = 0, and the theorem trivially follows. Let S be
the smallest certificate for x. Construct a partial decision tree of depth |S| < C°(f) by querying all the variables in S.
Since S intersects all the certificates for inputs y € f~*(1), each leaf £ of this partial tree corresponds to a function f,
with C1(f,) < C1(f)—1and C°(f,) < C°(f). By induction, f, has a decision tree of depth at most C°(f)(C1(f)—1),
and therefore

dt(f) < C(f) + COUNCH(F) = 1) = CUACH(S) < C(f)*

7.3 Degree of univariate polynomials and symmetrization

Our primary tool for proving lower bounds on the real degree of boolean functions is the following lower bound on the
degree of univariate polynomials.
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Theorem 7.5. Let ¢ : R — R be a univariate polynomial that satisfies
(1) q(0) =0 and q(1) = 1;
(i) |q(k)| <1 for every k € {0,...,m}.
Then deg(q) = \/m/2.
To prove Theorem 7.5, we need the following classical theorem from approximate theory.

Theorem 7.6 (Markov). Let ¢ : R — R be a univariate polynomial of degree d such that any real number x € [ay, az]
satisfies q(x) € [by,ba]. Then for all x € [ay,as], the derivative of q satisfies |¢' ()| < d> =%,

az—aj

Proof of Theorem 7.5. Let d = deg(q). By the mean value theorem, there exists a point z € [0, 1] with |¢'(z)| > 1.
Let ¢ = maxge[o,m |¢'(7)| = 1. The mean value theorem implies that every real = € [0, m] satisfies

c c

—5<q(x)<1+5.
Therefore, by Theorem 7.6, we have

1
c<d? + C,
m

or equivalently,

d> omn > m
where the last inequality uses ¢ > 1. (Il

We can symmetrize a multivariate polynomial p : R™ — R by averaging it over all permutations of the variables
P (21, .., ) ::l P(Tryye ey T, )s
n!
TES,

where S,, denotes the set of all permutations of {1,...,n}. Note that deg(p) < deg(p™™).
The following theorem, often attributed to Minsky and Paper [MP88], shows that p™(z1,...,x,) corresponds to
a univariate polynomial evaluated at =1 + ...+ z,.

Theorem 7.7. For every multilinear polynomial p : R™ — R, there is a univariate polynomial q : R — R with
deg(q) < deg(p) such that
P M@y, xn) =@+ T,

for all (x1,...,2,) € {0,1}".

Proof. Define

Py(z) = Z H‘T’

se(lnyies
as the sum of all degree k monomials. Let d be the degree of p. Using the symmetry of p>™, we have
P (x) =co+ 1 Pr(x) + -+ cqPy(x),

where ¢; € R. Notice that Pj(z) can be written as (***; "), and define the univariate polynomial g(t) as

q(t) = Co+C1G) +"'+Cd(:l>

sp that p»™(z) = q(z1 + ... + 2,). Finally, note that deg(q) < deg((})) = d. O

Symmetrization combined with Theorem 7.5 provides a method for proving lower bounds on the real degree of
certain boolean functions.
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Corollary 7.8. Let f : {0,1}" — {0,1} satisfy f(0,...,0) = 0 and f(e1) = f(e2) = ... = f(en) = 1. Then
deg(f) = /n/2.

Proof. Let p: R™ — R be the unique representation of f as a multilinear polynomial of degree deg(f). Let ¢ : R — R
be the univariate polynomial provided by Theorem 7.7. Note that

q(o) :psym(oﬁ"'70) = 07

and S o)
, 1 p(e;
a(1) = p(er) = ZELEED — .
n
Moreover, |g(k)| < 1 for all k € {0,...,n}. Theorem 7.5 shows deg(q) > /n/2. O

7.4 Sensitivity

We define another important parameter in the study of boolean functions, which measures the sensitivity of a function
f:{0,1}" — {0,1} to the changes in the input bits at a given point x. Note that given x € {0,1}" and i € [n], x B e;
corresponds to flipping the i-th bit of x.

Definition 7.9 (Sensitivity). The sensitivity of f : {0,1}" — {0,1} at a point z, denoted by s¢(x), is the number of
bits in x such that flipping any one of these bits changes the value of the function. More formally,

sp(e) :=[{ien]: f(z) # flzSei)}.

The sensitivity of f is
s(f) = LB sf(@).
The function f in Corollary 7.8 satisfies s(f) = s¢(0,...,0) = n. Corollary 7.8 easily generalizes to the following
lower bound on the degree.

Theorem 7.10 (Nisan and Szegedy [NS94]). Every f:{0,1}" — {0,1} satisfies deg(f) = +/s(f)/2.

Proof. Let y € {0,1}" be such that s = s¢(y) = s(f ), and let i1,...,is € [n] be the sensitive coordinates at y.
Without loss of generality, we may assume that f(y) = 0 since replacing f with 1 — f does not change the degree or
the sensitivity.
Define g : {0,1}° — {0,1} as g(2) == f(y D 2164, D ... D 25¢;,). The multilinear polynomial representation of g is
given by substituting
Yi lflg{ll,,ls}
Ti =4z ifi € {i1,...,istand y; =0,

1—2z ifiedi,...,is}andy; =1

in the polynomial representation of f(z1,...,z,). Each z; is a polynomial of degree 1 or 0 in z;. Therefore, deg(g) <
deg(f).
On the other hand, g satisfies the assumption of Corollary 7.8, and therefore, deg(g) > +/s/2. ]

7.5 Block Sensitivity

To relate the decision trees to the degree. we need to generalize Theorem 7.10 further. Given B C [n], let 15 € {0,1}"
denote the indicator vector of B.

Definition 7.11 (Block Sensitivity). The block sensitivity of f: {0,1}" — {0,1} at a point z, denoted by bs(z), is
the maximum number of disjoint subsets By, ..., By C [n] such that f(x) # f(x @ 1p,) for all i = 1,..., k. The block
sensitivity of f is

bs(f) = e bs ().
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Note that bs(f) > s(f) since s(f) corresponds to block sensitivity with blocks of size 1. Finally, we are ready to
show that low-degree boolean functions have small decision tree complexity.

Theorem 7.12 (Nisan and Szegedy [NS94]). Every f : {0,1}" — {0,1} satisfies deg(f) = /bs(f)/2.

Proof. The proof is almost identical to the proof of Theorem 7.10. Let y € {0,1}" be such that s := bs¢(y) = bs(f),
and let By,...,Bs € [n] be disjoint sensitive blocks at y. Again, without loss of generality, we may assume that
f(y) = 0 since replacing f with 1 — f does not change the degree or the block sensitivity.

The theorem follows by applying Corollary 7.8 to g : {0,1}° — {0, 1}, defined as

g(Z) = f(y@21131 D... @ZslBs)'

Theorem 7.13 (Nisan [Nis91]). Every function f:{0,1}" — {0,1} satisfies

C(f) < bs(f)s(f)-

Consequently,
dt(f) < bs(f)* < 2° deg(f)".

Proof. First note that by Theorem 7.4, we have dt(f) < C(f)?, and by Theorem 7.12, we have s(f) < bs(f) <
4deg(f)?. These facts verify the second inequality in the assertion. It remains to prove C(f) < bs(f)s(f).

Let = be any input, and consider a maximal set of disjoint blocks By, ..., Bs C [n] such that f(z) # f(z & 1p,) for
all i. By the definition of block sensitivity s < bs(f).

Without loss of generality, we may assume that B; is minimal, in the sense that f(z) = f(z ® 1 Ei) for every
Ei C B, as otherwise, we may replace B; with El

Since B; is minimal, for every j € B;, we have

flx@1py) = fx) # f(z @ 1B,),

and therefore, on the input « @ 1p,, f is sensitive to all the bits j € B;, and we must have |B;| < s(f). We conclude
that B := (J;_, B; is of size at most bs(f)s(f).
Recall that By,...,Bs C [n] is a mazimal set of disjoint sensitive blocks at x. The maximality implies that B is
a certificate for x and fixing the variables in B to x|z must determine the value of f to be f(z); otherwise, we could
find another sensitive block for x that is disjoint from B.
O

Theorem 7.13 and Proposition 7.2 show that deg(f) and dt(f) are polynomially equivalent

deg(f) < dt(f) < 2° deg(f)®.

7.6 Approximate degree and randomized decision trees

A randomized decision tree T of depth d is a random variable that takes values in the set of decision trees of depth at
most d.

The randomized decision tree complezity of f : {0,1}" — {0,1}, denoted by rdt(f), is the smallest d such that
there exists a randomized decision tree T of depth d with

Vo € {0,1}". (7.1)

W =

Pr{T(x) # f(x)] <
Consider such a randomized decision tree, and let p be the distribution of T. Define g : {0,1}" — R as

o(0) = B{T(x) = 1) = ExT(a) = 3 u(T)T(a),
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where the sum is over all decision trees of depth at most d. Since each T'(z) is a polynomial of degree at most d, we
have deg(g) < d. On the other hand, by Eq. (7.1), we have | f — glloc < 1.

Definition 7.14 (Approximate degree). The approximate degree of f, denoted by cTeé( f), is the smallest d such that
there exists g : {0,1}" — R with deg(g) < d and || f — g[o < 3-

The discussion above shows that the approximate degree is a lower bound on the randomized decision tree com-
plexity.

Proposition 7.15. Every f:{0,1}" — {0,1} satisfies aég(f) < rdt(f).

The proof of Theorem 7.12 easily extends to the approximate degree and shows that the block sensitivity also
provides a strong lower bound for this parameter.

Theorem 7.16 (Nisan and Szegedy [NS94]). Every f : {0,1}" — {0,1} satisfies deg(f) > bs(f)/6.

Proof. Recall Theorem 7.5 about univariate polynomials. If we replace Theorem 7.5 (i) with ¢(0) < %
then there exists = € [0, 1] with [¢/(z)| > §. Now, the application of Markov’s inequality shows deg(q) > /m/6. Using
this lower bound in the proof of Theorem 7.12 yields the desired result. (]

Combining these facts with the bound dt(f) < bs(f)?* from Theorem 7.13, we conclude

do(f)"/5 _

Ve

Therefore, randomized decision tree complexity is polynomially equivalent to the deterministic decision tree complexity!
Similarly, the approximate real degree is polynomially equivalent to the real degree!

bs(f)/6 < deg(f) < rdt(f) < dt(f).

7.7 Conclusion

In this chapter, we proved that several complexity measures of boolean functions f : {0,1}" — {0, 1} are polynomially
equivalent:

e real degree deg(f);

e approximate real degree deg(f);

e decision tree complexity dt(f);

e randomized decision tree complexity rdt(f);
e certificate complexity C(f);

e block sensitivity bs(f).

We also discussed the sensitivity of f and showed that s(f) < bs(f). In [NS94], Nisan and Szegedy conjectured
that s(f) is also polynomially equivalent to the abovementioned parameters. Their conjecture remained open for more
than three decades. Scott Aaronson, in his blog, writes:

Ever since it was posed by Nisan and Szegedy in 1989, this conjecture has stood as one of the most
frustrating and embarrassing open problems in all of combinatorics and theoretical computer science. It
seemed so easy, and so similar to other statements that had 5-line proofs. But a lot of the best people in
the field sank months into trying to prove it.

Finally, in 2019, Hao Huang [Hual9] proved the longstanding sensitivity conjecture in a short and beautiful paper.
We will discuss Huang’s proof in the next chapter.
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7.8 Exercises

Exercise 7.1. Prove that every f:{0,1}" — {0,1} satisfies

dt(f) < C(f) deg(f) < 16deg(f)".

Exercise 7.2. Consider the stronger model of a parity decision tree, where at every internal node of the decision
tree, we can query €, g x; for any S C [n], and branch left or right accordingly. Let dt®(f) and rdt®(f) denote the
deterministic and randomized decision tree complexities of f : {0,1}" — {0, 1}, respectively. Note dt®(f) < dt(f) and
rdt® (f) < vdt(f).

Given any a € {0,1}", let the point mass 1, : {0,1}" — {0, 1} be defined as 1,(z) = 1 iff z = a.

1. Prove that dt®(1,) = n for any a € {0,1}".
2. Prove that rdt®(1,) < 10 for any a € {0,1}". .

Exercise 7.3. Consider the stronger model of an AND-decision tree, where at every internal node of the decision
tree, we can query /\,.gz; for any S C [n], and branch left or right accordingly. Let dt”(f) and rdt"(f) denote the
deterministic and randomized AND-decision tree complexities of f : {0,1}" — {0, 1}, respectively.

Let ¢t : {0,1}" — {0,1} be defined as t(z) = 1 iff > z; <n — 1.

1. Prove that dt”(t) = n.

2. Prove that rdt"(¢) < 10.
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Chapter 8
The sensitivity theorem

This chapter presents Huang’s elegant and short proof of the longstanding sensitivity conjecture, showing that sensi-
tivity is polynomially equivalent to the real degree.

In Chapter 7, we proved s(f) < bs(f) < 2deg(f)?. Conversely, the sensitivity theorem provides a lower bound on
the sensitivity in terms of the degree.

Theorem 8.1 (Sensitivity Theorem [Hual9]). Every f:{0,1}" — {0,1} satisfies s(f) > /deg(f).

The proof of Theorem 8.1 uses spectral techniques to show that every large induced subgraph of the hypercube
contains a vertex of large (graph) degree. Before presenting proof of the sensitivity conjecture, let us recall the
definition of the hypercube and state a few simple facts about it.

8.1 The hypercube graph

Definition 8.2 (hypercube). For n € N, the n-dimensional hypercube @, is the undirected graph with vertex set
{0,1}", where two vertices are connected by an edge iff they differ by exactly one bit. See Figure 8.1.

110 111

010 011

100 101

000 001

Figure 8.1: The hypercube Q5. The colours red and blue represent the bipartition of Q3.

The hypercube @, is an n-regular graph as every vertex z € {0,1}" has exactly n neighbours z @ ey, ...,z @ e,.
Note also that hypercube is a bipartite graph with the bipartition

Veven = {x € {0,1}" : in =0 mod 2} and Vioqq i= {a: € {0,1}" : Zwi = 1 mod 2} .
i=1 i=1

We can alternatively construct @, by taking two disjoint copies @,—1 and adding a perfect matching connecting
each vertex in one copy of @,,_1 to the corresponding vertex in the other copy. Consequently, the following recursive
formula describes the adjacency matrix A, of @,.

o1 C[Apy T
A= [1 O} and An—[ I An_J. (8.1)
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8.2 Two theorems from matrix theory
For a symmetric matrix A € R™*™ we denote the i-th largest eigenvalue of A by \;(A) so that
A(A) 2 A2(A) 2 -+ 2 A (A).

The following well-known theorem bounds max?™, |A;| by the maximum L;-norm of the rows of A.

Rm xXm

Theorem 8.3. FEvery eigenvalue A of a symmetric matrix A € satisfies

m
Al < m?xz |Aijl.
j=1
Proof. Let u = (uq,...,u,) be an eigenvector corresponding to A so that Au = Au. Let i* = arg max; |u;|. We have

|)\UZ‘*

= |u’L* s

= (| = Y- A < (] ) | X 14v
j=1

j=1

m
> 1A
j=1

which shows

m m
A<D [Aij] < m?XZ | Aijl.
j=1 j=1

Finally, let us recall the Cauchy interlacing theorem, a useful fact from matrix theory.

Theorem 8.4 (Cauchy interlacing theorem). Let A € R™*™ be a symmetric matriz, and let B € R¥*¥ be a principal
submatriz of A. Then denoting r = m — k, we have

Ai(A) 2 N(B) 2 N (A) foreveryi=1,... k.

8.3 Proof of the sensitivity theorem

Given an undirected graph G = (V, E) and a subset T' C V, let G[T] denote the subgraph induced by G on T. Denote
the largest degree of a vertex in an undirected graph G by A(G). The following theorem lies at the core of Huang’s
proof of the sensitivity conjecture.

Theorem 8.5 (Huang [Hual9]). For every T C {0,1}" with |T| > 2"~', the subgraph H = Q,[T] induced by the
hypercube Q,, on T satisfies
A(H) > Vi

Proof. Define the 2™ x 2™ symmetric matrices A, recursively as

~ 0 1 ~ Ap_1 I
A = d An = ~
! l: :| an I *Anfl

Lo . (8.2)

By comparing these formulas to Eq. (8.1), note that
|An(e, )| = An(a,y) for all 2,y € {0,1}",

where A,, is the adjacency matrix of the hypercube @,.
Let B denote the T' x T principal submatrix of A,,. By Theorem 8.3, we have

M(B) <max Y [B(w,y)| =max Y | |An(w,y)| = max D An(z,y) < A(H).
yeT yeT yeT
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Next, we wish to determine the eigenvalues of ﬁn An easy induction shows that Z,QL = nly~, and therefore, all the
eigenvalues of A,, are of the form ++/n. On the other hand, since Tr(A,,) = 0, each of \/n and —+/n have multiplicity
on—1,

Since |T'| > 2"~1, by the Cauchy interlacing theorem, we have

M(B) > Mz r(An) = Ao i (A,) = V.
|
The sensitivity conjecture easily follows from Theorem 8.5, through the following reductions observed by [GL92].

Proof of Theorem 8.1. Without loss of generality, we may assume that deg(f) = n. Otherwise, pick any monomial of
maximum degree with a non-zero coefficient in the polynomial representation of f and assign 0 to the variables not
involved in this monomial. The restricted function has the same degree as f and, by induction, has sensitivity at least

deg(f), and consequently s(f) > /deg(f). We will assume deg(f) = n in the sequel.
We will change the range of f to £1. Define g : Z§ — {—1,1} as g(z) := 1 — 2f(z) and note deg(g) = deg(f) =n
and s(g) = s(f). Therefore, it suffices to prove s(g) > v/n.
Since deg(g) = n, we have g([n]) # 0 in the Fourier expansion of g:

g(@) = Y (S)xs(x).

§Cin)
Define h : Z§ — {—1,1} as h(z) == g(2)x}n)(z) = g(2)(—1)=i=1%. We make the following observations.
(1) We have h(z) = > gc(, 9([n] \ S)xs(z), and therefore E[h] = g([n]) # 0.
(ii) We have g(z) # g(z + €;) < h(z) = h(z + e;), and therefore,
sg(x) = [{i - h(z) = h(z + )} |-
In other words, s4(z) is the (graph) degree of = in @, [T] where T' = {y : h(y) = h(x)}.

Let T be the larger of the two sets T+ = h=1(1) and T~ = h~(—1). By (i), these two sets are not of equal size
and therefore |T'| > 2"~!. By Theorem 8.5, the largest vertex degree in Q,[T] is at least v/n, which by (ii), shows

s(g) = v/n. 0
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Chapter 9

Influences, Isoperimetry, and Efron-Stein
inequality

This chapter introduces another fundamental concept in studying Boolean functions: the notion of influence.

Let (X, u) be a probability space. Given a function f : (X, ) — R, the variance of f provides a natural measure
of how sensitive the output of f is to changes in the input. For instance, if the variance of f is zero, f is constant,
meaning that the input does not influence the value of f(z). Conversely, a larger variance implies that the output of
f varies more significantly, and therefore, the input has a greater influence on f(z).

More generally, consider a function f: (X", u™) — R. We wish to measure the influence of a single variable z; on
f(w1, ... 2,). Fixing 2pppy = (21,4, %1, Tig, -+, ) i f(21,. .0, 20) = (T}, 7i), reduces it to a function
of the single variable x;. We can then apply the variance to quantify the influence of z;. Finally, by taking the
expected value of this variance, we obtain a natural way to measure the overall influence of the individual variable x;

on f(z1,...,2,).

Definition 9.1 (Influence). Let (X, ) be a probability space, and let f : (X", u™) — R. The influence of the ith
variable on f is defined as
It(f) = EX[H]\“}N,U."fl Va‘r [f(x[n]\{’b}v Xl)]

X~

The sum of the influences is called the total influence of f:

n
Iy = Z L(f).
i=1
One can express the influences in terms of the following notion of Laplacian.

Definition 9.2 (ith coordinate Laplacian). Let (X, u) be a probability space. The ith coordinate Laplacian of the
function f: (X, )" - Ris 0;f == f —Ex, f.

Note that we have
Li(f) = Expp gy B (f = Ex, )2 = [10: f1I5-

Uniform measure on {0,1}": When f : {0,1}" — R, where {0,1}" is endowed with the uniform probability
measure, we have

0.f(@) = f(2) ~ B, () = (o) - LRI @O ) _ T 2o ve)

If we further assume that f: {0,1}" — {0,1} is Boolean valued, then

Pr(f(x) # f(x @ e)]

RNy

L(f) =

and
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Example 9.3. For the parity function
PARITY : ¢ — z1 + ... + 2, (mod 2),

we have I;(PARITY) = i for all ¢, and Ipspiry = n/4.

9.1 Sensitivity and influences

Recall that we defined the sensitivity of f as s(f) = max, s¢(z). It is also natural to consider the average sensitivity of
f defined as s*V&(f) :=Exs¢(x). The following simple observation connects the total influence to average sensitivity.

Proposition 9.4. Every f: 73 — {0,1} satisfies

where s*V&(f) = Exsy(x).

Proof. We have

1 < 1 1 1
Ir=7 D Prlf(x) # f(x+e)] = 1 D Exlijiossinten) = 7Ex Y Lo (eren] = 7 Ex87(X)-
i=1

i=1 i=1

9.2 Isoperimetric Inequalities for the Hypercube

Isoperimetric problems in mathematics ask for the minimum possible “boundary size” of a set with a given “size,”
where the precise definitions of these terms depend on the specific problem. The classic example is minimizing the
perimeter among all shapes in the plane with area 1. The solution to this problem — that the circle is optimal — was
known to the Ancient Greeks, but the first rigorous proof was found by Karl Weierstrass in the 1870s.

In the discrete setting, isoperimetric inequalities are studied within graphs, where the goal is to find the minimum
edge or vertex boundary among subsets of vertices of a given size.

Definition 9.5 (Edge and vertex boundary). Let G = (V, E) be an undirected graph, and let A C V. The edge
boundary of A is the set E(A, A°) of edges with one endpoint is A and one in A° = V' \ A. The vertex boundary of A
is the set

0A={veV\A : vhas aneighbour in A}.

Recall from Definition 8.2 that the hypercube @), is the undirected graph with vertex set Z5 where two vertices are
adjacent if they differ in exactly one coordinate. The following proposition shows that the size of the edge boundary
in a subset of the hypercube is equivalent to its total influence.

Observation 9.6. Give a set of vertices A C V(Q,,) = Z% in the hypercube, let f =14. We have

_ B4, 49

If 2n+1

Proof. We have
[B(A, A% = spla) =) ss(a),

z€A rEA®

and therefore, by Proposition 9.4,

2|E(A, A%)| = Z sp(x) = 2758 (f) = 2n+21f.

TELY
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The edge isoperimetric inequality on the hypercube states that subcubes have the smallest edge boundaries.

Theorem 9.7 (Harper’s edge isoperimetric inequality). Every subset A of the vertices of the hypercube Q,, satisfies
n

2
E(A, A%)| > |Allog —,
B(4,4%) > |4llog g

with equality when A is a subcube. Equivalently, every f : Z% — {0,1} satisfies

—_

1
I > -E[f]log =—. (9.1
> 5Bl o8 5 )
Proof. The proof is straightforward using induction on n. The base case, n = 1, is easily verified, so we directly move
to the induction step. Partition @, into two disjoint subcubes QL _; and Q2 _; of dimension n — 1 each. Similarly
partition A into two sets A; = ANV(QL_;) and Ay = ANV(Q2_,). Let a1 = |A;| and az = |As|. Without loss of
generality, assume a; = ag +t for t > 0. The edge boundary of S will have edges from the boundary of A; in AL |,

2
n—1»

edges from the boundary of As in A and also at least t edges that must go between the two subcubes. Using the

induction hypothesis, we have
|E(A, A°)| =2 a1(n—1—logay) + az(n —1—logas) +t
=ain —ai; —ajloga; +asn —as —aslogas + 1t
= a1n — ay logay + asn — as log as — 2as.
Since |A|log % = ain + asn — (a1 + az) log(a; + as), it suffices to show
ayloga; + aglogas + 2as < (a1 + a2)log(a; + az),

for as < a;. This inequality can be easily proved using simple manipulations. (]

On the other hand, Harper’s theorem [Har66] states that Hamming balls have the smallest vertex boundaries.
Given 0 < r < n and x € Zg, let B,(x) denote the Hamming ball of radius r centered at x. Note that |B.(z)| =

Yizo (7) = (&)

Theorem 9.8 (Harper’s vertex isoperimetric theorem). Every set A of vertices in the hypercube Q,, with (<"r) <Al <

satisfies [AUOAl = (), ))-

<§77+ 1) <r+1

We will refer the reader to [FF81] for a short proof of Harper’s vertex isoperimetric theorem.

9.3 Fourier expansion and Influences

Let f : Z5 — R. One can easily describe the Fourier expansion of 0;f from the Fourier expansion of f. Since the
characters satisfy

L Jxs(z) ifies
xs(@te) = {Xs(a:) ifigs’
we have!
oif = > F(S)xs. 9.2)

S:ues

Equation (9.2) allows us to express the influences and the total influence in terms of the Fourier coefficients.

Proposition 9.9. For every f : Z3 — R, we have

L(f) =llouflz = > IFSP,

S:eS

1Compare this formula to ai:%f =3 5:ics0S HjeS\{i} x;, which holds for multilinear polynomials f(z1,...,2n) = ngn] as [1;es i
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and consequently,

Iy = ISIF(S)P.

SCln]

Since Var[f] = E[f?] — E[f]? = > 5520 |F(S)|2, Proposition 9.9 immediately implies the following Poincaré in-
equality R
Iy 2 Y |f(S)F = Varlf].
S#0
From its proof, it is apparent that this inequality is only tight for Boolean functions of degree at most 1, namely,
the constant functions and the dictators. Note that Harper’s edge isoperimetric inequality Equation (9.1) provides a
stronger lower bound for Iy in terms of E[f].

9.4 General product spaces

Consider the Fourier expansion of a function f : Zj — R,

f=> FS)xs. (9:3)
SC[n]

Many key properties of this expansion stem from the product structure of Z%. For example, the property that
Fs = f(S)XS is a S-junta since it only depends on the variables in .S, is inherently about the product structure. In
[Hoed8], Hoeffding introduced an analogous expansion for functions on arbitrary product spaces, which shares many of
the key features of Eq. (9.3). Fourier-Walsh expansion often called the Fourier- Walsh expansion, is particularly useful
for analyzing functions on domains such as [0, 1]™ where there is no group structure to define a Fourier expansion.

Let (X, 1) be a probability space on a finite set X, and let u™ be the corresponding product measure on X"™. We
only assume X is finite to avoid discussing measurability and integrability conditions. However, if we require that
f+ X™ — R is integrable, the following discussion easily generalizes to infinite settings such as [0, 1] or the Gaussian
measure on R.

Notation: For S C [n], we will sometimes denote the complement of S by S := S¢ = [n]\ S. For # € X" and
S C [n], let x5 € X* denote the restriction of x to the coordinates in S. For disjoint sets S,7 C X, and y € X
and z € X7, let (y,z) denote the unique element in X Y7 satisfying (y, z)s = y and (y, 2)7 = z. In the sequel, by
an abuse of notation, we sometimes identify a function f : X — R with its corresponding S-junta on X" defined as
x> f(xg) for x € X"

Given a function f: X™ — R and § C X, we use the notation Eg f to denote the function Egf : X™ — R with

(Bs ) = Bxs flxs.v5) = [ Flas.us)d®(as).
For example,
(Elf)(y) = EXif(yla ey Vi1, X Yit 1y e - - 7y’n) = /)( f(wia y[n]\{l})d:u’(xl)

Note that Egf is a S-junta.

9.4.1 Hoeffding’s Fourier-Walsh Expansion

Given a function f : X™ — R, we define the Fourier-Walsh expansion f =) SCn] Fs based on two key properties of
the functions Fjs.

Definition 9.10 (Hoeffding [Hoe48]). The Fourier-Walsh expansion of f : X™ — R is the unique decomposition
f=> SClm] Fs that satisfies the following two properties.

(i) For every S C [n], the function Fyg is an S-junta, meaning it depends only on the coordinates in S.

(ii) E;Fs =0 for every S C [n] and ¢ € S.
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The two properties (i) and (ii) uniquely determined the functions Fg from f. Notably, by (i) and (ii), we have

ETf:ZFS.

SCT

For example, taking T' = [n] shows Fj = E[f], representing the mean of f similar to the principal Fourier coefficient.
More generally, More generally, this yields the following inclusion-exclusion formula for Fls:

Fg = Z (_1>\S\T|ETJC.
TCS

Remark 9.11. Note that for f : Z5 — R, we have Fg = f(5)xs in the Hoeffding expansion f = ngn] Fs. More

~

generally, for f:Zj — R, we have Fg =3 0 ,_g f(a)Xa, as it satisfies (i) and (ii).
Proposition 9.12 (Orthogonality of Hoeffding terms). The Hoeffding expansion f =3 o Fs of f: X™ — R satisfies

0 ifS#T

(Fs, Fr) = ExFs(x)Fr(x) = {FsH% FS=T

In particular, we have Parseval’s identity

Ef* =Y |IFsl3-
S

Proof. If S # T, there exists an element ¢ € (S\T) U (T\ S). Then by Definition 9.10 (ii), we have (Fs, Fr) =0. O

9.5 The Efron-Stein Inequality

As an application of Fourier-Walsh expansion, we will prove the Efron-Stein inequality [ES81], which extends the
Poincaré inequality Iy > Var[f] to general product spaces.

Theorem 9.13 (Efron-Stein [ES81]). Let (X, i) be a probability space. Every integrable function f : X™ — R, satisfies
Var[f] < Iy.

Proof. Consider the Fourier-Walsh expansion f =} g, Fs. By Definition 9.10 (i) and (ii), we have

Eif =) Fsanddf = f~Eif = ) Fs.

S¢S S:ieS

In particular, by Parseval,

L(f) =loifll5 = IFsll3,

5:ies
which summing over all ¢ gives .
Ir =Y L) =Y ISIIFsl3.
i=1 SCln]
On the other hand,
Var[f] = E[f*] = E[f]* = > _[| Fsll3-

S#0

9.6 Fourier levels

The discussions in this chapter, particularly the formula for the total influence and the proof of the Efron-Stein
inequality, suggest a decomposition of functions over product spaces into different levels.
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Given a function f : X™ — R represented by its Hoeffding expansion f = ngn] Fgs, we define the k-th level

=k = Z Fs.

S:|S|=k

projection of f as

Note that for f :Z5 — R, the k-th level is given by

=) F(S)xs,

S:|S|=k

and our formula for the total influences, given in Proposition 9.9, translates to

Iy = K="

k=0

When considering the characters xg of Zj it is helpful to think of [S| as an analogue of the frequency + for
characters x,(x) = e2mawi/N of 7. As the frequency + increases, x,(r) becomes more sensitive to the changes in
(see Figure 9.1). Similarly, larger |S| indicates a higher sensitivity to the input bits for xs.

Finally, we also introduce the notations

= 3" F(S)xs.

S:|S|<k

and

7E= 3" F(S)xs

S:|S|>k

1.00 + \ /'"

0.75

0.50 1

0.25 - \ /
—— Rele®)
= 0.00 A 2W1ax
Rele™=")

—0.25 +

—0.50 + \ /

%

—1.00 - —

0 5 10 15 20 25 30 35 40
X

Figure 9.1: Blue illustrates $(e?™45) which has frequency i. Red illustrates %(62”%) which has frequency i. The
character with a smaller frequency is more stable under small changes in x.
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Chapter 10

Introduction to hypercontractivity

This chapter explores an important phenomenon in functional analysis known as hypercontractivity. For functions
defined on the discrete cube {0,1}", hypercontractivity was first proved by Bonami [Bon70] and later developed further
by Beckner [Bec75] and Gross [Gro75].

Consider the vector space of functions f : Z3 — R and recall that [|f||, < || f]l, if 1 < p < ¢ < oco. The difference
in L, norms is closely connected to the concentration of |f|. If f is a constant function, all the L, norms coincide.
More generally, if f is nearly constant, we expect that || f|| , does not increase significantly as p increases. Conversely,
moment concentration inequalities (e.g. Chebyshev’s inequality) suggest that when two distinct L, norms are close,
then | f| is somewhat concentrated?.

To “smooth” a function f : Z3 — R and increase its concentration, we can average f over a neighbourhood of
each point = such as a Hamming ball of a fixed radius centred at x. More specifically, we will consider a smoothing
operator that averages f over noisy versions of the inputs z. Define T'f(z) := E, f(z) where z is obtained from z by
independently flipping each bit of 2 with probability v for some fixed v € [0, 1]. Since T is a stochastic operator, the
convexity of norms implies that it is contractive under the L, norms, ie., [Tf|, < [/f[|,. However, the smoothing
effect of the averaging operator allows us to make an even stronger assertion: The operator T is hypercontractive,
meaning that ||7'f[|, < || f||, for some ¢ > p depending on 7.

10.1 Hypercontractivity in dimension one
We introduce the noise operator in dimension one, i.e. on the space of functions f : Zy — R. Let p, denote the
Bernoulli distribution with success probability v (i.e., uy(1) = v and p,(0) =1 — ).
Definition 10.1 (The 1-dimensional noise operator). Let 0 < p < 1 be a parameter, and let v = %(1 —p). Given a
function f : Zo — R, define T,,f : Zo — R by

Tpf(x) = Ey~un,f(m + Y)~
Remark 10.2. In Definition 10.1, the value p = (1 — p) is chosen so that Eyop, (=1)Y = p.

Remark 10.3. We have T, f(z) = E,[f(z)], where the random variable z is a noisy copy of = with corruption
probability p. More formally,

e {x with probability 1 — ~ . (10.1)

1—2 with probability ~

The operator T}, is linear
Tp(f +Ag) =T, f + ATpg,

and since

] o i et O i

ISince the Ly norm of f and |f| are equal, the values of [l f]l, can only imply concentration for |f]|.
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its corresponding matrix is
1—
Tp{ LA ] (10.2)

Since By~ x1(2+Yy) = Ey~p, (—1)*1 = p(=1)* = px1(z), the two characters xo and x; of Zy are the eigenvectors
of T, with corresponding eigenvalues 1 and p:

Tpxo = xo and Tpx1 = px1 (10.3)

o~ ~

In particular, for every f :Zs — R with Fourier expansion f = f(0) + f(1)x1, we have

~ ~

T, f = f(0) + pf(L)xa-
Next, we show that since T}, is an averaging operator, it is a contraction for the L, norm.

Theorem 10.4 (contractivity in dimension one). For every f : Zs — R, we have

1T A1, < NIl -

Proof. Let pu:= i1 y_,). Given y € Zy, define the y-translation of f, f, : Zs — R as fy(z) = f(z +y). By convexity
of norms, we have
1o fll, = 1By~ fy (@), < Bynp Ly @), = Eyep 1£1, = I1£1l, -
(Il

Remark 10.5. The proof of Theorem 10.4 generalizes to any norm that satisfies ||f|| = || fy| for all y, i.e., any
translation invariant norm.

The operator T), satisfies a stronger property called hypercontractivity.

Theorem 10.6 (Hypercontractivity in dimension one). Let 1 < p < g < 0o and f : Zs — R. We have

p—1
ITpfllq < I, for every 0 < p <\ ["—-
Proof. Consider f: Zs — R and set v = (1 — p). Denoting a = |f(0)| and b = |f(1)], using standard methods from
calculus, for 0 < p < %, we have

1T, £, = (Bx [Bymp, Fx+3)]%)

1/q
- (;((1 —y)a+b)? + %(va +(1- V)b)q>

1 1 1/p
(2ap + 2bp) = ||f||p .

N

10.2 Hypercontactivity

In Section 10.1, we discussed the noise operator and hypercontractivity in dimension one. In this section, we will
generalize these concepts to arbitrary dimensions.

Let p17) denote the product probability measure on {0,1}" defined by the Bernoulli measure y.,. More formally, for
y € {0,1}", we have pZ(y) = 7= Vi (1 — )" 2V,

Definition 10.7 (Noise operator in arbitrary dimension). Let 0 < p < 1 and set v = (1 — p). Given a function
f:23 — R, define T,f : Z3 — R as
Tpf(2) = Bynpn f(z + ).
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We can write T, f(x) = E, [f(z)], where

x; with probability 1 — v

Z; = { , (10.4)

1—2; with probability v

independently for each i. In other words, z is a noisy copy of x, where each coordinate is flipped with probability ~.
Similar to the one dimension, 7}, is a linear operator. We have

Ty(f +Ag) =T, f + Ny,

and the corresponding matrix of this operator is the the nth tensor power of the 2 x 2 matrix in (10.2).

The operator T, has a smoothing effect. When p = 1, we have T}, f = f, but as one decreases p, the function 7T}, f
approaches to the constant E[f] and when p = 0, we have T, f = E[f]. Note T}, f(x) takes the average of f evaluated
at points sampled according to z. When p = 1, the random variable z is concentrated on the original point x, and we
obtain f(x). As p decreases, the random variable z increasingly spreads over the whole group Z%. Finally, at p = 0,
we lose the information about x and z is distributed uniformly over all points in ZJ. Therefore, E, f(z) = E[f] in this
case.

Let us now investigate the effect of the noise operator on the Fourier expansion.

Lemma 10.8. Given f:Z5 — R, we have

T,f = ¥ F(S)xs.

SCin]

Proof. Since T, is linear, it suffices to show that for every S C [n], we have

T,xs = p'lxs.

Namely, xs are the eigenvectors of T, with corresponding eigenvalues p!8l. We have
Tyxs(@) = Eyounxs(@+y) = xs@)Eymunxs(y) = xs(@)Eympun [[(-1)
=

= xs(@) [] By, (1) = xs ()5,
i€s

]

Lemma 10.8 shows that the noise operator dampens the Fourier coefficients, and the dampening effect increases
exponentially as a function of |S|.

