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1 First Tutorial

During this first tutorial, we try to give several worked out examples of proofs.
More importantly, we will cover some of the most common methods of proof. As
these techniques are rather indispensable, it is a good idea for us to give as many
detailed examples as possible.

1.1 Proof by Induction

When it comes to mathematical induction, I think that the best way to understand
the concept is to work out examples. Nonetheless, it is important to understand
the logic behind this method. Say we have a statement P(n), depending onn € N,
that we wish to prove. More precisely, let’s assume we want to show that P(n)
is true for all n > 1. For example, P(n) could be the proposition

“5™ — 1 is divisible by 4”.
In any case, our (hoped for) proof by induction should include the following:

(i) The base case. That is, we should check that P(n) is true for the “base value”
n=1.

(ii) The inductive step. Here, we assume that P(n) is true for some n > 1. Using
this assumption, we then try to prove that P(n + 1) is also true.

If we can establish both these parts, we will have proven that P(n) holds true for
all n > 1. Why? Since we know that P(1) is true by our base case, the inductive
step with n = 1 ensures that P(1 + 1) = P(2) is also true. But then, the inductive
step would again imply that P(2 + 1) = P(3) is true, and so on.

Having given this explanation, we are ready to give some detailed examples
in which the technique of mathematical induction proves to be very useful.

Proposition 1.1. For all integers n > 4, one has 2" < n!.

Proof. We proceed by induction on n > 4. Since we want to prove a statement
for all n > 4, our base case should be verifying the case n = 4.

Base case. For n = 4 we manually verify the claim:

24 =16 < 24 = 4!



That is, the statement 2" < n! is valid when n = 4. This completes our base case.

Inductive step. Now we make the induction hypothesis. For some n > 4 let us
assume that
2" < nl. (1.1)

We want to show that the statement also holds for n+ 1. More precisely, we want
to prove the following inequality:

2" < (n+1)!

based off of the information in (1.1). By the inductive hypothesis (1.1), we have

1.1
(n+1)! = (n+1)-n!(>)(n+1)~2".

Because n > 4, we also get (n+1) > 5 > 2. Using this together with the equation
above yields
(n+1)!'>((m+1)-2">2.2" = 2",

This completes the inductive step. O

Proposition 1.2. 5" — 1 is divisible by 4 for alln € N.

Proof. Since we wish to prove a claim for all n > 1, we should take n = 1 as the
base case.

Base case. Clearly, 5' — 1 = 4 which is certainly divisible by 4. Hence, the base
case is true.

Inductive step. Assume that 5" — 1 is divisible by 4 for some n > 1 (this is the
inductive hypothesis). We must show that 5"*! — 1 is also divisible by 4. But, this
is easily seen by writing

5" _1=5.5"-1=5"4+5"+5"+5"+(5" - 1)
4 times

=4.5"+ (5" - 1).

Clearly, 4 - 5" is divisible by 4. By the induction hypothesis, so is 5* — 1. Hence,
4 must be a divisor of their sum, which is equal to 51 — 1 by the calculations
above. O



1.2 Sets, Functions, and Direct Proofs

Informally, a set should be understood as an unambiguous collection of objects.
For example, N = {1,2,3,...} is the set of all natural numbers. Given two sets
X and Y, a function f : X — Y is a rule which assigns to each x € X a unique
element f(x) € Y. Note that we do not require that f be described by an explicit
formula here.

Definition 1.1 (Image & Pre-image). Let X and Y be setsand f : X — Y a
function. For any set A C X, we define

f(A) = {f(x):x €A

which is a subset of Y. This set f(A) is called the image of A under f. Similarly,
given B C Y, the pre-image of B under f is the set

f'B):={xeX: f(x) €eB}.
That is, f~!(B) consists of those x € X that f takes to B.

Remark 1.1. The notation f~! should not be confused with the inverse function
of f, which in general does not exist. Even when f does not have an inverse
function, we can still make sense of f~!(B)!

In practice one often has to deal with a large collection of sets. For such
purposes, the concept of an index set is very useful. Informally, an index set I
is a set that operates as the labeling scheme for a family of sets. By way of an
example, consider for each x € R the singleton set {x}.! Then, we may want to
consider the set of all these singletons, i.e.

> = {{x}:xER}.

Here, ¥ is a set whose elements are those sets {x} with x € R. However, when
dealing with more complicated sets, this notation rapidly becomes cumbersome
and awkward. Instead, we could use the more general concept of an index set.
Defining A, := {x} for x € R, the set X can instead be written as {A,},cr. Here,
the real line R serves as our index set.

'Here, R denotes the real number line (—oo, 00).



The concepts of unions and intersections carry over nicely when dealing with
index sets. Let I be an index set and {X,},c; be an indexed family of sets?, we
define:

UX := {x : there exists @ € I such that x € X},

ael

ﬂXa ={x:xeX,forall a € I}.

ael

Finally, let us recall a piece of notation: given a set X and a subset A C X, we
denote by A® the set X \ A. That is,

A ={xeX:x¢A}.

Especially, we have X = AU A® with AN A® = 2. It should also be noted that
A° depends on the “parent set” X. Equipped with these concepts, we are ready
to introduce de Morgan’s laws:

Theorem 1.3 (de Morgan’s Laws). Let X be a set and let {X,},e; be an indexed
family of subsets of X, i.e. X, C X for each a € I. Then,

(U Xa)c = () x¢, (1.2)

acl ael
c
(ﬂ Xa) = ngg. (1.3)
ael ael

Proof. We begin by establishing (1.2). Here, we have the following two inclusions
to demonstrate:

C C

(UXO,) c (x5 and [)Xgc (Uxa) .

ael a€el ael a€el

(1) Let x € (Uger Xo)© be given. By definition, this means that x ¢ | J,e; Xe-
Consequently, x ¢ X, for each a € I.> Put otherwise, we have x € Xg

for every a € I. Therefore, x € (), X;. Hence, we have proven that
(UaeIXa)c c maEIX§~

ZRemember, this only means that we have associated to each « € I a set X,,. That is, we are
using the elements of I to label the X,,’s. This is particularly general because, as we shall see later
on, some sets are so large that they cannot be systematically enumerated!

3Indeed, if x were an element of some X, it would also have to be an element of | J,c; Xq.




(2) For the reverse inclusion, let x € (,¢; X;;. By definition, this implies that
x € X; for every a € I. Equivalently,

x ¢ X, for each index « € I.

Now, x € |J,e1 Xy implies x € X, for some «. Since this contradicts the
above, we must have x ¢ (J,¢; X4. By definition, this is simply the state-
ment x € (|Uger Xo)©. It follows that (Mye; XS € (Uger Xo)©-

This completes the proof of (1.2). Next, we turn our attention to (1.3). As above,
we have two inclusions to prove:

(1) Fix a point x € ((NgerXe)© and note that, by definition, x ¢ (yer Xa-
Hence, there must exist an index « € I such that x ¢ X,. Otherwise, we
would have x € X, for all @ € I whence x € (,c; X, — which is a clear
contradiction. Now, since x ¢ X, for some o € I, we also have x € X
for this same «. In particular, x € |J,e;X;. This proves the inclusion

(ﬂaelxa)c - UaEIX:;'

(2) Conversely, let x € (Juer X5 be given. By definition of the union, this
means that x € X for some o € I. Thatis, x ¢ X, for some index a.
Consequently, we cannot have x € (e Xo. Hence, x € ((Nger Xo)€. We
have therefore shown that | J,e; XS € (Uger Xo)€.

With this, (1.3) has been established. O

Proposition 1.4. Let X and Y be setsand f : X — Y a function. Let I be an index
set and suppose that {V,},cr is an indexed family of subsets of Y. Then,

f*OJWJ:L)F%w)
a€l a€l
Proof. There are two inclusions to be shown:
f%UnFLﬁ%m mitﬁﬂmgf%U%)
a€l ael a€l a€l

We begin by establishing the former. Let x € f~! ({ye; Vi) be given. By defini-

tion, this means that
fx el Jve.

a€el
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Again, by definition, there exists an index @ € I such that f(x) € V,. From this, it
follows that x € f~1(V,). This implies that x € | Jye; £~ (Vi). The first inclusion
has thus been proven.

Conversely, let x € | Jye; f1(V,). There then exists an index « € I such that
x € f71(V,). By definition of the set f~1(V,), this is simply the statement that
f(x) € V,. Hence,

fe)y el Jva

a€l

so that x € f~'(Uger Vo). This verifies the second inclusion and the proof is
complete. O

Proposition 1.5. Let X, Y and Z be sets. Suppose that
f:X—>Y and g:Y—>Z

are functions. Then, for every A C Z, we have
o)A =f"(97").

Here, g o f denotes the composite function x — g(f(x)).

Proof. First, observe that the setting of the problem makes sense because g o f is
a function X — Z. Let x € (g o ) !(A) be given. This is to say that

(go fx) =g(f(x)) € A

Hence, f(x) € g !(A). But this implies that x € f~!(g7'(A)). This verifies the
inclusion

(go /(A < fFH(g7(A)).
Conversely, fix x € f~1(g71(A)). It follows that
f(x) g™ (A) = g(f(x)) € A

Put otherwise, (g o f)(x) = g(f(x)) € A. Thus, x € (g o f)"}(A). Since x was
arbitrary, it follows that

97" A) S (g0 /)H(A).



Here are some extra (solved) problems that we may not have the time to cover
during the tutorials:

Proposition 1.6. For any sets A and B, we have
(A\B)U (B\A) =(AUB)\ (AN B).

Remark 1.2. Given sets A and B, the symmetric difference of A and B is defined
by the equation:
AAB:=(A\B)U(B\A).

A A B consists of all elements that belong to A or B, but not both.

Proof. We have two inclusions to prove:

(A\B)U (B\ A) C (AUB)\ (AN B)
(AUB)\ (ANB) C (A\B)U (B\ A).