Remark 10.9. For every x € Z3, we have

Eyopn [f (& + )] = 2"Eyeny [f(x+y)ul(y)] = 2" f  ply (z).
where in the second expectation, y € Z3 is chosen according to the uniform distribution. The Fourier expansion of uf
is given by //@(S) = %, which also implies f;f(S) = 2”@(5)?(5) = pISIF(9).

In light of Lemma 10.8, we can extend the definition of the noise operator 7}, to include arbitrary values of p € R
beyond the interval p € [0, 1].

Definition 10.10. For p € R and f : Z§ — R, define

T,f =Y plIF(S)xs.

5C[n]

In the proof of Lemma 10.8, we used the fact that the noise operator acts independently on each coordinate. This
approach applies to many results involving the noise operator: we first analyze the effect of noise on a single coordinate
and then extend this analysis to the entire space using its product structure.
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Theorem 10.11 (contractivity). For 1 < p < oo, the operator T, is a contractive operator from L, to L,. That is,

1T A1, < Il -

Proof. The proof of contractivity from Theorem 10.4 remains valid for the general setting of functions f : Z§ — R. O

Next, we will show that T}, is hypercontractive. Before stating this theorem and presenting its proof, we introduce
some notation.

For a distribution p over X and a distribution v over Y, consider the product probability distribution p x v. For
a function f : (X XY, xv) = R, let |[f]|, ) denote the function = — [|fol[; (,) with fo = f(z,-). Similarly, let
||f||Lp(“) denote the function y — ||fy||Lp(H), where f, = f(-,y).

Given a subset S C [n], we can view a function f : ZJ — R as a function f : Z§ x Z$ — R. It is instructive to see

how H||fHLP(Z§)HL 23 expands. We have
q\=2

(EwEZ§|fy(x)|p>l/p q) 1/q. 03)

q\ 1/a
) = Ey€Z§

1l = 00z )

As in the proof of Theorem 10.4, convexity of the norms show

1fyllz,zs)

H||fHLp(Z§) ‘Lq(Zf) = (Eyez§

Since fy,(z) = f(z,y), we have

. 10.6
Lq(Z5) (106)

HHf”Ll(“)HLp(V) = Bl 2 ) 1) S B [ 1 ()l ) = HHf”LP(”’ Li(p)

This is a special case of a more general inequality:

Theorem 10.12 (Generalized Minkowski’s Inequality). For 1 < p < ¢ < 00, we have

Lp(v)

I, <191z,

Lq(p)
Now, we have all the tools to prove the hypercontractivity of T,.

Theorem 10.13 (Hypercontractivity). Let 1 <p < g < oo and f : Zy — R. We have

T, 01, < 151, for every0 < p <[P
Proof. The proof is by induction on n. We have already verified the inequality for n = 1 in Theorem 10.6. Next, we
exploit the product structure to prove the inequality for arbitrary n.
Consider f : Z§ — R. For S C [n], let TPS denote the noise operator applied only to the coordinates in S. More
formally, Tps is an operator on the function f(-,zg), where xg denotes the variables x; for i ¢ S. Let S = {1}. By
Equation (10.5), we have

17,11, = |75z 1]

SmS .

= T ‘ Equation (10.6
PP Lq(Zg) Lq(Zg) ( ( ))

< ||l f ‘ Induction Hypothesis
) e ( )

< |||, 5 f ‘ . (Generalized Minkowski)

La@) L, (25)
< Hf”Lp(Zg) ‘L 5) (Induction Hypothesis)
p 2
=171, (Equation (10.6)).
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10.3 Degree and hypercontractivity

In most applications, we will apply the hypercontractivity in the following form.

Theorem 10.14 (hypercontractivity and projection to low degrees). Let f : Z5 — R be a function and k > 0 an
integer.

(i) For 2 < q < oo, we have

1F<*], < (@ =12 [1£ll,-

(i) For 1 < p <2,
2 _
1F<E ], < eGRf, -

Proof. Proof of (i): Let p = \/7 andlet g =T s=1f = /g |S| f(S)xs so that f = T,g. By hypercontractivity
(Theorem 10.13), we have

1/2

1/2
1<, = 1Tos e, < s, = | D2 va—1"'Fusiy? q—W?(Z |5|> = (g =D |11l

|S|<k s

Proof of (ii): Instead of directly applying the hypercontractivity, we first use the duality of norms and apply the
hypercontractivity to some q > 2.
_ _ 9 p(g—2) _ ep
Let € > 0 be a parameter and set g := 2+¢. Let 8 be the solution to 4 3=5 +1=0 q which is 6 = Sa=p) = 30%e=p)"
By Hélder’s inequality and Part (i), we have

#7541, = /55,70 < =70 A < = 02 [ 11

k(1—0)
T
and taking the limit as ¢ — 0 yields the desired bound. O

which simplifies to

:(1+a)

Substituting 6 = T

Remark 10.15. In Theorem 10.14 (ii), it is more straightforward to show a weaker bound. Let g satisfy % + % =1
which is equivalent to ¢ — 1 = p%l. By Hoélder’s inequality and Theorem 10.14 (i),

1<l = (=) = 151, 1L < (@ = DE I 1L, = = D721 151,

which simplifies to ||f<k||2 < (p—1)7F/2 ||f\|p However, this bound deteriorates rapidly when p tends to 1, and it
becomes meaningless at p = 1.

10.3.1 Equivalence of norms for low degree polynomials

If f is a constant function, all the L, norms coincide. The following immediate consequence of Theorem 10.14 states
that similarly, for low-degree functions, all the L, norms are within constant factors of each other.

Corollary 10.16 (equivalence of norms for low degree polynomials). Let f : Z% — R have degree at most k.

(i) For 2 < q < oo, we have

Il < UF, < (a= D% £,

(i) For 1 <p <2,
mBR £, < 1£1l, < £y -

By setting f = ), aix{;} to be a degree 1 function, we immediately obtain the so-called Khintchine inequality.
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Theorem 10.17 (Khintchine inequality). Let aj,as,...,a, € R, and let €1,...,&, be £1-valued i.i.d. random
variables with Pr[e; = 1] = 1/2. For q > 2, we have

(o) < (e} i)

1/2 p\ 1/p 1/2
6(17%) (Z ai|2> < (E > < (Z |ai|2> 7
i i

10.4 Noise and hypercontractivity for general distributions

1/2

g €iay
i

and for 1 <p <2,

E €iay
i

Let (X, 1) be a probability space, and consider the product space (X™, u™). Given a parameter p € [0,1], the p-equal
copy of z € X™ is the random variable y that is sampled from X™ through the following process: for each i € [n], with
probability p, set y; = z; and with probability 1 — p, sample y; from (X, p).

Definition 10.18 (Noise Operator). Let (X, ) be a probability space, and p € [0, 1] a parameter. Given a function
fo (X7 p") — R, define T, f : (X", u") — R as

Tof(x) =Ey f(y),
where y is the p-equal copy of x.

Recall from Section 9.4.1 that for every probability distribution (X, ), every function f : (X, u)™ — R has a unique
Fourier-Walsh expansion f = SCin] Fg, where the functions Fg are S-juntas, and satisfy E;Fg = 0 for every i € S.
By the definition of the noise operator, we have

TpFS(m) = Z PlTl(l - P)lslflTl]ES\TFS(x)
TCS

Since Eg\rFs(z) = 0 unless S =T, we get T, Fs(z) = plSI Fg(z) and

T,f= Y r¥Fs,

SCIn]

similar to the uniform distribution on Z%.

It is straightforward to verify that 7}, is a contractive operator on the L, spaces. In Theorem 10.13, we saw that
p—1
q-1"
Naturally, one may ask whether a similar hypercontractive inequality holds for general product distributions p™.

for the uniform distribution on Zf%, we have hypercontractivity |7, f|lq < || flp for 1 < p < ¢ < 0o, when p =

However, for general product measures, it turns out that one cannot choose a p > 0 depending solely on p and gq.
When p contains atoms with small probability masses, p must be significantly smaller for hypercontractivity to hold.
Unfortunately, this means that for continuous spaces such as [0, 1]™, hypercontractivity does not hold unless p = 0.

We will only state the general form of hypercontractivity for the case where one of the norms is the Lo norm, as
this is the most relevant form for applications.

Theorem 10.19 (General hypercontractivity [?]). Let (X, u) be a probability space, and let A :== min,ecx p(a) be the
minimum probability of any outcome according to u. For every f : (X", u"™) — R, the following holds.

(i) For 2 < q < oo, we have

]. 1 1
T,fl < 0<p< AT TG
|| Pf”q Hf||2 fO'f' every P \/ﬁ
(i) For 1 <p<2,
ITofll, <7, for cvery0< p< /o= TAF~H,
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We get the following corollary, analogues to Corollary 10.16. To keep the exposition simple, we do not optimize it
for when p is close to or equals 1.

Corollary 10.20. Let (X,p) be a probability space, and let X\ = mingex p(a) be the minimum probability of any
outcome according to p. Let f: (X™ u™) = R be a function and k > 0 an integer.

(i) For 2 < q < oo, we have
E L g(2—
159, < (e =2 G 7,

(i) For 1 < p <2,
k _2
1£SF], < (p = D)2 XD ]l

Proof. To prove (i), let p = \/%A%_% and let g :== T%f =Y p181Fg so that f = T,g. By Theorem 10.19, we have
1/2 1/2
1<) = Imootl, < o=t = [ 32 o 2simsiz) <ot (an%) — o U6l
|S|<k S
Part (ii) easily follows from (i) for % + % = 1 by duality. O

Remark 10.21. Note that this dependency of Corollary 10.20 on A := min,e x p(a) is essential, and it is of the right
order of magnitude. For example, consider the p-biased distribution? with p = A, and define f : ({0,1}, u%)™ — {0,1}
as f(r) = x;. Even though f is a l-junta, we have ||f||, = A7 and || f||2 = A2, which shows that the bounds in
Corollary 10.20 have the opetimal dependency on .

10.5 Exercises

2The p-biased Bernoulli distribution, denoted by iy, is the probability distribution on {0, 1} with pp(1) = p and pp(0) =1 — p.
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Chapter 11

Level-£ inequality, Chang’s lemma, and
the FKN theorem

In this chapter, we study three theorems in the analysis of Boolean functions whose proofs rely on hypercontractivity.
We begin with the level-k inequality, which shows that Boolean functions that have small density assign a small weight
to the low-degree Fourier levels. In contrast, when the density is larger, as illustrated by the dictator functions and
juntas, the Fourier mass can be entirely concentrated on lower-degree coeflicients.

Afterwards, we turn our attention to a key tool in additive combinatorics introduced by Chang [Cha02]. This
theorem, which is closely related to the level-1 inequality, states that the large Fourier coefficients of a Boolean function
must all reside in a low-dimensional subspace. Chang’s lemma has numerous applications in additive combinatorics,
and in particular, many recent quantitative improvements over Roth’s theorem on 3-term arithmetic progressions
utilize this lemma.

Finally, we study a result of Friedgut, Kalai, and Naor [FKNO02], known as the FKN theorem. In Chapter 6, we
showed that Boolean functions of degree at most one are either constant functions or dictators. The FKN theorem
provides a robust version of this result by showing that if a Boolean function is close to a degree-1 real-valued function,
then it must be close to a degree-1 Boolean function, i.e., a constant function or a dictator.

11.1 Level-k inequality

Let f : Z% — {0,1} be a function with mean E[f] = «. By Parseval’s identity, the Fourier mass of f satisfies
>, If(a)]?* = o The level-k inequality states that when « is small, the contribution of the lower levels to this sum is
very small. In contrast, functions such as dictators and juntas illustrate that when « is relatively large, the Fourier

mass can be entirely on the lower levels.

Theorem 11.1 (Level-k inequality). Let f : Z3 — {0,1} have mean E[f] = o < {5, and let k be a positive integer.
We have
1741 < ¢ n(1/a)"a?.

Proof. Assume || fS¥||y # 0 since otherwise the theorem is trivial. Let 1 < p < 2 to be determined, and let ¢ > 2 be

its conjugate exponent satisfying % + % = 1. By applying Hoélder’s inequality and hypercontractivity, we have

1F<413 = (1<, 1) < IF Il < (@ = DELF s

which shows
k

k k k —1
1F<*l2 < (¢ = D2 flly = (¢ - DZat? < gFa’ 7.

Thus
2
1FS915 < ¢Fa” a0

Substituting ¢ = In(1/«) > 2 yields the desired result. O
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11.2 Chang’s lemma

In Chapter 5, we discussed a notion of pseudo-randomness based on Fourier uniformity. We showed that functions
that do not have significant non-principal Fourier coefficients mimic the behaviour of random functions in that they
contain the “expected” number of certain linear patterns.

Let £ > 0 be a parameter, and consider a Boolean function f : Z% — {0, 1} with density E[f] = «. Note that every
Fourier coefficient of f satisfies |f(a)| = |E[f(z)xa(2)]| < E[f] = a. Let us denote the set of large Fourier coefficients
of f by

Spec.(f) == {a : \f(a)| > Ea}.

The non-principal characters in Spec_(f) are the obstacles to the Fourier uniformity of f. In many applications,
one wishes to extract some structure about f from this set or to eliminate these large Fourier coefficients by restricting
to a subgroup (or approximate subgroup).

First, note that by Parseval’s identity, we have

a=E[f] =D [f(a) = |Spec.(f)|(ea)’,

showing
1

| Spec..(f)| < POy

Even though Spec,(f) can be of size ©(1/a), Chang, in her work [Cha02] on Frieman’s theorem, proved that
all these significant Fourier coeflicients must lie within a subspace of dimension at most O(log(é)). In other words,
large Fourier coefficients cannot be arbitrarily scattered, and their distribution has some inherent structure. Chang’s
lemma has been used in several central works in additive combinatorics. In particular, it is a key step in Sander’s
quasi-polynomial bound on Frieman’s theorem [San12, Lov15], and most of the recent improvements in the bounds for

Roth’s theorem [Sanlla, KM23].

Theorem 11.2 (Chang’s lemma [Cha02]). Let ¢ > 0 be a parameter, and let f : Z5 — {0,1} satisfy E[f] = o < 15.
The linear span of Spec.(f) in Zy has dimension at most 5 In(1/a).

Proof. Let aq,...,aq € Spec.(f) be a maximal set of linearly independent elements in Spec_(f). We can apply a
change of coordinates for Z3 and, without loss of generality, assume that a; = e; for 1 <7 < d.
After this change of variables, f(a1)Xa,,-- -, f(ad)Xa, are all in level-one, and therefore, contribute at least d(ea)?

to || £SY|3. By applying the level-1 inequality (Theorem 11.1 with k& = 1), we have

d(ea)” < | fSYI3 < e*In(1/a)a?,

which shows )

e
d< = In(1/a).
O

Remark 11.3. Alternatively, we can prove Chang’s lemma with a direct probabilistic argument. Define g = E?Zl Xa; -
We wish to upper-bound and lower-bound E[fg]. By Parseval, the lower bound is ead. For the upper bound, first note
that the linear independence of aq, as, . .., aq translates to probabilistic independence for the corresponding characters,
i.e., when x is chosen uniformly at random, g(x) is a sum of d i.i.d. +1-valued random variables. Consequently, g(x)
is strongly concentrated, and one can use the concentration of g(x) to upper-bound E[fg].

11.3 The FKN dictator theorem

In Proposition 6.8, we showed that a Boolean function f : Z% — {0,1} with degree at most one is either a constant
function or a dictator. In this section, we examine the robustness of this statement. Instead of requiring the degree
to be at most one, we assume that the Fourier mass is highly concentrated on the characters of degree at most one.
Friedgut, Kalai, and Naor [FKNO02] proved that every such function must be close to either a constant function or a
dictator.
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As it is more convenient, we will state the proof of the FKN theorem for functions f : {—1,1}" — {-1,1}. To
translate Theorem 11.4 to a statement about functions f : {—1,1}" — {0,1}, note that 2f —1: {-1,1}" — {-1,1}
satisfies [|(2f — 1) = 2| f~1][3.

Theorem 11.4 (FKN theorem [FKNO02]). Suppose f : {—1,1}" — {—1,1} satisfy | f~*||3 = 6. There exists g :
{=1,1}" — {—=1,1} such that g is either a constant function or a dictator, and it satisfies

Pr(f(x) # g(x)] < 10%.

Proof. Denoting the coefficients as fS* = ag + > | a;z; and let h := (f<')%. Note that

El = af = /<5 = 1A - IFs 3 =1 -4
=0

We will show that A is almost a constant function, i.e., it has a small variance. Since deg(h) < 2, by hypercontractivity
(Theorem 10.14 with p = 1), we have

V/Varlh] = [|h — E[h]ll> < e2Elh — E[A].
By f? = 1, the Cauchy-Schwarz inequality, and the triangle inequality, we have

Elh — E[R]| < Elh — f?| + E[|1 — E[A]]]
=E|(fS'=HUS + ] +6
IFSE = fll2l £S+ fllz +6

<
<72 FSH 2 + £ ll2) + 6 = 2V5 + 6 < 3V.

Therefore,

V/Var[h] < 3¢2V5 < 30V/0.
On the other hand,
n 2 n n
h= (ag + Z aixi> = Z a? + Z 2apa;T; + z 2005775,
i=1 i=0 i=1 i<j

which shows

Var(h?] = da} Y af + 3 dafal =2 (Za?> X al >2<Za?> 2<Z“?> ey fol™
1€{0,...,n
=1 1=0 1=0 =0 1=0

1<J

Substituting Y-, a? = 1 — ¢ and using Var[h?] < (30v/§)? < 1036, we have

=0 "1

2(1—6)°—2 max |a;]? <10%0.
1€{0,..., }
Therefore, there exists m € {0,...,n} with |a,,| > |a,]? = 1 — 1034.
If m=0,let g:{—1,1}" — {—1,1} be the constant function g = sgn(a,,). If m # 0, let g(z) := sgn(am,)Tm. We
have

(E[f?] + E[g?] — 2E[fg]) = = (2 — 2|an|) < 10%.

] =

Pr(f(x) # 9] = {17 ~gl3 = |

11.4 Exercises

Exercise 11.1. Prove Chang’s lemma using the argument sketched in Remark 11.3.
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Chapter 12
Junta Theorem and KKL Inequality

In this chapter, we study two central results in the analysis of Boolean functions: the KKL inequality of Kahn,
Kalai, and Linial [KKL88], and Friedgut’s junta theorem [Fri98]. The KKL inequality is the first result in discrete
mathematics and theoretical computer science to use hypercontractivity. This inequality asserts that every balanced
Boolean function must have at least one influential variable.

Building on the techniques from KKL, Friedgut showed that a Boolean function with a small total influence is
essentially a junta. Note that conversely, every junta has a small total influence.

We will present the proof of Friedgut’s junta theorem in Section 12.2, and then present the KKL inequality in
Section 12.3.

12.1 A rule of thumb for applying hypercontractivity

The proofs of Friedgut’s junta theorem, the KKL inequality, as well as many other applications of hypercontractivity in
the analysis of Boolean functions use the fact the L, norms of sparse Boolean functions grow very rapidly as p increases.
To see this, note that if f is a {0, 1}-valued function with E[f] = «, then || f|, = (E[f?])*/? = (E[f])'/? = a!/P, which
for small «, grows very rapidly as p increases. On the other hand, hypercontractivity implies that for low-degree
functions g : Z5 — R, all the L, norms are within constant factors of each other. Consequently, sparse Boolean
functions cannot have significant weights on low-degree Fourier coefficients.

Proposition 12.1. Consider f : Z% — {0,1} with E[f] = «. For every integer k, we have
1F<F]2 < BFa)If 2.
Proof. By applying hypercontractivity (Remark 10.15) with p = 4/3, we have!
17S*ll2 < 3%(1Fllajs = 3"E[f]*/* = 3"E[f]'*E[f]*/* = 35|/ f||>,

O

In the proof of Proposition 12.1, we used the fact that for Boolean functions E[f?] < E[f]. The following proposition
shows a similar statement for the ith coordinate Laplacian when 1 < p < 2.

Proposition 12.2. Let (X, u) be a probability space and f : (X, u)™ — {0,1}. For every p € [1,2], we have
E|0; fIP < E|0;f| = 2E|0; f|* = 21,(f),

where 0;f = f — By, f.

IThe choice of p = 4/3 is quite arbitrary, and we can use any 1 < p < 2. Optimizing the value of p will only affect the hidden constants
in 2°Us/¢) in the assertion of the theorem.
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Proof. For every z € (X,p)"Mi ) let a, = Pry,,[f(z,y:) = 1]. Since f is Boolean, for z € (X, p)M\Mi} and
yi € (X, u), we have

1—a, if f(z,y;) =1
—a, if f(z,9,)=0
Therefore,
E|aif|2 =[E,Ey, aif(za}’i)|2 = EZ[O‘Z(l - QZ)Q +(1— az)ai] = Ezau(1 — ay),
and

E|azf| = Ez[az(l - az) + (1 - az)az] = 2]Ez04z(1 - Oéz),
which shows E|9; f| = 2E|9; f|?. Let 8 € [0, 1] be such that % =% 4+ 152 By Hélder’s inequality

18112 < 10 f 12 10: 1B < s FIR 0 fIRC =72 = @i f |

12.2 Friedgut’s Junta Theorem

Recall from Chapter 9 that the influence of the ith variable on a function f :Z35 — {0,1} is

L(f) = 7 Pr[f(x) # flx +e)] = [0:f15 = D [F(S)

S:eSs

e

The total influence of f is defined as follows.

Iy =3 L) =3 ISIFS)P

SCIn]

If f is a k-junta, then Iy < k. Friedgut’s theorem gives a partial converse to this statement. It states that Boolean
functions with small total influences are nearly juntas.

Theorem 12.3 (Friedgut’s junta theorem [Fri98]). Let f : Z% — {0,1} be a Boolean function. There exists a
20U5/9) junta g : 7% — {0,1} such that
Prf(x) # g(x)] <e.

Proof. Let J be the set of most influential variables of f, ie., J = {i € [n] : L;(f) > ¢} for some parameter § > 0 to
be determined. It is natural to try to find a g that depends only on the variables in J. The function

h:= Z J?(S)XS

SCJ

depends only on the variables in J, but it is not necessarily a Boolean function. We shall round h to a Boolean function
g as follows.

o(o) = {1 if h(z) >
<

0 if h(z)

N N[

Note f(z) # g(x) implies |f(z) — h(z)|?> > 1/4, and therefore,
2 2
Pr(f(x) # g(x)] = [If —glly <4]f = Rll;.
Therefore, our task was reduced to showing

If =Rz =D F(S)* <

sgJ

. (12.1)

=] M

We will divide the sum in (12.1) into the low-degree and high-degree parts and deal with them separately.
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Bounding high-degree coefficients: Intuitively, if the total influence is small, we cannot have a large Lo mass on
high-degree characters since high-degree characters have large total influences. We can easily formalize this intuition.
Set k := 81y/c. We have

Ir=>"ISIFS)P =86 > 1F(S)P,
S

|S|Zk

which implies

S feprc <l

S8k T8
S:|S|>k
Thus, -
2 71 a2
If = hlly < g + > FS) (12.2)
S:|S|<k
SZJ

Bounding low-degree coefficients: We will use hypercontractivity to bound the low-degree part. Every S € J in
Equation (12.1) contains at least one non-influential variable i ¢ J. Therefore,

SR =3 3 Fs? =3 |las<E (12.3)

S:|S|<k igJ S:|S|<k igJ
SgJ i€s

Denote f;(x) = 0;f(x) and recall I;(f) = E|f;|>. By applying hypercontractivity (Remark 10.15) with p = 4/3, we
have
£, < 35 Fillays -

and by Proposition 12.2, we have E|f;(x)|*/? < 2I;(f). We obtain
1750 < 3 (Badi?) " = 34(@n(n)?? < 321,02
For i ¢ J, we have I;(f) < d, and therefore,
Hff’“}li < 3FH251/2L(6).

Equivalently,
3 F(9)? <3526V L(f),

5:|S|<k
ics

Going back to (12.3), we have

ST OFS)2 <> 3MRY2L(f) < 38282y
|S|<k igJ
€

Substituting in (12.2), yields
I = hl < g+ 8502622,

Since I; = ke/8, by setting § = 1/33*+190 we have

> e
— 4+ - =

g e
—h|2 < S +3%621, < -
If = hlly < g +3 ISgtg=o

which verifies (12.1). With this choice of §, we have

Iy

< 20Us/e),
0

|J] <
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12.3 KKL inequality

A Boolean function f is called balanced function if E[f] = 1/2. In this section, we will prove the Kahn-Kalai-Linial
(KKL) inequality [KKL88] that says every balanced function f : Z% — {0,1} satisfies

max I;(f) = Q <logn> .

n

The proofs of the KKL inequality and Friedgut’s junta theorem share many similarities. Historically, the KKL
inequality was proven first, and Friedgut later applied ideas from the KKL result to establish the junta theorem.

Note that a balanced function satisfies Var[f] = 1, and therefore, the Poincare inequality Var[f] < I; immediately
implies Iax = max; I;(f) > ﬁ. To prove the KKL inequality, we will prove a stronger upper bound on the variance,
which is of independent interest. More precisely, we will prove

Iy
V) g1/ D

which shows that when Iy.x is small, Iy must be large. Since Iy < Imaxn, it easily follows that Inax = €2 (Var[f]lo%).

Theorem 12.4 (KKL inequality [KKL88]). Consider f : Z% — {0,1} and denote Iax = max; I;(f). We have

201
< - J
Var(f) < log(1/Tmn)

Consequently,

Tax = Q <Var(f) 10571) .

Proof. We have R
> IFS)P = Var(f).

S#0

Bounding high-degree coefficients: Let k ~ log % to be determined later. Since

x

I =Y ISIFSIP =k Y IF(S)P,

S |S|>k

we have

NI R —

|S|>k

Bounding low-degree coefficients: To handle the low degree part, let f;(z) := 9;f(x). By applying hypercon-
tractivity (Remark 10.15) to f; with p = 4/3, we have

S fSE<Y X Ifsr=3]

1<|S|<k i=1 ieS
|ST<k

2 n
<k 2
Il I SE R VA
i=1

By Proposition 12.2,, we have
D 35 filliys =35 D LMY <3P L(f) = 3" Ly
i=1 i=1 i=1

Combining the bounds for low-degree and high-degree parts, we get

-~ I
Var(f) = Y ISP < F+3 0.
S:151>1

74



Setting k = % log % shows

ax

201

1 1
OIZFl, < — 2
e LS T

101;
Varlf) S foa T

Combining with Iy < nlnax, a straightforward calculation implies

Thax = 0 <Var(f)107gln> .

O

We have the following immediate corollary, which is, for example, applicable when f : Z% — {0,1} is invariant
under a transitive action on its variables.

Corollary 12.5. If a balanced function f : Z5 — {0,1} satisfies I (f) = Io(f) = --- = In(f), then Iy 2 logn.

Remark 12.6. Bourgain and Kalai [BK99] show that the KKL inequality will significantly improve under strong
symmetry assumptions. For instance, if f is a symmetric function, i.e., f’s output only depends on the Hamming

weight of the input, then Iy > /n and max; I;(f) 2 ﬁ

12.3.1 Tribes function
The KKL inequality is tight, which can be seen by considering the tribes function, an important example in the analysis

of Boolean functions. Let i
flz) = \/ /\ Lijs

i=1j=1

where k = logn —loglnn and m = n/k. To study the influences of variables, consider one of the variables, say, 1 1.
For z; 1 to be able to change the output, all other variables in the clause /\fz1 z1,; must be 1, and all other clauses
must evaluate to 0. Therefore, the influence of the variable x;; is at most

1 Inn Inn\™' Inn
- 1 _ 2—](? m—1 . 2—k‘+1 — 2—k—1 1 _ 2—](? m—1 _ 1 o [ 1 _ 1 .
42 (-2t =20 - S (1= o(1)

12.3.2 Monotone functions

A Boolean function f :{0,1}" — {0,1} is monotone if f(z) < f(y) whenever x; < y; for all . Consider a monotone
f:{0,1}" — {0,1} and a variable, say, z;. Since f is monotone, we have

~

FO) - 71y FO) +F({1p
4 4

n(f) = i]E[f(l,XQ,...,xn) (0, X2, %)) = _f({;}).

Proposition 12.7. For every monotone function f :{0,1}" — {0,1}, the influence of the ith variable on f satisfies

L]

Consequently,
Iy < V/n.

Proof. We have already showed I;(f) = —@. This identity and the Cauchy-Schwarz inequality imply

1/2
Iy < Z IF{iNI < v (Z |f({z'})|2> < Vallfl2 < va.
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Note that for non-monotone functions, it is possible to have Iy = (n) (e.g., f = PARITY). The bound Iy = O(y/n)
for monotone functions is tight since Iy, = O(y/n), where MAJ denotes the majority function:

1 if )y, x, >n/2

0 otherwise

MAJ(z) = {

Next, we will discuss an application of the KKL inequality. The following corollary shows that for every monotone
balanced function, some coalition of o(n) variables can collectively shift the expected value of f to be close to either
0 or 1.

Corollary 12.8. Let f:{0,1}" — {0,1} be a monotone balanced function. There is a set J C [n] of size O, (%)
such that
E [f(x)|xJ = T} >1-¢,

and
E {f(x)|xj = 6] <e.

Proof Sketch. Let i € [n] have the highest influence. Then, by the KKL inequality, fixing x; = 1 will increase the
average of f by at least Q(li%) We can repeatedly apply this argument, each time increasing the expected value by
Q%) to obtain a set J; of size Og( ) with

n

Tosn
E [f(x)|x11 = T] >1-—e

Note that the variance remains at least (1 — &) through these iterations, and at least step we can find a variable with
influence 2 (E(l —¢) logn).

n

logn

Repeating the same process but setting the variables to 0 leads to another set Js of size O, (L) with

E [f(x)|XJ2 ~0] <.

The set J := J; U Jo satisfies the desired properties. (|

Ajtai and Linial constructed examples to show that there are functions for which Corollary 12.8 cannot be improved
significantly in any direction.

Theorem 12.9 ([AL93]). There exists a balanced monotone function f :{0,1}" — {0,1} such that for every set J of

size o (#) , we have
ogn

E [f(0lxs =1] = 5 +o(1),
and 1

E [f(x)\xJ - 6} = 5 —o().
12.4 A few open problems

It is believed that in Theorem 12.9, the bound 0(%) can be improved to close to 0(%) matching the bound in
Corollary 12.8

Conjecture 12.10. The bound in Theorem 12.9 can be improved to O (%) for every € > 0.
og n

Friedgut [Fri04] conjectures that an analogue of Corollary 12.8 is true over the continuous domain [0, 1]™.

Conjecture 12.11 (Friedgut [Fri04]). Let f : [0,1]" — {0,1} be an increasing function and € > 0 be a parameter.
There exists a subset J C [n] with |J| = o-(n) such that

]E{f(x)|sz(_)1 <e or E[f(x)\x,]:f} 21—e.
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12.4.1 The Aaronson-Ambainis conjecture

In Theorem 7.13, we showed that for Boolean functions f : {0,1}" — {0,1}, the degree and decision complexity
are polynomially equivalent. The following conjecture extends this idea and speculates that low-degree real-valued
bounded functions can be well-approximated by low-complexity decision trees.

Conjecture 12.12 (folklore). Suppose f : {0,1}" — [0,1] have degree at most d. For every € > 0, there exists a
decision tree T of depth at most poly(d,1/e) such that

If =Tl3 <e.

Conjecture 12.12 is particularly significant in the context of quantum query complexity. Suppose a quantum
algorithm @ makes t queries to a Boolean input string . Can a classical algorithm, making only poly(¢) queries to
x, approximate @’s acceptance probability for most inputs 7 Conjecture 12.12 would imply a positive answer to this
question.

Aaronson and Ambainis [AA14] showed that Conjecture 12.12 is equivalent to the following conjecture about

maximum influence.

Conjecture 12.13 (Aaronson-Ambainis conjecture [AA14]). If f:{0,1}" — [0, 1] have degree at most d, then

max||0:f |3 > poly(1/d, Var[f]).
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Chapter 13

Phase transition and influences

One major motivation for studying the influences of variables on Boolean functions is a deep connection to the threshold
phenomenon, discovered independently by Margulis [Mar74] (in Russian) and later by Russo [Rus81]. This phenomenon
refers to the rapid transition of a property from being highly unlikely to hold to highly likely as a parameter p increases.
This abrupt change is observed in various contexts. It is analogous to a phase transition, a concept from statistical
physics that captures the sudden shifts in the behaviour of physical systems as parameters, like temperature, change.

One of the main questions in studying phase transitions is determining the speed at which the phase transition
occurs. How sharp is the threshold? In other words, how narrow is the critical interval in which the transition occurs?

As an example, consider the Erdds-Rényi random graph G(n,p), where each of the possible (;’) edges is included

independently with probability p. Erdos and Rényi [EoR59] proved that when p = (1 — E)ln(—"), with high probability,

n
G(n,p) contains several isolated vertices and is therefore disconnected. On the other hand, when p = (1 + 5)@,

then, with high probability, the random graph is connected. This illustrates a sharp phase transition: within a narrow
interval around p = @, the random graph rapidly shifts from being very unlikely to be connected to very likely.

Margulis [Mar74] and Russo [Rus81] showed that the total influence of the underlying Boolean function controls
the sharpness of such thresholds. To characterize properties that do not exhibit sharp thresholds, one must understand
the structure of Boolean functions with small total influences.

13.1 The p-biased distribution

To study random objects such as the Erdos-Rényi random graph G(n,p), we often need to work with the p-biased
distribution on the Boolean cube, which models the randomness in such structures.

Definition 13.1 (p-biased distribution). The p-biased Bernoulli distribution, denoted by p,, is the probability dis-
tribution on {0, 1} with u,(1) = p and p,(0) = 1 — p. The p-biased distribution on {0,1}" is the product distribution
My, s where each coordinate is sampled independently from .

Recall from Section 9.4.1 that for every probability distribution (X, ), every function f : (X, u)™ — R has a unique

Fourier-Walsh expansion f =) SCln] Fg, where the functions Fg are S-juntas and satisfy E; Fs = 0 for every i € S.

Fourier-Walsh expansion for the p-biased distribution: Consider the function w : {0,1} — R with
£ ifz=0
e fp=1

which satisfies E,, w(x) = 0 and E, w(x)? = 1. For S C [n], define wg : ({0,1}",u') — R as

ws(@) = [[wlw).

€S
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with the convention wy = 1. It follows easily from E, w(x) =0 and E,, w(x)? =1 that

0 S#T
(ws,wﬂup = Expnws(x)wr(x) = {1 G

We conclude the following proposition.

Proposition 13.2. The functions {ws}sqn] form an orthonormal bases for the space of functions f : ({0,1}", ur) —
R with the inner product (-,-),, .

By Proposition 13.2, we can write the Fourier-Walsh expansion of f : ({0,1}",u?) — R as

f: Z <f7wS>prS-

SCln]

13.2 Phase transitions

We can represent an n-vertex undirected graph G with a vector z¢ € {0, 1}(3) possible edges, and the value indicates
whether the edge is present in G. A graph property can be viewed as a subset of all finite graphs, specifically consisting
of those graphs that satisfy a certain condition or characteristic. Given a graph property P and a positive integer n,
we denote the set of n-vertex graphs in P by P,.

We can identify P, with Boolean function f : {0, 1}(3) — {0,1} defined as f(zg) =1 iff G € P,,. Therefore, for
example, we have

Pr{G(np) €PI=E () [f(x)].
X~ fip
Here, u,()g) is the p-biased product distribution over the set of edges in the graph, and the expectation is taken over
random graphs generated under this distribution.

In the study of phase transition, we focus on monotone graph properties, i.e., adding edges to a graph that satisfies
the property results in another graph that also satisfies it. We can represent a monotone graph property by a sequence
of monotone functions f : {0, 1}(3) —{0,1}.

More generally, we will discuss sequences of monotone functions f : {0,1}" — {0,1}. We will shorthand

o(f) = By ).

Definition 13.3 (critical probability). The critical probably of a non-constant monotone function f: {0,1}" — {0,1}

is the unique number p, € [0,1] with
1

Mpc(f) = 9"

The following theorem due to Bollobds and Thomason [BT87] shows that every non-constant monotone function
exhibits a threshold behaviour, meaning that in the sub-critical regime p = o(p.), we have

Pr(f(x) =1] = 0o(1),

my
and in the super-critical regime p = Q(p.), we have

Pr{f(x) =1 =1—o(1).

w

Theorem 13.4 (Bollobas and Thomason [BT87]). Let f : {0,1}" — {0,1} be a sequence of non-constant monotone

functions, and let p. be the critical probability so that p,, (f) = %

(i) For p=o(p.), we have



(i) For p = Q(p.), we have
pp(f) =1—o(1).

Proof. We only prove (i) as (ii) follows from a similar argument. To prove (i), we show that for every e > 0, there
exists m € N such that p,, = p./m satisfies

iy (f) < e

Let m be the smallest natural number with
1 ,
3 <l—-(1-gm. (13.1)

Note that m does not depend on n. Sample x™M), ... x(™ ~ ({0,1}", piy,.) independently and let X = x(Wv. . vx(m),

We have x ~ py where ¢ =1 — (1 — pp,)™ < pm < pe. Since ¢ < p., we have

> pg(f) =Prf() =1] > Pr[f(xV) =1v...v f(x") = 1] =1 = (1 = pyp,, (/)" -

DN | =

Therefore, by (13.1), we have must have u,, (f) < € as desired.

13.2.1 Sharpness of threshold: The Margulis-Russo formula

While Theorem 13.4 shows that the phase transition occurs in an interval of length O(p.) around the critical probably,
for many natural properties (e.g., connectivity, 3-colourability, satisfiability of a random instance of 3SAT), this interval
is much smaller.

Definition 13.5 (Critical interval). Let € > 0 be a fixed number. The e-critical interval for a non-constant monotone
function f: {0,1}" — {0,1} is [po, p1] where pp, (f) =€ and p,, (f) =1 —e.

Definition 13.6 (Sharp threshold). A sequence of non-constant monotone functions f : {0,1}" — {0,1} with critical
probability p. = p.(n) exhibits sharp threshold if for every ¢ > 0, the e-critical interval is of length o(p..).

In other words, a sharp threshold indicates that the phase transition occurs in the interval [p.(1—o0(1)), p.(140(1)].
Not every graph property has a sharp threshold. For example, “local properties” such as containing a triangle, do not
exhibit sharp thresholds.

Since the speed at which p,(f) changes is captured by the derivative

d”(;%(f), we have the following easy observation.
p

Proposition 13.7 (Coarse threshold). If a sequence of non-constant monotone functions f : {0,1}" — {0,1} with
critical probability p. = p.(n) does not exhibit a sharp threshold, then there exists fived constants C,n,e > 0 and a
parameter p = p(n) € [(1 —n)pe, (1 + n)p] such that

d,up (f )
dp

C
e<pp(f)y<l—e and gg.

On the other hand, the following theorem of Margulis [Mar74] and Russo [Rus81] relates d*%f) to the total influence
of f with respect to wy.
Theorem 13.8 (Margulis-Russo formula). Every monotone function f : ({0,1}", uy) — {0,1} satisfies

dpp (f )
dp

p(1—p) =1y,

where up(f) = Epn [f].

Proof. Since
@) = p*1 1 —p)"F and ()= S0 Pl -,

xz€supp(f)
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we have

d 1-—
p zesupp(f) p p

= Z Z p() 1[“:1] - Z Z f(_xijl[mi:o]

i=1 zesupp(f) p 1=1 zesupp(f)

xesupp(f)

=Y Elflxi =1] = > E[f[xi = 0].
i=1 i=1
On the other hand, since a non-constant Boolean function on ({0, 1}, 1t,,) has variance p(1 — p), we have

Ii(f) =p(1 —p) Pr [f(x) # fx@e)].

X~y
Since f is monotone,
Pr [f(x)# f(x@e)] = Pr[f(x1,...,%X-1,1,Xiq1,...,%n) =LA f(x1,...,%X-1,0,Xi41,...,X,) = 0]

X~y X

= E[flx; =1] - E[f|x; = 0],
which shows I;(f) = p(1 — p) (E[f|x; = 1] — E[f|x; = 0]) and completes the proof. O

Theorem 13.8 and Proposition 13.7 show that if a sequence of monotone functions f : {0,1}" — {0,1} does not
exhibit a sharp threshold, then for some p in the critical interval, we have Var, (f) = Q(1) and Iy = O(1). Therefore,
characterizing properties that do not exhibit sharp thresholds is equivalent to characterizing the monotone Boolean
functions with total influence O(1) in the p-biased setting.

13.2.2 KKL and the length of the critical interval

By applying generalized hypercontractivity for the p-biased distribution in the proof of the KKL theorem, one can
obtain the following generalization of the KKL inequality due to Talagrand [Tal94].

Theorem 13.9 (Talagrand’s generalization of KKL inequality [Tal94]). Let f : ({0,1}", u) — {0,1} be such that
E[f] = a. Denoting Imax = max; I;(f) and p’ = min(p,1 — p), we have

_ 1 logn
o = iz )

Proof. We assume p < 1/2 and p’ = p; The case where p > 1/2 can be reduced to the case p < 1/2 by interchanging
the roles of 0’s and 1’s.

The proof is identical to the proof of the KKL inequality, except we will apply the generalization of the hypercon-
tractivity for the p-biased distribution (Corollary 10.20).

Consider the Fourier-Walsh expansion f = ¢ Fs, and recall that

Var[f] = ) [ Fsl3-

|S]>0

Bounding high frequencies: Let k£ to be determined later. Since

Iy =Y ISIIFslE > k ) IIFs,
S

|S|>k

we have 7 I
2 f Nimax
Do IFslE < 5 < ==

|S|>k
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Bounding low frequencies: To handle the low degree part, let f;(x) := 0;f(x). By applying hypercontractivity
(Corollary 10.20 with A = min(p,1 — p) = p) to f; for the ||-||4/3, we have

> IFsl3 < ZZHFSHQ—Z I I

INFIR =1 ieS =1
|S|<k

By Proposition 12.2,, we have

D B/ Ifillss = B/p)F Y (L())*? <AB/p)nlia.
i=1 i=1
Combining the bounds for low-degree and high-degree parts, we get
Varlfl = Y0 IFslE < " aa/pngdfZ = (4 4G/ 0IHR) T
5:18[21
Taking k = clog(1/p) log(n) for sufficiently small ¢ > 0 implies the theorem. O

Let f: ({0,1}, up)(g) — {0, 1} represent a graph property. Since f is invariant under graph automorphisms, all
the variables have the same influence and therefore, by Theorem 13.9, we have

I = (;‘) T = Q (log(i/p’) Var(f) log(n)> :

where p’ = min(p, 1 — p). In combination with the Margulis-Russo formula, we have

dup(f) Iy 1
dp  pl—p) o (p’ log(1/p")

Note that in the e-critical interval, we have Var[f] > (1 — ) = Q.(1) and therefore dugizgf) = Q. (log(n)). It follows

Var(f) log(n)) = Q (Var(f)log(n)) . (13.2)

that for monotone graph properties, the e-critical interval is always of length O, (m), which is a theorem due to
Friedgut and Kalai [FK96]. In fact, Equation (13.2) implies the following stronger theorem.

Theorem 13.10. Let € > 0 be a fized constant. If P is a monotone property graph property with p,,(P) = ¢ and

tp, (P)=1—¢, then
log(2
. o+ O. <p1 g( /Ih)) )

log(n)

Proof. If p1 > %, then the assertion is equivalent to

1
p1 = po + O <log(n)>7

which follows from d#%f) = Q. (log(n)). Therefore, assume p; < % In this case, by Equation (13.2), for every
P € [po, p1], we have
) g, () )
dp p1log(1/p1)
and the theorem follows. O

Remark 13.11. If log(2/p1) = o(log(n)), then by Theorem 13.10, the montone graph property P must exhibit a
sharp threshold.
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Chapter 14

Low-degree Fourier-Walsh expansions

In Section 10.4, we discussed an extension of hypercontractivity that applies to functions over arbitrary product
spaces (X", u™). However, this general form of hypercontractivity requires the noise parameter p > 0 to depend
on A\ = mingex p#(a). Unfortunately, this dependence weakens the result when A is small, which is often the case
when studying phase transitions. Moreover, this general form of hypercontractivity becomes entirely ineffective for
continuous spaces such as [0, 1]™.

This chapter will present an inequality due to Bourgain that is closely related to hypercontractivity. Crucially,
Bourgain’s inequality remains applicable when the original hypercontractivity breaks down, as it imposes no depen-
dency on the underlying probability distribution (X, u).

Theorem 14.1 (Bourgain [Bou80]). Let (X, u) be a probability space. Consider f : (X", u™) — R and its Fourier-
Walsh expansion f = ng[n] Fs. Let 1 < p <2< q< oo satisfy 1% + % =1.

(i) For every integer k > 0, we have

1/2 1/2

> F3 <2 f|, and > F3 <2 1], -
S:|S|<k S:|S|<k
q

(ii) We also have the following inequalities in the opposite direction about the norms of f<*:

1/2 1/2

lF=]l, < 22| Yo F3 and [|f<*)|, <22 >0 FS
S:|8|<k 5:1S|<k
q

(iii) Consequently,
1741l < 2290l and 174, < 2] 1)

In Chapter 15, we will apply Theorem 14.1 to prove a fundamental theorem about sharp thresholds. We will present
the proof of Theorem 14.1 in Section 14.2. First, we prove some preliminary lemmas for the proof of Theorem 14.1.
14.1 Preliminary lemmas

We start with a simple technical inequality.

Lemma 14.2. For every even integer ¢ > 0, and 0 < p < 2739, the inequality
(1—=p2)? +gpzr < (1+2)" —qu
holds for all real x € R.
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Proof. We have

(1+x)q—qx:1+zq:<i>m qu:(r) (—z))" = (1 = |2))? + qlz|. (14.1)

r=2

We claim that for 7 = 2729, and every positive t > 0,
(1—t)7+qt >1+7(t* +19).

To prove this claim not that the inequality is trivial for ¢ = 2, so we assume ¢ > 4. We verify the inequality in three
different intervals.

e For t > 2, we have t — 1 > t/2, which shows (1 —#)?+qt > 1+ (1 — )9 > 1+ 7(t> + t9).
e Forte[1/2,2], gt >4t > 1+2t > 1+ 7(t* +t9).
e For t € [0,1/2], define f(t) :== (1 — )9+ qt — 1 — 7(t* + t?). We have
F'(t)=—q(l =) +q—7(2t +qt" ")
and
;) =aqlg=1) [(1 = 1)77% = 777%] — 27,
Note that f(0) = f/(0) = 0, and for every ¢t € [0, 1/2], we have
ffO) =qlg—1)[(1—t)7% = 7t97%] =27 > 2(2°77 — 72*79) — 27 > 0.

Therefore, f(t) > 0in [0,1/2] as desired.

Combining with Equation (14.1), for 7 = 2724, we have
(1+2)?— gz > (1—|2))? +qlz| = 1+ 7(2® + 29).

On the other hand, since for every x € R and 2 < r < ¢, we have 2" < 22 + 29 (recall that ¢ is even), we conclude
that for 0 < p < 2797,

a
q q
1— px)d =1 <1 9)
(1= p2)? +gpz +§(r>( +T (T> 1 + pla?)
<1 +29(p%2? + pla?) < 14 7(2? + 29).
]

Let (X, u) be a probability space, and consider f : (X,u) — R. Note that the Fourier-Walsh expansion of f is
[ = Fp + Fp1y where Fy = E[f] and Fy; = f — E[f]. Recall the noise operator T}, for general probability spaces from
Section 10.4. We have
T,f = Fy+ pFy.

Lemma 14.3 (A dimension-one inequality). Let (X, u) be a probability space, and consider f : (X,u) — R.
(i) For every 1l < p < oo and 0 < p < 1, we have
ITo 1, < (11, -
(#i) Suppose % + % for1l <p<2<qg<oo. Forevery 0 < p < 274, we have

1T fllg < [Ny

and

IT-p f1l,, < U1, -
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Proof. When p € [0, 1], the noise operator T}, is an averaging operator, which easily implies that T}, is contracting. We
give the formal proof below.
Proof of (i): Since
T,f =E[f] + p(f = E[f]) = pf + (1 = p)E[f],

we have

1T fllp < pllfllp + (1= PIESl < 2l Fllo + (=2 fllp < [[f]lp-

Proof of (ii): If E[f] = 0, then ||T_, f||q = p|| fllq and the theorem follows. Otherwise, we can normalize f to ﬁ
and assume, without loss of generality, E[f] = 1. Denote F := Fi;; = f — 1.
First, we verify the statement for even integers ¢ > 2. By Lemma 14.2, for every 0 < p < 2739, we have

(1= pF(z))? + qpF () < (1 + F(x))? — ¢F (),
for all z € X. Taking the expected value over x ~ (X, 11), and using EF(x) = 0, we get
E(1 - pF(x))" < E(1 + F(x))",
which shows
IT-pflly, =11 = pFll, <1+ Fll, = [Ifllg

as desired.
Next we consider arbitrary ¢ € [2,00). Let go > 2 be the largest even integer satisfying go < ¢, and let g1 = ¢o + 2.
For p < 2741 L 2730 L 273%  we have

1T fll gy < I1FNg, »

and

1T fllg < IFNg, »

for all f. Since ¢ < ¢ < ¢, it follows from the Riesz—Thorin’s interpolation theorem that
1T fll, < 11l -
It remains to handle the case 1 < p < 2. In this case, we have

IT-pfll, = sup (T-pfrg)= sup (f,Tpg9) < |fllpy sup [T-pgll, <

g:llgllq<1 g:llgllq<1 g:llgllg<1

O

We have the following corollary, which, together with the classical hypercontractivity, are the main ingredients in
the proof of Theorem 14.1.

Corollary 14.4. Consider f: (X, )™ = R and its Fourier-Walsh expansion f = Zsc Fs, and suppose 1 < p <
2<g< satzsfy —|— =1 Fory e {—1,1}" and S C [n], let ws(y) == [Lics ¥i-

(i) For every 0 < p < 271 and every y € {—1,1}", we have

> pPlws@)Fs@)| <Iflg and | > pSlws(y)Fs(@)|| < [Ifllp-

q SC[n] »

(ii) For every 0 < p < 274 and every y € {—1,1}", we have

> IFs@)| < || DD ws)Fs(@)||  and || Y AIFs(@)|| <[ D ws(y)Fs(x)

SCn] q SC[n] 5C[n] SCin]

q p p
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Proof. For i € [n], let Tp(i) be the noise operator applied only to the ith coordinate of f. In other words,

TWf= Y Fs+p Yy Fs

S:igs S:ies
By Lemma 14.3 (i), we have
1T fllg < 11 llgs

and by Lemma 14.3 (ii), we have _
17558l < £l

Since

Z p'S‘ws(y)Fs(x) = Tlgllz 0...0 Té:;f,
Sl

the above two inequalities show that for every y € {—1,1}", we have

S Plws(y)Fs(@)| < £l

SCIn] q

The same proof applies to [|-||,-
Finally, note that

> s (@) = Y pPlws(y) x ws(y)Fs(x),
]

SCn SCin]

and therefore, (ii) follows from applying (i) to > g, ws(y)Fs(). O

14.2 Proof of Theorem 14.1

Recall 1 < p < 2 < ¢ < oo satisfy % + % =1 and we have p = 2749, It is clear that (iii) follows from (i) and (ii). We
present the proofs of (i) and (ii) below.

Proof of Theorem 14.1 (i): By Corollary 14.4 (i), for every y € {—1,1}", we have

S olhws(y)Fs () < fllq
]

SEln Lq(z)
which,by taking the [|-|| ;) norm, shows

> lwg(y)Fs () < I fllg-

Sg[’ﬂ] L(I(w)y)
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By the classical hypercontractivity for [|-|| 1, ) on {—1,1}", i.e, Theorem 10.14 (i), we have

Z plws(y)Fs(x) Z p¥ Fs(z)ws (y)
SCln] SCln]
Ly(z,y)

Lq(y) Ly(z)

[S|
P Fs(a)ws (y)
S%:n]( q1> s s\y

WV

L2l L ()

1/2
Z( P )ZS 2 k/2 k
= — Fs Z(q—1)""p

SCln] ¢-1 |S|<k
q
Therefore,
1/2
(q—1)7F2p" || > F3 <1 £llgs

[SI<k

a
which finishes the proof of Part (i) for |||, since v/g — Ip~* < 259, The proof for |-, is identical.
Proof of Theorem 14.1 (ii):

By Corollary 14.4 (ii), for every y € {—1,1}", we have

/<5, < || D2 Plws(y)Fs

|SI<k

q
Taking the L, norm on y and applying the classical hypercontractivity, we have

1S5, < D2 o lws(y)Fs

ISI<k Lq(y) Lg(z)
<(g =D Y o lws(y)Fs
ISI<k Lol L, ()
1/2
<(g-DM2| Y pIrS
[S|<k
q

1/2
(=DM k(| > F8
|S<k

which finishes the proof of Part (ii) for ||-||, since /g — Ip~! < 2°¢. The proof for [|-||, is identical.
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Chapter 15
Friedgut-Bourgain’s threshold theorems

The problem of finding general conditions under which a sharp threshold occurs is first investigated by Russo [Rus81,
Rus82]. In Chapter 13, we showed that if the critical probability p. of a monotone graph property satisfies p. =
2—0(og(n)) ' then the property exhibits a sharp threshold. However, the critical probability p. tends to be much smaller
for many interesting graph properties. For instance, consider the well-studied case of graph connectivity, where the
critical probability is p, = % While the transition for connectivity is known to be sharp [EoR59], this sharpness
does not follow from the earlier discussed results of Chapter 13 such as Theorem 13.10.

As we discussed earlier, the Margulis-Russo formula (Theorem 13.8) states that

and therefore, having a coarse threshold is equivalent to Iy = O(1) for some p in the critical interval.

In the setting of the p-biased distribution, when p is not too small, the works of Talagrand [Tal94], Friedgut and
Kalai [FK96], Bourgain and Kalai [BK99], and Friedgut [Fri98] provide a satisfactory understanding of the functions
with small total influences. Intuitively, these results say that the total influence of f is large unless the value of f(x)
is determined only by “local information” about x, such as a small number of coordinates. However, as the following
simple example illustrates, these results lose relevance when p is small, particularly when log % ~ logn, which is often
the case in applications.

Example 15.1. Set p = n~ 1, and define f : {0,1}" — {0,1} as f(x) = 1 if and only if z # (0,...,0). Then
Li(f)=...=I,(f) <p(l—p), and so Iy < 1. However, f does not depend only on a small set of coordinates. Indeed
for every constant size set J C [n], we have

B [fbxs = (0,0 =1~ (1-p)" I = 1= = (1)

Since
Prix;=(0,...,0)] > 1—|Jlp=1—-o0(1),

we have || f —g|1 > % — o(1) for every function g that depends only on the coordinates in J.

No significant progress on the case of small p was made until Friedgut’s breakthrough work [Fri99], which char-
acterized graph and hypergraph properties with small total influences. Friedgut used his theorem to show that the
satisfiability of a random k-CNF Boolean formula exhibits a sharp threshold. Friedgut’s sharp threshold theorem is
now indispensable for studying threshold behaviour. We refer the reader to [Fri05]) for many applications of this
theorem in establishing sharp thresholds for various graph and constraint satisfaction properties.

Given a set H of graphs, let the upper set of H be the set of all graphs that contain some H € H as a (not
necessarily induced) subgraph:

H'={G:3H € Hst. HC G}

Roughly speaking, Friedgut’s theorem says that a monotone graph property with total influence O(1) can be approx-
imated by some H' where graphs in H are all of size O(1).
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Theorem 15.2 (Friedgut [Fri99]). For every integer I > 0 and real € > 0, there exists a constant k(I,e) > 0 such
that the following holds. Let p > 0 and let P be a monotone graph property of n-vertex graphs with total influence at
most I. There exists a collection H of graphs such that the following holds.

e Every H € H has at most k(I,€) edges.
o We have pu,(PAHY) < e, where PAHT denotes the symmetric difference between P and H'.

Since a graph property is invariant under graph isomorphisms, its corresponding Boolean function is invariant
under all permutations of the coordinates corresponding to permuting the graph’s vertices. Friedgut’s proof leverages
this symmetry extensively and in many steps of his proof. Nevertheless, he conjectured [Fri99, Conjecture 1.5] that his
theorem holds without requiring symmetry assumptions. To state his conjecture, we recall the definition of a DNF.

A DNF (Disjunctive Normal Form) is a Boolean formula consisting of a disjunction (logical OR) of conjunctions
(logical AND) of Boolean variables or their negations (NOTs). A DNF is a monotone DNF if it does not involve any
negated variable. The width of a DNF is the size of the largest conjunction (AND-clause) in the DNF, where the size
is the number of variables in the clause. A DNF of width k is called a k-DNF. For example (z1 A 22 A xq) V (22 A 23)
is a monotone 3-DNF'.

Proposition 15.3. If f: ({0,1}" s iy) — {0, 1} is representable by a k-DNF, then
Iy <k

Proof. For every z € {0,1}", let s1_,0(z) denote the number of coordinates i € [n] such that f(z) =1 and f(z®e;) = 0.
If f(x) =1, then x satisfies at least one clause C. If f(z @ e;) = 0, then C must involve z; or —x;, and since there are
at most k literals in C, we have s1_0(z) < k for every x. Therefore,

Ir=> p(l=p)Prlf(x) # f(x D e)] <> _Pr(f(x) = 1A f(xDe;) = 0] = Exs150(x) < k.
i=1 i=1

O

Friedgut conjectures that every monotone function with total influence O(1) is approximately a monotone DNF of
width O(1).

Conjecture 15.4 (Friedgut [Fri99, Conjecture 1.5]). For every integer I > 0 and real € > 0, there exists a constant
k(I,e) > 0 such that the following holds. Let p > 0 and f : ({0, 1}”,%}) — {0,1} have total influence at most I.
There exists g : {0,1}" — {0, 1} that is representable by a monotone DNF of width at most k(I,€) and satisfies

Pr [f(x) # g(x)] < <.

Xy

15.1 Bourgain’s theorem

While Conjecture 15.4 is still open, [Bou99b] and [Hat12] have made some progress towards describing functions with
a small total influence on the p-biased distribution. In particular, Bourgain’s theorem, published as an appendix to
Friedgut’s paper [Fri99], suffices for all known applications where the goal is to prove that some concrete property
exhibits a sharp threshold. In this section, we will state and prove Bourgain’s theorem.

Recall from Section 9.4 that given a function f : (X, )" — R and a set S C [n], the notation Egf denotes the
function Egf : X™ — R with

(Esf)(y) = Exs f(xs,y5)-
For S C [n], denoting the complement of S by S = S¢ = [n] \ S, the Fourier-Walsh expansion of f is given by
f= ngn] Fg, where
Fs = 3 (1),

TCS
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Theorem 15.5 (Bourgain’s sharp threshold theorem). Let (X, i) be a probability space. Consider f : (X, u)™ — {0,1}

. ) . 41
with Var(f) =& > 0 and Fourier-Walsh expansion f =) Fs. For k= —, we have

Ex max |Fs(x)| > 2=OU}/%)
S:S|<k

In particular,

Ex Exg —E[f]| > 270U/
smax [E [f()] — E[f] ,

which shows there is S C [n] with |S| < k and x € X™ with

[Es [f(2)] - E[f]] > 27007/,

Proof. First, note that since

sl = | 22 (1)SVIERf| = | 32 (- 1) SVE [f — E[f]]| < 2 max Bz f ~ EI/])

TCS TCS

the second assertion follows from Equation (15.1) as claimed.

It remains to prove Equation (15.1). We have

e =Var(f) = Y _|Fs|3-

S#0Q

Bounding high frequencies: Since k = % and

Ir=>_"ISIIFsll3 =k Y IFs]3,
S |S|>k

we have

and therefore,

Dealing with low frequencies: Let real § > 0 and M € N be parameters to be determined later. Define

1 > ies Fs(@)?>0
mi() = STk ,
0 otherwise

where we say that the coordinate i € [n] is activated by x if n;(z) = 1. Let

(z) = {1 i) Mi(x) < M

0 otherwise
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be the indicator of the event that at most M variables are activated by z. By Equation (15.2), we have

2 <E Z FZ<E Z(l — 1) Z F? (S contains an inactive coordinate)
S0 i=1 S:ies
|S|<k ISI<k
+E [(1-¢) Z F? (more than M variables are activated)
|SI<k
+E Z |Fs|? (H m) ¢ (all variables in S are activated, and Zm < M) (15.3)
S#0 i€s
|S|<k

We will show that the first two expectations on the right-hand side are small, and the main contribution comes from
the third expectation.

When S contains an inactive coordinate: For every ¢ € n, by the definition of 7;, we have

2/3 1/2(|4/3
E(l—n) Y FE<§PE| Y F3 =53 > Fs
S:esS S:esS €S
ISI<k ISI<k [SI<k
4/3

On the other hand, since

aif= Y Fs,

S:es
by applying Bourgain’s inequality on low degree Fourier-Wash expansions (Theorem 14.1 with p = 4/3 and ¢ = 4),
and then using Proposition 12.2, we have

1/2 4/3
Z F? < 2820k |15, f”i;i 2 91,(f) < 2°°F L (f).
€S
|S|<k i
I
Therefore, by taking § = 2—100%7
E E 1 - 777, g FS < E (51/3230161 61/3230k1f g Z (154)
=1 i€S
|S[<k

More than M variables are activated: By the Cauchy-Schwarz inequality, we have

—&) Y Fi| <[> F3 162\ > 3 1 =¢ll2-
4

|S|<k ISi<k ||, |S|<k

Note

1 - _ 1k5
E(l—g)gME;m —]EZ& d Fi<

=1 S:es
ISI<k
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which since 1 — & is {0, 1}-valued, shows

0 lke
1-— < .
Il < /2=

Again, by applying Bourgain’s inequality low degree Fourier-Wash expansions (Theorem 14.1 with ¢ = 4), we have

> F3 <22 £, < 2%,
1S|<k

I
Therefore, by taking M = 2103%, we have

—1
6> Fi| < k€240’<\ (15.5)

1S|<k

€
T

Concluding the desired inequality: By plugging Equation (15.4) and Equation (15.5) in Equation (15.3), we

obtain
E_¢&_ ¢ 2 2 Q(12/¢?) 2
5 <E Z |Fs| <Hm>§\ ( >1EI;1%|F5| <27 ]EnSa%IFs\ .
570 ies |SI<k |SI<k
|S|<k

We obtain the following corollary for monotone functions over the p-biased distribution.

Corollary 15.6 ([Bou99b, Proposition 1]). The following holds for every e > 0 and I > 0. Given any sequence of
monotone functions f: ({0,1}", ug) — {0,1} with Var(f) > e, the total influence Iy < I, and p = o(1), there exists
S C [n] with |S| < 41 /e such that

E[f(x)bxs = (1,...,1)] > E[f] + 2907/,

Proof. By Theorem 15.5, there exists |S| < 41y /e and y € {0,1}" such that
_ 2,2
[Bx [f(x)Ixs = ys] — Elf]| = [Ez [f(y)] - E[f]] > 2700/,
Since f is monotone, it follows that either

E[f(x)xs = (0,...,0)] < E[f] — 22U5/2),

or
E[f(x)[xs = (L,...,1)] > E[f] +2207/2),
However,
E[f] E[f(x)[xs = (0,...,0)] + (1 = (1 = p)'*) = E[f(x)|xs = (0,...,0)] +p|S],
and since p|S| = O(pIs/e) = o(1), the first case cannot hold. O

15.2 Sharp threshold for graph properties

For a given graph H on ¢ vertices and a graph G on n vertices (think of ¢ as fixed and n large), let GU H* denote the
union of G with a copy of H planted on ¢ randomly chosen vertices of G.
In the case of monotone graph properties, Corollary 15.6 implies the existence of a graph H with at most 41 /¢
edges such that
Pr[G(n,p) U H* € P] > Pr[G(n,p) € P] + 227°/2).

In other words, planting H in G(n, p) significantly increases the probability that it satisfies P.
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We will show that one can choose H with the additional property that
Pr[H C G(n,p)] > 27 OUH/<).

Corollary 15.7 ([Fri99, Bou99b]). The following holds for every e > 0 and I > 0. If a sequence of monotone graph
properties of n-vertex graphs P satisfies Var,,, (P) > € and dugiz(f@ < Ip for some p = o(1), there exists a graph H such

that the following holds
(i) H has at most 81 /¢ edges.
(i) Pr[H C G(n,p)] = 2700/,

(iii)
Pr(G(n,p) U H € P] > Pr[G(n,p) € P] + 220°/%).

Proof. Let f be the corresponding Boolean function. By the Margulis-Russo formula, we have Iy = p(llfp) d SI(JP) < 21

Let Hj be the set of all graphs with at most k := 4I/c edges. Since every such graph has at most 2k vertices,
k
|Hi| < (22k) < k3% < 238" For every H € My, let

¢(H) =Pr|G(n,p) UH € P] — Pr[G(n,p) € P] > 0.

While Theorem 15.5 shows
_ _ > 9—O0(I%/e?) .
Ex S [Ez [f(x)] —E[f]| > 2 ; (15.6)

the proof of Corollary 15.6 only uses the fact that

3 Ew _E[f]| > 270U/,
wsﬁr};}gkl 5 [f(2)] — E[f]]

By using Equation (15.6) instead, we obtain

E H) > 2-00%/"),
max (H)

HCG(n,p)
Since
EH gné?jﬁp) o(H) < H%Pr[H C G(n.p)l¢(H) < |Hx| maxPr[H C G(n,p)|¢(H),
there must exist H € Hj, that satisfies (ii) and (iii). O

Remark 15.8. To illustrate the importance of (ii), consider the monotone graph property of being non-3-colourable,
which is known [AF99] to have a sharp threshold at the critical probability p. = ©(1/n). Suppose we aim to apply
Equation (15.6) to prove that non-3-colourability has a sharp threshold by showing that no H can satisfy (i)-(iii).

Note that if we take H = K4 to be the complete graph on 4 vertices, then G(n,p) U H is non-3-colourable with
probability 1, and therefore, both (i) and (iii) are satisfied. However, K4 is too dense and Pr[K4 C G(n,p)] = o(1) at
p=0(1/n), and (ii) is not satisfied. Therefore, (ii) is essential in such applications.

Combined with the Margulis-Russo lemma, we obtain the following theorem.

Theorem 15.9 ([Fri05]). There exist functions k(e, ) and 7(e, ) such that the following holds. Let P be a graph
property with a coarse threshold. Specifically let € > 0, a > 0, and p = p(n) be such that

a < Pr[G(n,(1—¢)p) € P] <Pr[G(n,p) € P] <1-2c.
Then there exists a graph H with no more than k(e, o) vertices such that
Pr[G(n,p) UH" € P| > Pr[G(n,p) € P] + 7(e, ).
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Furthermore, H is a “reasonable” graph:
Pr[H C G(n,p)] > 7(g, a).
Proof. Exercise. U

Remark 15.10. In fact, Friedgut’s proof from [Fri99] shows that in Theorem 15.9, one can have a stronger guarantee
that
Pr[G(n,p)UH* € P] >1— a.

Finally, we mention another corollary that characterizes the critical probability values for graph properties with a
coarse threshold.

Corollary 15.11 (Friedgut [Fri99]). If a sequence of monotone graph properties of m-vertex graphs P satisfies
Var, (P) = ¢ and d”siz()p) < Ip, then p = ©(n=%") for positive integers a and b that are bounded from above by
some function of I and €.

Proof. Let H be the graph provided by Corollary 15.7.
Note if Pr[H C G(n,p)] = 1 — o(1), then Corollary 15.7 (iii) cannot hold. Moreover, by Corollary 15.7 (ii), we
have Pr[H C G(n,p)] > 2-OUF/*) = Q(1). Therefore, there exists § = 6(I,¢) > 0 such that

0 <Pr[H CG(n,p)<1-4.

Since H has at most O(I/¢) edges, we have p = ©(n~%/?) for a and b are positive integers depending on H. O

By Corollary 15.11, coarse thresholds only happen near rational powers of n. Corollary 15.11 immediately implies,
for example, the well-known fact that connectivity has a sharp threshold as the critical probability for connectivity is

o ().
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Chapter 16

Expansion of small sets in the noisy cube

Recall that given a correlation parameter p € [0,1], and x € {0,1}", the p-equal copy of = is the random variable y
that is sampled from {0,1}" through the following process: for each i € [n], with probability p, set y; = x; and with
probability 1 — p, sample y; uniformly at random from {0, 1}.
Definition 16.1 (noisy hypercube). The p-noisy hypercube graph is the undirected weighted complete graph with the
vertex set {0,1}", where the weight of the edge (x,y) is Prly’ = y] where y’ is the p-equal copy of .

Note that if y is a p-equal copy of z, then Prly, = x;] = 1# and Prly; # z;] = % for every i € [n]. Therefore,
the weight of an edge (z,y) in the p-noisy hypercube graph is given by the formula

L4 p\" @) oy N e
w(z,y) = w(y,z) = | —5— — :

where dp(z,y) denotes the hamming distance between x and y.
In this section, we are interested in the expansion properties of small subsets of the noisy cube. Let «, 8 € (0,1)
be small constants. Given sets A, B C {0,1}" with relative densities «, 3, we wish to analyze

Pr[y € B|x € A], (16.1)

when x is uniformly selected from {0,1}" and y is the p-equal copy of x. The two questions of minimizing and
mazimizing this quantity in terms of o and § are important in many applications.

16.1 Small-set expansion in noisy cube

In this section, we will study the small-set expansion properties of the noisy hypercube, which is related to maximizing
Equation (16.1) for A = B.
Let x be uniform sampled from {0,1}" and y be the p-equal copy of x. Define the p-noise stability of a function
f:{0,1}" — {0,1} as
Stab, (f) = E[f(x)f(y)] = (T,f, f) = > o (5 (16.2)

SCln]

If A C{0,1}" has density «, then
Stab,(A) =Pr[x € A,y € A] = aPry € Alx € A].

Dictators and, more generally, k-juntas for small k£ have large stability. The small-set expansion in the noisy cube
states when « is small, the set cannot be stable, and the probability that a random p-noisy neighbour y of a random
vertex x € A belongs to A is small, i.e., the noisy hypercube graph has large expansion for small sets A.

Proposition 16.2 (Small-set expansion in noisy cube). Let A C {0,1}" have density a > 0. We have
Stab,(4) < a5 and Prly € Alx € A] < a%7
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where X is uniform andy is a p-equal copy of X.

Proof. By hypercontractivity, for p := p 4+ 1, we have

2

Stab,(4) = Y pIYIA(S)® = Ty5Al15 < |IAl; = a T,
SCln]

1—p

andPr[y€A|x€A]:St%"(A):am. 0

Using a similar proof, we can also obtain a two-set version of Proposition 16.2

Proposition 16.3. Let A, B C {0,1}" have respective densities o, 3 > 0. We have
T
Prix € A,y € B] < a1+ /2,

where x is uniform andy is a p-equal copy of X.

Proof. By applying the Cauchy-Schwarz inequality and then hypercontractivity with p = 1 + p?, we have

P Ay e Bl = (T, A.B) < T, Al|Blls < | Al Blls = a}/PaY/2 = o757 gL/2
rix € A,y € Bl = (T,A, B) < [T, A|2]|Bll2 < [|Allp|Bllz2 = «/?8 i+ 312,

16.2 Reverse hypercontractivity and sparse pairs

Let us turn to the problem of minimizing Pr[x € A,y € B]. Since x and y are correlated, to minimize Pr[x € A,y € B,
picking two antipodal hamming balls seems a natural candidate. In this case, we can upper-bound Pr[x € Ay € B]
using the following lemma whose proof we omit.

Lemma 16.4 ([MORT06]). Fiz a,b> 0 and let A,B C {0,1}" be defined as

A::{x ingg—a\/ﬁ},
B::{x : Z:@-Zg—kb\/ﬁ}.
We have
1 ui L e~ /2
n—oo 2" \/orq ’

lim@: ! e_bz/g.

n—oo 21 V21h

and for a uniform x and its p-equal copy y, we have

V1= p? 21 p2 42
lim Prlxc Ay € Bl < V2P o (@b T 20aby
n—o0 2ma(pa + b) 2(1 - p?)

The main term in the above upper bound is the exponential term. We will establish a lower-bound in Theorem 16.9
that almost matches the upper-bound of Lemma 16.4.
First, we show that the naive spectral gap method provides a weak lower bound for Pr[x € A,y € B.

Prix e Ay € B] = (T)A,B) = pl*| ST AS)B(S) 2 aB - p Y ’E(S)E(S)‘
S#0
1/2 1/2

Y |B©)|| =as-pva-arVE- R
S#0

‘ 2

>af—p | S |As)
S#0
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When « and § are small, the second term on the right-hand side is larger than the first term, and the bound is
negative (and trivial) unless p is very small. Therefore, we need a deeper approach to prove a more meaningful lower
bound for Pr[x € A,y € BJ.

The key tool to obtaining an effective lower bound is an extension of the hypercontractivity to ||-||, for p < 1,
called reverse hypercontractivity. Unlike the original hypercontractivity, the reverse hypercontractivity only applies to
non-negative functions. The next four theorems and lemmas all require the functions to be non-negative.

Theorem 16.5 (Reverse Holder Inequality). If f,g > 0 are functions on a measure space, then

(f.9) = lfl»llglla,
1,1 _
where p,q € (—oo,1) and s+e=1

Remark 16.6. When p < 1, the function
1
171l = (LF1P)""

is not a norm. In fact, for —co < p < 1 and f, g > 0, we have the reversed triangle inequality:
If +glp = 1£1lp + llgllp-

To prove this, note that by the reversed Holder Inequality

E(f+9)? =E(f+9)P ' f+E(f+9)" g

E + ") T Iflp+ ES +9)") T |
= 1F+ g2 Uf Nl + Nglly)-

1+ gl

WV

|9l

which yields the reversed triangle inequality.

Theorem 16.7 (Reverse Hypercontractivity inequality [MOR™T06]). Let f : {0,1}" — [0,00), then
ITpflla = 111y,

for0 < p < Z%i and —oco < qg<p<l1.

The proof is similar to the classical hypercontractivity. First, one proves it for the 1-dimensional case, and then an
induction establishes the general case. We have the following corollary.

Corollary 16.8. Let f,g:{0,1}" — [0,00) and consider a uniform x € {0,1}" and a p-equal y copy of x. For every
0<p</(1=-p)(1-¢q) <1andp,q<1, wehave

Ef(x)g(y) = [1flpllgllq-

Proof. Let p' = p%? so that p and p’ are conjugate exponents. We use the reverse Holder’s inequality and then apply

the inverse hypercontractivity inequality,

Ef(x)g(y) = Ef(x)To9(x) 2 | fllplToglly = [1f1pll9llq:

where the last inequality requires 0 < p < 11:5, =1 =p)(1—q). O

We are ready to prove the strong lower bound on Pr[x € A,y € B].
Theorem 16.9 ([MOR™106]). Suppose A, B C {0,1}" have relative densities

A ey 1BL i

2n 2n ’
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and let x € {0,1}" be uniform andy be a p-equal copy of x. Then

a’ + b2 + 2pab

P A B] > —_—
rix € A,y € B] exp( 20— 7 )
Proof. Let p,q < 1 be such that p? = (1 — p)(1 — ¢). By corollary 16.8, we have that

a? b2

Prix € Ay € B] = EAR)B(y) > | A[,|Bll, = ¢ 5 5.

Our task is to optimize p to maximize the right-hand side, which is equivalent to minimizing % + g—z. To simplify the
calculations, write p =1 — pr and ¢ = 1 — £ with

Then

is minimized when

Using this value of r gives
a’> bv®  a®+b%+2pab

» T 20—

We obtain the following corollary from Theorem 16.9 by parametrizing the densities differently.

Corollary 16.10. Let A,B C {0,1}" with relative densities « > 0 and a° > 0 respectively, where o > 0. Let
x € {0,1}" be uniform and y be a p-equal copy of x. Then

(Va+p)?
Prix € A,y € B] 2 aa 1-+?