(1) We begin with the first inclusion. Let x € (A \ B) U (B \ A) so that it
belongs to (A \ B) or (B \ A). Without loss of generality, we can assume
that x € A\ B.* Then, x € A but x ¢ B. This means that

x€AUB and x¢ ANB.
Hence, x € (AU B) \ (AN B).
(2) Conversely, let x € (AU B) \ (AN B). This simply means that
x€AUB and x¢ ANB.

Without loss of generality, we can assume that x € A. Since x ¢ AN B,
we cannot have x € B. That is, x ¢ B. This implies that x € A\ B. More
generally,

x € (A\B) C(A\B)U(B\A).

This completes the proof. m]

4Otherwise, x € B\ A. In this case, we just relabel A as B and B as A!
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1.3 More Examples of Induction

Depending on much time was left, we may not have touched upon all (if any) of
the following problems. Nonetheless, it is probably useful to try these out.

Proposition 1.7. There holds
3411+ ---+(8n—5)=4n’—n
foralln e N.

Proof. For n € N, the proposition/statement depending on n we wish to prove is
the equality
3+11+4---+(8n—5) = 4n* —n.

Since we wish to prove the above for all n > 1, our base case should be n = 1.
Base case. We verify directly that the statement is true for n = 1:
3=8-1-5=4-1%-1.

Inductive step. Our induction hypothesis will be that the statement is true for
some n > 1. Our job is then to show that the claim holds for n + 1. The induction
hypothesis means that for this n:

34114+ (8n—5) = 4n° —n. (1.4)
We now deduce that:
3411+---+@B(n+1) -5 =4(n+1)*-(n+1).
First, our inductive hypothesis in (1.4) gives

3+114+---+@B(n+1)—-5)=3+11+---+(8n—-5)+(8(n+1)-5)
=4n?—n by (1.4)
=4n* —n+8(n+1) -5

=4n® + Tn + 3.

On the other hand,
4n+1)’-(n+1)=4(n*+2n+1)-n-1
=4’ +8n+4-n—-1
=4n® +7n + 3.

11



Thus,
3411 +---+B(n+1)—-5) =4n+7n+3=4(n+1)%* - (n+1).
This completes the inductive step. O
Lemma 1.8. 2n + 1 < 2" for all integersn > 3.
Proof. This looks like something we should try to prove with induction.
Base case. With n = 3, we check directly that
23)+1=7<8=2

This means that the base case is true.

Inductive step. Suppose that the statement is true for some n > 3; we must prove
that it is also true for n + 1. Namely, our induction hypothesis is:

2n+1< 2" (1.5)

We want to show that 2(n + 1) + 1 < 2", First, write

(1.5)
2m+1)+1=2n+2+1=02n+1)+2 < 2" +2. (1.6)

In the last step, we used the induction hypothesis (1.5) to get 2n + 1 < 2". Since
n > 3, it is clear that 2 < 2". Therefore, (1.6) implies that

2n+1)+1<2"+2<2"+2" =2.2" = 2™,
This completes the inductive step and the claim is proven. m]
Using this proposition, we prove a far more interesting identity.
Proposition 1.9. Ifn > 5 is an integer, then n* < 2.

Proof. Since we are asked to prove an equality involving integers, it is a good
idea to try and use mathematical induction. We start with the base case n = 5.

Base case. With n = 5 we check that
52 =25 <32 =25

12



Hence, the claim holds for n = 5.

Inductive step. Suppose the claim is true for n > 5, we must show that is is also
true for n + 1. Our inductive hypothesis is therefore the following:

n? < 2", (1.7)
Using this, we must show that
(n+1)% < 2",

Using the induction hypothesis (1.7), we calculate

2 2 (1.7) n
(n+1)*=n“+2n+1 < 2"+ (2n+1). (1.8)

Because n > 5 > 3, we can apply the previous lemma to (1.8) above. Doing so

gives (2n + 1) < 2" whence
n+1)?<2"+@2n+1)<2"+2"=2.2" =21,

This completes the inductive step. O

2 Second Tutorial

We would first like to recall some notions regarding functions. If X and Y are
sets, a bijection from X to Y is a function f : X — Y satistying each of the
following properties:

(i) f is injective, i.e. f(x) = f(x’) implies x = x”;
(ii) f is surjective, i.e. for every y € Y there exists x € X such that f(x) = y.

Put otherwise, a function f : X — Y is a bijection if and only if for everyy € Y
there exists a unique point x € X such that f(x) = y.

Example 2.1. The function f : R — R given by f(x) = x? is not a bijection
because it is neither injective nor surjective. Certainly, injectivity fails because
f(=1) =1 = f(1). Surjectivity does not hold because there does not exist x € R
such that f(x) = -1.

13



Even so, we must be careful as a function that is not surjective can become
surjective if we restrict its range. Consider the function

f:R—>[0,00), f(x)=x2

This is the same function as in the previous example, but with a “smaller” range.
Although the function is still not injective (f(—1) = f(1)), itis surjective! Indeed,
given y € [0,00), we have that f(4/y) = y. Similarly, a function can become
injective when we restrict its domain. Certainly, the function

f:[0,00) = [0,00),  f(x) =’

is actually a bijection.

2.1 Properties of Functions

The concept of an inverse function arises naturally when discussing bijective
functions. If X and Y are sets and f : X — Y is a bijection, there exists for
each y € Y a unique point x with the property that f(x) = y. Therefore, we can
construct a function f~! : Y — X by simply defining f~!(y) := x. This map f*
is called the inverse function of f.

The following property of the inverse function is almost immediate from the
definition we have just given above:

Proposition 2.1. Let X and Y be sets and f : X — Y a bijection. Let f! be the
inverse of f, as defined above. Then,

(1) (f'o f)(x) =x forallx € X;
(2) and (f o f)(y) =y forally € Y.

Proof. The claim in (1) follows at once from the definition of f~!. We therefore
need only verify (2). Given y € Y, there exists (since f is bijective) a unique point
x € X such that f(x) = y. But, by definition of f~!, we must have f~!(y) = x.

Hence, (f o f")(y) = f(f () = f(x) = . =

Of course, the next result is also to be expected:

Proposition 2.2. Let X and Y be setsand f : X — Y a bijection. Let f™' : Y —» X
be the inverse function of f. Then, f ! is a bijection Y — X.

14



Proof. We first check that f! is surjective. This amounts to showing that for
every x € X, there exists y € Y with the property that f~!(y) = x. Given x € X,
we simply take y = f(x) € Y. Then, the previous result tells us that

)= (fx) =x

Therefore, f is surjective. To prove injectivity we assume that f~!(y) = f~1(y)
for some y,y” € Y. We want to show that this forces y = y’. To this end, we
“apply” the function f to both sides of the equality f~'(y) = f~'(y’). Doing so
gives

) =rf'W) = y=v

by virtue of (2) in Proposition 2.1. Hence, f~! is injective. ]

Proposition 2.3. Let A,B and C be sets, and let f : A — Bandg : B — C be
functions. There hold the following:

(1) if f and g are injective, then soisgo f;
(2) ifgo f is injective, then so is f;
(3) if f and g are surjective, then soisgo f;
(4) ifgo f is surjective, then so is g.

Proof.

(1) Let a,a’ € A and suppose that (g o f)(a) = (g o f)(a’); our goal is to
prove that a = @’. Now, this equation is equivalent to g(f(a)) = g(f(a’)).
Because g is injective, this implies f(a) = f(a’). But, f is also injective!
Consequently, it follows that a = a’.

(2) Suppose that g o f is injective and let a,a’ € A be such that f(a) = f(a’).
We want to deduce that a = a’. Let us now apply the function g to both
sides of the equality f(a) = f(a’). Doing so gives

(9o f)(a) = g(f(a) = g(f(a)) = (g0 f)(a).

Because g o f is injective, it follows that a = a’. We conclude that f is
injective.

15



(3) Let f and g both be surjective. For any point ¢ € C, we can choose b € B
such that g(b) = c. Since f is surjective, there exists a € A with the
property that f(a) = b. Then,

(90 f)(a) = g(f(a)) = g(b) = c.

(4) If g o f is surjective, given any point ¢ € C there exists a € A such that
(g o f)(a) = c. This is simply the statement that g(f(a)) = c. Taking
b := f(a) € B, we see that g(b) = c. Hence, g is surjective.

Remark 2.1. Despite the above, there do exist functions f and g such that
(i) f is not surjective;
(ii) g is not injective;
(iii) and g o f is a bijection.
Indeed, let E denote the set of all even natural numbers {2, 4,6, ..., }. Consider
the functions:

fE->N, f(n)=n,
n ifniseven

N> E, =
g - 9(n) {Zn if n is odd.

Clearly, f is injective but not surjective. Because g(1) = g(2) = 2, we see that g
is not injective. But, g o f is simply the identity map

gof:E—E, (g0f)(n)=n

which is a bijection (check this yourself).
Proposition 2.3 has many corollaries, some of which are listed below.
Corollary 2.4. Composition to the right or left by an injection or a surjection does

not affect the injectivity or surjectivity of a bijection, respectively. Namely, the fol-
lowing properties hold:

(1) Let A, B and C be sets. Suppose that f : A — B isa functionandg : B — C is
a bijection. Then, go f is injective whenever f is. Moreover, go f is surjective
whenever f is.

16



(2) Let A, B and C be sets. Suppose that f : A — B is a bijection and g : B — C
a general function. Then, g o f is injective whenever g is. Furthermore, g o f
is surjective if g is.

Proof. Let us prove (1). First, note that g is both injective and surjective. If f

is injective, then g o f is injective by part (1) of the previous problem. If f is

surjective, then so is g o f (by part (3) of the last problem). Part (2) is verified in

a similar way. We leave the details as an exercise to the reader. O
Similarly, we can deduce the following.