In particular, if |A| = |B|, this probability is at least ats .

Another interesting corollary of reverse hypercontractivity is that it allows us to quantify how T}, “smooths” the
“peaks” of the function f. In other words, it provides an upper bound on Pr[T), f(x) > 1 — J].

Theorem 16.11 ([MOO10, Theorem 4.5]). Consider f : {0,1}" — [0,1] with Ef = «a. For every 0 < p < 1 and
0<e<1—a we have

PriT,f(x)>1-d]<e
provided that 0 < § < e?”/(1=P)FO0(R) yhere jg = , /2inle/d=a))

1—p

Proof. Define indicator functions

1 ifT >1-946
g:x— i T, f()
0 otherwise

1if >b
h:z— if f (@) ,
0 otherwise
where b = %(1 + a). We need to show that ¢’ := Eg < e. By the first moment method,
a=Ef > (1—-Eh)b,
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which shows

« l—«
Eh>1——=
> b 1+a’

and therefore, the support of h is not very small.
By the definition of h, we have (1 — b)h(z) < 1 — f(x), and therefore, when g(x) = 1, we have

Hence, g(z) = 1 implies

and we have

Meanwhile, by Corollary 16.10,

T,[(1 = b)h(x)] < T,(1 = f(x)) < 0.

0
T, ()] < 1o
o€’ 20¢’
< = . .
ElgToh) < 1oy = 2o (163)
(VB+p)?
E[gT,h] > &' - &' 1= (16.4)

where 3 = 1°6E" Binally, Equation (16.3) and Equation (16.4) together with our assumption on § implies the desired

log &’
bound &’ < e.

O
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Chapter 17
Gaussian Spaces

Many of the concepts discussed in this course—such as noise stability, isoperimetric inequalities, and hypercontractiv-
ity—were originally developed within the geometric framework of Gaussian probability spaces. The continuous and
symmetric nature of Gaussian space often leads to more elegant results and proofs that avoid some of the technical
challenges of the discrete setting of the hypercube. For this reason, Gaussian space can serve as an elegant and intuitive
framework for studying the properties of functions on the discrete cube. Moreover, tools like the invariance principle
of Mossel, O’Donnell, and Oleszkiewicz [MOO10] and the more recent global hypercontractivity theorem [?] enable us
to systematically translate certain results from the Gaussian setting to the discrete hypercube.

17.1 Gaussian probability space

In this section, we will define Gaussian random variables in R™ and outline some of their basic properties. We then
introduce the Ornstein-Uhlenbeck Gaussian noise operator and discuss its hypercontractivity.

Definition 17.1 (One-dimensional standard Gaussian). The standard normal distribution on R is the probability
distribution ; on R with the density function

which means that for any interval [a, b],

Figure 17.1: Standard normal distribution
A random variable g with distribution v is called a standard Gaussian. It satisfies
Eg = 0 and Eg® = 1.

Definition 17.2. For n € N, the multivariate Gaussian distribution -, is the product probability distribution defined
by 71 on R™. Specifically,

({z € R"a; < i <bi}) = [ (lai ba)). (17.1)
i=1

The corresponding density function is:

where ||z denotes the length of . For any measurable set A € R”, we have v,,(A) == [, ¢n(2)dz. A random variable
g with distribution v, is called a standard Gaussian vector in R™.
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The definition of the Gaussian measure on R™ as the product space in (17.1) might mistakenly suggest that the
Gaussian probability distribution depends on the specific coordinate system. However, this impression is incorrect.
The density function ¢,,(x) depends only on the length of 2 and, therefore, is independent of the particular choice of
the coordinate system. In particular, if g;,...,g, € R are i.i.d. standard Gaussians and a € R™ has length ¢ = ||a||,
then > | a;g; has the same distribution as cg, where g is a standard Gaussian.

17.2 Hermite polynomials

The Hermite polynomials are a classical orthogonal polynomial sequence for the space La(R, ;). Given k € Zx¢, the
Hermite polynomial of degree k is given by

_ p =2 db .2
Heg(z) = (1) TR -
They satisfy the relations
Hepy1(7) :== zHeg(z) — He(z) = xHey(z) — kHeg_1(2), (17.2)

with the base case Heg(z) = 1. The Hermite polynomials form a complete orthogonal basis for Lo(R,~;). It will be
useful to normalize them to obtain an orthonormal basis. For k € Zx, define the corresponding normalized Hermite

p()l y n()mlal as
He He

[ Herll VAL

Alternatively, we can construct the polynomials hy(x) by applying the Gram-Schmidt process to the monomials z*.
We have

22 -1 3 — 3z

\/5 s hg(I) = \/6 y ey

where each polynomial hy(z) is obtained by taking the orthogonal projection of z* to span {hy, ..., hk_l}L and then
normalizing it to have norm 1:

ho(z) =1, hi(z) =z, ho(x) =

k—1 .
) o= =iz 2% Pl
ok — SO (kb b

Given an f € Lo(R, 1), we can write the Hermite expansion of f as the infinite sum

F=>(f hu)hw,
=0
which converges in the Ly norm.

More generally, we can use the Hermine polynomials to construct an orthonormal base for Lo(R™,~,). For a
multi-index a € Z3, define i, : R" — R as

ha(Z1,. .oy xn) = ha, (1) .. ha, (T0).

These polynomials form a complete orthonormal basis for La(R™, v, ), and therefore, every f € La(R™,~,,) has a unique
Hermite expansion

f= fl@)ha,

Z‘Il
ae >0

~

where f(«) = (f, hy) are called the Hermite coefficients of f. Gain, the convergence is in the Lo, meaning that

im||lf — Y k= cof(a)ha|| =0.

ay . a; <k 9

Remark 17.3. Since ho(z) = 1 and hy(x) = 2, when a = 1g for S C [n], then hy = [];cg ;. In other words, the set
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of functions h, includes all the multilinear monomials []. g ;. Therefore, for multilinear polynomials

flze,...,z,) = Z )\SHH%

SCln]  i€s

the Hermite expansion coincides with the polynomial representation.

17.3 Gaussian noise and hypercontractivity

We start by defining the Ornstein-Uhlenbeck noise operator.

Definition 17.4. Given p € [—1, 1], the corresponding Ornstein-Uhlenbeck operator U, acting on La(R™, v, ) is defined
as
Upf(x) == Ef(pr + 1 - p?g),

where g ~ (R™,~,) is a standard Gaussian vector.

If x and g are independent standard Gaussian, then since y/p? + (1 — p?) = 1, the random variable

y = pz++/1-pg

is also a standard Gaussian. In particular, E., [U,f] = E,, [f].
Furthermore, the correlation of  and y is

Exy = E[pz® + /1 — p2zg] = p.
We have the following theorem regarding the action of U, on the set of Hermite polynomials.
Theorem 17.5. For every a € Z%, and p € [—1,1], denoting |a| = > o, we have
Uyhe = plhy.
Proof. O

The following theorem, due to Nelson [?], shows that the Ornstein-Uhlenbeck operator U, is hypercontractive.

Theorem 17.6 (Hypercontractivity in Gaussian spaces). Let 1 < p < ¢ < o0 and f € L,(R™,7v,). We have
10U fllg < £ llp for 0 < p <y /2=

17.3.1 Comparison to the Fourier-Walsh expansion

The Gaussian space (R™,7,) is a product space, and therefore, as we discussed in Section 9.4, every integrable
f+(R",y,) = R has a Fourier-Walsh expansion f = g, Fs. Let

f=3 fla)h,

aEZgO
be the Hermite expansion of f. It is not difficult to verify that

Fs= Y f(a)h.

a:supp(a)=S
Recall that we defined the noise operator 1), as
Tpf(x) = Ey f(y),

where with probably p, we set y = x, and with probability 1 — p, we sample y from the distribution ~,. We showed
I,f = ng[n] Pl Fs.
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Note that T}, and U, are not the same operators, as for example, T,h, = plsuPP(@)] while Uyha = plel for every
normalized Hermite polynomial.

Note also that since 7, is a continuous probability space, unlike the U, operator, T}, is not hypercontractive.

17.4 Noise stability in Gaussian Space

In Section 16.1, we defined the notion of noise stability for subsets of the discrete cube {0,1}". In this section, we
study this notion for the Gaussian space.

Let g and h be a pair of p-correlated standard Gaussian vector in R™. Define the p-noise stability of a function
f: (R y,) = {0,1} as
Stab,(f) =E[f(g)f(h)] = (Upf, f)- (17.3)

We are interested in characterizing the most stable subsets of R™.

Theorem 17.7 (Noise Stability of Homogenous Halfspaces). If H : (R",~,) — {0, 1} is the indicator function of a

homogeneous half-space', then we have

. .
Stab, (H) = ; + LS;:(’) ).

Proof. Since the Gaussian measure is invariant under rotations, we can assume without loss of generality that H(z) =
1(;,>0)- In this case,

Stab,(H) = Pr[g > 0 and pg + /1 — p?h > 0],

where g and h are independent standard Gaussians. Let

A:{(x,y)€R2 : x}Oandpx—i—ﬂy}O},

as illustrated in Figure 17.2.

Figure 17.2: Stability of a homogeneous half-space

We have
Stab,(H) = Pr[(g, h) € A].

Since (g, h) is a standard Gaussian vector and hence its distribution is invariant under rotations, we have

Stab,(H) = argﬂ =77777.
Y

O

The Gaussian Rearrangement A* of a set A C R™ is the interval (¢,00) with v (¢,00) = v,(A). Note that A*
corresponds to the halfspace with the same Gaussian measure as A. In particular, if 7, (A) = %7 then A* corresponds
to a homogenous half-space.

The following theorem due to Borell [?] from 1983 shows that half-spaces are the extremal sets for stability.
Theorem 17.8 (Borell [?]). Let A, B C R™. Then for any 0 < p <1 and g > 1 we have:
E(U,A)!B < E(U,A*)*B*

In particular,
Stab,(A) = EAU,A < Stab,(A).

LA half-space is homogeneous if the hyperplane that defines it contains the origin.
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17.5 The Berry—Esseen Theorem

In this section, we explore a classical example of an invariance theorem, specifically the Berry—Esseen theorem. This
theorem provides a quantitative version of the Central Limit Theorem for finite sums of independent random variables,
giving a bound on how closely the distribution of a sum of random variables approximates a Gaussian distribution.

Let x be a random variable with mean zero and unit variance, and let x1,...,x, be ii.d. copies of x. The Berry-
Esseen theorem states that if E[|x|?] is not too large, the cumulative distribution function of S,, = % is close to
the cumulative distribution function of a standard Gaussian.

Theorem 17.9 (Berry-Esseen). Let x be a random variable with mean zero and unit variance, and let x4, ...,%, be
i.4.d. copies of x. Let S, = Z:% and g be a standard Gaussian. We have

E[lx/*]
NG

We will not give a proof of Theorem 17.9. Instead we prove a slightly weaker bound Theorem 17.11.

|Pr[S, <t] —Prlg <] §O< ) for every t € R.

There are several established methods for proving the Berry—Esseen theorem. Common approaches include the
Fourier method, the moment method, Stein’s method, and the Lindeberg swapping trick. For a more comprehensive
discussion of these proofs, we recommend Terry Tao’s lecture note on the Central Limit Theorem.

In these notes, we will focus on a proof using the Lindeberg swapping trick, also known as the replacement method
or the hybrid method in theoretical cryptography. In this method, we swap the variables with independent Gaussians
one by one and carefully control the changes at each step.

The replacement method is a powerful and versatile technique. As we will see in 7?7 and ??, this method plays a
central role in proving two fundamental results in the analysis of Boolean functions: global hypercontractivity and the
invariance principle.

We will start by proving a technical form of the Berry-Esseen theorem.

Theorem 17.10. Let ¢ : R — R be a three time differentiable function with |1/)W ()] < B for allx € R. Let x be a

random variable with mean zero and unit variance, and let X1, ...,X, be i.i.d. copies of x. Let S = % and g be
a standard Gaussian. We have B
E[(S)] —E < —E[x|?].
[E[¢(S)] — E[¢(g)ll NG [Ix]”]
Proof. Let g1,...,g9n be independent standard Gaussians, and for 0 < i < n, define the corresponding partially
swapped version of S as
S — X1+...+X,+Gi+1+ ... +9gn
= Tn .
Since S, = S and Sy ~ 71, it suffices to show that for every i € [n],
1
[E[y(Si-1)] = E[y(S)]] = WBE[IXI‘O’]- (17.4)

Denoting the common part of S;_; and 5; as

X1++Xz+gz+2++gn

A= N ,

we have

gi and Sl-:AJrﬁ.

1= A
Si=A+n 7

By writing the Taylor expansion of 1,

2
g;
n

9(Si1) = 9(A) + 9 (A) T 1 Ly (4)

/i i

3
for an error term R satisfying |R| < Gl%/z sup,cr |9 (x)]. We also obtain a similar formula for ¢(S;_1), where g, are
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replaced by x;. Since x; and g; both have mean zero and unit variance, we have

1 E[lgi®+ %]

|E[1/J(Sz—1)] - E[l/J(Sz)H < 6n3/2 n3/2 xlelﬁ |1/)m($)|-

Since g; is a standard Gaussian,

2

Elgi|* = 3\/>7

™

which combined with
Elx;|* = Elx|® > (Ex?)%/? > 1,
shows
Elgi|’ + Elx;|* < 6E[x[’.

We conclude Equation (17.4) as desired. O

Theorem 17.11 (Berry-Esseen weak form). Let x be a random variable with mean zero and unit variance, and let

n
. . "X
X1,...,Xy be i.i.d. copies of x. Let S, = Z’*;L :

and g be a standard Gaussian. We have

3

E[|x]]
vn
Proof. We will approximate 1j,<; with a three times differentiable function (z), and apply Theorem 17.11 to 1.

Pick a parameter € > 0 and let ¢ : R — [0, 1] be any function equal to 1 in (oo, t], vanishing on [t + ¢, 00), and with
" ()| = O(e=2) in [t, t + ¢]. We have

1/4
|Pr[S, <t]—Prlg<t]] <O < > for every t € R.

E[(g)] = Pr[g < t] + O(e).

By Theorem ].A.].].7 we haVe
E E g X C \/E]E X )

which shows

[Pr(s < - Prlg < ] < 0(e) + 0 (Sl

Optimizing e, gives
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Chapter 18

Draft: Hypercontractivity for global
functions

As we have observed in earlier chapters, the hypercontractivity of the noise operator on the discrete cube {0,1}" is a

central tool in Boolean function analysis. However, when considering more general product spaces, functions such as

dictators and juntas demonstrate that the noise operator does not maintain such strong hypercontractive properties.
For example, over the discrete cube {0,1}", hypercontractivity implies that every degree-1 function satisfies

ll.f |4 _
17l < V3 =00

In contrast, consider a large alphabet size m, and the dictator function f : [m]™ — {0, 1}, defined as f(z) = 1[5, 1.

[
[1£1l2

which shows a significant gap between the two norms as m grows.

In Theorem 10.19, we established a weaker form of hypercontractivity for general product probability spaces (€2, u)™.
However, as illustrated above, when p contains atoms with small probability masses, the noise parameter p must be
very small for hypercontractivity to hold. Unfortunately, the dependency on pu limits the applicability of Theorem 10.19
for generalizing key results from the discrete cube to other domains (€2, u)™.

Here, f is of degree 1, yet we have

1
= 1
=m1,

Global hypercontractivity: In a breakthrough, Keevash, Lifshitz, Long, and Minzer [?] showed that, essentially,
junta-like behaviour is the only obstacle to the strong hypercontractivity of the noise operator. More precisely, they
extended the hypercontractive inequality to general discrete product measures under the additional assumption that
the function is global, meaning it is not significantly affected by restricting a small set of coordinates. This class
of functions naturally arises in results like Bourgain’s sharp threshold theorem, which states that global functions
exhibit sharp thresholds. Later, Keller, Lifshitz, and Marcus [?] later proved a sharp version of this hypercontractive
inequality.

The discovery of hypercontractivity for global functions and its various applications has been one of the most
fruitful research directions in Boolean function analysis in recent years, leading to several significant advances. To
name a few applications:

e A stronger version of Bourgain’s sharp threshold theorem [?];
e Progress on the inverse problem for the isoperimetric inequality on the Boolean cube [?]

e A shorter proof [?] of the breakthrough result of Khot, Minzer and Safra [?] on the expansion of the Grassmann
graph, which was the main mathematical ingredient in the proof of the 2-to-2 games conjecture in complexity
theory;

e Hypercontractivity and level-d inequality in the symmetric group [?], etc;
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e Applications to the intersecting families of permutations [?];

18.1 Statement of global hypercontractivity

For the reader’s convenience, we recall some definitions from Section 9.4.1 and Section 10.4. Let (€, u) be a finite
probability space and consider a function f : (2, 4)™ — R and its Fourier-Walsh expansion f = scin) Fs-

Given a parameter p € [0, 1], the p-equal copy of € Q™ as the random variable y that is sampled from Q" through
the following process: for each i € [n], with probability p, set y; = x; and with probability 1 — p, sample y; from
(€2, ). The noise operator T), is defined as T}, f(x) = Ey f(y), where y is the p-equal copy of z. It satisfies

T,f = Z P‘S‘FS-

SC[n]

Definition 18.1 (Global functions). Let (£2, ) be a finite probability space. Given S C [n] and z € (2, )", let
fsoe : (Q,1)"\S — R be the restriction of f defined as fs_,.(y) = f(x,y). We say that f : (Q, u)" — R is r-global
for r > 1 if for every S C [n] and = € Q7 we have

HfS%zH2 < T‘S‘HfH?'

We think of f: (2, u)™ — R as a global function if it is r-global for some » = O(1). In this sense, for growing m,
the dictator function f : [m|™ — {0, 1} defined as f(z) = 1(,,-1] in the introduction is not global. We have || f[|2 = \/1%
while || fr1351ll2 = [[1]]2 = 1, and therefore, f is not r-global for any r < y/m.

Theorem 18.2 (Global Hypercontractivity). Consider 1 < p < 2 < q satisfying % + % =1, and let (Q, p) be a finite
probability space. If r = 1 and f: (2™, u™) — R is an r-global function, then for every

log q
0<p< )
p 32rq

we have
||Tpf||p = || fllz2 and HTprq < I fl2-

18.1.1 Proof of global hypercontractivity
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Chapter 19

Draft: Invariance Principle and Majority
is Stablest

The invariance principle, proved by Mossel, O’Donnell, and Oleszkiewicz in [MOO10], is a useful generalization of the
Central Limit Theorem that bridges the worlds of Gaussian analysis and Boolean function analysis. It has been a
crucial tool in translating many results from the Gaussian to the setting of Boolean functions on the discrete cube.
One can view the invariance principle as a generalization of the Berry-Esseen theorem (Theorem 17.9) to multilinear

polynomials.
Consider a multilinear polynomial f = > f(S)[[;cg®i. Let x1,...,x, be independent random variables, each
with mean zero and unit variance, and let g1,...,g, be independent standard Gaussians. Roughly speaking, the

invariance principle states that when f does not depend too much on individual coordinates, then the distribution of
f(x1,...,@,) is similar to the distribution of f(g1,...,gn).

Similar to the proof of the Barry-Esseen theorem presented for Theorem 17.9, Mossel et al.’s proof of the invariance
principle uses the replacement method. Their proof later inspired [?] to use the replacement method to prove the
hypercontractivity for global functions. In fact, global hypercontractivity also implies a version of the invariance
principle [?].

One of the original applications of Mossel, O’Donnell, and Oleszkiewicz in [MOO10] for the invariance principle
was proving a conjecture of Subhash Khot about the noise stability of large subsets of the hypercube that do not
have influential variables. Khot’s conjecture, which was known as the “majority is stablest conjecture”, has important
applications in the area of hardness of approximation. We will discuss the proof of this conjecture in ?7.

19.1 Invariance principle

Theorem 19.1 (Invariance Principal I [?]). Let Q(z1,...,2n) = 3 g¢p @5 [ies 2 be a multilinear polynomial with
real coefficients satisfying the following three conditions.

I; = Z ar <1 for all i € [n]

Then for i.i.d. £1 uniform random variables (¢) = (e1,...,&,) and independent standard Gaussians g = (g1,...,gn),

we have
ilel]lg |PF[Q(€> < t} — PI'[Q(g) < t]| < O(dT@)

Similar to the case of the Berry-Esseen theorem, Theorem 19.1 follows from the more technical version of the

113



invariance principle by approximating the step function with an appropriate four times differentiable function. We
omit the details.

Theorem 19.2 (Invariance Principal II). Suppose Q satisfies the assumptions of Theorem 19.1 and let ¢ : R — R be
a four times differentiable function with sup, [ (t)] < B. We have

E[¥(Q(e))] — E[(Q(9))]] < O(d9*Br).

Proof. Let Z; = Q(g91,---,8i,Eit+1,---,€n). We claim that
By (Zi—1) — By (Z)| < O(BY'IY). (19.1)

First, we show that the theorem can be extracted from this claim. Indeed,

n

(B4 (Zo) — Ep(Zn)| < D [E((Zi1) — E(Z:)] < O(B9Y) 212

1=1
= O(B9")(max ;) Y " I; < O(B9Y%r) ZI

= O0(BY'r) > [S]ag < O(dBY'r) Y ol = O(rBY%d).
[S|>0 |S|>0

To prove the claim, we separate the monomials according to whether they contain z; and write

Q(x1,...,xn) = Z astj + z; Z ag H x;

S¢S jES S1qeS  jeS\{i}
= R(ﬂ?l, RN TP T 7 T ,xn) —I—xiS(xl, R T T T A ,xn)
Let
r =1r(g1,--,9i-1,Eit1,---,€n) and 8= 5(g1,...,9i-1,€it1,--+En)-

We have Z; 1 =r+¢;s8 and Z; = r + g;s. By Taylor’s theorem, we have

(5i8)2 g (€i8)3¢(3) (r)
6

B(i0) - BUZ)] < [Butr) + e () + 55

—Ew(r) _gisw/(r) _ (gis)Q,(/J//(r) _ (gzs)3¢(3)(r) _ E2 ,

2 6
, ) v . A
where |F1| < sup, [ 424(;)‘(5"8)4 < B(Zf)él, and similarly, |Fs| < B(gf)4. All terms cancel except F; and Fy. So the
expression is bounded by:
B(g;s)* B(g;s)* B ., 3B_., B_,
E ' E ’ <—E —Es® < —Es".
’24 TR T 248 Tt S
Since s is a multilinear polynomial of degree at most d in variables g1,...,9;-1,€i+1,. .., €n, by hypercontractivity, we
have p p 4
B B9 B9 B9
“Es'< ——(Es?)? = — ) ai="-1I2,
6 6 6
€S
which completes the proof of Equation (19.1). |

19.2 The Majority is Stablest Theorem

In this section, we focus on the noise stability for subsets of the discrete cube {0,1}". Recall that the p-noise stability
of a function f: {0,1}" — {0,1} is defined as

Stab, (f) = (T, f.f) = > pISIF(9)2.

SCln]
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We are interested in understanding the Boolean functions that have large noise stability. In Proposition 16.2, we
used hypercontractivity to establish the small-set expansion property of the noisy cube, which states that the sets with
small density are not stable: Stab,(A) < E[A}%

In this chapter, we focus on large sets. For example, one might ask among functions f : {0,1}" — {0,1} with
E[f] = % what is the largest possible value of Stab,(f)? If we use the spectral gap approach by separating the principal
coefficient and upper bounding p!®! by p, we get

p
+4.

RNy

Stab,(f) = Y_ oIS <[EF>+p D If(S) =

SC[n] S#0

This bound is indeed sharp as achieved by half-cubes; for example, if f(z) = x1, then f = % + %X{i}, and therefore,

Stab,(f) = - +

-
IR

In general, if the value of the function f depends only on a few coordinates, then the function will become stable
under noise as with some non-negligible probability x, and its correlated copy p will be the same on those coordinates.
It turns out that the question becomes more interesting if we avoid these examples by assuming that all the variables
have small influences.

Half-cubes are stable because their Fourier coefficients are concentrated in the first level. In [?], Bourgain proved
that if a Boolean function f : {0,1}" — {0,1} is not close to being a junta, then it must have a significant Fourier mass
of at least d=1/27°() on || f>¢||3. Bourgain’s bound was later sharpened by Kindler and O’Donnell by first proving a
sharp bound in the Gaussian setting and then translating it to the discrete cube using an invariance principle.

Theorem 19.3 (Kindler and O’Donnell [?]). If f : {0,1}" — {0,1} is balanced and I; < 10~¢ for all i € [n], then

Inlnd

123 = SRR > am eV 2 grz-en,

|S|>d

Theorem 19.3, whose proof is highly nontrivial, provides an upper bound on noise stability
Corollary 19.4. If f : {0,1}" — {0,1} is balanced and I;(f) = 2=°0/%) for all i € [n], then

1
Staby_.(f) < = — g!/2Fo)

[\)

While Corollary 19.4 is an improvement over the spectral gap upper bound of % — §, using the tail bound on the

Fourier coefficients does not seem to be the optimal approach for upper-bounding the noise stability. To illustrate this,
consider the majority function MAJ, : {0,1}" — {0,1}, defined as MAJ,(z) = 1 iff )" x; > %. While the tail bound
of Theorem 19.3 is sharp for MAJ,, the following theorem shows that Stab,(Maj,,) is much smaller than the upper
bound of Corollary 19.4.

Theorem 19.5. The noise stability of the majority function satisfies

. .
lim_Stab, (Mas,) = + 2oL

n—o0 2

Note that % + ‘”C;% is the Gaussian noise sensitivity of homogenous halfspaces as shown in Theorem 17.7. As we
discussed in Theorem 17.8, Borell proved the analogous statement in the Gaussian setting in 1983, where no condition
on the influences is necessary. Mossel, O’Donnell, and Oleszkiewicz used their invariance principle to resolve Khot’s
conjecture and deduce the following theorem from Borell’s result.

Theorem 19.6 (Majority is Stablest [?]). For 0 < p < 1, if f:{—=1,1}" — {0,1} is balanced and I;(f) < € for all
i € [n], then

Stab,(f) <

arcsin p 0 (log log 1/5) 1 arcsin p + o(e)

1
4 2 log1/e 4 2
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Proof. Consider the polynomial representation f = »_ f(S)[[,cg2i- Let (g1,...,gn) be an independent standard
Gaussian. We have

Stab,(f) = > pI!|F(S)? = Stab,(f(g1,--.,gn))-

We want to apply the invariance principle to replace the +1-valued random variables with Gaussians. However, since
the degree of f can be large, we cannot apply the invariance principle directly to f. Instead, we apply a smoothed
version of the theorem, which can be applied to T f for 8 < 1. Let p = p/3% where 3 < 1 is a parameter very close to
1 to be determined later.

Stab,,(f) = >_ AN F(S)2 =D (o' BHIF(S)[? = Stab, (T f (g1, .gn)).

Now using the smoothed invariance, Tz f(g1, .-, gn) is close in distribution to T f(e1, .. .,&,) and hence it cannot be
far from being in [—1,1]. To make this precise, we define function £ as follows:

0 <1
ot
. %{at—l)? 1> 1

Note that £ measures the Lo-distance of t from its truncated value in [—1,1]. By the invariance principle applied to
random variables » = Tsf(e1,...,6,) and 8 = T5f(g1,...,gn), we have [E&(r) — E&(s)| < 79%0A). Let s’ be the
truncation of s to the interval [—1,1]:
s  |s|<1
=41 s>1
-1 s< -1
By assumption, f(e1,...,&,) € [—1,1] and since Tp is an averaging operator, Tgf(e1,...,&,) € [—1,1] and hence

&(R) = 0. Thus,
EJ¢(s)| = (s — )2 < 720°7)

which shows

| Stab, (s) — Stab, (s")| = |[EsU, s —Es'U,s'| < |[EsU, s —Es'Uy s| + |Es'Uys —Es'Uy s'|
< lls = 8'll201Upsll2 + 18" 2l1Up (s = 8712 < lls = s"[l2[lsl]2 + [|s"]|21ls — 5”2
< 7008,

By Borell’s theorem (Theorem 17.8), Stab,/(s") < Stab,/(1<¢,) where t; is chosen so that Elg<;, = Es’ for a standard
Guassian g.
It remains to show that % ~ Es’, which would imply ¢y ~ 0. We have

1
‘ —Es'| = [Es—s'| < |ls — 8| < 770,

2

It follows that -3
| Stab, (1,<0) — Stab, (1uct, )| < O (1_[)> .

Therefore,

1—
Stab,,(f) = Stab,(1,>0) + O (TSZ(lﬁ) n 1_?) .

The theorem follows by optimizing over 3. O

19.3 Arrows Theorem and Majority is stablest

Condorcet Method for Ranking 3 Candidates : In an election with n voters and 3 candidates, A, B and C,
each voter submits 3 bits representing their preferences. The first bit indicates whether they prefer A to B; The second
and the third bits indicate, respectively, their preference between B and C, and between C and A. These preferences
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are aggregated into 3 strings z,y,z € (—1,1)". A Boolean function f : {—1,1}" + {—1,1} is applied to z, y and z
and the aggregated preference is represented by (f(z), f(v), f(2)).

Condorcet Paradox: If f is the Majority function, it is possible to have an irrational outcome, in which all 3
aggregated bits are 1 or all are -1 representing preferences A< B<C < Aor A>B>C > A.

Definition 19.7. A triple (a,b,c) € {—1,1}2 is called rational if it corresponds to a non-cyclic ordering.

Theorem 19.8 (Arrow’s Impossibility Theorem). The only functions f that never give irrational outcomes are dictator
functions f(x) = x; or f(x) =1 — x; for some i.

Note that every voter has 6 possible rational rankings. Suppose that every voter votes independently at random

from the 6 possible choices. Let x,y,z € {—1,1}" be the corresponding random string. Note

1 1 1
1o, =ay=0a3] = 1T gm0zt jmas + Sazas,

and therefore,

Pr((f(x), (), f(2)] = 1 = Eljy0)=f(y)=f(z)] = Z - iEf(X)f(Y) - -Ef(x)f(z) — ~Ef(y)f(2)
= G {3000 = § - 2 FOFTEXs s ()
s,T
Furthermore,

Exs()xr(y) = ( [ Exiyi)( [] EXi)(}H Ey:)

i€esnT i€S\T i€T\S

Since Ey,; = Ex; = 0 and Ex;y; = 2 — % = f%, we have

2
6

0 S#T
Exs(x)xr(y) = {(_31)3| S=T"
Hence,
3 3 1\ e 3, 3
Pr((f(x), f(v), f(2)) is rational] = - + 7 > (3> IF(S)* < 7 Staboa ()

We conclude the following theorem due to Kalai.

Theorem 19.9. If f: {—1,1}" — {—1,1} satisfies I;(f) = 0,(1) and Ef = 0, then assuming that all the voters vote
independently and randomly from the siz possible rational votes,

Prloutput of f is rational] < 0.9123 4 0,(1).
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Chapter 20

Learning via Fourier Coeflicients

In this chapter, we study two applications of Fourier analysis to computational learning theory.

20.1 PAC learning under uniform distribution

We begin with an overview of the PAC (Probably Approximately Correct) learning framework from computational
learning theory, introduced by Leslie Valiant [Val84].

A binary concept class over a domain X is simply a set C of functions f : X — {0,1}. Here, the term binary
signifies that the range is the two-element set {0,1}. The elements of C are called concepts.

In the learning problem, a concept f € C and a distribution g on X are unknown to the learner. The learner
who knows C but not f or p is trying to learn f by observing its values on a few i.i.d. samples drawn from u. More
precisely, the learner will receive a batch of samples of the form (z, f(x)) where & ~ p are drawn independently, and
they must produce a hypothesis h : X — {0,1} as a predictor for f.

The quality of h is measured by its population loss,

Lu(h) = Prih(x) # (x)]
We emphasize that h does not need to be in the concept class C; it simply needs to predict f well on examples from pu.

In this section, we will be only interested in the case where p is the uniform distribution. While the uniform
distribution may not reflect real-world scenarios, this setting has theoretical applications and has been extensively
studied. In particular, a substantial body of research addresses the problem of learning concept classes, such as juntas,
under uniform distribution [MOS03].

Consider f : Z% — {0,1}. Let us explore what information we can learn about the Fourier spectrum of f from
uniform samples. Consider a fixed a € Z3, and recall that

~

fla) = (f,Xa) = Ex[f (x)xa(x)]-

Since |f(z)xa(z)| < 1, by Chernoff bound, if x1,...,x,, € Z} are sampled uniformly and independently, then with
high probability the empirical estimate

~ 1 &

Fla) = =37 e xala)
i=1

~

will be very close to the actual expected value f(a) = E[f(x)xa(x)]. Thus, a few samples typically suffice to accurately

~

estimate f(a). The following lemma immediately follows from Chernoff bound.

Lemma 20.1. Let f : Z5 — {0,1}, a € Z5 and §,e € (0,3). For m = O(log(1/8)e™2), if x1,..., Xy, are independently
and uniformly sampled from Z%, then the empirical estimate

Fa) = 3" fxo)xalx)
=1
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satisfies

Pr Hf(a) - f(a)’ > 5} < 4.

Let us return to the problem of learning an unknown f : Z% — {0,1} in a concept class C. By Lemma 20.1, we can
estimate individual coefficients well from a few samples. However, since there are 2" coefficients S, estimating all of
them will not be computationally efficient. Moreover, the probabilistic errors in these estimates can accumulate to a
large error unless we take € and § to be exponentially small. Indeed, one should not expect to learn a generic function
from only a few random samples, as for such a function, the values at sampled points provide no information about
values at unsampled points.

Suppose now that we have the additional information about the Fourier spectrum of the functions in C that the
mass of their Fourier coeflicients is concentrated within a small set S C Z7, meaning

Y lfa)) <e

agS

~

In this case, we can limit our focus to estimating only the coefficients f(a) for a € S and obtain an accurate estimate
of f as
> flaxa =~ f.

a€S

Theorem 20.2 (Fourier concentration and PAC learning [LMNO93]). Let C be a class of functions f : Z% — {0,1}.
Suppose there is a subset S C Z5 of size m such that every f € C satisfies

M lf@P<e.

aS

There is a randomized algorithm that using at most O(e~*mlog(m/§)) uniform samples from an unknown f € C,
outputs a Boolean function h : Z% — {0,1} such that with probability at least 1 — &, we have

P(f(x) # h(x0)] < 8.

2 ~ ~
Proof. By Lemma 20.1, we can use O (log(m/é) (%) ) = O (e7'mlog(m/d)) samples to estimate f(a) ~ f(a) for
each a € S such that

Pr ||f(o) - fla)l > Y| < 2.

Hence, by the union bound,

Pr {Ha € 8 such that |f(a) — f(a)| > \/\/%:| < 0.

Let

g:=">_ fla)xa(z).

a€S

We will show that if our estimates are successful, which happens with probability at least 1 — §, then g is a good
estimate of f. Indeed, by Parseval’s identity, we have

Elf(x) — g =Y [f(a) = fl@)P + > [f (@) <m

a€S agS

Q%) re<e

Let h be the Boolean rounding of g defined as h(x) = 0 if g(z) < 1/2 and otherwise h(x) = 1. Since f is Boolean, we
always have |f(z) — h(z)| < 2|f(x) — g(z)|. Therefore,

Pr(f(x) # h(x)] = E|f(x) — h(x)[> < 4E|f(x) — g(x)[? < 8e.
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Example 20.3 (Small total influence). Let C be the class of functions f : {0,1}" — {0,1} with Iy < k. Then, we
have
k=Y ISI/(@)?
SCn]

which shows

Yo f@P<e

|S|Zk/e

Therefore, we can apply Theorem 20.2 with S = {S C [n] : |S| < k/e}, which is of size at most n*/¢.

20.2 Goldreich and Levin: Learning via queries

In Section 20.1, we discussed a learning algorithm that can learn an unknown f : Z% — {0, 1} in a class C if the Fourier
mass of every function in C is concentrated on a small fixed set S of characters. The discussed algorithm, which has
prior knowledge of C and therefore knows S, estimates the Fourier coefficients of f only for characters in S.

This section considers classes where the Fourier mass of every f € C is concentrated on some small set of characters
Sy that varies with f and is thus unknown to the learner. Goldreich and Levin [GL89] proved it is possible to learn
such classes if the learner can query the values of f(x) at any = they choose. The query model allows the learner to
identify and estimate the significant Fourier coeflicients without knowing Sy in advance.

The Goldreich-Levin algorithm first detects the large Fourier coefficients of f by partitioning the Fourier coefficients
according to their prefix. For k € [n] and o € Z&, define f, : Z5 7% — R as

fa(@) = Eyezr f(¥, 2)Xa(y)-

Note

~

fa(x) = Z f(zla z2)X22 (l‘)Ey [XZ1+a(Y)] = f(av Z2)X22 (.13),

(z1,22)€ELY (a,z2) €LY

where in the first sum z; € Z§ and 2z, € Z;’*k. By Parseval’s identity,

Mol = Exlfa)?) = Y 1F(a )

(a,z2) €LY

We will show that with oracle access to the values of || fsl||2, the algorithm described in Algorithm 1 can find all

~

characters a that satisfy |f(a)| = 7.

Claim 20.4. The procedure described in Algorithm 1 returns the set of all a € Z% that have prefiz o and satisfy
|f(a)| = 7. Furthermore, the algorithm inspects the values of || f5||2 for at most 2% strings j3.

~ ~

Proof. Observe that for k = n, we have || fu|2 = |f(«)], and moreover, if 3 is a prefix of a, then |f(a)| < | fsll2-
Therefore, the procedure correctly returns all the desired a.