Corollary 2.5. Let A,B and C be setsand f : A— B, g : B — C functions. If any
two of f,g and g o f are bijective, then so is the third.

Proof. If f and g are bijective, then parts (1) and (3) of Proposition 2.3 tell us that
g o f is also a bijection. Suppose that f and g o f are bijections. Then, f has an
inverse function f~!. By Proposition 2.2, this inverse is also a bijection. Finally,
part (1) of Corollary 2.4 implies that

g=go(fof=(gof)of”
is bijective. Similarly, f can be shown to be bijective whenever gand go f are. O

Theorem 2.6. Let X and Y be sets and f : X — Y a function. Then, f is injective
if and only if there exists a function (called a left-inverse) g : Y — X such that

gof:X—-X
satisfies (g o f)(x) = x forallx € X.

Proof. Suppose that f is injective. If y € f(X), then there exists a unique point
x € X such that y = f(x). Let us call this unique point f~!(y). Define a function

f) ify e X,
xo,  ify e fX).

Here, xy € X is any fixed point. Let x € X be given; we want to verify that

(g0 f)x) =g(f(x)) = x.
Clearly, y = f(x) belongs to f(X). By definition of the function g,

9(f(x) =9(y) = f(y) =x.

Conversely, suppose that such a function g exists. The composition g o f is then
equal to the identity map h(x) = x on X. Thus, g o f is an injection X — X. By
part (2) of Proposition 2.3, we see that f is injective. m]

g:Y—>X, g(y)::{

17



Using a similar argument, one can prove the following:

Exercise 2.1. Let X and Y be sets and let f : X — Y be a function. Then, f is
surjective if and only if there exists a function g : Y — X (called a right-inverse)
such that

(feg) =y
forally € Y.

2.2 Cauchy-Schwarz and the Triangle Inequality

The remaining problems for this tutorial are meant to serve as extra examples that
use some of what you’ve proven in the first assignment. As an added bonus, we
will be proving inequalities that you will probably find to be useful throughout
your entire mathematical career. At the very least, the first inequality should
help you in Advanced Calculus and Honours Analysis 2.

Let us recall Problem 4 in your first assignment, which states that

Bl ) e

for all n € N and all aj, b; € R. In fact, this implies that

n n n 1/2 n 1/2
Z ajb; < Z ajbj| < (Z a]z) (Z b}z) . (2.2)
1 =

J=1 Jj=1 J=

Let x = (x1,...,x,) be apoint in R" for n > 1. The norm of this point x is defined
via the equation

1/2
el = (x4 +x2) " > 0 (2.3)

Ify = (y1,...,yn) is another point in R", we define the dot product of x and y
according to the formula

X y=x1y1 + -+ XpYn. (2.4)

This is an example of what is often called an inner product. Returning to the
equation above, we see that



Note that [|x||* = x - x whence ||x|| = Vx - x. This relationship means that the
norm ||x|| is induced by the dot product in R" (this very important topic will be
further explored in Honours Analysis 4). For now, we can at least give a proof of
the triangle inequality:

Theorem 2.7 (Triangle Inequality). For anyn > 1, one has ||x + y|| < [|x]| + ||yl
for all vectors x,y € R™.

Proof. By our earlier observations,

n

e+ yll’ = (e +y) - e+ 1) = > 05+ 1)

Il
-\RN
+
A}

Ra)
&
+
&

2
+2 ) xy;+ |yl
j=1

1/2 1/2
n n
2
xf) (Z yf) + Iyl
=1 j=1

= llxl1? + 2 l1xl |ly]] + |ly|?
= (Ilxll + [yl -

Invoking (2.2), we get

Il + yll* < llxI? + 2(
J

Taking square roots gives us the desired inequality. m]

2.3 The AM-GM Inequality

Theorem 2.8. Foreachn > 1, and all x1, . ..,x, > 0, there holds

X1+ x
St ELERRRL x1X2 . .. Xy, (2.5)
n

Remark 2.2. The quantity on the left hand side of (2.5) is called the arithmetic
mean of (x1, ..., x,). The right hand term is instead called the geometric mean of
(1, ..., x0).
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To prove this result, we will first require a lemma that is very interesting in
its own right.

Lemma 2.9. Letn € Nandxy,...,x, > 0. Ifx;---x, =1, then
X1+ +x, > n.

Proof. We prove this inequality by induction on n > 1. Luckily for us, the base
case with n = 1 is obvious.

Inductive Step. Suppose that the claim holds for an n > 1. We will prove that the
statement holds for n + 1. Thus, our inductive hypothesis is the statement:

“‘Vxt,.. x> 0), (X1 xp=1 = x4+ +x, >n)
Let now xy, ..., Xy, Xp+1 > 0 be real numbers such that x; - - - x,x,41 = 1. We will
show that

X1+ -+ X+ X1 =0+ 1.

If every x; = 1, then the statement is obvious. Thus, we can assume that there
exist indices 1 < i,j < n+ 1 such that x; > 1 and x; < 1.> After a relabeling, we
can assume that x; < 1 and x,,; > 1. Because (x,+1 — 1)(1 — x1) > 0, we must
have

X1+ Xpe1 > 1+ X1 X041. (2.6)

Defining y := x1x,41 > 0, the inequality above can then be written as
X1+ Xp+1 > 1+ . (2.7)

Note that yx; - - - x, = 1. Since {y, x3, . . ., x,} consists of n positive numbers, our
inductive hypothesis implies that

Y+x3+-+x, 20 (2.8)
Using this together with (2.7) yields
X1+ Xo+ -+ Xy +Xpp1 = (X1 +Xpg1) + X2+ + Xy
>(1+y)+x2+--+x, (by(2.7))
1+ (y+x2+---+xy)
1+n (by(2.8))
n+1.

W%

>This is because x1x3 - - - xp+1 = 1. Indeed, if x; > 1 for some index i and x; > 1 for all indices
j # i, then we would have x;---x,41 > X1+ Xj_1Xit1 - Xns1 = 1 which is a contradiction.
Similarly, if some x; < 1, there must be another x; with x; > 1.
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This completes the inductive step. m]
We are finally ready to give a nice proof of Theorem 2.8.

Proof of Theorem 2.8. Given xi,...,x, > 0 let us put A := (x - -xn)% > 0. For
each 1 < j < n define
x.
aj = = >0
A
Then, a; - - - a, = 1. By the previous lemma, we get that
a+---+a, >n.

Or, rather, that

Therefore,

as was asserted. O

3 Third Tutorial

Let X and Y be non-empty sets. We say that X and Y have the same cardinality if
there exists a bijection f : X — Y. In this case, we write |X| = |Y|. If there exists
an injective function X — Y but no bijection X — Y exists, we write |X| < |Y].
Remember that X is called countably infinite if |X| = [N|. A set X is said to be
countable if it is either finite or countably infinite.

Proposition 3.1. The set N X N is countable.

First Proof. Clearly, N X N is not finite. Thus, our only option is to show that
N X N is countably infinite. Next, we observe that the elements of N X N can be
listed according to the following table:

(1,1) (1,2) (1,3) (1,n)
2,1) (2,2) (2,3 --- (2,n)
3,1 (3,2) (3,3 --- ((3,n
4,1) (4,2) (4,3 (4,n)
m1) (m2) (m3) - (mn)
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We then enumerate the elements of N X N (i.e. the elements of the list above)
according to the so-called “diagonal rule”. Namely, we list the elements of N x N
in the following order:

(1,1), (2,1), (1,2), (3,1), (2,2), (1,3),...

Pictorially, we are drawing arrows through the diagonals of the list and “enu-
merating” the elements of N X N by following the arrows. In doing so, we are
actually constructing a function N — N x N. This function would satisfy

1o (1,1), 2+ (2,1), 3+ (1,2)....

Now, this function is clearly surjective®. Thus, we have shown that N x N is
countable. O

Second Proof. We define a function f : N X N — N according to the formula
f(m,n) = 2™3". Suppose that 23" = 273° for natural numbers m, n, r, s. By the
uniqueness of factorization into primes, we must have m = r and n = s. Thus, f
is injective whence N X N is countable (see Theorem 1.3.10 in Bartle). O

Using the countability of N XN, we are able to deduce the following easy fact.
Proposition 3.2. If X and Y are countable sets, then so is X X Y.

Proof. Because X and Y are both countable, we can find surjective functions (see
Theorem 1.3.10 in Bartle)

f:N->X and ¢g:N->Y.

Now consider the function h : N X N — X X Y given by the formula

h(m,n) = (f(m),g(n)).

Let (x,y) € X XY be a point. Because f and g are surjective, there exist m,n € N
such that f(m) = x and g(n) = y. Thus, h(m,n) = (x,y). Hence, h is surjective.
By the previous proposition, we know there exists a surjection  : N - N x N.
Then, the composite h o ¢ will be a surjective function N — X x Y. O

Using a simple inductive argument, we can actually conclude that finite prod-
ucts of countable sets are again countable. However, we should first discuss some
of the unfortunate intricacies of notation.

%Since every element of N X N can be found on one of these diagonal lines, our function will
“eventually reach” any given element of N x N.
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3.1 Cartesian Products

Let X, ..., X, be sets. We define X; X - - - X X, to be the set of all n-tuples
{(xl,...,xn) L X EXj, 1 S]S n}.

To simplify notation, we often denote the product X; X - - - X X, by

n
[T
k=1
Thus, when we have n + 1 sets X, ..., X, Xn+1,

Xy X oo X Xy X Xpa1 # (X3 X o+ X X)) X X+ (3.1)

Indeed, the set on the left has elements the form (x1, . . ., x,+1) but the product on
the right consists of tuples of the form ((x1, . . ., x), xn+1). However, there always
exists a bijection between these two sets. Certainly, consider the function

fXy X X Xp) X X1 = Xy X X X

given by f((x1,...,xn), Xn+1) = (X1, ..., Xn, Xnt1). Clearly, f is surjective. To see
that it is injective, suppose that

(X1s e esXng1) = (X ooy X00q) -

Then, x; = x]’. forall 1 < j < n+ 1. In particular, x,; = x),,, and
(X1 ey Xpn) = (X5 e oy X))

Therefore, ((x1,...,Xn), Xpn+1) = ((x;, .. .,x;l),x;m). This shows that f is injec-
tive, and hence a bijection.

Since both the sets in (3.1) are always in bijection, there is no reason to dis-
tinguish between the two when discussing cardinality.

Proposition 3.3. If X3, ..., X, are countable sets, then so is X1 X - - - X X,.

Proof. We argue by induction on n. The base case n = 1 is obvious. Thus, assume
that the claim holds true for n > 1 and let X4, . . ., X,;, X;,+1 be countable sets. By
the inductive hypothesis, the set

X; XX X,
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is countable. By Proposition 3.2, so must be the product
(X1 X X Xp) X X1 =" X1 X oo+ X Xy X Xy

This completes the proof. Here we are writing “=" instead of = because, although
the sets are not equal per se, there exists a bijection between the two. Thus, these
sets can be treated as the “same set” when discussing cardinality. m]

Proposition 3.4. Let X and Y be non-empty sets with Y C X. There exists a
surjective function X — Y.

Proof. This is not difficult to prove. Fix any point yy € Y and define a function

x ifxey,

p:X-Y, ¢x):= {yo Fxe Y.

Obviously, ¢ is the desired surjective map. O

Proposition 3.5. Let X and Y be sets with Y C X. If X is countable, then so is Y.

Proof. Because X is countable (i.e. finite or countably infinite) there exists a sur-
jective function f : N — X. By Proposition 3.4, we may choose a surjective map
g : X — Y. Then, the composite g o f is a surjective map N — Y. Thus, Y is
countable. ]

3.2 The Power Set

Let X be a set (possibly empty). The power set of X, denoted P (X), is defined to
be the set of all subsets of X. Symbolically,

P(X):={A: AC X}.

Note that @ is always a subset of X, regardless of the set X. Even if X is empty,
@ will be a subset of X. This means that @ € P (X) for all sets X. In particular,
P(X) is never empty.

Example 3.1. We compute the power set for very small sets. First, we consider
P(@). We have already seen that @ € P (@). Because @ is empty, it cannot have
any non-empty subsets. Therefore, P(2) = {@}./

"Be warned that {@} is a set containing the empty set. It is not the empty set, but rather a set
whose single element is the empty set!
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Example 3.2. We compute the power set of a singleton {x}. As always, @ is a
subset of {x} and hence @ € P (X). But, {x} is also a subset of X. Thus,

This argument shows that for a general set X there holds @, X € P(X).

These examples tell us that |P(@)| = 1 and |P({x})| = 2. The next problem
generalizes this property.

Proposition 3.6. If X is a finite set, then |P(X)| = 2X!. Here, |X| denotes the
cardinality of the set X.

Proof. As this is a statement depending on n € Ny, it is a good idea to prove the
claim by induction.

Base case(s). In the previous examples we verified directly the cases n = 0 and
n = 1. Therefore, our base case is already complete.

Inductive Step. We now make the induction hypothesis: assume that |P(X)| = 2"
for all sets X having n-elements. We want to show that |P(Y)| = 2"*! for all sets
Y having (n + 1)-elements. Let Y be a set with (n + 1)-elements. To count the
elements of P(Y) is to count the subsets of Y. Fix a point y € Y and define
X := Y \ {y}; this set X has n-elements. Now, there are exactly two types of
subsets of Y:

(i) subsets of Y that contain y;
(ii) subsets of Y that do not contain y.

Clearly,

|P(Y)| = #subsets of Y

= #subsets of Y that contain y + #subsets of Y not containing y.

Let A C Y be a subset not containing y. Then, A € X = Y \ {y}. By our induc-
tion hypothesis, | (X)| = 2". Thus, there are exactly 2" possibilities for A or,
equivalently, 2"-subsets of Y that don’t contain y.
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On the other hand, suppose that B is a subset of Y that does contain y. Then,
B\ {y} does not contain y. By the previous part, there are exactly 2"-distinct pos-
sibilities for B\ {y}. But this means that there are precisely 2"-distinct possibilities
for B. Hence, there are 2"-subsets of Y that contain y. This implies that

|P(Y)| = #subsets of Y that contain y + #subsets of Y not containing y

This completes the inductive step. O
= (n
Corollary 3.7. Z ( ) =2" foralln > 0.
k=0 k

Proof. Let X be any set containing n-elements.® For a natural number 0 < k < n,
let Ni denote the number of distinct subsets of X having k-elements. That is, put

Nie:=[{AC X : Al = k}.

. n . e
Then, since ) = Ny for each 0 < k < n, we see from the previous proposition

that
n n n
Z (k) = ZNk = |P(X)| = 2".
k=0 k=0
This completes the proof. O

3.3 Cantor’s Theorem

We have already discussed the power set of a given set X. We will now show
that there never exists a surjective function between X and its power set £ (X).

Theorem 3.8 (Cantor). Let X be a set. There does not exist a surjection X — P (X).
In particular, no bijection X — P(X) exists. Hence, |X| < |P(X)|.”

Proof. We argue by contradiction. Let f : X — $(X) be a surjection. Consider
the following subset of X:

A={xeX:x¢ f(x)}.

8For instance, take X = {1,2,...,n}.
9The map f : X — P(X) given by f(x) = {x} is clearly an injection from X — P (X). Since
no bijection X — P (X) exists, we may indeed write |X| < |P(X)].
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Because f is surjective, there exists a € X such that f(a) = A. There are now
two cases to be considered.

(1) Suppose a € A. By definition of A, this forces a ¢ f(a). But, f(a) = A.
Therefore, a ¢ f(a) implies a ¢ A. This is a contradiction.

(2) Assume a ¢ A. Thatis, a ¢ f(a) whence a € A. This is also a contradiction.

In either case we have a contradiction. Hence, no surjective function f can exist.
O

This subtle theorem has grandiose implications. Essentially, it states that one
can build arbitrarily large sets by simply taking more and more power sets. Con-
sider for instance the infinite set N. You have probably seen that there does not
exist a bijection N — R. In this sense, we say that R is of a “larger infinity” than
N.'” Cantor’s theorem states that P (N) is of a “larger infinity” than N. But then,
P(P(N)) is of an “even larger infinity” than $(N). Continuing in this way, we
see that there are “infinitely many distinct infinities”.

Corollary 3.9 (Russel’s Paradox). The set of all sets does not exist.

Proof. We argue by contradiction. Suppose that the set of all sets exists, and
call it X. Then, £ (X) is a set of subsets of X. Hence, every element of #(X)
is a set. Thus, P(X) € X. By Proposition 3.4, there exists a surjective function
X — P(X). But this contradicts Cantor’s theorem. O

Proposition 3.10. A binary sequence is a “list of points”
ai,az,as,...,0y, ...

such that each a; belongs to the set {0, 1}. Usually, one denotes such a sequence by
(an). Let B be the set of all binary sequences. Then, B is uncountable.

Proof. We argue by contradiction. Suppose that B is countable, then we can

10This can be formalized in the sense of cardinal numbers. However, this is a topic for discus-
sion in a dedicated set theory or logic course.
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enumerate the elements of B:

(@
(@) = al?

)) agl) a ), ).

1 @
> 72 3

(2) (2
> 2 3

b

(aﬁlm)) = agm), a™ al™ ...

Here, each (aﬁ,m)) represents a sequence in B. To derive a contradiction, we will
construct an element in B (i.e. a binary sequence) that does not belong to the list
above. For a given n € N, let b, be given by the following formula:

b 1 ifafin):o,
"o ifa™ =1.

Grouping together all the b, into a list gives us a sequence (b,) in 8. We claim

that (b,) is not equal to any (aﬁ[”’) appearing in the list above. If (b,) = (aflm))

for some m > 1, then b,, = afnm) for this m. But this would directly contradict the

construction of (b,). Hence, (b,) ¢ 8 which contradicts our assumption that 8
was countable. O

Sets of Functions

Proposition 3.11. Let X be a finite set and Y a countable set. Let F be the set of
all functions f : X — Y. Then F is countable.

Proof. Since X is finite, it can be expressed as {x;,...,x,} for some n € N. We
now claim that there exists a bijection

To achieve this, consider the map ® : ¥ — [];_, Y given by
O(f) = (f(x),.... fea) e | | V.
k=1
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Fix now a point (yi,...,ys) € [];_, Y. Define a function f : X — Y according
to the rule:
f(xk) =yx, V1<k<n.

Then, f € F satisfies ®(f) = (y1,...,yn). Hence, ® is surjective. To see that ®
is also injective, suppose that ®(f) = ®(g) for f,g € F . This means that

(f(x1)s s fxn)) = (9(x1)s - - -, g(xn)) -

Hence, f(xx) = g(xx) for all 1 < k < n. But this means that f = g on all of X.
This is precisely the statement that f and g are the same functions. We conclude
that @ is also injective. By Problem 3.3, we know that []]_, Y is countable. Since
¥ 1is in bijection with this set, we see that ¥ is countable. ]

3.4  Other Inequalities

We now prove some basic inequalities that do not rely on induction.
Proposition 3.12. Prove the following inequalities:
(1) forall x € R one has x(1 — x) < }L;

(2) forall0 < x,y < 1 at least one of the following hold true:

IA
o

Xy or (1-x)(1-y)<

=

Proof.