To bound the number of queries || f3]|2, note that for every k € [n], we have Zﬁezg /513 = || 1|3, and therefore,

there are at most J5 prefixes f € Z& with ||fs]2 = 7. The bound on the number of queries of the form ||fsl|
follows. g
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Algorithm 1 The Goldreich-Levin algorithm returns the set of characters a with prefix a € {0,1}* that satisfy
|f(a)] = 7. The algorithm assumes oracle access to the values of || f3||2 for any £.

procedure FIND_LARGE_FOURIER(a, k, T)
if ||foll2 < 7 then
return ()
else
if £k =n then
return {a}
else
Qg ( ) S ZkJrl
ag + (o, 1) € Zk+1
return FIND_LARGE_FOURIER(ag, k + 1, 7)U FIND_LARGE_FOURIER(a1, k + 1, 7)
end if
end if
end procedure

While we cannot compute the exact values of || f3||2 from a few queries, the following claim shows we can estimate
them.

Claim 20.5. For every A\ > 0, given 8 € Z5, we can make 3N queries to f and returns a value pp such that with
probability at least 2~ N/2 we have 105 = 1 f6l13] < X

Proof. We have

2
17515 = Ex[f5(x)*] = Eyezpr (Eyezgf(% X)X,B(Y)> = Eyczp—+By, yoens [y x)xs(y) f (v2,%)xs(y2)] -

Since |f(y1,2)xsW1)f(y2, 2)xs(y2)| < 1, the Chernoff bound implies that by taking many random points z, y1, Y2, we

can obtain an accurate estimate for || f5||3. More precisely, similar to Lemma 20.1, by Chernoff bound, we can average

over N random triples x(*), y:(li), yéi), and obtain the estimate

Ph = Jbﬁ: 7 (387 x ) xs (1) 1 (387 %D ) xs (v87) = 013

such that
r[|pf = I1fsll3] = A] < 9e—NN/2

By using the estimates pg =~ || fg]|2 from Claim 20.5 in Algorithm 1, we obtain the following claim.

Claim 20.6. Let 7 > 0 and 6 > 0 be parameters. There is a procedure that after querying the value of f(x) for
O (77%log(n)log(1/4)) points, with probability 1 — & it returns a set S C Z of size at most |S| < 15 satisfying

{a eZy : |f(a)\ > 7'} cSs.

Proof. By taking A\ =
1— 26—k2N/27

Tg,» for each 3, we can produce an estimate ps ~ ||fs|2 such that with probability at least

-
Ips = 1 fsll=l < \/103 = I fall3] < VA= T (20.1)

We run the procedure of Algorithm 1 with the threshold parameter 7/2 but using our estimates pg instead of the
actual values || f3||2. If all our estimates satisfy the accuracy of Equation (20.1), then the output S satisfies

T

{a 1f@I-F>m2pcscfa: f@l+]>m/2).
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T

In particular, S would include all a with |f(a)] > 7, and moreover every a € S, it would satisfy |f(a)] > 7 and
therefore, |S| < 13.
Since the algorithm estimates || fs||2 for at most O(n/72) strings 3, the probability all these estimates satisfy

L4
Eq. (20.1) is at least 1 — 0(7”7267)\21\[/2) =1- O(nTﬁQG_Tg) >1—6for N =0 (7 %log(n)log(1/9)). O
Finally, we are ready to state the main theorem.

Theorem 20.7. Suppose that for every function f : Zy — {0,1} in a concept class C, there exists Sy C Zy of size m

such that
> f@)?<e.
agSy

There is an algorithm that queries the value of f on Poly(m,log(1/8),e™1) points and produces a function h : 25 —
{0,1} such that Pr[f(x) — h(x)] < 12¢ with probability at least 1 — 4.

Proof. Set 7 := \/¢/m and run the procedure Claim 20.6 to produce a set S C Zj of size at most K = 1§ = O(m/¢)
such that with probability 1 — g,

{aEZS : |f(a)| 27’} CS.

The number of queries made so far is O (77%log(n)log(1/§)). Let & be the event that this step is successful.
As in the proof of Theorem 20.2, we can use an extra O (5’1K10g(K/6)) many samples, to obtain an estimate
f(a) ~ f(a) for each a € S. By Lemma 20.1, for every a € S, we have

Pr If(o) - F@] > =] < o

and hence, by the union bound,
PO \/g] 5
Pr |Va €S, |f(a)— f(a)| < —=| =
o e S (o) - F@)l < V=

Let & denote the event that this step is successful.

~

Let g = > ,cs f(a)xa. The probability that both & and & occur is at least 1 — 4, and in that case,

If =gl =>"1f@~F@+ > [F@P+ > If@f

a€S aiZSy a€S\S

JE)Q )
<K|——=) +e+7°85¢] < 3e.
<\/T< 1511

Finally, define h : Z3 — {0,1} as

=
]
S~—
I
——
=
<
—~
5]
S~—"
AN\
N[= N[—=

We have Prf(x) # h(x)] < 4| f — gl < 12¢. 0

Example 20.8 (Functions with small Fourier spectral norm). Let C be the set of all functions f : Z§ — {0,1} whose
Fourier spectral norm || f||; satisfies

11 = If (@) < M.

If we let Sy = {a : | fla)] < ﬁ}, then

> f@P < lflla<e.
a&ZSf
Moreover, since
~ e\ 2
12 Y f@P =18 ()
(lGSf

M2

we have |Sy| < Ag—; Therefore, C satisfies the assumption of Theorem 20.7 with m = et
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Chapter 21
Bounded depth circuits

In 1949, Shannon [Sha49] proposed using the size of Boolean circuits to measure a function’s computational difficulty.
Circuits are closely related in computational power to Turing machines, and thus, they provide a nice framework for
understanding time complexity. On the other hand, their especially simple definition makes them amenable to various
combinatorial, algebraic, and analytic methods.

A Boolean circuit is a directed acyclic graph. The vertices of in-degree 0 are called inputs. Each input is labelled
with a variable z; or a constant 0 or 1. The vertices of in-degree k > 0 are called gates, and each such gate is labelled
with a k-ary Boolean function. In the context of circuits, the in-degrees and out-degrees of vertices, respectively,
are called their fan-ins and fan-outs. One of the circuit nodes is designated the output node, and with this, the
circuit represents a Boolean function naturally. Sometimes, we allow multiple output nodes to represent functions
f:{0,1}" — {0,1}™. The size of a circuit is the number of its gates'.

Example 21.1. Figure 21.1 illustrates a simple circuit with 3 inputs and six gates. It computes a function f :
{0, 1}3 — {0, 1}. For example, as illustrated in the picture, f(0,1,0) = 1.

1 output
1 1
0 0 1
inputs 1 o) 3
0 1 0

Figure 21.1: A circuit with 3 inputs and six gates.

As a more general example, recall that a formula is in disjunctive normal form (abbreviated to DNF) if it is a
disjunction (i.e. V) of clauses, where a clause is a conjunction (i.e. A) of literals (i.e. z; or —x;). A k-DNF is a DNF
where each clause consists of at most k literals.

Therefore, DNFs are circuits with gates {—,V, A} of arbitrary fan-in. Every Boolean function f : {0,1}" — {0,1}
can be expressed as an n-DNF:

f@ =\ ). (21.1)

y:f(y)=1

1In some texts, the input nodes are counted towards the circuit’s size.
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where the clause C, corresponding to y is

Note that Cy(z) =1 if and only if x = y.
We can break the V and A gates in a DNF further to use only binary V and A’s, and therefore, every Boolean
function has a circuit with gates {—,V, A} of fan-in at most 2.

Definition 21.2. The circuit complexity of a function f is the size of the smallest circuit of fan-in 2 that computes f.

A simple counting argument shows that most functions require exponential circuits of fan-in 2. Roughly speaking,
there are 22" Boolean functions f : {0,1}" — {0, 1}, while the number of small circuits is much smaller.

Theorem 21.3 (Shannon [Sha49]). Almost every Boolean function f : {0,1}" — {0,1} requires fan-in 2 circuits of
size Q(2" /n).

Proof. There are exactly 22" Boolean functions f : {0,1}" — {0,1}. The number of circuits with ¢ gates can be
upper-bounded as follows: Since the number of fan-in 2 gates is 22 = 16, there are 16 choices for assigning gates to
nodes. There are (n + 2 + t)? choices for the two incoming wires of a gate: The n input variables, the two constant
inputs 0 and 1, or the t other nodes. Finally, we must designate one of the ¢ gates as the output gate. Hence, the
number of circuits of size ¢ with fan-in 2 is at most

16" (t + n + 2)*'t.

If ¢ = 2" /20n, then
16°(t +n+2)*"t

nh—>nc1<: 2n 0.
Thus, almost every function has a circuit complexity larger than 2™ /20n. ]

On the other hand, we know from the DNF representation that every function f : {0,1}" — {0, 1} can be computed
by a fan-in 2 circuit of size O(n2™). In fact, with some extra work (proved by Lupanov [Lup58]), one can improve this
bound to O(2"/n), which matches the lower bound of Theorem 21.3.

Theorem 21.3 has a major shortcoming. It does not provide any ezplicit examples of functions that require large
circuits. Also, unfortunately, it does not prove the existence of functions in NP that require circuits of super-polynomial
size. Note that any function on n bits that depends on all its inputs requires fan-in 2 circuits of size at least n — 1 just
to read the inputs. Despite the incredible research on circuit complexity lower bounds, the strongest known bounds
for explicit functions are extremely weak. In 1984, Blum gave an example of a function that requires fan-in 2 circuits
of size 3n — o(n). Recently, Blum’s lower bound has been improved to (3 + &)n — o(n) by [FGHK16].

The main open problem of circuit complexity is beating this linear lower bound for natural problems (say, in NP).

Problem 21.4. Find an explicit function f: {0,1}" — {0,1} with circuit complezity w(n).

21.1 Bounded depth alternating circuits

Considering our inability to prove lower bounds on the circuit complexity of explicit Boolean functions, we need to
impose substantial restrictions on the circuits to be able to prove meaningful lower bounds. We will start by restricting
to bounded depth circuits. The depth of a circuit is the longest distance from the input nodes to the output node.

While the size of a circuit essentially measures the time required to compute a function using a single simple
processor, the depth of a polynomial-size circuit corresponds to the amount of time it takes a parallel algorithm to
compute it.

Let us start by defining our constant depth circuits. We will be interested in the model where we are restricted to
gates A, V, =. Note that by De Morgan’s laws

(P V... Vpg) = (=p1) A A (),
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and
—\(pl A... /\pk) = (ﬁpl) V...V (—\pk),

we can assume that

e There are no — gates in the circuit, and instead, the inputs are either of the form z; or —x; for variables z;, or
constants 0 and 1.

e We shall consider circuits whose depths are much smaller than n, the number of inputs. Hence, we need to allow
arbitrary fan-in so the circuit can access the entire input.

e We will assume that the circuits are of the special form where all A and V gates are organized into alternating
levels with edges only between adjacent levels. Any circuit can be converted into this form without increasing
the depth and by, at most, squaring the size.

These circuits are called alternating circuits. The depth of an alternating circuit is defined as the distance from the
output node to the input nodes.

The alternating circuits of depth 2 are particularly important. Note that because of the “alternation” condi-
tion, there are two different types of depth 2 alternating circuits. They correspond to conjunctive normal form and
disjunctive normal form formulas.

We have already discussed the DNFs. Similarly, a formula is in conjunctive normal form (abbreviated to CNF) if
it is a conjunction (i.e. A) of clauses, where a clause is a disjunction (i.e. V) of literals (i.e. ; or —x;). A k-CNF is a
CNF where each clause consists of at most k literals.

For example, (z1 V x2) A (mz1 V 22 V 23) is a formula in conjunctive normal form. By changing the roles of 0 and
I’s in Equation (21.1), we can write an n-CNF representation for every f:{0,1}" — {0,1}.

f@)= N Cyla), (21.2)

y:f(y)=0

where the V-clause C, corresponding to y is

Note that Cy(x) = 0 if and only if x = y.
We record these observations for future reference.

Observation 21.5. Every function f : {0,1}" — {0,1} has an n-DNF and an n-CNF representation, each with at
most 2" clauses.

21.2 Hastad’s Switching lemma

The first strong lower bounds for bounded depth circuits were given by Ajtai [Ajt83] in 1983 and Furst, Saxe,
Sipser [FSS84] in 1984. They established a superpolynomial lower bound for constant depth circuits computing
the parity function. Later, Yao [Yao85] gave a sharper exponential lower bound. In 1986, Hastad [Has86a] further
strengthened and simplified this argument and obtained near-optimal bounds.

The basic idea of Ajtai [Ajt83] and Furst, Saxe, Sipser [FSS84] for proving lower-bounds on bounded depth AC
circuits was to assign random values to a random subset of variables. This will simplify a small size AC[d] circuit
greatly. Consider a gate at level 1 (that is, a gate directly connected to inputs z; and —z;’s). Noting that the gate is
either A or V, if it has a large fan-in, there is a high chance that a random assignment of values to a random subset of
variables will determine the value of the gate. Indeed, an A gate only needs one 0 input to be set to 0, and an Vv gate
only needs one 1 on its inputs to be set to 1.

Definition 21.6 (restrictions). Let X = {x1,...,2,} be the input variables to a circuit C' computing a function f.
A restriction p is a function p : X — {0,1,x}.
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A restriction p sets the values of the variables assigned 0 or 1 and leaves those assigned stars alive. Under p, we
may simplify C' by eliminating gates whose values become determined. Call this the induced circuit C, computing the
induced function f,.

As mentioned earlier, Hastad further explored these ideas. The core of his proof is an important lemma known
as the switching lemma, a key tool for proving lower bounds on the size of the constant-depth Boolean circuits. It
states that random restrictions with a few stars significantly decrease the decision tree complexity of small alternating
circuits.

Lemma 21.7 (Hastad’s switching lemma). Let f be given by a t-CNF formula. Choose a random restriction p by
setting every variable independently to x with probability p, and to 0 and 1 each with probability lg—p. Then for every
seN,

Pr(dt(f,) > s] < (5pt)°.

In particular for p = %Ot}
Pr[dt(f,) > s] <27°.

Remark 21.8. Note that the bound in the switching lemma does not depend on the number of clauses in the CNF.
The only parameter about the CNF that appears in the assertion is its width ¢.

We will prove the switching lemma by induction on the number m of clauses; however, since the bound does not
depend on m, we cannot afford to lose anything in the induction step: Starting with the bound (5pt)® for t-CNF’s with
m — 1 clauses, we must conclude the same bound for t-CNFs with m clauses. The general proof strategy is simple.
Consider the first clause, and without loss of generality, assume that this clause is (x1 V...V x¢).

Case 1: If the random restriction assigns any 1’s to this clause, then this clause evaluates to 1, and we can remove it and
apply the induction hypothesis to the remaining m — 1 clauses.

Case 2: If the random restriction assigns 0’s to all of z1,...,x, then the clause evaluates to 0, and as a result f, =0,
which satisfies dt(f,) = 0.

Case 3: The remaining case is when p assigns some +’s (and no 1’s) to z1,...,x:. Let T be the subset of the variables
in this clause that receive *’s. In this case, it suffices to find a decision tree of depth s — |T| for the remaining
m — 1 clauses, as we can extend such a decision tree to a decision tree of depth s by always querying the values
of the variables in 7. The induction hypothesis tells us that the probability that the remaining clauses do not
have such a decision tree is at most (5pt)*~I7l. This bound is worse than our goal (5pt)*, but fortunately, x’s
are generally unlikely, and the probability that all the variables in T receive ’s is at most plTl. Putting these
together and taking a union bound over all possibilities of T' gives us the desired bout (5pt)!7!.

We are going to prove the switching lemma by induction. In the sketched proof above, we assumed that what
happens in the rest of the m — 1 clauses is independent of the variables x1,...,z;. However, this is not the case, for
example, in Case 1. To deal with this technical issue, we need to strengthen the statement of the lemma.

Lemma 21.9 (Hastad’s switching lemma, stronger version). Let f be given by a t-CNF formula. Choose a random
restriction p by setting every variable independently to x with probability p, and to 0 and 1 each with probability 1%”.
For every s € N, and every function F : {0,1}" — {0,1}, we have

Pridt(f,) > s|F, = 1] < (5pt)*, (21.3)
where F,, = 1 is the event when F), is the constant 1 function.

Proof. Set o := 5pt, and suppose that f = A2, C; where C;’s are clauses of size at most t. We prove this statement
by induction on m, the number of clauses in f. If m = 0, then f = 1, and the lemma is obvious. For the induction
step, let us study what happens to C7, the first clause in the circuit. First note that by possibly changing the role of
0’s and 1’s for some variables, we can assume without loss of generality that there are no negated literals in C; and

hence
Cl = \/ T,

€T
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for a subset T C {1,...,n}, |T| < t. First, we split the left-hand side of Eq. (21.3) into two terms based on whether
(1 receives a 1 from the restriction:

Pr[dt(f,) > s|F, = 1] = Pr[dt(f,) > s, pr & {0,x}"|F, = 1] + Pr[dt(f,) > s, pr € {0,%}7|F, = 1].
Hence in order to prove (21.3), it suffices to show both
Pr[dt(f,) > s|F, =1, pr € {0,%}7] < o, (21.4)

and
Pr(dt(f,) > s|F, =1, pr € {0,%}7] < o?, (21.5)

as then we would have
Pr[dt(f,) > s|F, = 1] < Prlpr ¢ {0,x}"|F, = 1]a* + Pr[pr € {0,x}T|F, = 1]a* = .
To prove (21.4), note that for g = A*,C; (which has only m — 1 clauses),
L.H.S of (21.4) = Pr[dt(g,) > s|F, =1, pr € {0,%}7] = Pr[dt(g,) > s | (FAC1), =1] < a’,

where in the last inequality, we used the induction hypothesis applied to g and F' A C;. It remains to prove (21.5).
We break (21.5) into 2!7! terms based on which coordinates in T are +’s and which ones are 0’s:

L.H.S of (21.5) Z Pr(dt(f,) > s, py =%, pr—y =0| F, =1, pr € {0,%}7]

yCT
< Y Prlpy=Fpry=0|F,=1, pr € {0,%}"] x
YCrT
Pr(dt(f,) >s | F, =1, py =%, pr_y =0, pr € {0,%}7]
< Z Pr [py :?’Fp =1l,pre {0,*}T] x Pr {dt(fp) > s ’Fp =1,py =% pr_y =0].

YCT

First note that if Y = @, then pp = 0, and thus C; is not satisfied and f» =0, and consequently dt(f,) = 0. Hence,
we can remove the corresponding term from the above calculation and obtain the following:

LHS of (21.5) < 3 Pr[py = %|F, = L. pr € {0,4}"] x Pr [dt(fp) > s ’Fp —lpy=%pry=0|. (21.6)
YCT
Y20
We bound the two terms in the product separately.
First observation (bounding Pr [py =% |F, = 1,pr € {0,%}”]): Since setting variables in Y to  cannot in-
crease the probability that F,, = 1, we have

Pr[F,=1]py =%, pr € {0,x}T] < Pr[F, =1 pr € {0,x}7],
Hence using Pr[A|B] Pr[B] = Pr[A A B] we have

. Pr[F,=1|py =%, pr € {0,x}T .
Pr[pY =% | FPE 1, pT € {Oa*}T] = [];I‘[F |:1 ‘ pr € fo *iT] } ]PI'[pY =% | pT € {07*}T]
p = )

N

Y]
5 2
Prlpy =% pr e (00071 = (2] < 20

Second observation: (bounding Pr [dt(fp) > s ‘Fp =1,py =%Xpr_y = 6] ): Note that the variables in Y

can contribute by at most |Y| to the decision tree depth, or more precisely if for every o € {0,1}'”, we have
dt(fsp) < s—[Y], then dt(f,) < s. Indeed to verify this, note that we can always build a decision tree of depth at most
Y| + max, dt(f,,) as follows: In the first |Y| levels, we query all the variables z; for i € ¥ to obtain a o € {0, 1.

129



Then we follow a decision tree of depth dt(f,,) afterwards. Hence for Y # (), recalling that g = AI”,C;, we have

Pr(dt(f,) >s | F,=1,py =% pr-y =0] < Pr [30 e {0,131 a(f,,) > s— V|| F,=1,pr_y = 6}

< Z Pr(dt(f,,) >s—|Y| | F, = 1,pr_y = 0]
oc{0,1}VI

= > Prldt(fop) >s— V]| (FAAeryT), = 1]
oe{0,1}VI

= Y Prdi(ge,) >s— Y] | (FANieryT), = 1]
oe{0,1}Y1

< Z as YT g alYigs=IYl
oe{0,1}VI

where we applied the union bound and then the induction hypothesis.
Combining the two observations with (21.6), we finish the proof:

Y| |T|
LHSof 21.5) < > 2MasWp)=a® 3° (@Y ‘“S<(1+f>T —1)

YCT YCT
Y #£0 Y#£0

S 4 ! S 4 S
= a 1+§ —1] <a’les —1) <a’.

Remark 21.10. Since the negation of a CNF is a DNF of similar size and vice versa, the switching lemma can be
used to convert a t-DNF formula to an s-CNF in the same way as Lemma 21.9.

O

Corollary 21.11. Let f be a Boolean function computed by an AC circuit of size M and depth d. Choose a random
restriction p by setting every variable independently to = with probability p = wds%f and to 0 and 1 each with
probability %. Then

Pr(dt(f,) > s] < M27°.

Proof. We sample the restriction p by first sampling a random restriction py with Pr[x] = 1/10, and then sampling
d — 1 consecutive restrictions p1, ..., p4—1 each with Pr[x] = ﬁ.

Assume without loss of generality that the bottom gates are V. We claim that, with high probability, after the
restriction pg, all the remaining bottom fan-ins are at most s. To see this, consider two cases for each gate at the

bottom level of the original circuit:

1. The original fan-in is at least 2s. In this case, the probability that the gate was not eliminated by pg, that is, no
input to this gate got assigned a 1 is at most (0.55)%% < 275,

2. The original fan-in is at most 2s. In this case, the probability that at least s inputs got assigned a * by pg is at
most (*)(1/10)* < 27°.

Thus, the probability of failure after the first restriction is at most m127°%, where m; is the number of gates at the
bottom level.

We now apply the next d — 2 restrictions, each with Pr[x] = ﬁ. After each of these, we use Hastad’s switching
lemma (see Remark 21.10) to convert the lower two levels from CNF to DNF (or vice versa), collapse the second
and third levels (from the bottom) to one level, reducing the depth by one. For each gate of distance two from the
inputs, the probability that it corresponds to a function g with dt(g,,) > s, is hence bounded by (535-5)* < 27%. The
probability that a particular gate fails to satisfy the desired property is no more than 27°. Since the top gate is A,
after these d — 2 stages, we are left with a CNF formula of bottom fan-in at most s. We now apply the last restriction,
and by the switching lemma, we get a function f, with dt(f,) < s. The probability of failure at this stage is at most
27%. To compute the total probability of failure, we observe that each gate of the original circuit contributes 27° to
the probability of failure, and hence applying the union bound yields the desired bound. ]
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Since a restriction p of the party function PARITY with m starts is either a copy of PARITY,, or 1 — PARITY,,, we
have dt(PARITY,) > m. By combining this fact with Corollary 21.11, we obtain a strong lower bound on the size of
any depth-d AC circuit computing PARITY.

Theorem 21.12 ([Has86b]). Any depth-d AC circuit that computes PARITY is of size 20(n'/)

If in the proof of Corollary 21.11, we stop before applying the last restriction pg_1, we can obtain the following
statement, which uses a larger value for p.

Corollary 21.13. Let f be a Boolean function computed by an AC circuit of size M and depth d > 2 whose output
gate is \. Choose a random restriction p by setting every variable independently to x with probability p = W,
and to 0 and 1 each with probability 1%”. Then

Pr(f, does not have a CNF with fan-in < s] < M27°.

Similarly, if the output gate of the original circuit is V, then the probability that f, does not have a DNF with fan-in
< s is bounded by M27%.

In the next section, we will show that this improvement implies a better lower bound of 2017 for PARITY,
as well as a lower bound for the Majority function.

21.3 Influences in bounded depth circuits

Our next goal is to show that the total influence of low depth small AC circuit cannot be large. First, we consider the
CNF and the DNF circuits with small clauses.

Lemma 21.14. Let f be a CNF or a DNF formula where all the clauses are of size at mostt. Then Iy <t

Proof. We prove the lemma for the DNF case, and the CNF case follows by replacing f with 1 — f. We prove the
lemma for the DNF case, and the CNF case follows by replacing f with 1 — f. For every z € {0,1}", let s1_,0(z)
denote the number of coordinates i € [n] such that f(z) =1 and f(x @ e;) = 0. If f(x) = 1, then = satisfies at least
one clause C. If f(x @ e;) = 0, then C' must involve x; or —x;, and since there are at most ¢ literals in C, we have
s1—0(x) <t for every x. Therefore,

If—z Prif(x) # f(x @ e;)] ZPr )=1Af(x®e) =0 =E;0(x) <t

O

Boppana [Bop97] used Hiastad’s switching lemma to prove that small-size low-depthAC circuits have small total
influences.

Theorem 21.15 (Boppana [Bop97]). Let f be a Boolean function computed by an AC circuit of depth d and size M
(including the input gates), then
I; < (201og M),

Proof. Note n < M since we are counting the input gates when calculating the circuit size. Applying Corollary 21.11
with s = 2log M and p = 1Odsd*1 , and combining it with the fact that I, < dt(g) for all g, shows

1

PriI;, > s] < M27° < <37 S <

3\)—‘

Therefore,

1
Ep[pr]gPr[pr>s]n+s<fn+s<s+1<25.
n

On the other hand, for every 1,

Prifo(z) # folz @ ei)] = pPr(f(z) # f(z @ ei)],



where p is the probability that the ith variable is not fixed by p. Therefore,

Ep[lfp] = ply.

We conclude

I <

2
=% <25 (10s)%! < (201og M)°.
P

One can improve the bound slightly by using Corollary 21.13 and Lemma 21.14 instead of Corollary 21.11.

Theorem 21.16 (Boppana [Bop97]). Let f be a Boolean function computed by an AC circuit of depth d and size M,
then
I; < (20log M),

The majority function MAJ is defined as MAJ(z) := 1 if and only if Y x; > n/2. It is straightforward verify
Iyas = ©(y/n). Recall also that the total influence of PARITY is 7+ We conclude the following lower bounds on the
AC circuit size of MAJ and PARITY.

Corollary 21.17. Any depth-d AC circuit that computes PARITY is of size 20!/ (171

. . 1/(2d-2)
computes MAJ is of size 22" ).

. Any depth-d AC circuit that

To this day, Hastad’s bound for parity remains the strongest explicit known lower bound against small-depth
circuits for any function, even for d = 3. The special case of depth-3 has received significant attention as one of the
simplest restricted models where our understanding is lacking. The following open problem is one of the frontiers of
circuit complexity.

Problem 21.18. Find an explicit function f : {0,1}" — {0,1} that requires circuit size 2°V™ for AC circuits of
depth 3.

Remark 21.19. It would be interesting to prove an inverse for Boppana’s Theorem 21.15. In [BKS99|, Benjamini,
Schramm, and Kalai conjectured a very strong inverse statement that every monotone function f can be approx-
imated by a circuit of size eO(I}/d_l) for some positive integer d. However, this was disproved by O’Donnell and
Wimmer [OWO07] using an example consisting of V of a DNF and a CNF (hence a depth 3-circuit) with total influence

O(logn).
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Chapter 22

LMN and Razborov-Smolensky

In this chapter, we will discuss two fundamental results from circuit complexity about approximating small-size, low-
depth alternating circuits with polynomials. The first theorem, due to Linial, Mansour, and Nisan [LMN93], provides
a strong approximation with a low-degree real-valued function g, where the approximation quality is measured in the
Ly norm. In the second result, proved independently by [Raz87] and [Smo87], the quality of the approximation is
measured using the distance Pr[f(x) # g(x)].

Both theorems have numerous applications in complexity theory and the theory of pseudo-random generators.

22.1 LMN: Fourier tail of low-depth circuits

By Theorem 21.16, if f is computable by an AC circuit of depth d and size M, then we have the following upper bound

on the Fourier tail of f:

d—1
I1F =<3 = 17205 < ]7" < w for all t € [n].

In this section, we prove a stronger upper bound on this quantity. The switching lemma shows that under random
restriction, a function f computable by a low-depth small-size AC circuit is likely to simplify to a function with small
decision tree complexity. Since small height decision trees are of low degree, this observation suggests that such an f
must not have a large mass on higher levels. Linial, Mansour, and Nisan [LMN93] turned this intuition into a theorem,
which we will discuss below.

First, note that since the degree of a decision tree is bounded by its depth, we have the following corollary to the
switching lemma.

Corollary 22.1. Let f be a Boolean function computed by an AC circuit of size M and depth d. Choose a random
restriction p by setting every variable independently to = with probability p = 10(,8%, and to 0 and 1 each with
probability %. Then

Pr(deg(f,) > s] < M27°.

The following result, sometimes called the LMN theorem, is the main result of this section.

Theorem 22.2 (Linial, Mansour, Nisan [LMN93]). Let f : {0,1}" — {0,1} be a Boolean function computed by an
AC circuit of depth d and size M, and let t be any integer. Then

_1/d
1£74)15 < 200274 77/%0.

Proof. Consider a random restriction p € {—1,1,x}" with Pr[«] = p < 15rts—r for a value of k to be determined later.
We sample p in two steps. First, we pick T' C [n] corresponding to the positions not assigned a *. Then we pick
a7 € {0,1}" uniformly at random, and p is defined as p := (z1,%). Set fp, = fo = f(zr,-). Since for a € Z3,

XG(I) = Xar (xT)XaT(IT),

133



we have

=3 fla)xa@) = F@)Xar @r)Xar(r7) = D | Y. FlonB)xaler) | xs(ap),
a€Ly

a€ly BGZ? acZl
Therefore, the Fourier expansion of f,,. : {0, 1}T = {01} is for (y) = D peqr f;(ﬁ)xﬁ(y) where
2
j;T jg: f Xa xT)
aeZl

Hence, by the Parseval identity, we have

E

XT

Fa®)| = X Ifl )P

an;

which shows that

B [543 =B X [T, = X X 1= X 7S

ﬁ€Z§ Bezgraezg S:|SNT|>k
181>k 181>k

where on the right-hand side, we used the set notation to denote the Fourier coefficients.

Now, we use the randomness in 7. Since f7* = 0 if deg(f,) < k, and that always || f, H2 < ||sz||2 1, we have
QY2 >k 9~k
Er| Y (9P| =Eo 77", < Prides(s,) > K < M27", (22.1)
S:|SNT|>k

where the last inequality follows from Corollary 22.1 since we have chosen Pr{x] = p <
bound the left-hand side of (22.1) from below:

—orra—- Moreover, we can

L.H.S. of (22.1) = Z Pr[|SNT| > k)| f(S Z Pr[|SNT| > k| f(S).

SC[n)] |S|>t

Taking p = m and k = t'/4/20, we have p < Wld,l, and therefore, by the Chernoff bound, for |S| > ¢, the
probability of S NT| > k = pt/2 is at least 1 — 2e 15 > 1. Hence, by (22.1), we have

> *If( )% < M2,

S:\S|>t

]

Remark 22.3. Theorem 21.15 and Theorem 22.2 show that the Fourier spectrum of small low-depth AC circuits is
concentrated on the lower levels. In particular, these functions satisfy the assumption of the PAC learning algorithm
of Theorem 20.2.

Theorem 22.2 is also a key ingredient in many results regarding the pseudo-random generators against low-depth
circuits. For example, Braverman’s celebrated result [MR209] that k-wise independent fools constant depth AC circuits
hinges on Theorem 22.2.

22.2 Razborov-Smolensky

Theorem 22.2 shows that every low-depth, small-size circuit can be approximated by a low-degree function in the Lo
distance.

The next theorem by Razborov [Raz87] and Smolensky [Smo87] shows a different approximation of such circuits
with low-degree functions. In this theorem, the low-degree polynomial equals f on most elements in {0,1}". However,
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when the two functions disagree, they can be very far apart.

Theorem 22.4 ([Raz87, Smo87]). Let f:{0,1}" — {0,1} be computed by an AC circuit of depth d and size M. For
every s, there is a polynomial g : {0,1}" — R with degree r < (slog M)? such that

Prlf() # o] < (1 - ;)M

where x is chosen randomly and uniformly from {0,1}". In particular, taking s = 100log(M), there is a polynomial

of degree r < (1001og M)??, such that
1
P < —.
rlf(x) # 9] < 155

Proof. The key is approximating the A and V gates with low-degree polynomials. The function g is constructed
inductively. We will show how to make a step with an A gate. Since the whole construction is symmetric concerning
0 and 1, the step also holds for an V gate. Let

f=nNaki
where k < M. For convenience, assume that k = 2¢ is a power of 2. For every j = 1,...,/, pick s random subsets of
{1,...,k} by including every element in the subset independently with probability p = 277. We obtain a collection
of sets S1,...,S; with t := sf < slog M. Let g1,...,gr be the approximating functions for fi,..., fx provided by the
previous inductive step. We set

g=TIA =181+ Y 9)-

1= JES:

By the induction assumption, the degree of each g; is at most (slog M )9=1. Hence, the degree of f is bounded by
t(slog M)4~1 < (slog M)%. Next, we bound the probability of f(x) # g(x) conditioned on the event that all of the
inputs fi,..., fr are approximated correctly. Consider any x such that g;(x) = f;(x) for all j. We have

t

k
Pr [f@@) #g@) = Pr ][ {118+ > fi@) | # ][ (@)

S1,...,8 S1,
' ¢ ! i=1 JES;

To bound this, we fix a vector of specific values fi(z),..., fr(x) and calculate the probability that an error occurs over
the possible choices of the random sets S;.

e If all the fj(x)’s are 1, then the value of f(z) =1 is calculated correctly with probability 1.
e Suppose that f(z) =0, and thus at least one of the f;’s is 0. Note that for the product

t

II1=18i1+ > fi)

i=1 jes:

to evaluate to 0, it suffices to have one of the terms 1 — [S;| + >_, 5. f;j to be 0. Let 1 < z < k be the number
of zeros among fi(x),..., fr(z), and a € Z be such that 2% < z < 2°*1. Let S be a random set with parameter
p =271 Our approximation will be correct if S hits eractly one 0 among the z zeros of fi(x),..., fx(), as
in this case, we would get 1 —[S| — 3, g f; = 0, making the whole product 0. The probability of this event is

L1
1-p7 ">

zp(l—p)* ' > 5

N | =

Therefore, the probability that all the s sets that are chosen with parameter p = 2771 fail is at most (1 — 55)°

and
t

k S
s FTs, IT11=18il+ > fi) ;Ajl;[lfj(x) <(1_216> _

. i=1 JjES;
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By making the same probabilistic argument at every node and applying the union bound over all the < M gates
in the circuit, we conclude that the probability that an error occurs is at most M (1 — 21—6)3 Therefore, the low-degree
polynomial g that we have probabilistically constructed satisfies: For every z € {0,1}",

r(f) £ g0 < M (1-5)

Since this holds for every z, we have

Prifx) £ g0 <0 (1- 1)

which shows that there is a fixed low-degree polynomial gq satisfying

Pr(f(x) £ gola)] < M (1 - 1)5 .

x 2e

22.3 The entropy-influence conjecture

Theorem 22.2 shows that the Fourier mass of every function computable by an AC circuit of polynomial size and
constant depth is concentrated on the first ¢t = logo(l)(n) levels. Theorem 22.2 shows that the Fourier coeflicients
of every function computable by an AC circuit of polynomial size and constant depth are highly concentrated on the
first t = logo(l)(n) levels. There are roughly ( gt) < n! such coefficients. While this is not an exponential number, it
is still super-polynomial. The following conjecture, due to Mansour, speculates that for DNF, one can pinpoint the
significant coefficients to a polynomial-size set.

Conjecture 22.5 (Mansour [Man95]). Let f be computable by a DNF with at most t terms. For every e, there exists
a subset S C P([n]) of size t°U°e1/9) sych that

SRS <.

S¢S

Let us mention another elegant conjecture regarding the concentration of the Fourier mass. The entropy-influence
conjecture, due to Friedgut and Kalai [FK96], speculates that the entropy of the squares of the Fourier coefficients

{f(S)Q}Sqn] is bounded by O(I}).

Conjecture 22.6 (Entropy-influence conjecture [FK96]). There is a universal C > 0 such that every f : {0,1}" —
{0,1} satisfies
—~ ~ 1
H(f) =Y [f(9)*log <A> < ClIy.
& RGE

Since Iy = } gcn 1S]|£(S)[2, the Fourier mass is concentrated on the first k = O(Iy) levels. Furthermore,
by Friedgut’s junta theorem (Theorem 12.3), the Fourier mass is only concentrated on a set J of 20U5) influential
variables. Therefore, the Fourier mass is on a set of size at most (‘<‘],l) = 20U5) which yields the bound H(f) = O(I]%).

Note also that, if true, Conjecture 22.6 implies that the Fourier mass of f is concentrated on the set

§= {5 RS2 > 2 }

CcI
which is of size at most 2. In particular, if Var[f] = Q(1), then Conjecture 22.6 would imply

Conjecture: F(S)| = 270U,
onjecture rg%df( )| =
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In contrast, Friedgut’s junta theorem shows that every f with Var[f] = Q(1) satisfies

max | f(5)| > 2-0U7), (22.2)

Recently, Kelman, Kindler, Lifshitz, Minzer, and Safra [KKL"20] made significant progress toward resolving the
entropy-influence conjecture. They proved the following theorem.

Theorem 22.7 ([KKL*'20]). There is a universal C > 0 such that every f : {0,1}" — {0,1} and every k > 0, we
have

> |f(5)|210g< _ ) <SCI+C Y [S|(1+1og(S]) IF(S)I”

|ST<k FS)P ST<k

~

Since Iy =3 gy |5 |£(9)|?, Theorem 22.7 falls short of proving the Fourier entropy conjecture by just a factor of
log(|S]). Regarding the largest non-principal Fourier coefficient, Theorem 22.7 implies that if Var(f) = Q(1), we have

F(S)| = 2-OUs(tlogy))
rg%If( )

which is a significant improvement over Equation (22.2).