(1) Clearly,

N 1 1)\
x —x+—:(x——) > 0.
4 2

Therefore, x(1 — x) = x — x? <

AN

(2) Ifx = 0, the claim is obvious. Thus, we may assume that x € (0, 1]. Suppose
first that

1
0<y< —.
y 4x
Then, xy < i. Otherwise, y > é so that

1 <1 !
y 4x
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In this case,

(1-00-9) -0 (1-—)=1-x-—+7

4x 4x 4
1 1 1
= —(x(1 - - — 4 -
x[( )] o
1 1 1 1 1
S_.___+_:_
x 4 4x 4 4

This completes the proof. O

4 Fourth Tutorial

We begin with a rapid review of the definitions. Let X be a subset of R (a priori,
possibly empty). A real number u is said to be an upper bound for X if x < u for
all x € X. If X has an upper bound, we say that X is bounded from above. We
call a point s € R a least upper bound for X if both of the following hold:

(I) sis an upper bound for X;
(II) if u is any upper bound for X, then s < u.

A given subset of R may or may not have a least upper bound. If one exists,
however, it must be unique. To see this, let s and s’ be least upper bounds for a
set X. In particular, they are both upper bounds. Thus, we must have s < s’ and
s’ < s by (I) above. Of course, this forces s = s".

Completeness Property of R. Let X be a non-empty subset of R that is bounded
from above. Then X has a least upper bound, which we denote by sup X.

In your assignment, you have proven that a non-empty subset of R that is
bounded from below has an infimum, i.e. a greatest lower bound. If X is such a
set, we denote this quantity by inf X. As before, inf X can be shown to be unique.
With this in mind, we can state a converse to the completeness property of R.

Proposition 4.1. Let X be a subset of R.

1. If X has a least upper bound (i.e. a supremum), then X is non-empty and
bounded from above.
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2. If X has a greatest lower bound (i.e. an infimum), then is non-empty and
bounded from below.

Proof. We only prove the first claim, and leave the second as an exercise. Suppose
that X has a supremum s in R. Then, s is an upper bound for X. By definition, X
must be bounded from above. All that remains is to check that X is non-empty.
For this, it is enough to show that the empty set has no least upper bound.
Consider the empty set @ and suppose (for a contradiction) that @ has a least
upper bound u in R. Then, x < u for all x € @. But, we also have x < u — 1 for
all x € @. This means that u — 1 < u is an upper bound for @, contradicting the
choice of u as the least upper bound. ]

Let X be a non-empty set that is bounded from above and let s denote its
supremum in R. Let ¢ > 0 be given and note that s — ¢ < s cannot be an upper
bound for X (since s is the least upper bound for X). Thus, there must exist x, € X
such that s — ¢ < x,. Since s is an upper bound for X, this gives

s—e<x,<s. (4.1)

Conversely, let s be an upper bound for X and suppose that for each ¢ > 0 one
can find x, € X such that (4.1) holds true. We claim that s = sup X. As s is an
upper bound for X it is enough to show that s < u for all upper bounds u of X.
If u is an upper bound for X with u < s, then ¢ := (s —u) > 0 whence there exists
x. € X with

s—€e<x, <s.

But, s — ¢ = s — (s — u) = u. This gives u < x, which contradicts the fact that
u is an upper bound for X. Thus, we must have s < u. Since u was an arbitrary
upper bound, we have s = sup X. This gives the following result from Bartle.

Theorem 4.2. Let X be a non-empty set and s an upper bound for X in R. The
following statements are equivalent.

1. s=supX;
2. for every e > 0 there exists x, € X such thats — e < x; <'s.

For the infimum, a similar argument to what we used above yields an analo-
gous result.

Theorem 4.3. Let X be a non-empty set and v an lower bound for X in R. The
following statements are equivalent.
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1. v=inf X;
2. for every e > 0 there exists x, € X such thatv < x, < v+ ¢.
It’s probably best if we do at least one worked example.

Problem 1. Consider the set

1 1
X={=-—inmen}.
n o m

Compute sup X and inf X.

Solution. We first check that X is bounded (bounded from above and below). By
the triangle inequality, for all n,m € N:

Hence, X is indeed bounded. By the completeness of R (and your homework
problems), both sup X and inf X exist in R. Do note that

<-<1,

S| =

1
m

S |-

for all n,m € N. Hence, 1 is an upper bound for X. Informally, we should try to
look for the largest elements in X and see what they approach. Here, we should
take n = 1 and try to make % as small as possible. In doing so, 1 — % seems to
approach 1. With this in mind, a good idea is to try and show that sup X = 1.

Since we have already shown that 1 is an upper bound, it remains to check
that 1 is the least upper bound. Let ¢ > 0 be given, we want to show that there
exists x, € X such that

1—e<x. < 1.

Choose m € N such that % < ¢ (how?) and note that
X =1—-—€X.
m

Then, —¢ < —% whence

1
l-e<1-—=x,<1.
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By Theorem 4.2, we see that sup X = 1. For inf X, we will use a trick from your
homework assignment. Observe that

1 1 1 1
SR LU DR S W
n o m m n
Hence, by Assignment 3 we get inf X = inf (-X) = —supX = —-1. m]

Given a subset X of R, we define max X to be the largest element of X, when-
ever it exists. Similarly, we define min X as the smallest element of X, whenever
it exists. Note that, when these exist, we have min X, max X € X.

Proposition 4.4. Let X be a subset of R. Then max X exists if and only if sup X
exists and is an element of X. Similarly, min X exists if and only if inf X exists and
is an element of X.

Proof. We will only prove the first statement, leaving the second as a potential
exercise. Suppose that max X exists and denote it by m. By definition of max X,
we have m € X. Especially, X # @. Then, x < m for all x € X whence X is
bounded from above. Therefore, sup X exists. Since m € X, we get m < sup X.
On the other hand, m is an upper bound for X. By definition of sup X as the
least upper bound, we also have sup X < m. It follows that sup X = m whence
supX € X.

Conversely, suppose that sup X exists and is an element of X. By definition,
x < sup X for all x € X. Since sup X € X, this means that sup X is the maximal

element of X. Thus, max X exists. O

Remark 4.1. This proof tells us that max X = sup X, whenever max X exists.
Similarly, inf X = min X when the latter exists.

4.1 The Existence of V2

We will elaborate on the argument used in Theorem 2.4.7 of Bartle’s Introduction
to Real Analysis. We claim that there exists a real number x such that x? = 2. To
show this, we consider the set

X:{SE[O,OO):32<2}.

Clearly, X is non-empty for 12 < 2 implies 1 € X. Also, if s > 2 then s*> > 4
implies s ¢ X. Hence, s < 2 for all s € X. This means that X is a non-empty
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bounded subset of R. It therefore has a supremum x in R. Since 1 € X and x is
an upper bound for X, we immediately have

We will show that both cases x? < 2 and x? > 2 are impossible. Clearly, this will
force x? = 2 whence x is a square-root of 2.

First, suppose that x> < 2. For every n € N we have 4 < 1 so that
n n

1\, 2x 1 , 2x+1
(x+—) =x"+—+ S <x°+ . (4.2)
n n n n

By the assumption that x? < 2, we see that

2 — x?

2x+1

Thus, we can choose n € N such that

1 2-x°
0<—
n 2x+1
This implies that
2x +1 9
2—x
n
Returning to (4.2) yields
1\2 2x 1 2x + 1
(x+—) =x'+ =+ <x*+ <x*+2-x*=2. (4.3)
n n o n n

Because x > 0, we get that x + % is an element of X. Since x is an upper bound for
X we must have x + % < x, which is a contradiction. Therefore, the case x? < 2
is impossible.

Next, we show that the case x? > 2 is impossible. Since we know that x > 1
and x? > 2, we actually have x > 1. Given m € N we calculate
( 1 )2 , 2x 1 ,  2x

=x* - st (4.4)

m m m m
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. 2— . g
Since x? > 2, x2_xZ is positive. We can therefore choose m € N such that

1 x*-2 2x
0<—< = 0< —<x"-2.
m 2x m
Of course, this implies
9 2x
2—x" < ——.
m

Using this choice of m in (4.4), we obtain

1\2 2x
(x——) >x - > x?242-x2=2.
m m

Sincex>1,wehavex—%>0.Ifs>x—%then

12

2

s >(x——) > 2.
m

Hence, s < x — % for all s € X. This means that x — % is an upper bound for X,
contradicting the least upper bound property of x.

4.2 The Density of the Irrationals

Recall that a non-empty set A C R is said to be dense in R if, for any x < y in R,
there exists a € A such that
x<a<y.

You have seen in class that the set of rational numbers QQ is dense in R. Here,
we show that the irrationals are also dense in R. First, let us recall the proof that
R is uncountable. Typically, one applies the diagonal argument to show that the
closed interval [0, 1] is uncountable. From there, it follows that R O [0, 1] is also
uncountable. Note that (0, 1) cannot be countable, for then [0, 1] = (0,1) U {0, 1}
would also be.

Next we fix two real numbers a, b with a < b and consider the function

f:(0,1) > (a,b), x> (b-a)x+a

which is a bijection (check this yourself!). Therefore, every open interval (a, b)
(with a, b € R) is uncountable.

Proposition 4.5. The set of irrational numbers is dense in R.

35



Proof. Let x,y € R be such that x < y. We want to show that there exists an
irrational number ¢ € (x,y). Let Q) denote the set of rational numbers in the
interval (x,y), i.e.

Q4 = (x,y) N Q.

As a subset of a countable set, @z is countable. Since (x, y) is uncountable, the set
(x,y) \ Q% cannot be countable.!! Put otherwise, (x, y) \ Q5 must be uncountable
and, in particular, non-empty. Let £ be any element of (x,y) \ Q. Then,

x<&é<y and &¢(x,y)NQ.
Thus, £ is an irrational number satisfying x < & < y. ]

Theorem 4.6 (Characterization of Intervals). LetS C R contain at least two points
and assume that S satisfies the property

if x,yeS and x<vy then [x,y]CS.
Then, S is an interval.
Proof. There are 4 distinct cases to consider.
(i) S is bounded,;
(ii) S is bounded from above but not from below;
(iii) S is bounded from below but not from above;
(iv) S is unbounded from above and below.

We begin with (i). Define a := inf S and b := sup S and observe that S C [a, b].
We now claim that (a,b) C S. Let z € (a,b) be given. Then, z is not a lower
bound for S. We can therefore choose a point x € S with x < z. Similarly, z
is not an upper bound for S and there must exist y € S with z < y. But then,
z € [x,y] € S. Since z was arbitrary, we obtain (a,b) € S. If a,b € S, then
[a,b] =S.Ifa e Sbuth ¢ S, then [a,b) = S. Similarly, if a ¢ S but b € S we have
(a,b] = S. In either case, S is an interval.

For (ii) we will use a similar argument. Define b := sup S and observe that
S C (—o0,b]. We claim that (—oo,b) C S. If z € (—o0,b) then z < b whence z

UIf it were, then as above, we could write (x,y) = QY U [(x, Y) \Q,yc] as the union of two
countable sets, making (x, y) countable.
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is not an upper bound for S. Thus, there exists y € S with z < y. On the other
hand, z cannot be a lower bound for S (since S is unbounded from below). This
means that we can choose x € S with x < z < y. But then, z € [x,y] € S. It
follows that (—oco,b) C S. If b € S, then (—o0, b] = S. Otherwise, (—o0,b) = S. In
either case, S is an interval.

For (iii) we will “piggy back” off (ii). Suppose that S is bounded from below
but not from above. Then, —S is bounded from above but not from below. By (ii),
—S must be an interval of the form (—oo, b) or (—oo, b]. But then, S = —(-S) is of
the form

(=b,0) or [-b,o0).

Now we handle (iv). Suppose that S is unbounded from above and below. We
claim that (—co,00) C S. Let z € (—o0, c0) be given and note that z is neither
a lower bound nor an upper bound for S. Thus, we can find x,y € S such that
x <z <vy. Thatis, z € [x,y] C S. This yields R = (-c0,00) C S C R. Since
S = R, we see that S is an interval. m|

4.3 Algebraic Properties of the Supremum/Infimum

Problem 2. Let A and B be non-empty subsets of R that are bounded above. Sup-
pose both A and B only contain non-negative elements. Show that

sup (A- B) = supA- supB.
Here, A-B={ab:a€ A, b € B}.
Proof. Clearly, A- B # @. Since 0 < a < supA and 0 < b < sup B, we have
0 <ab<supA-supB

for all ab € A- B. Hence, A- B is bounded from above. This means that A- Bhas a
least upper bound. The above tells us that A- B is bounded above by sup A- sup B:;
it only remains to check that this is the least upper bound.

First, we handle the case where sup A = 0 or sup B = 0. Since 0 < a < sup A
and 0 < b < supBforalla € Aand b € B, we would have either A = {0}
or B = {0}. In either case, A- B = {0} whence sup (A - B) is indeed equal to
0 =supA-supB.

Now we check the case where sup A and sup B are non-zero (and hence strictly
larger than 0). Let u be an upper bound for A - B. Then,

0<ab<u, VaeA beB.
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Let b € B with b # 0. Then,

0<a<-, VacA

SR

This forces 0 < supA < ; whence 0 < bsupA < u. Since b # 0 was arbitrary,
this actually holds for all b € B\ {0}. Since it is trivially true for b = 0, we have

0<bsupA<u, VbeB.

But this yields

0<b< 2

sup A
for all b € B so that sup B < ﬁ. Of course, this gives sup Asup B < u. Since u
was any upper bound of A - B, we conclude that sup(A- B) =supA-supB. O

4.4 More About Functions

Let X be a non-empty set and f : X — R a function. We say that f is bounded
from above if f(X) is bounded from above in R. Similarly, f is said to be bounded
from below if f(X) is bounded from below in R. If f is bounded from above, we
define

sup f :=sup f(X) =sup{y :y = f(x) for some x € X} .
xeX

If f is bounded from below, we have the analogous definition:

1r€1)f(f :=inf f(X) =inf {y : y = f(x) for some x € X} .

Problem 3. Let X and Y be non-empty sets. Let f : X — Y be any function and
g : Y — R bounded from above. Show that g o f is bounded from above and that

sup (g o f) < supg. (4.5)
xeX yey

In addition, we have equality when f is surjective.

Proof. The function g o f is bounded from above whenever g is bounded from
above since (g o )(X) C g(Y). Therefore,

sup (9o f) =sup(go f)X)
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exists. To prove the desired inequality, it is enough to show that sup,.y g is an
upper bound for the set (g o f)(X). Clearly, any element of (g o f)(X) takes the
form g(f(x)) for some x € X. Rather, it takes the form g(y) for some element
y = f(x) € Y. Thence,

(9o f)x) =9g(f(x)) = g(y) < Supg.
ye

We have thus proven (4.5). Now, suppose that f is surjective. This means that
g9(Y) = g(f (X)) whence

supg = supg(Y) = sup g(f(X)) =sup (9o f)(X) = Sup (gof)-
ye x€

See the remark below for an example in which equality fails when f is not sur-
jective. i

Remark 4.2. Equality may fail in (4.5) if f is not surjective. Let X = Y = [0,1]
and define functions f : X - Y, g : Y — R according to the formulas

f(x)=0, g(y) =y.
Then, (g o f)(X) = {0} so that

sup (g f) = 0.
xeX

On the other hand, g(Y) = [0, 1]. By an earlier result (Proposition 4.4), we have
sup g(Y) = maxg(Y) = 1 > 0. Therefore,

sup (g o f) < supy. (4.6)
xeX yey

5 Fifth Tutorial

We first recall some notions about open and closed subsets of R. A set U C R is
called open if, for every x € U, there exists ¢ > 0 such that

Ve(x) == (x—e,x+¢) CU.
In symbolic terms, U is said to be open if and only if:

(Vx € U) (3¢ > 0 such that V,(x) C U).
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In other words, a set U is open if for every point x € U there exists an open
interval (x — €,x + ¢€) contained in U.'” Since an open interval (x — &,x + ¢)
contains all points “near x”, the definition for an open set can be interpreted as
follows:

A setU C X is called open if, for every x € U, the set U also contains
all points near x."*

A set F C Rissaid to be closed if F¢ = R\ F is open in R. Let us now summarize
some properties of open sets that you will have proven in the lectures.

o If {Uy}4er is an indexed family of open sets, then | J,¢; Uy is also open.

« If U; and U, are open subsets of R, then so is U; N U,. By induction, finite
intersections of open sets are thus open.

« Both R and @ are open in R.

The set T of all open subsets of R is therefore closed under unions, finite inter-
sections, and contains both @ and R. This makes T into what we call a topology.
Since R has a topology (i.e. open subsets), it is called a topological space.

Example 5.1. Let us show that infinite intersections of open sets need not be
open. For every n € N, let U, be the open interval:

11
NER)
n n

Now consider the infinite family {U,},. ;, what can be said about (>, U,? Well,

n=1°
after a moment’s consideration, it is not difficult to see that

ﬁ U, = ﬁ (—% %) = {0}, (5.1)

To prove this, we first note the obvious inclusion {0} C U, for each n € N. Since
this holds for all n, we have {0} C (", U,. Conversely, let x € (", U, be given;
we will show that x # 0 is impossible. If x # 0, then either x < 0 or x > 0.

12Note that the empty set @ is vacuously open by this definition as well. If @ were not open,
then there must exist x € @ such that V;(x) ¢ @ for all ¢ > 0. Since this would imply x € @, we
have a contradiction.

13Please note that this is not rigorous, and is only intended to provide intuition.
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1. Case x > 0. By the Archimedean property, there exists n € N so large that
% < x. Thus, x ¢ U,.

2. Case x < 0. Then, —x > 0. As above, we can find n € N such that n > —%.
This implies that x < —2 whence x ¢ U,

In either case, we get x ¢ U, for some n € N. Since this contradicts the assump-
tion that x € (N, Uy, we conclude that x # 0 is impossible. Thus, x € (2, U,
implies x = 0, i.e. (,~; U, € {0}. To summarize, we have proven (5.1).

But {0} is not open! If it were, then for 0 € {0} we could find ¢ > 0 such
that (0 — &,0 + €) C {0}; which is clearly absurd. Hence (,_, U, is an infinite
intersection of open sets that is not open.

Example 5.2. You have proven (using De Morgan’s laws) that any intersection
of closed sets is necessarily closed. You have also seen that finite unions of closed
sets are closed. What about infinite unions of closed sets? First, note that any
singleton {x} C R is closed. Indeed,

R\ {x} = (=00, x) U (x, 00)

is a union of open sets, and hence open. Consider the union (ye(g1){x} = (0, 1)
of infinitely many closed sets. We claim that (0, 1) is not closed in R. If it were,
then R \ (0,1) = (—00,0] U [1, 00) would be open in R. But, for any ¢ > 0,

‘/é‘(o) = (_E’ E) g— (_009 O] U [1’00)
This means that R \ (0, 1) is not open whence (0, 1) is not closed.

By way of another example, we show that N is closed in R. Indeed, R \ N can
be written as the union of open sets:

R\N = (—oo,l)UU(n,n+ 1).
n=1

Thus, R \ N is open. A more interesting example is the following.

Example 5.3. We show that Q is neither open nor closed in R. Suppose for a
contradiction that Q is open in R. Then, for any q € Q there exists ¢ > 0 such that
Ve(q) = (@ — 6,9 + €) € Q. Recall from the previous tutorial that the irrationals
are dense in R. Thus, every open interval in R contains an irrational number. In
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particular, so does V,(q). It follows that V,(q) cannot be contained in QQ, which is
a contradiction. We conclude that Q is not open.

To see that Q is not closed, we also argue by contradiction. If Q were closed,
then the set of irrationals R \ @Q would be open in R. Then, for any irrational
number &, we could find ¢ > 0 such that V,(¢) = (£ —¢,&+¢) € R\ Q. Since any
open interval contains a rational number (Q is dense in R), this is impossible.
Hence, Q cannot be closed.