Question 22.8. Recall Equation (15.1) from Bourgain’s sharp threshold theorem. Can one improve this lower bound
using the ideas from the work of Kelman, Kindler, Lifshitz, Minzer, and Safra [KKLT20]?
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Chapter 23
Fourier Algebra Norm

Let G be a finite Abelian group. The sum of the absolute values of the Fourier coefficients is called the Fourier algebra
norm or spectral norm of f: G — R and is denoted by

£l = 11Fll = D" 1F (0

xeé

The term algebra norm is explained by the easy-to-prove inequality || fg|la < ||f]lallg]la, which shows that the algebra
of the functions f : G — R (with point-wise addition and multiplication) endowed with the norm ||-||4 is a Banach
algebra.

The spectral norm arises naturally in theoretical computer science in connection to learning theory. It has been
studied for several complexity classes of Boolean functions [STV17, KM93, TWXZ13, GTW21, Tall7, MRT19]. These
studies are often motivated by the existence of efficient learning algorithms for the classes of Boolean functions that
have small algebra norms [KM93]. Furthermore, in recent years, tail bounds in the Fourier L; norm have also become
essential in constructing pseudo-random generators [CHHL19a, RSV13, FK18] and separating quantum and classical
computation [RT19, Tal20, BS21a]. The algebra norm is also closely related to the parity decision tree complexity, a
strengthening of the decision tree complexity.

The problem of characterizing functions with small Fourier algebra norms is also fundamental in harmonic analysis.
Let G be a locally compact group, and let G be its Pontryagin dual (also a locally compact Abelian group). Let M(G)
be the algebra of all bounded regular Borel measures on G, where multiplication corresponds to convolution. Let B (CAY')
denote the Fourier-Stieltjes algebra of G, which is the set of all i : G — C for all u € M(G) endowed with the norm
Hu||B(G = ||p||. This norm is well-defined since the choice of y is unique. If G is a finite Abelian group, then B(G)

is the set of all functions on G, and |- ||B(G) coincides with the algebra norm: Hf||B(G) =|flla-

If p € M(G) is idempotent (i.e. p* pu = p), then 1% = i, so ji(x) € {0,1} for all x € G. Hence, the problem of
characterizing all idempotent measures in M(G) is equivalent to finding all subsets A C G with 14 € B(G).

In 1940, Kawada-It6 [KI40, Theorem 3] characterized idempotent probability measures on compact groups as the
normalized Haar measures of compact subgroups. When G is a finite group, their theorem translates to the statement
that f: G — {0, 1} satisfies || f||a = 1 iff f is the indicator function of a coset in G (see Theorem 23.12 below).

The Kawada-It6 theorem was rediscovered independently by Wendel [Wen54] in the context of harmonic analysis.
Later, Rudin [Rud59a, Rud59b], trying to extend this result to all idempotent measures on locally compact Abelian
groups, showed that any such measure is concentrated on a compact subgroup. Finally, Cohen [Coh60], building on the
works of Helson [Hel53] and Rudin [Rud59a], obtained a full description of idempotent measures on locally compact
Abelian groups. Cohen received the Bocher Memorial Prize in mathematical analysis in 1964 for this result.

Numerous extensions and refinements of Cohen’s theorem have been discovered since [Lef72, Hos86, GS08c, Run07,
Sanllb, San20, San21]. We will discuss the qualitative version of Cohen’s idempotent theorem for the group Z% in
Section 23.4.
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23.1 Decision trees and Fourier algebra norm

Suppose C': {0,1}" — {0, 1} is defined by a single AND-clause C(x) = A\ ;¢ ;(z; = b;) for some J C [n] and b € {0, 1}7.
We can easily write the Fourier expansion of C' as

Cz) =Y 27Ixs(b)xs (@),

S5CJ
which shows all the non-zero Fourier coefficients have magnitude 27| and
1[4 = 1.

Let T be a decision tree computing a function f : {0,1}" — {0,1}. Consider a leaf ¢ and let P be the path from the
root to £. Suppose (z;,,...,;, ) is the sequence of the variables queried on this path, and let (b;,,...,b;, ) € {0, 1}]c
be the assignment of the values to these variables consistent with P. In other words, an input x € {0,1}" follows the
computational path P from the root to £ iff (z;,,...,z;,) = (b1,...,b). Let Co(x) = /\le(xij = b;) be the AND-clause
corresponding to the leaf . Denoting by £ the set of all leaves of T', we have

f@= Y G

L:label(£)=1

Since ||C¢|| 4, = 1, we immediately obtain the following statement.

Proposition 23.1. If f : {0,1}" — {0,1} is computable by a decision tree with M leaves, then | f|la < M. In
particular,
110 <21,

23.2 Parity decision trees

Let us recall some basic facts about linear and affine subspaces of Z5. If V' C Z7 is a linear subspace of co-dimension
d, there exists linearly independent as,...,aq € Z5 such that

V ={z:Vi (a;,z) =0 (mod 2)},

or equivalently
V ={x:Vix,(z) =1}.

Then V* = span {ai,...,aq}, and the Fourier expansion of 1y is
1
1y = Z ﬁX@-
veV -+
Consequently,

1
||1VHA = 2dﬁ =1

More generally, consider an affine subspace W =V + b for some b € Z3. Then

1y = Z ngb)va

2
veVL

and therefore, 1y contains 2¢ non-zero Fourier coefficients, each with magnitude 27¢, and we have [|[1y|/, = 1. We
established that every affine subspace of Zy has Fourier algebra norm 1. As we shall see in Theorem 23.12, these are
the only sets with Fourier algebra norm 1. We will use these facts to show that small parity decision trees have a small
Fourier algebra norm.

Definition 23.2 (Parity Decision tree). A parity decision tree, denoted as @-decision tree, is a labelled binary tree.
Each internal node of the tree is labelled with a non-empty subset S C [n], and each leaf by a bit b € {0,1}. Given
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an input = € {0,1}", a computation over the tree is executed as follows: Starting at the root, stop if it is a leaf, and
output its label. Otherwise, query @g(x) = Piesw;. If @g(x) = 1, then recursively evaluate the left subtree, and if
@s(x) = 0, evaluate the right subtree.

Parity decision trees are generalizations of decision trees since querying @y, () corresponds to querying a single
variable x;.

Consider a leaf £ of a @-decision tree, and suppose (Dies, Ti, - - -, Dics, Ti) is the sequence of the variables queried
on this path, and let (by,...,b%) € {0, 1}]C be the assignment of the values to these variables consistent with P. For
1=1,...,k, let a; = 1g, € Z% be the indicator vector of S;. The set L, of all x whose computational path leads to ¢
is a coset of the subspace

{al,...,ak}J‘ ={z:xa,(x)=1 V1<i<k}.

So similar to the case of the decision tree, since |1z, , < 1, we conclude that {f} , is at most the number of the
leaves of the tree.

Proposition 23.3. Let f be a Boolean function computed by o ©-decision tree. Then | f|| 4 is bounded from above by
the number of leaves of the tree. In particular, | f]l 4 < 2PAt(f) where pdt(f) denotes the smallest depth of a parity
decision tree computing f.

The converse of Proposition 23.3 is not true. For example, the indicator function of the single point 0 € {0,1}"
satisfies Hl |, = 1 while pdt (1{5}> =n.

While the above example shows that ||| , does not imply small parity decision tree complexity, as we will show in
Theorem 23.4, it implies small randomized parity decision tree complexity.

Randomized L, sampling: A randomized parity decision tree of depth at most d is a probability distribution 7
over parity decision trees of depth at most d. We say 7 computes f with error ¢ if

TILI;_[T(Q;) =f(@)]>1-¢ foralze{0,1}"

The randomized parity decision tree complexity, denoted by is the smallest depth of a randomized parity decision tree
computing f with error e = 1/3.

Theorem 23.4. For every f : {0,1}" — {0,1} and ¢ > 0, there is a randomized parity decision tree of depth
O (log(1/e)|| fII4) that computes f with error at most e.

Proof. Let ¢p(x) = sgn(f(T))XT(x) € {-1,1} for T C [n]. Pick T" C [n] randomly according to the probability
distribution

Pr[T =5] = ||J|£Jgﬁi| for all S C [n].

For every = € {0,1}", we have

_ f)
Z ||f||A RN

Let N == 8|/ f|%4 log(4/¢). Let Th,...,Txn be i.i.d. copies of T and define f= HJ;\‘,lA Zf\il Y,
For every = € {0,1}", by applying Hoeffding’s inequality (Lemma 5.1), we have

Pr ||fe) - )] > 5| <200 (—WTA/W) <

where the last inequality is by the choice Bf N. N
Let g(z) be the Boolean rounding of f(x), that is, g(z) = 1 iff f(z) > 5. We have

Prig(s) # f(x)] < Pr Uﬂx) NEE 1} <.

Finally, note that we can compute f(z) and g(z) by making the N parity queries x1, (2),. . ., x1y (2). O
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Remark 23.5. The proof of Theorem 23.4 is quite robust and is applicable in any situation where f(z) = > /", \;gi(x)

with |g;(2)| < 1 for all ¢ and we have a strong upper bound on the Ly sum Y., |\;]. By sampling and querying a few

¢; randomly according to the probability distribution u(i) = %, we can produce a good prediction for the value
i=1 z

of f(x).

23.3 Matrix lower bounds for the Fourier algebra norm

In this section, we will discuss the relation between the Fourier algebra norm and the two well-known matrix norms,
the trace and the factorization norms. The goal is to use the factorization norm to prove lower bounds on the Fourier
algebra norm.

Recall that the singular values o1 > ... > o, of a matrix M € C™*"™ are the square roots of eigenvalues of M M*,
where M* is the conjugate transpose of M and r = rk(M).

For p € [1, o0, we denoting by || M|, = max,ecn %
p

For p = 2, the corresponding matrix norm || M |3 is called the spectral norm, and it equals the largest singular value of

the operator norm of M as a linear operator M : £, — £,,.

the matrix.
[M|ly = omax(M).

The trace norm of M is the sum of its singular values:

r
1My, = i
i=1

It will be more convenient to normalize this norm and define

1
M = T My, -

Let us now define the -5 factorization norm of a matrix. There are a few equivalent ways to define this norm.

Proposition 23.6 (ys-factorization norm). For M € C™*™ the following definitions of the yo-factorization norm are
equivalent.

1. We have

181, =, min_ Al Bllcor,

where the minimum is taken over any pair of matrices A and B satisfying AB = M, and ||A|lvow and ||Bl|col

denote the largest £o-norm of a row in A and the largest £5 norm of a column in B, respectively.

2. ||M||72 is the minimum ¢ > 0 such that there exists d € N and vectors a;,b; € RE with My = (aib;) and
lai||bj] < ¢ for all i, j.

3. Denoting by ”MHé,,—wq ‘= MaX,ecn % the operator norm of M as a linear operator M : £, — €4, we have
1M, = min (Al 1Bl e,
4. We have
3115, = 22 2,

where where M o A is the entry-wise product (a.k.a. Schur or Hadamard product) of M and A.
5. We have

= max HMovuTHtr

M
| H’m u,vif|ull2,][v]l2<1

Proof. Exercise. |
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The term factorization in o factorization norm refers to the factoring of M as the product of two operators A and
B, and the index 2 in 7, refers to the fact that the factorization goes through the /5 space. The next proposition lists
some key properties of the v, norm.

Proposition 23.7. The o norm satisfies the following properties.
1. (Norm axioms) For every M, My, My € C™*™ and X € C, we have
o [|[M],, =04 M=0.

o M, = (A M]],.
o M)+ Mall,, <[], + 1Ml

2. (Banach Algebra) For every My, My € C™*", we have
1My 0 Mally, < [[Milly, M|, (23.1)

Therefore, the v norm turns the algebra of matrices C™*™ with the matrix addition and Schur product into a
Banach algebra.

3. ||M]|, is invariant under rearranging, duplicating, or negating rows or columns of M.

4. For every submatriz M’ of M, we have
M), < (1M, -

In particular, ||v2|| > max; ; |M;;].

5. We have

1M ] e < 1M1, -

ntr

Proof. Exercise. O

Let G be a finite Abelian group. Given f : G — C, consider the matrix Ly € CE*C with entries
Li(z,y) = f(x —y) for all z,y € G.

The matrix Ly corresponds to the convolution with f. More precisely, for every g : G — C, we have Lyg = |G|f * ¢
since

Lyg(x) =Y flx —y)g(y) = |G|  g(x).

yeG

In particular, for characters x € @, we have

Lix = |G|f *x = |G| (x)x.

Therefore, every character x is an eigenvector of Ly with the corresponding eigenvalue |G| f(x).

Theorem 23.8. Let G be a finite Abelian group. For every f: G — C, we have

e = 11Lsll, = sl e -

In particular, if M is a submatriz of Ly, then
[ M|y, < 11 a-

Proof. Since the eigenvalues of Ly are |G|f(X) for x € 67 we have

IZf Nl = S IGUFOOI = 1G4

xeé
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~

which shows || f[| 4 = [[L¢l|,,,- Let us now examine the 72 norm of Ly. Since, f(z —y) = >, f(x)x(¥)X(y), we have

ntr’

L= fOx®x-

xeé

By the definition of the 7> norm, we have |[x ® X||,, = 1. Therefore, ||x ® X||.,, = 1, and we have

1Zs1,, < D2 1FCONIX @Xll, < D2 1F0ON = 114 = 1L e -

xe@ XE@
On the other hand, by Proposition 23.7, we have ||LfH72 > ||Lys|l,,- O

Remark 23.9. The discussion of this section easily generalizes to finite non-Abelian groups. Let G be any finite
group, and let f : G — C. Define Ly € C¢*% as Ly(z,y) = f(xy~!). The Fourier algebra norm of f is defined as
[flla = lILgll,,- Furthermore, the equality | Lyl = | flla = [[Lyl|,;, remains valid in this setting.

23.4 Quanitative Cohen’s idempotent theorem

Let G be a finite Abelian group and consider the algebra of functions f : G — C defined by the point-wise addition
and multiplication. f is called an idempotent of this algebra if it satisfies f2 = f. Therefore, the idempotents of this
algebra are precisely the Boolean functions f : G — {0,1}.

In this section, we will discuss a complete characterization of all Boolean functions f : G — {0,1} that have a
small Fourier algebra norm. Given a subgroup H C G and an element a € G, the set H + a is called a coset. When
G = Z3, we can identify G with the n-dimensional vector space Fy over the two-element field Fy. In this case, the
subgroups of G are the linear subspaces, and the cosets are affine subspaces.

If H + ais a coset, then ||1gyqlla = 1. Therefore, if f : G — {0,1} can be expressed as

L
f=Y +ly.a, (23.2)

i=1

for some cosets H; + a;, then ||f||4 < L. The notation of (23.2) means that each coefficient is +1 or —1. Cohen’s
celebrated idempotent theorem [Coh60] states the Fourier algebra norm of a Boolean function f on a locally compact
Abelian group is finite iff f can be expressed as (23.2) for some finite L and a collection of open cosets H; + a;. We
refer the interested readers to [Rud90, Chapter 3] for more details.

Cohen’s theorem left open whether the number of terms L is uniformly bounded from above by a function of the
Fourier algebra norm of f. Moreover, Cohen’s original theorem gave no information for finite groups since we can
always write f =3 c ;-1(1) 1{a}. However, one can ask whether it is possible to uniformly bound L in terms of || f|| 4.

Five decades later, Green and Sanders [GS08c, GS08a], using modern tools from additive combinatorics, proved a
stronger quantitative version of Cohen’s theorem that resolved the uniformity question. Their result can be applied to
finite groups as well. It states that in (23.2), we can choose L < £(]|f]|4), where £(-) is a universal function that does
not depend on the choice of the underlying group G. They first proved the special case of this theorem for the groups
Z% and afterwards generalized it to all locally compact Abelian groups in [GS08¢c|. The bounds obtained in these two
papers were later improved by Sanders [Sanl9, San20]. We will state their theorem for the group Z3.

Theorem 23.10 (Green and Sanders [GS08a]). Let f : Z% — {0,1} be a boolean function, and suppose that the
Fourier algebra norm ||f|la is at most M. Then There exists affine subspaces Vi,...,Vy of Z% for some L < £(M)
such that

L
f=> *y, (23.3)
j=1
Remark 23.11. The original paper of Green and Sanders [GS08b] proves a bound of L < 220(M4). Sanders later

improve this bound to L < 90(M? polylog(M)) Recently, Gowers, Green, Manners, and Tao [GGMT23] proved Mor-
ton’s conjecture (aka polynomial Freiman—-Ruzsa conjecture). Substituting this result in Sanders proof for [Sanl9,
Proposition 2] shows that in the case of Z%, one may take £(M) = 20(M polylog(M))
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We will not prove Theorem 23.10 in this course as its proof is based on various results from additive combinatorics.
However, we will discuss the extreme case of ||f||la4 < 1. The following proposition shows that the only non-zero
Boolean matrices f : G — {0,1} with ||f||a < 1 are the indicator functions of the cosets.

Theorem 23.12. A Boolean function f : G — {0,1} satisfies || f| 4 < \/% if and only if f is the indicator function

of a coset, in which case ||f||la = 1.

Proof. Let S C G denote the support of f. If f # 0, then || f|lco = 1, which immediately implies || f||a > 1.
If S is not the coset of a subgroup of G, then by Lemma 23.13 below, there are a,b,c € S such that a +b—c & S.
Consider the 2 x 2 submatrix M of Ly induced by the rows {c,b} and columns {0,c — a}. Note

e[ g [
f(b) fla+b—c) 1 0]’
and therefore, by Theorem 23.8, we have || f|[, > [[]],. On the other hand, by Lemma 23.14 below, [[M]|, > /4/3.
(]

Lemma 23.13. Let G be an Abelian group. A set S C G is a coset of a subgroup of G iff for every a,b,c € S, we
have a +b—c€ S.

Proof. One direction is obvious. If S is a coset, then for every a,b,c € S, we have a+b—c€ S.

For the converse direction, suppose for every a,b,c € S, we have a+b—c € S. Let H = S — 5. It is straightforward
to verify that H is a subgroup: 0 € H; if x € H, then —x € H; finally, if + = s1 —s0 € S — 5 = H and
2’ =38} —sh €S —S=H, then by our assumption, z + 2’ = (s1 + ) —s2) — s, € S-S =H.

Take any s € S. We claim S = s+ H. Obviously, S C S — S+ s = H + s. On the other hand, every element x of
H + s is of the form x = s — s3 + s with all the terms in S. Hence, z € S by our assumption. (]

11
o 1
23.5 Fourier folding and Shpilika-Tal-Volk

Theorem 23.15 (Shpilka, Tal, and Volk [SIV13]). Let f : Z2 — {0,1} satisfy ||f||1 < M. There ezists a co-set V of
co-dimension at most M? such that f is constant on V.

Lemma 23.14 (Livshits [Liv95]). We have

2
=—>1

V3

2

The proof relies on the simple equation f2 = 1. By expanding the Fourier representation of both sides, we obtain

that for every b # 0, L

> fla)fla+b)=0.

a€Zy
This identity could be interpreted as saying that the Fourier mass of pairs whose product is positive is the same as
the mass of pairs whose product is negative. In particular, if we consider the two heaviest elements in the Fourier
spectrum, say, |]?(04)| and \f(ﬂ)|, and let 6 = a + 3, then by restricting f to one of the subspaces xys = 1 or x5 = —1
we obtain a substantial decrease in the Fourier algebra norm. This decrease occurs since there is a significant L1 mass
on some pairs f(A) and f(A+ &) that have different signs.

Before starting the proof of Theorem 23.15, let us discuss the effect of restricting a function to a coset on the
Fourier spectrum. Consider f : Z} — R, and let a € ZJ be a non-zero element. Consider the (n — 1)-dimensional
subspace V = {a}t = {2 : xa(x) = 1} and its coset W = {z : x,(x) = —1}. Since V is a subspace over Zs, it can
be identified with qu’ and hence it is meaningful to discuss the Fourier transform of f|y. For every b € V, the

~ ~

coefficients f(b) and f(b+ a) collapse to a single coefficient:

flv(®) = f(b) + fla+0). (23.4)

Similarly for every b € W,

— ~ ~

flw(b) = f(b) — f(a+D). (23.5)
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This phenomenon is sometimes called Fourier folding.
The following Lemma 23.16 is the key element of the proof of Theorem 23.15

Lemma 23.16. Let f : Z5 — {0,1} be a Boolean function such that || f||, = M > 1. Then there exists v € Zy and
b€ {0,1} such that || f|y, bl < M — ;.

o~ o~

Proof. Let f(a) be the maximal Fourier coefficient of f in absolute value, and f(8) be the second largest. It follows
from Y |f(a)| = M and the Parseval identity 3 |f(a)|? = 1 that |f(a)| > 57. We can assume that 8 # 0, as otherwise
the function f must be of the form +yx,, and that corresponds to an (n — 1)-dimensional coset.

Without loss of generality, assume that f(«)f(8) > 0, i.e., these two Fourier coefficients have the same sign; the
other case is completely analogous. By taking the Fourier transform of both sides of f2 = 1, we have

S F)fla+B+7) =T(a+8) =0 (23.6)
YEZLY

-~ ~ -~ -~

Let Noypg C Z3 be the set of v € Z% with f(v)f(a + 8 +7) < 0. By our assumption f(a)f(8) > 0, we have
a, B & Notp. Switching sides in Equation (23.6), we obtain

2| @@= > |[ffla+p+n|- X |[fnfla+s+7)].

YENa+s YE€Na+s
Y#o,B
In particular,
~ ~ 1 PN
Flfel<; Y |fofa+s+y)]. (23.7)
YE€Na+ts

~ ~

We now use the fact that f(5) is the second largest in absolute value, and f(«) does not appear in the sum, to bound
the right-hand side:

> [Fofa+s+n| <@l Y win{If0)l1f@+8+m1}. (23.8)

YE€Na+s YENa+s

~

Then (23.7) and (23.8) together with the assumption |f(3)| # 0 imply

Fle <y X min{IFlIFta+5+I}. (23.9)
YE€Na+s

~ —~

Let f" = fly.is=1.- Then by (23.4), for every 7, the coefficients f(7) and f(a + 4 ) collapse to a single coefficient

~ ~

whose absolute value is | f(y) + f(a+ 8+ 7)|. For v € Not3,

~ o~ o~ ’

Fon + fla+ B+ 9] = |IFo)] = 1Fla+8+7)]
which reduces the Ly norm of f’ compared to that of f by at least min(|f(y)],|f(e + 8 +7)|). In total, since both ~
and a + 4 v belong to N, g, we obtain

o~ ~

1Fha < Ifla =5 S min{IF@)LIF@+ 841}

YENa+s

Therefore by (23.9) we have

o~

1
la < - <M-—.
14 < Iflla = [f(e)] i
(Il
Proof of Theorem 23.15. Apply Lemma 23.16 iteratively on f. After less than M? steps, we are left with a function
g, which is a restriction of f on a coset defined by the restrictions so far, such that ||g||, < 1. Then Theorem 23.12
finishes the proof. O
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23.6 Concluding remarks and open problems

Tsang, Wong, Xie, and Zhang [TWXZ13| noticed that a slight twist in the proof of Theorem 23.15 improves the
co-dimension to O(M).
It is not difficult to see that in Lemma 23.16, the restriction f|, . also provides some decrease in the Fourier

~ -~

algebra norm. That is Hm”\#bHA < | fll4 = 1f(B)], where f(53) is the second largest Fourier coefficient in absolute

value. Using this observation, one can prove the following theorem.

Theorem 23.17 (Shpilka, Tal, and Volk [SIV13]).  Ewvery f : {0,1}" — {0,1} with ||f||, < M is computable by a
parity decision tree of size at most oM* M

An important class of Boolean functions with small Fourier algebra norms are the Fourier sparse functions.

Definition 23.18 (Fourier Sparsity). Let G be a finite Abelian group. The Fourier sparsity of f : G — C, denoted
by sp(f), is the number of non-zero Fourier coefficients of f.

Remark 23.19. We showed that the eigenvalues of L are the Fourier coefficients of f. Therefore, sp(f) = rk(L;).

Since the absolute values of the Fourier coefficients of a Boolean function f : G — {0,1} are at most 1, Boolean
functions satisty | f]| 4 < sp(f).

Conjecture 23.20 ([MO09, ZS10]). Every f : {0,1}" — {0,1} is computable by a parity decision tree of depth at
most polylog(sp(f)).

The same techniques used in the proof of Theorem 23.17 can prove the following theorem.
Theorem 23.21 (Shpilka, Tal, and Volk [SIV13]).  Every f : {0,1}" — {0,1} with | f||, < M is computable by a
parity decision tree of depth at most M?log(sp(f)).

23.6.1 Boolean matrices with small 7,-norm

Next, we discuss a conjecture about extending Green and Sanders’ idempotent theorem to matrices. First, we will
characterize the Boolean matrices whose ~2-norm is at most 1.

Proposition 23.22. For every m, the vo-norm of the m x m identity matriz I, is 1,
Proof. Since the standard basis e, ..., e, € R satisfies
1 i=yj
(ese5) = ,
N (U R

I,, satisfies ||I,|y, < 1. Moreover, it is clear from the definition of the yp-norm that for every matrix A, we have
|Ally, = [|A]loo = max, , |A(z,y)|, and therefore, ||I,,[/,, > 1. O

Proposition 23.22 shows that all identity matrices have ~s-norm 1. Note that the proof of Proposition 23.22
generalizes to a larger class of matrices, which we call blocky matrices.

Definition 23.23 (Blocky matrices). A Boolean matrix M € {0, l}Xxy is blocky if there exist disjoint sets A; C X
and disjoint sets ); C ) such that the support of M is exactly UZ X, x V.

It turns out that blocky matrices are precisely the set of Boolean matrices with «s-norm at most 1.
Proposition 23.24 (Livshits [Liv95]). A non-zero Boolean matriz M satisfies ||F||, = 1 iff M is a blocky matriz.

Proof. By Lemma 23.14, a Boolean matrix M with ||M]|,, < 1 cannot have any 2 x 2 submatrices with exactly 3 ones.
It is straightforward to verify that a Boolean matrix satisfying this property must be blocky. O

Since every Boolean matrix with yo-norm 1 is blocky, it is natural to ask whether Boolean matrices of bounded
~o-norm can be characterized through blocky matrices. The following conjecture is an analogue of Theorem 23.10.
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Conjecture 23.25 ([HHH23]). Suppose that M is a Boolean matriz with |M|,, < c. Then we may write

L
M= +B, (23.10)

i=1
where B; are blocky matrices and L < £(c) for some integer £(c) depending only on c.

Conjecture 23.25, inspired by Cohen’s idempotent theorem, is known to be true for a large class of Boolean matrices.

GXxG

Proposition 23.26. Conjecture 23.25 is true for the matrices of Ly € {0,1} where G is a finite Abelian group,

f:G—{0,1}, and L¢(z,y) = f(x —y) for every (z,y).

Proof. Observe if g = 1y, where H + a is a coset, then L, is a Blocky matrix. The proposition follows from
Theorem 23.10. ]

Remark 23.27. Proposition 23.26 is true even when G is a non-Abelian group and L (z,y) = f(zy~!'). This follows
from a theorem of Sanders [Sanllb] that establishes a quantitative Cohen’s theorem (i.e., analogue of Theorem 23.10)
for non-Abelian groups.

148



Chapter 24

Pseudorandom Generators

The content of this chapter is mostly taken from the survey [HH24]. A pseudorandom generator (PRG) uses a small
amount of true randomness, called the seed, to generate a long sequence that appears to be random in certain aspects.
PRGs have many applications in computational theory and practice. One motivation is that we think of randomness
as a scarce computational resource akin to time or space, so whenever we get our hands on random bits, we want to
stretch them as far as possible. Furthermore, when the seed length s is small, we can derandomize certain probabilistic
algorithms by exhaustively trying all possible seeds of a PRG.

To model PRGs mathematically, we consider some observer, modelled as a function f. Let U, denote the uniform
random variable over {0,1}". We want to fool f into mistaking a random variable X with U,

Definition 24.1 (Fooling). Suppose f : {0,1}" — R is a function, X is a random variable taking values in {0,1}",
and € > 0. We say that X fools f with error €, or e-fools f, if

[ELf(X)] = E[f(Un)]| <e.
If e = 0, we say that X perfectly fools f.

Definition 24.1 says that although X might not be uniform, X and a truly uniform random variable are nevertheless
indistinguishable by f. A PRG’s job is to use a few truly random bits to sample a distribution that fools f.

Definition 24.2 (PRGs). Suppose f : {0,1}" — R and G : {0,1}" — {0,1}" are functions and € > 0. We say that
G is an e-PRG for f if G(Us) fools f with error e.

One of the great ideas in the theory of computing is to try to design a PRG that fools all computationally efficient
observers. Given such a PRG and a truly random seed, we could execute any randomized algorithm worth executing.
After all, there’s no point running a program if one won’t even survive long enough to see the output! Such a PRG
could also be used in cryptographic settings because we can safely assume that eavesdroppers and hackers only have
so much computational power.

For example, given a random seed Xy € {1,2,..., M — 1}, the Blum-Blum-Shub (BBS) generator [BBS86] outputs
the sequence (X7 mod 2, X5 mod 2, X3 mod 2,...) where

Xi11 = X?mod M.

For a suitably chosen modulus M, the BBS generator is believed to fool all polynomial-time algorithms!

Fooling all efficient observers is a well-defined and well-motivated goal. Unfortunately, nobody can prove that some
efficiently computable PRG satisfies this marvellous property.

To be clear, a substantial body of evidence indicates that such PRGs exist. For example, Blum, Blum, and Shub
showed that their generator fools all polynomial-time observers under the plausible but unproven assumption that no
good algorithm exists for the quadratic residuosity problem [BBS86]. There are many other examples of PRGs that
fool all polynomial-time observers under reasonable cryptographic or complexity-theoretic assumptions.

The problem of designing PRGs that unconditionally fool all efficient observers is very challenging, with connections
to deep topics such as the famous P vs. NP problem. Therefore, much of the research on PRGs focuses on interesting
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and well-defined restricted model of computation. Then, we design PRGs that fool the chosen model of computation
(unconditionally — with no unproven assumptions) and try to optimize the seed length of the PRG.

A toy example might clarify the idea. Let us design a PRG G : {0,1}* — {0,1}* that fools every observer f that
only looks at two of the three output bits. This problem is not completely trivial because we do not know which two
bits f will observe. Nevertheless, the problem can be solved by defining

G(ur,u2) = (u1,u2,u; ® us).

When wu; and wuy are chosen uniformly at random, the three output bits are correlated, but any two of the bits are
independent and uniformly random.

We will be especially interested in fooling computation models with a complexity theory flavour, i.e., we want the
output of the PRG to appear random to any observer that is sufficiently efficient in some sense. Arguably, the two
most important models in this field are constant-depth circuits and read-once branching programs.

24.1 The generic probabilistic existence proof

For many classes F, including classes defined by standard computational models such as decision trees, circuits, and
branching programs, there is a generic argument showing that there exist PRGs that fool F with a small seed length.

Proposition 24.3 (Nonexplicit PRGs). Let F be a class of functions f : {0,1}" — {0,1}. For every ¢ > 0, there
exists an e-PRG for F with seed length loglog |F| 4 2log(1/e) + O(1).

Proof. Pick a function G: {0,1}° — {0,1}" uniformly at random. Consider any arbitrary f € F. For each seed y,
the value f(G(y)) is a random bit satisfying

Furthermore, as y ranges over all 2° possible seeds, these random variables f(G(y)) are independent. Therefore, by
Hoeffding’s inequality,

Pr|E[f| -2 Y J(GW)|>e| <27

ye{0,1}°

By the union bound, the probability that G fails to e-fool F is bounded by 2|F|e~25"2". For s = loglog | F|+2log(1/s)+
O(1), this probability is less than 1, i.e., there exists a G that does e-fool F. O

In a typical case — e.g., if F is the set of all circuits of size at most n°(!) — each function f € F can be described using

poly(n) bits, i.e., |F| < 2P°W(™)_ In this case, the PRG guaranteed by Proposition 24.3 has seed length O(log(n/<)).
Proposition 24.3 has a major weakness: it does not guarantee that the PRG is efficiently computable since its proof
is in some sense “nonconstructive.”

Definition 24.4 (Explicitness). A PRG G: {0,1}" — {0,1}" is explicit if it can be computed in time poly(n).

The default conjecture: Explicit PRGs exist! For each “reasonable” class F, the standard conjecture is that
there exists an explicit PRG with essentially the same seed length as the generic nonexplicit bound (Proposition 24.3).
Often, this conjecture can be supported with evidence in the form of conditional constructions. For example, consider
the class F of all CNF formulas of size at most n. The nonexplicit PRG has seed length O(log(n/¢)). Under
plausible complexity-theoretic assumptions, there is indeed an explicit PRG for all size-n Boolean circuits (whether
CNF formulas or not) with seed length O(log(n/e)) [IW97].

24.2 Fourier uniformity and PRGs

Definition 24.5. A random variable X taking values in {0,1}" is called e-Fourier uniform if for every non-principal
character xg, we have
[E[xs(X)]| <e.
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Since the expected value of every non-principal character is 0, X is e-Fourier uniform iff it fools all the non-principal
characters.

If X is uniform over a set A C {0,1}" of density «a, then e-Fourier uniformity of X means |121\(S)| < e« for all non-
principal characters yg. Note that this definition is closely related to Definition 5.2 but with a different normalization
of the uniformity parameter .

Construction of Fourier Uniform PRGs: Naor and Naor [NN93] and independently Peralta [Per90] gave explicit
constructions of e-Fourier uniform PRGs with seed length O(log(n/e)); we’ll present a simpler construction due to
Alon, Goldreich, Hastad, and Peralta [AGHP92].

Theorem 24.6 (Fourier uniform PRGs [NN93, Per90]). For everyn € N,e > 0, there is an explicit e-Fourier uniform
generator with output length n and seed length O(log(n/¢)).

Proof of Theorem 2/.6. Let ¢ = n/e, and assume without loss of generality that ¢ = 2* for an integer k. As vector
spaces over o, identify the field Fox with F5. Our pseudo-random generator G': F& x For — {0,1}" is defined by

Gy, z) = (<y, z1>F2, <y, z2>]F2, (Y, z">F2> e Fy

where 2 refers to the i-th power of z in Fax, and the inner product is defined by identifying z* € Fa with its
corresponding elements in F%.

To prove that G fools all non-principal characters, let f: {0,1}" — {0,1} be a nonzero parity function, say
f(r) = @,cgvi- Then doing arithmetic in Fy,

F(Cw.2) = (15, = <yz> |
Fa

€S €S

Define g(z) = ;.5 2" Then g is a nonzero polynomial in F,[z] of degree at most n, and therefore, it has at most n
roots. Since f(G(y,2)) = (y,9(2))p,, when z is a root of gs, we have f(G(y, 2)) = 0. On the other hand, when z is
not a root of g, if we sample Y € F, uniformly at random, f(G(Y,z)) is a uniform random bit. Therefore, when we
sample Y, Z € F, independently and uniformly at random,

1 1 n 1
EIGO.2)] = Brla(2) 20 | - o5
Since E[f] = %, our PRG G fools parity functions with error 2"—(1 = 5, and hence it fools character functions with error
at most €. (]

Fourier uniformity fools small Fourier L;: Since Fourier uniform random variables fool all the non-principal
characters, it easily follows that they fool every function with a small Fourier algebra norm.

Proposition 24.7. Let X be an e-Fourier uniform random variable taking values in {0,1}". Every f: {0,1}" — R
satisfies
[Ef(X) —Ef(Un)| < ellflla-

Proof.

~ ~

Ef(X) —Ef(Ua)] = [F0) + > F(S)Exs(X)] = F0)] <> |F(S)| =¢llf]la-
SH£( S0

]

Recall by Proposition 23.3, we have || f||4 < 2P4(/) where pdt(f) denotes the parity decision tree complexity of f.
Therefore, by Theorem 24.6 and Proposition 24.7 explicit PRGs with seed length polylog(n/e) that e-fool functions

f:{0,1}" — {0,1} with pdt(f) = polylog(n).
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24.3 k-wise uniformity

Let X = (X1,...,X,) € {0,1}" be a random variable. For k € [n], we say that X is k-wise independent, if for every
S C [n] with |S| = k, the bits (X; : i € S) are independent.

We say that X if for every § C [n] with |S| = k, Xg is uniform over {0,1}°. Note that a k-wise uniform X is
k-wise independent but not vice versa.’
Since a k-junta inspects at most k variables, it cannot distinguish between a k-wise uniform random variable and

the uniform random variable U,,.

Proposition 24.8. Every k-wise uniform X taking values in {0,1}" perfectly fools all k-juntas f : {0,1}" — R.

Constructing k-wise uniform PRGs: We start with the case of pairwise uniform, which has a simple construction.

Proposition 24.9. For every n € N, there is an explicit pseudo-random generator G : {0,1}° — {0,1}" with seed
length s = |logn| + 1 that is pairwise uniform. In particular, it perfectly fools 2 juntas on n bits.

Proof. If Y is a uniform random variable taking values in {0,1}", then
(Biesyi: S C[s],5 #0)

is a collection of n = 2% — 1 pairwise uniform random bits. O

For the more general case, the key idea is that if we pick a random polynomial p of degree d > k, then for any
fixed distinct z1,. .., 2k, the random variables p(z1),...,p(zx) are mutually independent.

Theorem 24.10 (k-wise uniform bits). For every n, k € N, there is an explicit pseudo-random generator G : {0,1}° —
{0,1}" with seed length s = O(klogn) that is k-wise uniform. In particular, it perfectly fools k-juntas on n bits.

Proof. Let F,; be a finite field with at least n elements, and let P be the set of univariate polynomials over F, of
degrees less than k. Let z1,..., 2z € Fy be distinct. In preparation for defining the PRG, define H: P — IF’; by

H(p) = (p(z1),---,p(2x))-

Since two polynomials with degrees less than k can be equal on at most k points, The function H is injective.
Furthermore, |P| = |IE‘Z\ = ¢*, since a polynomial p € P can be specified by k coefficients from F,. Therefore, H is
bijective, and hence if P € P is sampled uniformly at random, H(P) is a uniform random vector.

Now let 21, ..., 2, € F, be distinct, and define G: P — Fy by

By the above analysis, when P € P is sampled uniformly at random, any k coordinates of G(P) are independent and
uniform random.

All that remains is to bridge the gap between field elements and bits. Let ¢ be a power of two, so that field elements
can be naturally encoded as bitstrings. The seed of our PRG describes a polynomial p € P by giving the encodings of
its k coefficients; this requires klogq = k - [logn] bits if we pick ¢ to be the smallest power of two that is at least n.
The output of our PRG is the sequence of first bits of the encodings of the coordinates of G(p). ]

Fooling low-depth decision trees: Every leaf of a decision tree of depth at most k corresponds to a k-junta.
Therefore, k-wise uniform random variables perfectly fool decision trees of depth at most k.

Proposition 24.11 (Perfect PRGs for low-depth decision trees). Let n,k € N and let X be a k-wise uniform distri-
bution over {0,1}". Then X perfectly fools depth-k decision trees.

1Unfortunately, in the literature, people often use the term k-wise independence to refer to k-wise uniform. This practice is a little
sloppy because it does not clarify the marginal distributions of the individual coordinates of X.

152



Proof. Let f be a depth-k decision tree. Let £ be the set of accepting leaves of f, i.e., leaves labelled 1. For each leaf
u € L, define f,: {0,1}" — {0,1} by letting f,(z) = 1 iff f arrives at u when it reads x. Note that f, is a k-junta.
Furthermore, we can express f as

fa) =3 fulo).

ueLl

Therefore, by linearity of expectation,

> fu<X)] =Y E[fu(X)] =D E[f) =E

u€eA uel uel

E[f(X)]=E = E[f]. 0

>

ueLl

24.4 Almost k-wise uniformity

Let X € {0,1}" be a random variable and recall the following notions.
e X is e-Fourier uniform if |E[xs(X)]| < € for all nonempty S C [n].
e X is k-wise uniform if E[xs(X)] = 0 for all nonempty S C [n].

In other words, e-Fourier uniform PRGs e-fool all Fourier characters, and k-wise uniform PRGs perfectly fool all
characters up to level k.
What if we try to e-fool all characters up to level k7 Can we obtain a smaller seed lengths in this case?

Definition 24.12. We say that a random variable X € {0,1}" is e-almost k-wise uniform if for every nonempty set
S C [n] with |S] < k, we have |[E[xs(X)]| < e.

Theorem 24.6 provides an explicit e-Fourier uniform PRG with seed length O(log(n/e)), and Theorem 24.10
provides an explicit k-wise uniform PRG with seed length O(klog(n)), and both of these bounds are optimal.

Theorem 24.13 (almost k-wise uniform generators [NN93]). For every n,k € N and every € > 0, there is an explicit
e-almost k-wise generator with output length n and seed length O(log(k/e) + loglogn).

Proof. Let G: {0,1}* — {0,1}" be a k-wise uniform generator that is also a linear transformation when we think of it
as a map between vector spaces, G: F§ — F3. One can verify that the k-wise uniform generator that we constructed
to prove Theorem 24.10 is indeed a linear transformation. Let Y be an e-Fourier uniform distribution over {0,1}".
We will show that G(Y') fools parities of at most & bits. Indeed, let f(z) = >, g xi, where 2 € F} and |S| < k. Let
M € F5*° be the matrix representation of G, with rows My, ..., M, € F5. Then for any y € F3,

FGW) = IMyy)y=> > Mijy; = (Z Mij) Y-
i€S €S j=1 j=1 \ieS
This is a parity function of the variables yi, ..., ys. Therefore, since Y is e-Fourier uniform,
|E[f(GY))] - E[f(GU))]| < /2.

Furthermore, since G is k-wise uniform and f is a k-junta, E[f(G(U))] = E[f]. Therefore, G(Y) is k-wise e-biased.
To achieve the promised seed length, we can plug in the constructions of Theorems 24.6 and 24.10 for G and Y,
respectively. O

Once again, the seed length of Theorem 24.13 is optimal up to constant factors.

24.5 The sandwiching lemma

Suppose we wish to show that a random variable X fools some class F. A common approach has two steps:

1. Prove that X fools some simpler class F’.
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2. Prove a transfer theorem, saying that every distribution that fools F’ also fools F (possibly with some loss in
the error parameter).

Suppose X is a distribution that fools F’, and F’ approzimately simulates F in some way. For instance, for every
f € F, there might exist an f’ € F’ such that E[|f — f’|] is small. However, this alone does not guarantee that X fools
F. While f and f’ behave similarly under the uniform distribution, it is not obvious whether they behave similarly
under the pseudorandom distribution X. A common technique to address this challenge requires a stronger notion of
approximation called sandwiching.

Definition 24.14 (Sandwiching). Let f, fo, fu: {0,1}" — R. We say that f is 6-sandwiched between f, and f, if
foe < f < fuand E[f, — fo] <0.

Lemma 24.15 (Sandwiching Lemma). Suppose f is §-sandwiched between fy and f,, and suppose X fools f¢ and f,
with error €. Then X fools f with error € + 4.

Proof.

E[f] —e—o. O

To illustrate the sandwiching technique, let us return to the decision tree model. Recall that we showed that k-wise
uniform generators fool depth-k decision trees (Proposition 24.11). We now show that k-wise uniform generators also
fool bounded-size decision trees.

Proposition 24.16 (Limited independence fools bounded-size decision trees). If X is a k-wise uniform distribution,
then X fools size-m decision trees with error m -27%.

Proof. Let f be a size-m decision tree. Define a depth-k decision tree f; by starting with f and replacing each internal
node at depth exactly k with a leaf labelled 0 and deleting all of its descendants. Similarly, define f, by replacing each
internal node at depth k with a leaf labelled 1. Let us show that f is J-sandwiched between f, and f,,, for 6 = m-27F.
Clearly f; < f < fu. For each “new” leaf u of fy or f, (i.e., u was not a leaf in f), the probability of reaching u
on a uniform random input is precisely 27%. The number of new leaves is the number of internal nodes of f at depth
k, which is at most m. Therefore, by the union bound, E[f, — f¢] < m-27*.
The Sandwiching Lemma completes the proof because X fools f; and f, with error 0. |

Remark 24.17. Proposition 24.16 implies that using k-wise uniform generators, we can e-fool size-m decision trees
using a seed of length O(log(m/e) - logn). This seed length is inferior to the seed length that we can obtain from
Proposition 24.7 using the fact that ||f||a < m. However, sometimes, it is useful to understand the effect of specific
classes of distributions, such as k-wise uniform distributions, on a given model of computation.

24.6 Braverman’s theorem: Poly-logarithmic independence fools AC’

In this section, we will show that every k-wise uniform generator fools constant-depth polynomial-size AC circuits for a
suitable & = polylog(n). This result was first conjectured by Linial and Nisan [LN90]. Two decades later, Bazzi [Baz09]
proved it true for depth-2 circuits, with a simpler proof subsequently provided by Razborov [Raz09]. Finally, Braver-
man [Bral0] proved that k-wise independence for polylogarithmic k fools AC? circuits. Further improvements to the
parameters were made by Tal [Tall7] and Harsha and Srinivasan [HS19].

The proof of Braverman’s theorem hinges on the two classical approximation of ACY circuits by low degree
polynomials, Theorem 22.2 of Linial, Mansour, and Nisan [LMN93] and Theorem 22.4 of Razborov and Smolen-
sky [Raz87, Smo87]. The bounds in both theorems have been improved recently, and we will need these stronger
bounds to obtain the promised bound of (logm)©(? -log(1/¢) in Theorem 24.20.

Theorem 24.18 (Improved Razborov-Smolensky [HS19]). Let u be a probability distribution over {0,1}", and let
f:4{0,1}" — {0,1} be computed by an AC circuit of depth d and size M. For every § > 0, there is a polynomial
g:{0,1}" — R with
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~

. (error bound)

Pr[f(x) # g(x)] < 0.

X~

IS

. (degree bound)
deg(g) = (log M) log(1/9).

Co

. (boundedness)
l[glloe < 20108 M 10s(1/6)

4. (Error detection) Moreover, there exists an AC circuit E with depth d 4+ O(1) and size MO such that
f(@) # g(@) <= E(x) = 1,

Perhaps the most mysterious part of Theorem 24.18 is the fourth assertion regarding the existence of a small circuit
that can inform us whether the approximation g matches the value of f(x). To verify this, recall the proof of Theo-
rem 22.4, where we recursively replaced each A and V gate with a simple random polynomial. The errors introduced
in these replacements are localized, and a small depth 2 circuit can check whether the polynomial approximation
accurately computes the desired value at such a gate.

Theorem 24.19 (Improved LMN bound [Tall7]). Let f: {0,1}" — {0,1} be computable by an AC circuit of depth d
and size M, and let v > 0. There exists g: {0,1}" — R such that:

1. (Lo approximation)
If—glly <.
2. (degree bound)
deg(g) < O(log M)*~" - log(1/).
With Theorem 24.18 and Theorem 24.19 in hand, we can prove Braverman’s theorem.

Theorem 24.20 (Braverman’s theorem [BralO, Tall7, HS19]). For every n,M,d € N and € > 0, there is a value
k= (log M)°@ .log(1/e)

such that if X is a random variable with a k-wise uniform distribution over {0,1}", then it e-fools any AC of size
M > n and depth d. Consequently, there is an explicit e-PRG for AC circuits of size M > n and depth d that has seed
length
(log M) @D log(1/e).

Proof. Let f : {0,1}" — {0,1} be the function computed by an AC circuit of size M and depth d, and let X be
a random variable with a k-wise uniform distribution px over {0,1}" with the specified k. Let v be the uniform
distribution on {0,1}". We need to show that |E, . [f] — E,[f]| < e. Since one can replace f with =f in the statement
of the theorem, without loss of generality, it suffices to prove

E,[f] - Eux[f] <e. (24.1)

Define p == %(u +v), and let fbe the corresponding polynomial approximation for f from Theorem 24.18, and let
E(z) = L ()2 () D€ the corresponding error function satisfying K, [E] <6 :=g. We have

deg(f) < O(log M)*~* - 1og(1/8) and ||| < 200e 0 besr/e),

and by the definition of u, -
E, [E] <20 = 1 and E,[E] <

=~ M

Define F := f vV E. Since E(x) = 0 implies f(z) = F(x), we have

By (F) = B [£]] < By (B) < S and [E,(F) — B, [f)] <E, (B) <

=] M
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Thus, to prove Equation (24.1), it suffices to prove

E,[F] —E,[F] < (24.2)

Wl ™

We will prove (24.2) by providing an appropriate lower sandwiching polynomial py.
Since the error function E is computable by an AC circuit of size M?M) and depth d + O(1), we may apply

Theorem 24.19 to obtain a polynomial approximation E that satisfies HE - F H < v for an error parameter v that
2

will be specified later. Define N N

¢=f(1-FE) and p;==1—(1—¢q)>.
See Figure 24.1 for an illustration of these functions.
Claim 24.21. We have p; < F. Furthermore, for sufficiently small v = 2~ (08 M) log(1/2) e have ||F — pelly < 5.
Proof. First, we show that for every z, we have p;(z) < F(z). If F(x) =1, then py(z) < 1 < F(z). If F(x) =0, then
f(z) = E(X) =0, which implies 0 = f(x) = pe(z) = ¢(x). The latter also shows

IF —pelly = E|F — pe| = EJ|F — pe|lipmr) = Eu|1 — q|*1pmy) S EJF —q* = | F —qf5-

On the other hand, by the triangle inequality, we have

18— al, < ||F ~ - )|, + || -2 - Fa-B)|, < ferE=1]+|f]|_[&-E]

g e O(d) 3
< < < < 2(10g M) log(1/e) < <
Vil <5+ 1<y5

provided that v = 2~ (log M)?D log(1/e) i sufficiently small. (Il

Our choice of v yields N
deg(pe) < 2deg(f) deg(E) < (log M)°? log(1/e).

Taking k = deg(pe) + 1, we have E,,, p; = E,p,. Therefore, by the Claim 24.21,

EVF] ~ By [F] < B [F] ~ Epx o] < 5 +Bolpd ~ B [pd] = 3,

which verifies Equation (24.2), and completes the proof. |

Figure 24.1: TO DO: Braverman’s functions.

Braverman’s theorem represents neither the first nor the strongest known unconditional PRG for AC’. Instead, the
advantage of Braverman’s theorem is that k-wise uniformity is a particularly simple and general PRG construction.

It is an open problem to improve the parameters of Braverman’s theorem even further and find the optimal k such
that every k-wise uniform random variable e-fools AC circuits of size M and depth d. There are counterexamples [LV96]
showing that k = Q((logm)¢~!log(1/¢)), but that still leaves a significant gap between the lower and upper bounds.

Conjecture 24.22 (Improved Braverman’s theorem). For every m,d € N and € > 0, there exists a value
k = (log M)+ log(1/e)
such that every k-wise uniform distribution e-fools AC circuits of size M and depth d.

Explicit PRGs for AC? circuits with seed length (log M)4t©() log(1/¢) are already known [TX13, Tall7, ST19,
Kel21, Lyu22|; the question is whether a generic k-wise uniform generator suffices.

156



Chapter 25

PRGs from polarizing random walks

In chapter chapter, we will discuss a new method due to [CHHL19b] for constructing pseudorandom generators that uses
the novel idea of polarizing random walks. The applications of these ideas go beyond the construction of pseudorandom
generators; for instance, Raz and Tal [RT22] utilized these techniques to establish their groundbreaking result on the
oracle separation of the quantum complexity class BQP and the polynomial hierarchy PH.

Similar to Chapter 24, most of the content of this chapter is taken from the survey [HH24].

25.1 Fractional PRGs

For the purposes of this chapter, it will be convenient to work with functions f: {—1,1}" — R instead of the domain
{0,1}". The strategy of [CHHL19D] is to first design a relaxation of a PRG, called a fractional PRG, that takes values
in the continuous cube [—1,1]". Then, we will use the polarized random walk to round the fractional PRG into a
genuine PRG in {—1,1}".

The Fourier expansion of f naturally extends f to a function f : [-1,1]" — R as follows.
flx) = Z f(S)H:cl for x € [-1,1]".
SCln] i€s

We can naturally define the fractional PRGs using this extension.

Definition 25.1 (Fractional PRGs). Let f: {—1,1}" — R, and extend f to the domain [—1,1]" via the Fourier
expansion. A random variable X € [—1,1]™ is said to e-fool f if

[E[f(X)] - E[f]| <e.

A fractional e-PRG with seed length s for a family F of Boolean functions is a function G: {—1,1}* — [~1,1]" such
that G(Us) fools every f € F with error &, where Us is the uniform random variable over {—1,1}".

Since E[f] = f (6), the trivial random variable that always takes value 0 € [—1, 1]™ perfectly fools every function f.
Obviously, this construction is too trivial and useless for constructing genuine PRGs. To address this issue, we focus
on random variables X € [—1,1]" where each X; has a large variance. We will show how to transform such random
variables into {—1,1}"-valued random variables with comparable fooling properties.

Definition 25.2 (Noticeability). We say that a random variable X € [—1,1]" is g-noticeable for a parameter ¢ > 0,
if for every i € [n], we have E[X?] > q.

25.2 From fractional PRGs to PRGs

In this section, we will show that it is possible to transform fractional PRGs into PRGs. We will require the fractional
PRG to be symmetric.
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Definition 25.3 (Symmetric random variables). Let X be a random variable distributed over [—1,1]™. We say that
X is symmetric if for every x € [—1,1]", we have Pr[X = 2] = Pr[X = —z].

In addition to the symmetry condition, it will also be essential that the PRG not only fools f € F, but it also
fools all the restrictions of f. Consequently, in the following theorem, we require that the class F is closed under
restrictions.

Theorem 25.4 (Fractional PRG to PRG [CHHL19b]). Suppose that F is a family of functions f: {—1,1}" — {0,1}
that is closed under restrictions. Assume there exists an explicit g-noticeable symmetric fractional PRG for F with
error ¢ and seed length s. Then there exists an explicit PRG for F with seed length O(s - q~ 1 - log(n/€)) and error

O(e - q " -log(n/e)).

To prove Theorem 25.4, we will take a random walk through the solid hypercube [—1,1]". The construction of
the random walk is quite natural. We will take Y(©) = 0" as the starting point, since E[f] = f(0"). We wish
to have a random walk that converges quickly to the Boolean cube {—1,1}", while each step does not incur much
error. The fractional PRG provides us with the first step of the random walk. If we set Y = V() 4 X = X,
then E[f(X)] = E[f] since X fools f. For the next step, naturally, we wish to take another step using the fractional
PRG and set Y =Y 4+ X’ where X’ is an i.i.d. copy of X. However, since Y (") + X’ might fall outside of the
cube [—1,1]", we have to scale the coordinates of X’ to guarantee that Y") + X’ remains in the cube [~1,1]". See
Figure 25.1.

Figure 25.1: TO DO: polarized random walk.

For two vectors z, 2’ € [—1,1]", define x © 2’ € [—1,1]™ to be their coordinate-wise product. Moreover, for every
vector y € [—1,1]" define d,, € [0,1]” to be the vector with i-th coordinate (d,); = 1 — |y;], i.e., (dy); is the distance
from y; € [—1,1] to the Boolean endpoints {—1,1}. The vector d, defines the dimensions of the largest subcube inside
[—1,1]™ centred at y. Using this notation, we can now define the random walk. let X® . X® be ¢ independent
samples of X where t is to be determined later.

e YO =07 and
e For j >0,let YO =YU-D 4 dy ;-0 © X0,

We will show that this random walk quickly approaches {—1,1}". Still, there is a chance that the coordinates of Y (*)
are never ezactly integers. The final construction takes care of this by outputting the coordinate-wise signs of Y'(*).
To this end, for z € R™ define sgn(x) € {—1,1}"™ to be the vector with i-th coordinate sgn(z); =1 <= z; > 0.

The Generator G:
1. Let X1,...,X; be independent copies of X for a suitable value t = O(¢~" - log(n/¢))
2. Let Y(© =07, and for j > 0 define Y =y G- 4 dy-1) © X

3. Output sgn(Y®)

25.2.1 Analysis of the random walk
To prove the correctness of the generator G, we will prove that the random walk has three properties:

(a) Each step introduces little error: For every f € F and j € [t],
‘]E [f(y(j))} o) [f(y(jﬂ))} ’ <e.
(b) The walk polarizes with high probability:
Prlldyw e <e/n]21—ec.
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(¢) The final rounding operation introduces little error: For every f € F, conditioned on polarization,
F(Y ) = flsen(Y )| < e.

We prove these properties in the next three lemmas.

Lemma 25.5 (Steps incur small error). Let F be a family of functions f: {—1,1}" — R that is closed under
restrictions, and suppose X € [—1,1]" fools F with error €. Then for every f € F and y € [—1,1]",

If(y) —E[f(y +d, © X)]| <e.

In particular, for every j € [t],
’]E [f(y(j))] o) [f(y(jJrl))” <e.

Proof. Let y € [—1,1]™ be fixed. Sample a random restriction p € {—1,1,x}", independent of X, where the coordinates
of p are independent and distributed as follows:

sgn(y;) with probability |y;]
p- =
‘ * with probability 1 — |y

for z € [—1,1]", let pox be defined by filling in the * coordinates of p using x. That way, for each coordinate i € [n],
we have

Epl(poz)il = lyil -sen(y:) + (1 = |il) - @ = yi + (1 = wil) - 2,

and hence overall,
Eplpoz]=y+d, ®x.

It follows that
Eplfo(@)] =Ep[f(pox)] = f(Eplpoz]) = fly +dy O ).

Consequently,

|f(y) —Ex[f(y + dy o X))l = |Ep[fp(0n)] - EP,X[fP(X)“ < Ep pr(on) - ]EX[fp(X)m SE,

where the last step uses that F is closed under restriction, and hence X fools f, with error e. (]

Next, we will show that the random walk quickly converges to {—1,1}". For this argument, we need the assumption
that X is g-noticeable for a large enough ¢ > 0 and symmetric. The symmetry assumption is helpful because of the
following lemma concerning the case n = 1.

Lemma 25.6. Let X € [—1,1] be a symmetric g-noticeable random variable. Then
E [\/1 - X} <1-q/8.

Proof. Let Y = |X|, and sample Z € {£1} independently of X. Then the product Y Z is distributed identically to X.
Furthermore, for each fixed value y € [0, 1], we have

(| ﬁyz]f(mﬂ/mfux/;y? Y

5 z

1

Therefore,

E {m} — Ey [EZ [m” <Ey [m} <Ey[l-Y?/8] <1—q/s. O

Next, let us use Lemma 25.6 to show that coordinate-wise polarization happens with high probability. Indeed,
looking ahead, the probability will be high enough to allow a union bound over all coordinates.
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Lemma 25.7 (Key observation: Polarization). Let A ... A®) ¢ [~1,1] be independent symmetric q-noticeable
random variables. Define B(Y) .= 0, and for j > 0, define

BY) = BU=D 4 (1 —|BUV|). AD, (25.1)
Then Pr[l — |B(t)| > e—t‘I/S] < e ta/16,

Proof. Let us investigate the change in the distance 1 — |[B()| when we apply the update rule (25.1). If sgn(AW)) =
sgn(BU~Y) (the “good case”), the distance decreases by a factor of 1 — [AU)|. If sgn(AU)) # sgn(BU~Y) (the “bad
case”), the distance might increase, but at most, it increases by a factor of 1 4+ |A(j)|. Either way, for j > 0, we have

1— |B(J‘)| <(1- |B(j*1)|) (11— AW .Sgn(B(jfl))).

We have assumed that A ...  AU=D are symmetric. It follows that BU~Y is also symmetric. Therefore, |BU~1)|
and AY) . sgn(BU—1) are independent. As a consequence,

E [M} <E [\/HT—U] E [\/1 — AG) - sgn(BU-D)

The random variable A) . sgn(B(j ’1)) is symmetric and g-noticeable, so we may apply Lemma 25.6, giving us

E [,/1 - B(j)@ <E {,/1 - |B(J'—1)|] (11— q/8).

By induction, this implies
E [ 1-— |B<t>|} < (1—q/8)t <e9/8,

The lemma follows from Markov’s inequality. (]

We show that the final rounding step does not introduce too much error.

Lemma 25.8 (Rounding Error). Let f: {—1,1}" — {0,1} be a function, and extend it to the domain [—1,1]" via the
Fourier expansion. For every y € [—1,1]",

|f(y) — f(sen(y Z L—yil) < n-|ldylloo-
i=1

Proof. For y € [-1,1]", let I, € {—1,1}" be the random variable with independent coordinates satisfying E[IL,] = y.
We have

1£(w) ~ Flsn(w)| = ELF(L,)] ~ Flsen(u)] < Pril, # sen(y)] < 3 10,

i=1

where the final inequality follows from the union bound. |

We can now analyze G and complete the proof of Theorem 25.4. The output of the generator G is sgn(Y®)) for
t = 16log(n/e)/q. The seed for G is determined by t independent samples from the fractional generator, and hence
has seed-length ts = O(slog(n/e)/q). Let E denote the event that ||dy () [|ec < e %9/® < &/n. Then, we can bound the
error of the generator sgn(Y (")) as follows:

ELf) - Elf(sen(Y Ol < [Elf(sen(y )] ~ EF(YO)]|+ 3B D)] - ELF (v U]

< [E[f(sgn(Y®)) — f(Y®) | E]| + 2 Pr[E] + et (by Lemma 25.5)
< n% +2n - 711 4ot < O(elog(n/e)/q). (by Lemmas 25.7 and 25.8)
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25.3 Constructing fractional PRGs

Now that we know how to convert a fractional PRG with noticeable coordinates to a standard PRG let’s discuss the
construction of fractional PRGs.

25.3.1 Fractional PRGs from random restrictions

Let F be a class of functions f: {—1,1}" — {0,1} that we wish to fool. Suppose we have shown that functions
in our class F simplify under random restrictions. Let p, denote the random restriction that sets every variable
independently to x with probability p, and to 0 and 1 each with probability 1%]”. Suppose we have identified a class
Fsimp of simpler functions and values p,d > 0 such that for each f € F, we have

PI‘[fpp c fsimp] >1-6.

The following lemma shows that if random restrictions simplify a class F to another class Fgimp for which we have
good PRGs, then we obtain a good fractional PRG for the original class F.

Lemma 25.9 (Simplification implies fractional PRGs). Let F and Fimp be classes of functions f: {—1,1}" — {0,1}.
Let p,6 > 0, and suppose that for each f € F, we have

Pr[f,,p (S ]:simp] >1-4.
Let X be a distribution over {—1,1}" that e-fools Fsmp. Then pX is p*-noticeable and fools F with error € + 26.

Proof. Since the coordinates of pX take dp-values, it is trivially p?>-noticeable. For each fixed string x € {—1,1}", the
composition p, o x has a product distribution over {—1,1}", where

El(pp o x)i] = (1 = p)0+ pz;i = p- z;.
Therefore, E[f(p, 0 z)] = f(pzx) = T, f(x) where T}, is the noise operator. Consequently,
Ex[f(pX)] = Ep, x[f(pp o X)].
Since X fools the functions in Fimp with error €, we have
|Ep, x[f(pp o X)] = E[f]| = Pr(f,, € Faimple +Prlfp, & Foimp] < (1—0)e+06 < e+ 26

O

We saw in Corollary 21.11, that as a consequence of Hastad’s switching lemma, if f: {0,1}™ — {0, 1} is computable
by an AC circuit of depth d and size M, then for p = 1/0s(log M)?~!, we have

Pr[dt(f,,) <log(M/d)] >1— 0.
Combining with the PRGs for low-depth decision trees, we obtain the following fractional PRG for ACC.

Corollary 25.10 (Fractional PRGs for AC?). For every n,m,d € N and every € > 0, there is ¢ = 1/0,(log M)2d-2
and an explicit g-noticeable fractional PRG with seed length O(log(1/e) + loglogn) that e-fools AC circuits of depth d
and size M.

For example, by combining Theorem 25.4 and Corollary 25.10, we get the following PRG for AC’.

Corollary 25.11 (PRG for AC® based on simplification under truly random restrictions). For every n,m,d € N and
e >0, there is an explicit e-PRG for depth-d size-m AC° circuits on n input bits that has seed length

O(logm)?=2 . O(log(n/e) - log(1/e)).

161



25.3.2 Fractional PRGs from Fourier growth

Recall from Chapter 23 that the Fourier algebra norm || f|| , :== H]?H is the Ly-sum of the absolute values of the Fourier
1
coefficients. Given a function f: {—1,1}" — R and t € [n], define

Lualh) =14 = X |79
SCln]
|S]=t
Tail bounds on L; 4(f) are quite useful in complexity theory and theory of learning and they have been established

for several classes of functions. For example, [LPV22] recently showed that the so-called regular read-once branching
programs of width w satisfy Ly ,(f) < (w—1)*. Similarly, Tal [Tall7] proved the following tail bound for ACC circuits.

Theorem 25.12 (Tal [Tall7]). Let f: {—1,1}" — {0,1} be a Boolean function computed by an AC circuit of depth d
and size M, and let t be any integer. Then

Li.(f) < O(log(M)* 1.

The following proposition shows that tail bounds on L; ;(f) imply the existence of explicit noticeable fractional
PRGs against f.

Proposition 25.13 (Fourier growth and fractional PRGs). Let a,b > 0 and € > 0 be constants and suppose f :
{—=1,1}" — R satisfies the tail bound
Li«(f)<a-b (25.2)

for every t € [n]. Let X € {—1,1}" be a 6-almost k-wise uniform random variable where

§=— and k= {log <2a>-‘ .
2a €

L the random variable pX is p*-noticeable and it e-fools f.

Then for p = 5,

Proof. Note E[f(pX)] =T,f(X) and

EIT,/(X)] - Elf] = | S o F$)Exs(X)| < 3 05 [F(8)] - [Exs (X))
=i =

When [S] < k, we have |Exs(X)| < 6. When |S| > k, we use the trivial bound [Exs(X)| < 1. Plugging these bounds
into the above inequality, we get

k n
E[T,f(X)] — BT,/ <6-a-Y (pb) +a- Y (ph)' <da+2 Fa<e.
t=1 t=k+1

]

We can use the polarized random walk to convert the fractional PRG of Proposition 25.13 into a genuine PRG.

Corollary 25.14. Let a,b > 0 and e > 0 be constants, and let F be a class of Boolean functions f : {—1,1}" — {0,1}.
Suppose F is closed under restrictions, and every f € F satisfies L1 +(f) < a-b' for every t € [n]. There is an explicit
e-PRG for f with seed length

O(b* - logn - (log(ab/e) + loglogn)).
Proof. Apply Proposition 25.13 with a sufficiently small error parameter e; = O(m). Let p = % and

§=¢1/(2a) and k= [log(2a/z1)]
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as in the statement of Proposition 25.13. By Theorem 24.13, one can generate the fractional PRG pX using a seed of
length s = O(log(k/éd) + loglogn). Applying the polarized random walk of Theorem 25.4 converts the fractional PRG
pX to a standard PRG for F with seed length

O(s-p~2-log(n/e1)) = O(b* - logn - (log(ab/e) + loglogn)).

and error
O(ey -p~2 - log(n/e1)) < e.

25.4 Concluding remarks

More recently, it was shown in [CHLT18] that if instead of using pX for a §-almost k-wise uniform PRGs X, one can
use a more elaborate construction of fractional PRGs, then we obtain a fractional PRG using only second-level Fourier
bounds. Combined with the discussed polarized random walk, their construction implies the following theorem.

Theorem 25.15 ([CHLT18]). Let F be a class of Boolean functions closed under restrictions. Let € > 0 be constants
and suppose every f € F satisfies

Lio(f) = ||/~ 4 € e (25.3)
Then there is an explicit e-PRG for f with seed length O ((e/e)*T°) polylog(n)).

Subsequently, [CGL'21] showed that better bounds could be achieved if bounds on higher Fourier levels are
available, and interestingly, that fractional PRGs can be achieved even from bounds on | . g1—y £(S)] where one can
have cancellations, as opposed to L; bounds.

These works show that certain improved bounds on the Fourier tails of Fo-polynomials will lead to new PRGs. For
isntance, the resolution of the following conjecture would be a major breakthrough in complexity theory, as currently
no explicit PRGs are known for polynomials of degree Q(log(n)).

Conjecture 25.16 ([CHLT18)). Ifp : F3 — Fy is a polynomial of degree d and f : {0,1}" — {0, 1} is the corresponding
Boolean function, then

Lio(f) = O(d?).
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Chapter 26
Draft: The Semigroup method

In Chapter 10, we introduced the noise operator T, and studied some of its key properties. In this chapter, we take a
broader perspective by examining the noise operator as a specific instance of a more general class of operators.

The general class of operators we consider arises from random walks, and they are parameterized by time ¢ € [0, 00).
Given a (continuous time) random walk, the corresponding operator ); maps f to the function

Qef 1 a—= E[f(X(1))]

where X *(t) is the position of the random walk at time ¢ starting at point a.
We begin this chapter by analyzing the simplest case: the discrete random walk on the Boolean hypercube.

26.1 Poisson random walk on Hypercube

Consider the n-dimensional hypercube with the vertex set {0,1}", where two vertices are neighbours if and only if
they differ in one coordinate. Let us consider the standard discrete random walk on this graph, starting from a vertex
a € {0,1}". The random walk is defined as follows:

e Initialization: Y%(0) = a is the starting point.

e Transition rule: At each discrete time ¢ € N, we choose the next vertex Y(¢) uniformly at random from the
n neighbours of the current vertex Y (¢t — 1).

Let f: be the distribution of Y;, meaning f;(z) = Pr[Y*(t) = z]. Initially, this distribution is given by

folw) = La(z) =27" Y xs(a)xs(z).
SC[n]

Define the operator K : L2({0,1}") — L2({0,1}") as

n

. Y flzee), (26.1)

n-
i=1

Kf(z) =

so that f; = K'f, for every integer ¢t > 1. For every character xs, we have
1 2|5
xs = = (0= I8)xs = 18hes) = (1= 220 s,

Thus, xs are eigenvectors of the operator K with corresponding eigenvalues (1 — 2|S|/n). It follows that

fe=27"%" <1 - 2|ns>t><s(a)><s.

SCln]
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Since 28| 2
‘171‘ <17£ for S &{0,[n]},

we have
Ife =27 (xo + (=1)'xp) ||, < (1—2/n)" < e72/m,

Therefore, as t — oo, we observe the following convergences:

e For even times:
Far = 27" (X0 + Xinl) = 27" 1T 0,20 mod 21,

e For odd times:
Saerr = 27" (X0 — X)) = 2" "L 2=1 mod 2]-

In other words, on even time steps, this random walk quickly converges to the uniform measure on points with even
parity. On odd time steps, it converges to the uniform distribution on the points with odd parity. This phenomenon
corresponds to the bipartite structure of the hypercube, and it prevents the random walk from being fully ergodic (i.e.,
converging to the uniform distribution over all vertices).

The lazy random walk: To make the random walk ergodic, we modify the standard walk by introducing a lazy
transition rule. Given a parameter A € (0, 3), define the random walk Z(t) :== Z**(t) as

e Initialization: Z(0) = a is the starting point.

e Transition rule: At timet e N
— With probability 1 — A, stay at the current location: Z(t) = Z(t — 1);
— With probability A, move to a uniformly random neighbour of Z(t — 1).

Let f; denote the distribution of the random walk at time ¢. The evolution of f; follows f; = K, fi_1, where
Ky =(1—-X)Id+AK where K is defined in (26.1). Every character xg satisfies

2|8 2X|S
KAXs(lA)xS+A<1|n|>xs (17L|)XS7

and consequently
_ 2|91\’
=Kify=2"" 1-—-—= .
It xJo SCE[ ]< " > xs(a)xs

Since 1—2A|S|/n < 1 unless S = (), the distribution f; of the lazy random walk will converge to the uniform measure on
the cube as t tends to infinity. We obtained a fully ergodic random walk by using laziness to eliminate the periodicity
of the standard random walk.

Continuous Limit of the Lazy Random Walk: When ¢ is large, by the law of large numbers, the random walk
moves at roughly A fraction of time steps. Hence, it is more natural to rescale time by considering f|,./x|. In other
words, consider n epochs, each consisting of 1/ step so that, on average, we expect to make one move in every epoch.
By taking the limit A — 0, we obtain a continuous version of the walk. This leads to the formula

lim flngny =27" > xs(a)e 8y
SCln]

We can rescale time by another factor of 2 to obtain the nicer formula:

;LHBant/zM =2"" Z xs(a)e 5lys.
SCln]
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The continuous random walk (X®(%)):c[0,0c) that is obtained as the limit in this way has the property that

Xo(t)~27" > xs(a)e Sy (26.2)
SCln]

Note further that if instead of f, we start with an arbitrary distribution g and pick the starting point a randomly
according to u, then the distribution at time t will be

B piepang = D e P(S)xs. (26.3)
SC)

This is equal to T, s; . Now for the moment we depart from analyzing this random walk as the limit of the discrete
random walks, and consider a different and more direct perspective.
Recall that the exponential distribution with parameter A is defined through its probability density function (pdf)

e~ x>0

f(x’A):{o z <0.

An exponential distribution is supported on the interval [0, 00). Here A > 0 is the parameter of the distribution, and
if A = 1 the distribution is called the standard exponential distribution. Exponential distribution is the continuous
analogue of the geometric distribution, and can be interpreted as the time that it takes for an event to happen if it
has the occurrence rate of A per unit of time (say a customer showing up in a store). It has the key property of being
memoryless, that is if E' is exponentially distributed, then Pr(E < s+t|E > s) = Pr(E < t). This means that as you
continue to wait, the chance of something happening “soon” neither increases nor decreases.

The Poisson distribution with parameter A, denoted by Pois()), is the probability distribution on {0,1,2,...}
defined by

Aee=A
The Poisson distribution can be obtained using exponential random variables as time increments. Let F1, Es,... be

i.i.d. exponential random variables with parameter A\, and suppose the first event happens at time E;, the second at
time E4 + F», the third at time F; + E5 + E3, etc. Then maxy, (Zle E; < t), which is the number events that happen
until time ¢, has Poisson distribution with parameter At. Now our goal is to define a continuous random walk on the
cube. First we need to define the standard Poisson process.

Definition 26.1. The standard Poisson process (N(t)):e[0,00) 18 an increasing integer-valued Markov process with
independent Poisson increments:

e N(0)=0;
e For 0 < s < t, we have N(t) — N(s) ~ N(t — s) ~ Pois(t — s).

It follows from the above discussion that a Poisson process can be generated using increments with exponential

distributions: If Ey, Fs, ... are i.i.d. random variables with standard exponential distribution, then defining
k
N(t) = E;, <t
() = mpx(3 B <)

we obtain the standard Poisson process. The Poisson process has the Markov property which is defined as being
memoryless in the sense that the conditional probability distribution of future states of the process conditional on
both past and present values depends only upon the present state, not on the sequence of events that preceded it.

Since we are only concerned with the cube {0,1}", we project the Poisson process into {0,1}. Define the {0,1}-
valued process (N (t))¢ejo,00) With M (t) = N(t) mod 2. Note that in general it is not true that the image of a Markov
process is always a Markov process, but in this case it is easy to see that (M (t));e(0,00) is @ Markov process.

Exercise 26.1. Show that the process (M (t))c[o,00) defined above is a Markov process.
Exercise 26.2. Construct a Markov process (X (t))¢c[o,00) and a function f such that (f(X()))¢e[o,00) is not a Markov

process.
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Let us now calculate the transition probabilities of this process.
Claim 26.2. For 0 < s < t, we have

672(tfs)
Pr[M(t) = 0|M(s) = 0] = Pr[M(t) = 1|M(s) = 1] = ¥,

and (1 _ e—2(t—s))
Pr[M(t) =0|M(s) =1 =Pr[M(t) = 1|M(s) =0] = -
Proof. We have

Pr[M(t) = 0|M(s) = 0] = Pr[N(t) =2 0|N(s) =2 0] = Pr[N(t) — N(s) =2 0|N(s) =3 0]
(1 +672(t75))

=Pr[N(t — s) =5 0] = Pois;—5({0,2,4,...}) = 5

The other cases are similar. O
We rescale time and define the process (X (t)).c[0,00) as X () = M (t/2) so that

(14 e~ (t=9)

Pr[X(t) = 0|X(s) = 0] = Pr[X(t) = 1|X(s) = 1] = 5 ,

(26.4)

and
(1 —e(t=9)

2

This process is homogeneous in both time and space. It is time homogeneous as the distribution of X (t) — X (s)

Pr[X(t) = 0[X(s) = 1] = Pr[X(t) = 1|X(s) = 0] = (26.5)

depends only on ¢t — s, and it is space homogeneous as it is symmetric with respect to 0 and 1.