5.1 About Intervals

Proposition 5.1. Let U C R. Then U is open if and only if it can be written as a
union of open intervals.

Proof. Since open intervals are open, and unions of open sets are always open,
the direction “ &= ” is immediate. Conversely, let U be an open subset of R. If
U = @, then U can be written as the empty union of open intervals. Otherwise,
U is non-empty. For every x € U, we can find ¢ > 0 such that V; (x) € U.
Therefore,

Ve cu.

xeU

On the other hand, x € U implies x € V;_(x) from which we get

U V. (x) 2 U.
xeU

We conclude that
| JVet) =
xeU

Since every V, (x) is itself an open interval, we see that U can be written as the
union of open intervals. O

In the previous tutorial we proved the characterization of intervals theorem,
which we recall below for the sake of convenience.

Theorem 5.2 (Characterization of Intervals). LetS C R contain at least two points
and assume that S satisfies the property

if x,yeS and x<vy then [x,y]CS.

Then, S is an interval.
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Using this theorem, we will be able to deduce a very intuitive result that, a
priori, seems very tricky to prove rigorously.

Proposition 5.3. Let | be an index set and {Ij}je] a family of intervals such that
NjejIj # @. Then, I := ;1 I; is an interval in R.

Proof. As mentioned, we will be using the characterization of intervals theorem.
Since every interval contains at least two points, so must I. Let now x,y € I
with x < y be given. By Theorem 4.6, it is enough to show that [x,y] C I. Let
a € (jeyIj; choose indices j; and j, € J such that x € I;, and y € I;,. We now
distinguish three cases.

1. Casea < x < y. Since a,y € I;,, we must have [a,y] C I;, C I. In particular,
[x,y] € L

2. Case x < a < y. Since x € [, and a € I;,, we get that [x,a] C I;, C I
Similarly, we see that [a, y] C I. Therefore, [x,y] = [x,a] U [a,y] C L.

3. Case x < y < a. Since x € [;; and a € [;,, it follows from the properties of
intervals that [x, a] C I;, C I. However, because y < a, we have

[x,y] € [x,a] C I

In either case we have [x, y] C I. By the characterization of intervals theorem, I
is an interval in R. With this, the proof is complete. ]

5.2 The Boundary of a Set
Let X be a subset of R. The boundary of X is defined to be the set

0X:={xeR:Ve>0, Vi(x)NX # @and V.(x) N X # @}.

In other words, X consists of all points x € X such that every e-neighbourhood
of x intersects both X and X°¢. This definition is a lot to unpack so let us take
a step back. Consider the set (0,1) ¢ R. The point 0 ¢ (0, 1) belongs to 9(0, 1)
since every e-neighbourhood (—¢, ¢) of 0 contains negative numbers (points not
in (0, 1)) and points between 0 and 1 (i.e. points in (0, 1)). Similarly, 1 € 9S.

In the tutorial, I will draw a picture that I hope will make of this clearer. If
this doesn’t help, come see me or send an me an email; I will then update these
notes with more examples. For now, we will stick to more “proofy” problems.
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Proposition 5.4. For any subset X C R, we have the 0X = (R \ X). Therefore,
the boundary of a set is complement symmetric.

Proof. We could go through showing that X € (R \ X) and (R \ X) € 0X.
Or, we could be clever and realize that the definition of 0X is symmetric in X
and R \ X = X°. Indeed, the proof follows from the following observation:

0X ={xeR:Ve>0, Vo(x) N X # @ and V,(x) N X® # @}
={xeR:Ve>0, Vo:(x) N X # @ and V,(x) N X # @&}

8(X°)

=0(R\ X).

Proposition 5.5. Let @ & X & R be given. Then, 0X # @.

Proof. Since X is non-empty, we can choose x € X. Since X # R, there exists
y € R with y ¢ X. For the moment, let us make the assumption:

’Assumption 1x < y‘

Then, [x,y] N X is a non-empty and bounded subset of R. Let s be the supremum
of [x,y] N X in R. Clearly, x < s < y. We now show that s € dX. Given ¢ > 0,
we know that s — ¢ is not an upper bound of [x, y] N X. Therefore, we can find
an element z € [x,y] N X such that

s—e<z<s.
Then, z € V.(s) N X. In particular, V.(s) N X # @. We now consider two sub-cases:
(i) If s ¢ X then V,(s) > s intersects R \ X at s.

(if) Suppose that s € X so that s € [x,y] N X. Since y ¢ X and s < y, we must
have s < y. In this case, we obtain

(s, min {s + €,y}) C (s,s + ¢) C Ve(s).

But, since s is an upper bound for [x, y] N X, the interval (s, min {s + ¢, y})
is contained in R \ X. Indeed, for any w € (s,min {s + ¢,y}) we have
x <s <w < ywhencew € [x,y]l. fw e X, thenw € [x,y] N X
would contradict the upper bound property of s.
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In either case, we have V,(s)NX # @ and V.(s) N(R\X) # @. Thus, s € dX. In the
case y < x, we argue similarly but using instead the infimum of [y, x] N X. O

If X is a set, the definition of 0X says that for each x € X and every ¢ > 0
the e-neighbourhood V,(x) intersects both X and X°. Thus, by shrinking ¢ as
necessary, this seems to suggest that one can approximate all x € X by points
in X and also by elements of X°. This is confirmed by the following theorem:

Theorem 5.6. Let X be a set. Then, z € 0X if and only if for each n € N there
exists x € X and y € X such that

1 1
z—x|< - and |z—-y|<-. (5.2)
n n

Proof. First assume that z € dX and let n € N be given. By definition of 0X,
Vim(z) N X # @ and Vi/n(z) N X® # @. Thus, we can pick x € Vj/,(z) N X
and y € Vyi/u(z) N X, Since this implies |z — x| < & and |z —y| < 1, the first
implication has been proven.

Conversely, fix z and assume that for each n € N one can find x € X and
y € X°¢ such that (5.2) holds. Let now ¢ > 0 be given. By the Archimedean
Property, there exists n € N such that n > % Or, equivalently, such that % < e
Now, applying the assumption for this n, (5.2) provides the existence of x € X
and y € X° such that x € V;/,(z) and y € V}/,(2). Using the choice of n, we find
that

x € Vijn(z) € Ve(z) and y € Viyu(z) C Ve(2).
Thus, V,(z) N X and V,(z) N X€ are both non-empty. Hence, z € 0X. O
We now a recall a problem you will prove in your fourth assignment:

Lemma 5.7. Let X C R be closed. Then, 90X C X.

A subset X of R is said to be clopen if it is both open and closed. With the
help of this lemma, we can completely characterize the clopen subsets of R.

Proposition 5.8. A subset X of R is clopen if and only if X =R or X = @.

Proof. It was shown in class that @ and R are clopen. Thus, we only need to show
the “ = ” implication. To this end, let X be a non-empty clopen subset of R.
We claim that X = R. Since X is closed, our previous lemma forces 0X C X.
We now show that dX must be empty. If this is true, then Proposition 5.5
would imply that X = R, since X # @. Suppose that X is non-empty and
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choose x € 9X. As mentioned above, X C X implies x € X. Since X is open,
there exists an e-neighbourhood V;(x) € X. Thus, V;(x) N (R \ X) = @ for this
particular e. Of course, this contradicts the assumption that x € dX. Our only
option is therefore 0X = @ which forces (by Proposition 5.5) X = R. O

From this, we can deduce a very nice topological property.

Corollary 5.9. R cannot be written as the union of two non-empty open subsets X
andY of R such thatX NY = @.

Proof. Let X and Y be open subsets of R, with X N Y = @, suchthat R=X U Y.
Clearly, X¢ = Y and Y° = X. Since Y is open, this tells us that X is open. Hence,
X is closed. Similarly, Y can be seen to be closed. But, this would mean that
X and Y are clopen. By the last proposition, we must have X = Ror Y = R.
Without loss of generality, suppose that X = R. Finally, observe that

Y=YNR=YNX=0.

This shows that X and Y cannot be non-empty disjoint open subsets of R. With
this, the proof is complete. m]

Finally, we consider the question of when a given set arises as the boundary
of an open set. As it turns out, this question has an elegant answer.

Theorem 5.10. Let X C R. Then, X is the boundary of an open set if and only if
X is closed and contains no non-trivial open intervals.

Proof. First let us assume that X is the boundary of some open set. That is, there
exists an open set U C R such that U = X. Since you have proven in your
assignment that the boundary of a set is always closed, we see that X = 0U
is closed. Now, we must show that X contains no non-empty open intervals.
Assume that I € X is a non-empty interval and let x € I be given. Since I is
open, there exists ¢ > 0 such that V,(x) € I C X. Therefore, V;(x) € 0U = X. In
particular, x € U so that

Ve(x)NU #@ and V.(x)NU® # @.

However, because U is open, V.(x) NU € 0U NU = @. Clearly, this is a contra-
diction.

Conversely, let us assume that X is closed and contains no non-empty open
intervals; we will construct an open set U C R such that U = X. To this end,
let U := X°. Since X is closed, U is an open subset of R. We must now show that
0U = X. Here, there are two inclusions to demonstrate:
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« Weclaimthat X C 9U. Givenx € X and ¢ > 0, we know that V,(x)NX # @.
Since X = US€, this means that V;(x) N U® is non-empty. Now, since X
contains no non-empty open intervals, V;(x) € X. Thus,

V(x)NX =Vo(x)NU
is non-empty as well. Since ¢ > 0 was arbitrary, this implies that x € 9U.

« We now show that dU € X. Otherwise, 0U N X¢ = 9U N U is non-empty.
However, this is impossible by assignment 4 since U is open.