Let us also remark that we could construct the process (X (t));e[o,00) directly from the transition equations (26.4)
and (26.5) without starting from the Poisson process. Indeed one only needs to verify that the Chapman-Kolmogorov
equations are satisfied. That is, setting ps ((x,y) to the value of Pr[X (t) = y| X (s) = x] according to (26.4) and (26.5),
we need to verify that for 0 < s <t < wu, and z,2 € {0,1}, we have

pS,u(xvz) = Z Ps,t(x,y)pt,u(y»2)~ (266)
yE{O,l}

Then Kolmogorov’s extension theorem guarantees that there is a Markov process (X (t))¢c[o,00) satisfying the transition
inequalities (26.4) and (26.5).

Now that we have constructed the Markov process (X (t))¢e[o,0c) on {0,1}, we will use it to define a continuous
random walk on the cube {0,1}". Let a € {0,1}" be the starting point, and let (Xi(t),...,Xn(t))te[0,00) be i.i.d.
copies of (X (t))te[0,00)- Define the process (X(t))icjo,00) 8

XO(t) = (a1 + X1(8),- - an + Xn(t)),

where the additions are in {0,1}. Note that the process starts at X*(0) = a, and then when the first change occurs in
(X1(t),..., X,(t)), it jumps to the corresponding neighbors of a in the cube (i.e. to a + e; for some 1 < i < n), and
SO on.

Denoting by f; the distribution of X(t), by (26.4) and (26.5), we have

) =TT (B ) =0 B st S,

=1 SC[n]

This is the same distribution that we obtained in (26.2) as the limit of the discrete lazy walks with proper rescaling
of time. As we will formally see in Section 26.2, this means that the two random walks coincide. This is a curious
fact. In the lazy random walk, there is no coordinate-wise independence, as at every move we change exactly one of
the coordinates. However in the Poisson random walk, coordinates behave totally independently. So it might seem
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mysterious that in the limit, the lazy random walk converges to the Poisson random walk and the coordinate-wise
dependencies disappear. Indeed this is part of a more general phenomenon that is called Poissonization. Let us explain
this using a simple example.

Example 26.3 (Poissonization). Consider a biased coin that comes up Head with probability p, and Tail with
probability 1 — p. We flip the coin infinitely many times, and let H,, and T,, respectively denote the number of heads
and tails until time n. Obviously, these two random variables are totally dependent as H, =n — T),.

Now consider the following different process. Let Eq, Fs, ... be an i.i.d. sequence of standard exponential random
variables. We wait until time F; and toss the coin for the first time, then we wait for another E5 units of time and
toss the coin again, etc. For ¢t € [0,00), let H] and T} respectively denote the number of heads and tails until time ¢.
Then H; has distribution Pois(pt) and T} has distribution Pois((1 —p)t), and it is not hard to see that they are (rather
miraculously) independent.

The reason for this independence becomes apparent when we examine how the second process can be obtained as
the limit of the first one. Let N be a large number and set A = %, and consider the lazy version of the first process,
where now at time ¢, we do nothing with probability 1 — A, and with probability A we flip our biased coin.

Let us compare this to two independent processes, one responsible for producing heads, and the other one for
producing tails. In the first one, at each time step, with probability Ap we produce a Head, and we do nothing we
probability 1 — Ap. In the second process, at every time step, with probability A(1 — p) we produce a Tail, and we do
nothing we probability 1 — A(1 — p). Observing these two processes simultaneously at a single time step, we see that

Pr[Nothing is produced] = (1 — pA)(1 — (1 —p)A) =1 — XA+ p(1 — p)A?,

and
Pr[A Head is produced] = pA(1 — (1 — p)A) = pA — p(1 — p)\?,
and
Pr[A Tail is produced] = (1 — pA)(1 — p)A = (1 — p)A — p(1 — p)A?%,
and

Pr[A Head and a Tail are produced] = p(1 — p)A2.

Now if we let A tend to 0, the quadratic terms in A become negligible, and the process becomes indistinguishable form
the lazy biased coin process that we described above. That is in the limit, after proper rescaling of the time, the lazy
biased coin process, and the independent production of heads and tails converge to the same limit, the Poisson process
(H{,T{)tc[0,00) that we described above. This in particular verifies the independence for (H{,T}).c[0,00)-

The independence achieved by Poissonization of the discrete lazy random walk on the cube is highly desirable, and
it is one of the main motivations behind considering the random Poisson processes rather than the more elementary
object of the discrete random walk on the cube.

26.2 Semigroups

Consider the Poisson random walk (X“(%))¢c[o,00) constructed in Section 26.1. This random walk can be used to define
a class of operators. For f:{0,1}" - R, a € {0,1}" and ¢ > 0 define

Fif(a) = E[f(X(1))].

In other words, to evaluate P;f at a point a, we start our random walk at a, and look at the expected value of f on
the point X“(t) obtained by running the random walk until time ¢. Note that by (26.4) and (26.5), we have

Pixs(a) = Elxs(X“(1)] = E[[(~)“*¥® = xs(a) [TE(-1)" V] = xs(a) [[ e = e7Ixs(a).
icS €S icS

Thus P;xs = xs and consequently for every function f : {0,1}" — C, we have

Pf="Y" e ¥f(S)xs. (26.7)

SC[n]
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Hence, not surprisingly at this point, similar to (26.3), we have P, f =T,—. f.
The operators P, are clearly linear operators from L2({0,1}") to L2({0,1}"). The next lemma shows that they
form a semigroup.

Lemma 26.4. We have Py =1d, and P, o Py = Py for s,t > 0.

Proof. The fact that P is trivial. The identity P;o Ps = P,4s can be verified using the definition P; f(a) = E[f(X?(t))]
through Chapman-Kolmogorov equation (26.6) for the random walk. We leave the details as an exercise to the
reader. |

Trivially P, satisfies the following basic properties

e Preserves Identity: P;1 = 1.

e Preserves Positivity: If f > 0, then P, f > 0.

e Preserves Order: If f > g, then P, f > P.g.
These observations motivate the following definition.

Definition 26.5. A set of linear operators (Q¢):co,1) is called a semigroup if Qo = Id, and Q¢ o Qs = Q4 for
t,s € [0,00). If it furthermore satisfies

1. Preserves Identity: Q1 =1,

2. Preserves Positivity: Q.f > 0 almost everywhere if f > 0 almost everywhere,

3. Preserves Order: If f > g almost everywhere, then P,f > P,g almost everywhere.
then it is called a Markovian semigroup.

Note that preserving order follows from preserving positivity, and can be omitted from the definition. Obviously
the semigroup (P)e(0,00) constructed above is Markovian. Next we will show that in fact every Markovian semigroup
can be constructed through a Makrov process. Consider a Markovian semigroup (Q¢);c[0,00) and define the transition
probabilities of a time homogenuous random walk as

Qt(aab) = (Qtlb)(a)v (268)

where 1; is the indicator function of the point {6}. That is in the corresponding Markov process (Y}):e[o,00), We would
like for every s > 0, to have
Pr[Ysy: = b|Ys = a] = ¢:(a,b) := (Q:1p)(a).

Since @ preserves positivity, we have g;(a,b) > 0, and since @;1 = 1 we have that

D arla,b) =Y (Qily)(a) = (Q:1)(a) = 1.
b b
The Chapman-Kolmogorov equation (26.6) can also be verified using the semigroup property Q: o Qs = Qs+ which
we leave to the reader as an exercise.

Exercise 26.3. If (Q¢)¢c[0,0) is Markovian semigroup, and ¢;(a, b) is defined as in (26.8). Show that g;(a, b) satisfies
the Chapman-Kolmogorov equation (26.6).

Hence by Kolmogorov’s extension theorem, there exists a corresponding Markov process (Y *(t));c[0,00) With tran-
sition probabilities ¢;(a,b). Now note that

E[f(Y*(0)] =D ai(a,b)f(b) =D _(Q:Ls)(a) f(b) = QD 1/ (9)(a) = (Qef)(a).
b b

b

Hence the semigroup (Q¢)¢e[o,00) could be recovered as Q;f(a) = E[f(Y(t))].
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To summarize we showed that Markov processes (Y);c[0,00) are in one to one correspondence with Markovian
semigroup (Q¢)¢e[0,00) Via the formulas Q; f(a) = E[f(X(t))] and ¢:(a,b) = (Q:1s)(a).

Now that we established this equivalence, we can mention an important property of Markovian semigroups, namely
that they preserve expectation with respect to the so called invariant measure.

Definition 26.6. A probability measure p on a finite set Q is an invariant measure for a Markovian semigroup
(Qt)tejo,00), OF a stationary distribution for the corresponding Markov process g, if for every y € Q and t > 0,

> u{zha(z,y) = uly). (26.9)

e

This means that the total “immigration” to y balances “emigration” from y. Note that (26.9) is equivalent to
E,.[Q¢1,] = 1,. Since {1, : y € Q} spans the set of all functions on Q, we see that y is invariant for the semigroup
if and only if E,[Q.f] = f for every f : Q — R. Hence A Markovian semigroup preserve expectation with respect to
invariant measure. When we work with a semigroup or a Markov process, invariant measures are the “right” measures
to consider on the space. From this point on when we talk about a semigroup or a Markov process we always assume
that the underlying measure space is an invariant measure for the semigroup, and that expectations are taken with
respect to that measure.

The operators P; is a symmetric (a.k.a. Hermitian) operator, and in fact self-adjoint as it is defined everywhere.
Indeed by Plancherel,

(Pf.g) =Y e "IS\fg =} Pg).

SC[n]

In the more general case of the Markovian semi-groups when the invariant measure p is nonuniform, the symmetry
of the operator @; does not mean that the transition matrix ¢;(x,y) is symmetric. For example, in the finite case, it
means that

p{za(z,y) = (Qils, 1y) = (1o, Qily) = p({y})a:(y, ),

In general the semigroup (Qt):e[0,00) is symmetric if and only if the corresponding Markov process is time reversible.
A symmetric Markovian semigroup preserve expectation. Indeed

ElQuf] = (Q:f, 1) = (f, Q1) = (f,1) = E[f]. (26.10)

26.2.1 Generator of a semigroup

To define the generator of a semigroup we would like to differentiate Q; in ¢, but unfortunately a Markovian semigroup
need not even be continuous with respect to the parameter ¢: As an example one may consider Qof = f and
Q+[f] := E[f] for t > 0, which is not continuous in time unless f is constant almost surely. However, in many cases
Markov semigroups are not only continuous but also differentiable with respect to time.

Definition 26.7. The lincar operator — 4Q;|,_, is called a generator of the semigroup (Q¢)efo,c0)-
Note that for a Markovian operator, since Q:1 = 1 for every ¢ > 0, we always have that (— %Qt’t:m)l =0.

Remark 26.8. For non-discrete spaces usually the generator cannot be defined on the whole Ly function space but
only a dense linear subspace. There are many technical problems and extensive literature concerning relations between
a Markov semigroup and its generator. The assumption that is usually used is that @ is strongly continuous, i.e. it
is continuous in ¢ in the strong operator topology. Then it is not difficult to see that %Qt
dense set of all “smoothed” functions {Q.g:e > 0,9 € La}.

|t=0Jr is well-defined on the

Let us go back to the semi-group (P;);e(0,00] that we constructed from the parity Poisson process.

Remark 26.9. We have shown that T,-+ = P,. The notation P; is preferred by probability theorists. Harmonic
analysts however prefer the notation 7, as for example it allows considering complex values of p with |p| < 1 which
leads to the definition of the so called holomorphic semigroups. Computer scientists also adopted the notation 7}, as
it is simpler, however there is a price to this, as the intuition that ¢ corresponds to time, and that this operator is
defined through a Markov process becomes less apparent.
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Note that taking the derivative of

Pf=> e IPIf(S)xs

SCln]

we see that the generator L := — %Pt’ o+ of this semigroup is defined as

Lf= Y ISIf(S)xs

SC[n]

Our semigroup P, can be easily recovered from its generator:
> kLk
= =Id+ Z

Indeed for a character, we have

B |S\k s
Pixs = 1+Z Xs =¢ Xs

Remark 26.10. For this approach to work, it is necessary that the generator is a bounded operator (as it is the
case for L, the generator of P;). However in the more general settings of Markovian semigroups, the generator is not
always defined on all of the space. Nevertheless, the notation e~*" is still used, and it usually means the solution to
the differential equation %Qt = —LQ; with the boundary condition Q¢ = Id.

For the semigroup (P;);c[0,00), there is a more direct way to define the generator L. We have

Lf =33 @) = f(o+ eo)

i=1

as it can be easily verified using the Fourier transform. Hence L = %(Id —K), where K is defined in (26.1).
In Theorem 10.11 we saw that the operator T, is a contractive operator from L, to L,. This phenomenon holds
for general symmetric Markovian semigroups.

Theorem 26.11. Let (Q)ieo,00) be a symmetric Markovian semigroup, and ® : R — R be a convex function. For
every t > 0 and every function f € Lo we have

E[®(Q:f)] < E[®(f)]-

In particular taking ® = |- [P for p > 1 we obtain ||Qif|lp < || fllp-

Proof. Since ® is convex we have ®(z) = sup,c7 aa® + by for some family Z of affine functions aqx + b,. Then for
every a € Z, we have the pointwise inequality ®(f) > aq f +bs which using the order-preserving property of Markovian
semigroups reduces to the pointwise inequality

Qi(®(f)) = Qt(aaf +ba) = aa(Qif) +b

Taking the supremum we obtain Q:(®(f)) > ®(Q.f). Taking the expectation and using the fact that symmetric
Markovian semigroups preserve expectation (See 26.10), we obtain

E[@(f)] = E[Q:(2(f))] = E[®(Q:f)]-

26.3 Some Examples

We close this chapter by mentioning some examples of Markovian semigroups.
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Example 26.12. Consider the space (R, \) where A is the Lesbagues measure. Define the semigroup (P;)¢c(o,0) a8
P, : f(-) = f(-+1t). It can be easily seen that this is a Markovian semigroup. Note that the generator L of this
semigroup is equal to —D where D is the differentiation:

d
(LH@) =~ TPf| =-f@).
t o+
Then if try to recover P; from the generator using the formula
—tL — (=0)*
P=ctt=1d+) L (26.11)
k=1

we obtain 2
Puf(e) = (@) + (@) + 5 /@) + ..

This is the Taylor expansion for f(x + t), and is equal to f(x + t) when f is analytic. Note that there are smooth
functions that are not analytic. For example, it is well-known that the function

- e~/ z#0
f<sc>—{ ‘ -

is smooth (i.e. it has derivatives of all orders), but it is easy to see that f(*)(0) = 0 for all k, and thus f(x +t) #
flz)+tf (x)+ tz—if”(x) +... for = 0. Note that even if we replace our original space (R, ) with the compact space
(R/Z, \), this example still shows that it is not always possible to recover the semigroup from its generator using
(26.11).

Example 26.13 (Heat semigroup). Joseph Fourier initiated the investigation of Fourier series and their applications
to problems of heat transfer and vibrations. He discovered the law of heat conduction, also known as Fourier’s law,
which states that the time rate of heat transfer through a material is proportional to the negative gradient in the
temperature and to the area, at right angles to that gradient, through which the heat flows. Fourier’s law combined
with conservation of energy implies the so called heat equation. Suppose one has a function f(z) that describes the
temperature at a given location of a metal bar. This function will change over time as heat spreads throughout space.
The heat equation can be used to determine the change in the function f over time. It says that if P, f denotes the
distribution of the temperature at time ¢, then

2
L PS) = ag P (z),

dt 0
where a > 0 is a constant depending on the material and is called the thermal diffusivity. If instead of a bar, we
consider a 3-dimensional object, and denote the temperature at point x = (21, x2,23) with f(x1, 2, 23), then the heat

equation becomes

d

S(Bf) = QAP (@),

where A denotes the Laplacian A := 3‘3—; + a?—; + 3‘2—;.

The heat equation is used in probability and describes random walks. It is also applied in financial mathematics
for this reason.vIt is also important in Riemannian geometry and thus topology: it was adapted by Richard Hamilton
when he defined the Ricci flow that was later used by Grigori Perelman to solve the topological Poincaré conjecture.

The heat equation can be understood through the heat semigroup. First we need to introduce the Brownian
motion, an important notion that occurs frequently in pure and applied mathematics, economics and physics. The
(1-dimensional) Brownian motion (a.k.a. Wiener process) is a continuous-time stochastic process (By)ic[o,00) that is
characterized by four facts:

o B() =0.
e B, is almost surely continuous.

e B; has independent increments (i.e. By, — By, is independent of By, — By, for 0 < s1 < 1 < s2 < to.
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e B, — B, ~ N(0,t —s) for t > s, where N(0,t — s) denotes the normal distribution with expected value 0 and
variance ¢ — s.

The Brownian motion can be obtained as the limit of the following discrete random walks. Let A > 0 be the time
increment. The random walk starts at the origin Xo = 0, and at time (¢ + 1)\ its value X, 1)y is set with equal
probability to either X;\ + VA or Xy — VA (we make a left or right jump of magnitude VA with equal probability).
Now as the time increment A > 0 goes to 0, this random walk converges to the Brownian motion.

Now that we have a process (B;);c[0,0) » We can consider the corresponding semigroup (Pt)te[o,oo)~ It maps every
function f : R — R, that satisfies certain integrability conditions, to P f(z) := E[f(B})], where (Bf)c[0,00) is the
Brownian motion started at point x. Note that Bf has the same distribution as « + B; as the Brownian motion is
space homogeneous, and hence

P, f(z) = E[f(Bf)] = E[f(z + By)] = E[f(z + VtG)],

where G ~ N(0, 1) is the standard Gaussian random variable, so that v/tG ~ N(0,t).
To find the generator, differentiating the operator and using the formula for the density of the normal distribution,
we get

d d 1
Gf@) = SE[f(z+ VIG)] = W
1 e v /2 _
N / flast \[y) e Ty = 2\/2m

_ %]E F(z +ViG), (26.12)

E[f'(z + VtG)G] = 2\/\/%/f (z +Vty)e™ y/2

/\/ff”(x +Viy)e v 2y

where in the integration by part we assumed that f vanishes at +oco. Taking the limit ¢ — 0 we obtain that the
generator is Lf = S f”, or in other words L = Z'A where A is the (one-dimensional) Laplace operator. Note that

(26.12) shows that
L Pf() = 58P @),
where A, denotes the Laplacian with respect to x. This is the famous heat equation discussed above which roughly
means that the flow of heat can be approximated as the movement of many small particles, where each particle moves
according to a Brownian motion.
The heat semigroup can be defined on the n-dimensional space. Let By(t),..., B,(t) be independent 1-dimensional

)
Brownian motions as defined above. The n-dimensional Brownian motion (B;)¢co,1) is defined as

B, = (Bﬂt) B"“)) .

Vi Vn

The normalization factor ﬁ is chosen so that By ~ N,,(0,1) is an n-dimensional Gaussian random variable and thus
has density

Bp(z) = —— el = L (T etz

(2m)n/2 (2m)n/2
Repeating the calculation in (26.12), we see that the generator of the heat semigroup defined via this process is —A

where A = 6%1 ot 82‘9—; is the Laplace operator, and the heat equation

d 1
SR @) = 3ARF @),

holds.

Example 26.14 (The Ornstein-Uhlenbeck semigroup). This semigroup is defined on (R, ~y) where 7 is the Gaussian
measure. In some aspects it is closely related to the semigroup (P;);c[0,00) that we defined on the cube {0, 1}". We will
define a process similar to the Brownian motion. Consider a time increment A > 0, and define the process (X¢))iez N
in the following way. To make a move from a point a, we first dilate a by multiply it by e~ and then we make a
jump of magnitude v/X either to the left or right with equal probability. That is X(t41)x is set to one of e A X VA
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with equal probability. If we take the limit as A — 0, we obtain a Gaussian process (X¢)c[0,00)- Now, because of the
dilation, unlike the Brownian motion, X; does not escape to infinity as ¢ grows, and in fact X; converges to N(0,1) in
distribution. It is not difficult to see that if we start the process at a point a, then X{ ~ e~fa + /1 — e~ 2tG, where
G ~ N(0,1) is a standard Gaussian. Hence the corresponding semigroup U satisfies

Uif(z) =E {f(e*t:c V1 e*QtG)} .

To describe the connection to the semigroup (P;)se[o,00) On the cube {0, 1}", consider a function f : (R,7) — R,

and define g, : {0,1}" — R as g,(71,...,7,) = f(%) Note that P,g, is a symmetric function and thus

Pign(z1,...,2,) = fn(L\/%)_") for a function f, : R — R. It is not difficult to see that
lim f, = Uf,
n— oo

which can be interpreted as
lim Pg, = U,f.

n— oo

The same trick of approximating a gaussian with% allows one to deduce many geometric results in the Gaussian

space from results on the cube. Going in the opposite direction is usually much harder, but there are some tools like
the invariance principle that we will see later in Chapter ?? that allow it under some conditions.

the Ornstein-Uhlenbeck semigroup, similar to the heat-semigroup, can be defined in the m-dimensional space
endowed with the Gaussian measure. For f: (R",v,) — R we have

Uif(2) =E[fle™a+ V1= e2G)|,

where G is the standard n-dimensional Gaussian random variable.
We leave to the reader to verify that the generator of the Ornstein-Uhlenbeck semigroup in general is

(Lf)(x) = (z, Vf(z)) — (Af)(z).

Exercise 26.4. Show that the generator of the n-dimensional Ornstein-Uhlenbeck semigroup is

(Lf)(x) = (z, Vf(z)) — (Af)(z).
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Chapter 27
Isoperimetric Type Inequalities

Consider the hypercube with vertex set ZZ, and let S C ZJ be a subset of the vertices. As we have discussed earlier
the total influence of the indicator function of S corresponds to the size of the edge boundary of S. In other words for

f:=1g, we have

oI @) = fla+e)

i=1

_ 209/

Ir=E
f on

where the edge boundary of S, denoted 95, is the set of edges of the cube with one endpoint in S and the other
endpoint outside of S. In this chapter we study concepts related to edge-boundries.

27.0.1 Energy functions

Consider the semigroup (P;)se[o,00) that we constructed from the Poisson random walk on the cube. Define the bi-linear
form (-, -) via the generator L of the semigroup (P;):e[o,00) S

g(f,g) = <f7Lg> = <Lfvg>-

This is a positive semi-definite form as £(f) := E(f, f) = 32 |S||F(S)2 = 0.

The positive semi-definiteness of the £ can also be verified directly, without appealing to Fourier expansion, from
contractivity of the semi-group. Indeed, for ¢t > 0 and f € Lo, set U(t) = ||P.f||3 = E[(P.f)?]. Then taking the
derivative with respect to ¢, we obtain

V() = 28 | (Pf) P | = 2P P

and thus W/(07) := limy_,o V'(t) = —2E[f - Lf] = —2&(f, f). On the other hand, because of the contractivity of
(Pt)te[O,oo) we have
V(1) < |IfII5 = 1P f1I3 = (0),

so that U/(07) < 0. Thus E(f) := E(f, f) = 0, and & is positive semidefinite.

Let us now find a combinatorial way of describing £. Using the formula
1 n
Lf(x)= 52]%@ - flz+e),

we obtain

E(fog) = (f;Lg) =27""" Y fla)g(w) — f(2)g(y),

xr~Yy

where  ~ y means that = and y are neighbours in the cube (i.e. y = 2 + e; for some i € [n]). Using

f(@)g(x) — f(@)g(y) + f(W)a(y) — fy)g(x) = (f(z) — f(y)(g(z) — g9(y)),
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we can simplify this to

E(f,9) =2""""> (fx) = f()(g(x) — 9()),

r~Yy

which in particular shows

Ef) =&, H=2"> (W) : (27.1)

r~Yy

The last expression is a discrete counterpart of the averaged |V f|2. The similarity to the physical kinetic energy
notion explains the name given to this quadratic form. Quadratic forms of this type (under some additional conditions)
are called Dirichlet forms and play important role in the theory of Markov semigroups. Given an open set ) C R™
and function f : Q — R, the Dirichlet’s energy of the function f is the real number

£(f) = % / IV f 2ddy, (27.2)

where Vf = (88—9{17 cee %) is the gradient of the function f.

Definition 27.1 (Discrete gradient). For a function f :Z% — R, define the discrete gradient of f at point x as

fl@) = flz+e1) f(fv)f(varen))
5 5 :

Vi) = (

With this notation we have for every function f: Z5 — R
2
e =23 (L2 1Y) —mwser

which reminisces the Dirichlet energy formula (27.2). There is an extensive literature that investigates the conditions
under which the generator of a semigroup can be constructed from a Dirichlet form. In the case of the finite spaces
the following are indeed equivalent.

Markov processes ~ semigroups ~ generators ~ Dirichlet forms

Let us finish this section by mentioning that the energy function behaves nicely when composed with Lipschitz
maps. Let U : R — R be a Lipschitz map with constant C, i.e. |¥(a) — ¥(b)] < Cla — b| for all a,b € R. Then the

formula,
2
E(f) =2 (‘I’(f(x)) ; \I’(f(w)))

zevy
shows that for every f € Z — R, we have
E(W(f)) < C*E(S).

In particular, £(|f]) < £(f). This can be generalized to other symmetric Markovian sermigroups under some mild
technical conditions.

27.1 Poincaré inequalities
The classical Poincaré inequality comes from partial differential equations. It says that given a bounded connected

open subset D C R™ with a sufficiently “regular” boundary, there exists a constant Cp such that for every function
f €CY(D) (that is f differentiable and it’s derivative is continuous) satisfying || pf =0, we have

/f2<CD/ V1P,
D D
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The probabilistic analog of this is more relevant to us. A probability Borel measure v on R™ is said to satisfy the
Poincaré inequality with constant C' if for every C' function f: R" — R with [ fdv < oo, we have

Var(f) ::/f%zu— (/fdu)2 < C/|Vf|2du.

On the discrete group Z%, using the discrete gradient, the Energy function will take the place of f |V f|?dv, and
we will obtain the following Poincaré inequality

E[f*] - E[f)* <&(f) =E[IVf]*] =E[fLf].

This follows by noticing that the left hand side is equal to 3 g |7(S)|? while the right hand side is equal to

(f.Lfy =" ISIIF(S

5C[n]

The above variance-energy inequality is also called an spectral gap inequality. It holds because there is a gap in the
spectrum o (L) between the eigenvalue 0, associated to the constant function 1 (principal character), and the second
smallest eigenvalue in absolute value (which is 1 and it associated to the characters xg for |S| = 1).

The existence of the spectral gap for a symmetric Markov semigroup (Qt):eo,00) implies Q:f — E[f] as t — oo
and the size of the gap is responsible for the speed of convergence. This is of extreme importance in physics, and not
surprisingly the Poincaré-type inequalities were considered in physics first, already in the middle of the nineteenth
century.

27.2 Stroock-Varopoulos inequality

In this section we prove the Stroock-Varopoulos inequality which is an important inequality in the theory of semigroups.
We start with an elementary inequality whose proof can be skipped by uninterested reader.

Lemma 27.2. Forp>1 and a,b > 0 we have

(p —2)2%(aP 4 bP) — p*(aP~ b + abP~ 1) + 8(p — 1)aP/?bP/% > 0.
Proof. Because of the homogeneity, it suffices to prove that for ¢t > 1

u(t) = (p—2)%tP — p*t* L +8(p — 1)t*/? —p*t + (p—2)® > 0.
Indeed, u(1) = 2(p? — 4p +4) — 2p* +8p — 8 = 0, and

u'(t) = p(p = 277 = p*(p — P2 +dp(p — P21 — p?,

so that u/(1) = (p3 — 4p® + 4p) — (p® — p?) + (4p® — 4p) — p? = 0. Now it suffices to note that

plp—1)(p =22 =p*(p—1)(p = 2)t** + 2p(p — 1)(p — 2)t7 >
_ _ _ 9\P— 1)72 2 p/ =1
= -2 (P2 2 )

P
2 —
20(p — 1) (p — 2)tP~2 <2p + gt tp/2) .

u// (t)

Since for p > 2,
E_A'_zt—P/?:p 2 14+ t p/2  4—p/2 >1 (t P/2) /p:t—l
p p

while for p € (1, 2],

- B B

2-p p,1_2-p P, 222 0, _1\P/2 —p/2
t =17/
2 2 2 2 ( ) ’
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we conclude u”(t) > 0 and the proof is finished. O

Now we will deduce the Stroock-Varopoulos inequality from Lemma 27.2. We state the proof for the semigroup P; on
the hupercube, but the same proof works for every symmetric Markov semigroup (under some additional assumptions
about f).

Theorem 27.3 (Stroock-Varopoulos). For any f : Z% — [0,00), and every p > 1, we have

p/2y . p/27 ( £P/2 »? p—1
E(P) =R [fRPL)] < gy B L)

Proof. By Lemma 27.2, for any a > 0, we have the ponitwise inequality
(p—=2)*(a” + ) = p*(a" ' f + af?71) + 8(p — D)2 72 > 0.

Since P; is linear and order preserving for any ¢ > 0, it holds pointwise that

(p—2)%(a? + P(f?)) — p*(a® ' Pof + aPy(f*71)) + 8(p — 1)a® 2 P,(f*/?) > 0.
Hence setting a = f we have

(p=2°(f7 + P.(f7) = p*(fP 7 Pif + fR(fP7) +8(p — PP P(f2) 2 0.
We can take the expected value and arrive at

(p = 2)*ELf"] + E[R(f7)]) = p*E[fP 7 P f] + E[f PP D)) +8(p — DE[fP2R(f7/)] > 0.
Since P, is symmetric, it preserves expectation, and the above reduces to
B(t) = 2(p — 2)’E[f7] — 2°E[f* ' P f] + 8(p — VE[f"*Pi(f*/*)] > 0. (27.3)

Now as Py = Id, we have
8(0) = (2(p — 2)* = 2p* + 8(p — 1)E[f?] > 0,

and thus (27.3) implies that #/(07) > 0. But as L = — %Ptf|0+, we have
0.< '(0%) = 2p°E[f*~ Lf] - 8(p — DE[F/L(*?)],
which completes the proof. O

Remark 27.4. Note that in Theorem 27.3 we have equality when p = 2.

Remark 27.5. Recall that for The Ornstein-Uhlenbeck semigroup on (R”, (27)~"/2e~1#1/2dz) the generator is given
by
(Lf)(x) = (2, Vf(z)) = (Af)(2).

In this case for f,g € C*, it is not difficult to see that

BIf - Lg) = (2n) " [(V (@), Vg(a) flae” "V 2de = E[(V 1 (2), Va(a)),
where the expectation is with respect to the Gaussian measure.

Note that in this case we will actually have equality in Theorem 27.3 for any p > 1.

27.3 Entropy and Logarithmic Sobolev inequalities
We start by defining the notion of entropy.
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Definition 27.6. For an integrable non-negative function g on a probability space we define its entropy as

Ent(g) = ElgIng] — E[g] In(E[g]),

where we adopt a natural convention 01n(0) = 0.

Clearly, Ent[g] < oo if and only if glng is integrable. Since xIn(x) is strictly convex, always Ent[g] > 0, and
Ent[g] = 0 if and only if g is constant almost everywhere. Note also that

Ent(Ag) = AEnt(g).

The logarithmic Sobolev inequality (called also entropy-energy inequality) was introduced by L. Gross. It resembles
the Poincaré inequality - the variance functional on the left hand side is replaced by the entropy of the square of the
function. The inequality has the form:

Ent[f?] < CE(f).

Both sides of this inequality measure how far f is from being constant. Note that for a constant f, both Ent[f?] and
E(f) are 0.

Definition 27.7. A symmetric Markov semigroup (Q¢)¢cjo,00) on §2, with an invariant measure p and a self-adjoint
(with respect to the Lo(£2, p) structure) generator L, satisfies the logarithmic Sobolev inequality with constant C' > 0
if for every function f belonging to the domain of L, we have

E,[f* In(f?)] = E [ InE,[f*] < CEL[fLf].

It turns out that logarithmic Sobolev inequalities are equivalent to hyper-contractive inequalities. Recall that in

Theorem 10.13 we showed that for 1 < p < ¢ < oo, and 0 < p < ’/%’ we always have

1T flla < [l

Using our semigroup notation, we can rewrite this as [P, f|lq < [|f|l, for 0 <t < 2(In(p—1) —In(g—1)). A semigroup
(Qt)te[0,00) is (p,q)-hypercontractive with parameter (p, q) if for every f in the domain and every 0 <t < t(p, q) we
have

1Qefllq < If1lp-

Theorem 27.8 (Gross). A symmetric generator L satisfies the logarithmic Sobolev inequality with constant C' if and

only if for all p > q > 1 the semigroup (Py)ic(0,00 generated by L is (p, q)-hypercontractive with t(p,q) = %(ln(p —-1)—

In(g — 1)).

Theorem 27.8 combined with the hypercontractive estimates that we obtained in Theorem 10.13 show that the
semigroup (P;)seo,00) On the hypercube satisfies the logarithmic Sobolev inequality with constant 2, i.e. for every
f:Z5 — R, we have

E[f*In(f*)] - E[f*)InE[f?] < 2E[fLf].

In order to prove Theorem 27.8 we first need the following lemma whose proof is based on the Stroock-Varopoulos
theorem.

Lemma 27.9. The following statements are equivalent:

(a): For every [ : 7% — R,
E[f*In(f?)] - E[f*)InE[f*] < CE[fLf].

(b): For every nonnegative f : 2% — R,
E[f*In(f?)] - E[f*]InE[f?] < CE[fLf].
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(c): For every nonnegative f : 2% — R, and every p > 1,

Cp?

W]E[fp_ Lf].

E[f*In(f?)] = E[f*]InE[f*] <

Proof. Obviously (a) implies (b), and also setting P = 2 in (c¢) we recover (b). So it suffices to show that (b) implies
(a) and (c).

(b) = (a): This follows from £(|f|) < £(f) which we proved in Section 27.0.1.

(b) = (c): This follows immediately from applying (b) to 7/ and then using the Stroock-Varopoulos inequality
(Theorem 27.3). O

Proof of Theorem 27.8. For p > ¢ > 1, define ¢,(p) = % In f;%i. Consider a nonnegative function f € Lo, and set

1
bq(p) = || P,y fllg = ?E [ [Py, ) 7] -

Note that t(q,q) = 0 and thus ¢,(¢) = In || f]|,- Hence hypercontractivity is equivalent to ¢4(p) < ¢4(q) for p > ¢. For
p = q denote
fp = Ptq(p)f 2 0

Using £ P, f = —L(p,f), we obtain

Aoy _Lopymmy_ _CP
dpf,f = pff;l (f5) 4(p_1)f5 L(fp)-
This shows
d 1E[E(A)] 1
%%(p) = v ]Eszf,’] —ﬁlnE[fﬂ
_ LEfW(f) ¢ EfFTLAR)] 1 .
= PR ip-D B R
_ 1 Cp? _
= PE[ (Ent( 7)) — mﬂf}f IL(fp)O .
Hence
d Cp?

¢q(p) <0 <= Ent(f]) < E[fgilL(fp)}

dp 4(p—1)
Thus ¢, (p) is decreasing if the semigroup satisfies the logarithmic Sobolev inequality with constant C', and we obtain
the desired hyper-contractive estimates.

To deduce the logarithmic Sobolev inequality from hyper-contractivity, it suffices to notice that if hypercontractivity

holds, then %(bq(p) < 0. Since f, = f, this gives
p=q

2

q Cq q—1
Ent(f?) < mEU L(f)],

which verifies the logarithmic Sobolev inequality by setting ¢ = 2. ]

Exercise 27.1. This exercises shows that the logarithmic Sobolev inequality is stronger than the Poincaré inequality
(the converse is not true). Show that if a semigroup satisfies the logarithmic Sobolev inequality with constant C, then
it satisfies the Poincaré inequality with constant 2C.

27.3.1 Tensorization of logarithmic Sobolev inequality

Recall that in Chapter 10 to prove the hypercontractivity for the noise operator, first we proved it for dimension
1 and then used generalized Minkowski’s inequality to show that the inequality tensorizes. Theorem 27.8 shows
that hypercontractivy us equivalent to the logarithmic Sobolev inequality. This suggest that the logarithmic sobolev
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inequlity must also tensorize. Indeed there is also a standard method of tensorizing both Poincaré and logarithmic
Sobolev inequalities by using the subadditivity of the variance and entropy functionals.

Thus the logorithmic sobolev inequalty and hypercontractive estimates on the cube could also be obtained by
proving the logarithmic Sobolev inequality on 0,1 and then deducing it on the general cube via subadditivity. For
f:{0,1}" — [0,00), and ¢ € [n] define the coordinate-wise entropy as

Ent;(f) = Ea iy [Ent f(L‘[n]\{i} (-rz)] )

where fz[n]\{i} cxy = flxr, ., xn).

Lemma 27.10 (Subadditivity of Entropy). For f :Z} — [0,00), we have

Ent(f) < ZEnti(f).

Exercise 27.2. Prove the variational formulation of entropy:

Ent(f) = sup{(f,g) : E[e?] <1, g: Z5 — R},
for every f:Z% — [0,00).
Exercise 27.3. Prove Lemma 27.10 using the variational formulation of entropy.

Exercise 27.4. Use 27.10 to show that the logarithmic sobolev inequality tensorizes. That is if it holds with constant
C for nonegative functions on Zsg, then it holds with constant C' for nonnegative functions on Z3.

Exercise 27.5. Use the subadditivity of variance to show that the Poincaré inequality tensorizes. That is if it holds
with constant C' for nonegative functions on Zs, then it holds with constant C' for nonnegative functions on Z7.
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