With this, the proof is complete. ]

6 Sixth Tutorial — The Cantor Set

We devote this tutorial to the construction of an infamous topological structure
known as the Cantor set. It is this set which helped give rise to the subject known
today as point-set topology. The Cantor set is very special in the sense that it
defies intuition. For one, the Cantor set is a closed uncountable set that does not
contain any open interval. Moreover, the Cantor set is both totally disconnected
and nowhere dense (these terms will be defined rigorously in a few moments).
Despite this, the Cantor set does not contain any isolated points (again, we will
give precise meaning to this term shortly). In short, the Cantor set is a prime
example of how weak our ingrained topological intuition can be.

6.1 Constructing the Cantor Set

We begin with the closed and bounded interval [0, 1], which has length equal to
1. Let us put Ag := [0, 1]. We can now subdivide A, into three disjoint bounded
intervals, each of length %, according to the following rule:

e b2l (530 ]

Note that the three intervals given above are pairwise disjoint (i.e. none of these
intervals have common points). The idea is now to remove what we will call the
middle open third interval. In the case of Ay, this “middle open third interval”
will simply be the open interval
12
(3’ 3) '
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Deleting this interval from A, we obtain a new subset of [0, 1] given by

e 2o

Note that A; is actually a subset of A;. Moreover, since finite unions of closed
sets are always closed, A; will be both closed and bounded. Now, A; consists of
two intervals, each having length % We will now remove the “middle open third
interval” from each of these two sub-intervals. To do this, we decompose [0, %]
into thirds as follows:

1 1 12 21
03] =[es]o G5 v 53]

3 9 99 93
Thus, when removing the “open middle third” interval from [0, %] we would be
left with
[ 1 21
o5ul5s) (6.1)
L9 93
Similarly, we break the second interval in A; into thirds:

LB Gy

The “open middle third” interval corresponding to the interval above is therefore
(%, %) Deleting this from [%, 1] leaves us with the following:

27 8
[—,—] U [—,1]. (6.2)
39 9

Thus, (6.1)-(6.2) consist of the sets leftover after deleting the “open middle third”
intervals from the two subintervals of A;, respectively. We then define

S N )

Again, A; is the disjoint union of finitely many closed intervals in [0, 1]. Hence,
A; is closed and bounded. Note that every subinterval in the definition of A,
has length equal to 3% We now apply the last steps recursively. Given A,, for
some n € N, we remove the “open middle third” interval from every (disjoint)
closed subinterval given in the definition of A,. After removing an “open middle
third” interval from a closed interval [a, b], we are always left with two disjoint
closed intervals. Therefore, upon removing the “open middle third” subintervals
from each of the subintervals of A,, we will be left with a finite family of disjoint
closed intervals, each contained in A,. We then define A,;; to be the union of
these closed intervals. The following properties will hold for this A,;.
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o A, is closed. Indeed, A,y is by definition the finite union of disjoint
closed intervals.

o Aui1 C Ay Certainly, every interval in the definition of A, ; was obtained
by removing a “middle open third” interval from some subinterval of A,,.
In particular, every interval that makes up A, is a subset of A,. Since
Ap+1 is merely the union of these intervals, we get A,11 C Aj.

« 0 € A, for every n € N. Indeed, this follows by observing that the end-
points of intervals are never removed when deleting the “open middle
third” interval. Similarly, 1 € A,.

Therefore, for every n > 0, we obtain a sequence of closed and bounded sets,

denoted by {A,},c,. Note that, by construction, 0 € (e, An. In particular, this
intersection is non-empty.

Definition 6.1 (Cantor Set). The Cantor set € is the non-empty set

G = ﬂ Ao (6.3)

neNy

Note that € C A, C [0, 1]. Moreover, since A, is closed for each n € N, it is
immediate from the intersection property of closed sets that € is closed.

Since the Cantor set is very difficult to picture, I have included a depiction
from Wikipedia below.

Figure 1: Six iterations of the Cantor set

6.2 The Cantor Set is Uncountable

Given the title of this subsection, we can all guess what we will prove next.

Proposition 6.1. The Cantor set € defined in (6.3) is uncountable.
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Proof. Suppose, by way of contradiction, that € is countable and enumerate its
elements:
C={x,x0,....%n,...}.

By construction, € = (,en, An C A1 = [O, %] U [%, 1]. Since these two intervals
are disjoint, the point x; only belongs to one of these two intervals. Let I; denote
the interval not containing this point x;. Dividing this subinterval I; by remov-
ing its “open middle third” interval, we obtain two disjoint closed subintervals of
A, (each of length 3%). Again, since these two intervals are disjoint and x, € A,,
we see that x, cannot belong to both of these subintervals. Let I, be any one
of these two subintervals not containing x;. Since I, was obtained by deleting
points from Iy, we clearly have I, € I; C [0, 1].
We proceed recursively, obtaining a nested sequence

L2L2---21I,---

of closed and bounded intervals, with x, ¢ I, for every n € N. By the nested
interval property of R, we know that (,¢cxy I, is non-empty. Let now x € (,en In
so that x € I, for all n € N. By construction, I, C A, whence x € (,en, An = €.
Thus, x belongs to the Cantor set € and must be present in our enumeration. On
the other hand, x, ¢ I, for every index n. Since x € I, this forces x # x, for all
n € N. We have therefore found an element of € not present in our enumeration.
Hence € cannot be countable. O

6.3 The Topology of €

We now discuss the surprising topological aspects of the Cantor set. We have al-
ready seen that € is closed and bounded (making it an example of what is known
as a compact set). Now, we claim that € does not contain any open interval (and
hence does not contain any non-trivial interval).

Proposition 6.2. The Cantor set € does not contain any non-trivial interval.

Proof. Here we have to look back at our construction of the Cantor set. At the n'!
stage of the construction, A, is the disjoint union of 2" closed intervals in [0, 1],
each having length 37". Thus, any interval contained in A, must have length no
larger than 37". Hence, if I is a non-trivial interval contained in €, it must satisfy

[I| < inf37".

nx1
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Here, |I| simply denotes the length of I. By Bernoulli’s inequality,
3" >n foralln > 1.

Thus,

1
0 <inf3™ <inf — = 0.
n>1 n>1ln

We then see that |I| = 0, which is absurd for any non-trivial interval. We con-
clude that € does not contain any non-trivial interval. ]

Corollary 6.3. The Cantor set € has empty interior. This makes € and example of
a nowhere dense set.'*

Proof. Let @ denote the interior of €. Then, @ is a subset of € by definition. If
¢ were non-empty, then for any point x € € we could find ¢ > 0 such that

Ve(x) € € € €. Of course, this means that € would contain an open interval.
This contradiction shows that € has empty interior. O

Remark 6.1. Note that 0 = inf € and 1 = sup €."> Since 0,1 € €, we see that €
contains both of its “endpoints”. But this does not imply that € = {0, 1}! Indeed,
as we shall see dC, contains much more than the two endpoints 0 and 1 of €.

We claim that 9€ = €. Since € is closed, the inclusion € C € is immediate.
Conversely, let x € € be given and fix ¢ > 0. Clearly, V,(x) N € # @ since x € €.
However, because € does not contain any open interval, we have V,(x) € €. This
implies that

Vox)NC#@ and V.(x)NE® £ @.

Since ¢ > 0 was arbitrary, it follows that x € d€. Thus, € € J€ and € = €. In
particular, € is uncountable. Therefore, the Cantor set is an example of a closed
set with boundary points that are not endpoints. In fact, every point in € is a
boundary point of €.

Definition 6.2. A subset X of R is said to be totally disconnected if, for any
x,y € X with x < y, there exists z € R\ X such that x < z < y.

One example of a totally disconnected set is Q. Indeed, by the density of the
irrationals, for any x < y in QQ one can always find an irrational number z with

z € (x,7).

1A set A C R is said to be nowhere dense if the interior of A is empty.
15This is because € C [0,1] and 0,1 € €.
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Proposition 6.4. The Cantor set C is totally disconnected.

Proof. Let x,y € € be given and assume that x < y. We must show that there
exists some z ¢ € with x < z < y. Since € does not contain any non-trivial
interval, we cannot have (x,y) € €. Namely, (x,y) N €° # @. Then, any z €
(x,y) N CC is satisfiesx < z <y and z ¢ €. O

Definition 6.3. Let X be a non-empty subset of R. We say that a point x € X is
an isolated point of X if there exists ¢ > 0 such that V.(x) N (X \ {x}) = 2.

In more familiar language, x € X is called an isolated point of X if there exists
an e-neighbourhood of x that does not contain points in X other than x.

Proposition 6.5. The Cantor set € has no isolated points.

Proof. Fix x € € and let ¢ > 0 be given; we must show that V,(x) intersects € at
a point other than x. Since x € €, we must have x € A, for all n > 1. Arguing
as before, we can find N € N so large that 37N < ¢. Consider this Ay, and recall
that every subinterval of Ay has length equal to 3™V < ¢. Let I = [a, b] be the
closed subinterval of Ay containing the point x. For any y € I

lx -yl < |b—al.'
Since I has length 37N < ¢, it follows that
Ix—y| <3N <

whence y € V.(x). Or, rather, I = [a,b] C V.(x). Now, I is a subinterval from
the construction of Ay whence I C A, for all n < N. On the other hand, when
removing the “open middle third” in the construction, the end points of the in-
tervals are never removed. Therefore the end points a, b of I will belong to A,
for all n € N. This simply means that

a,beC = ﬂAn.

TIGNO

Since a, b € V,(x), it follows that V;(x) intersects € at a point other than x. O

16First note that x < b and y > a. Therefore, x —y < b — a. Similarly, one can show that
y—x <b—-awhence—(b—-a) <x-y.
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Remark 6.2. In the previous proof, we have used that if x is an endpoint of one of
the disjoint intervals that make up A, for some n € N, then x € €. It is therefore
natural to ask whether the converse is true as well. That is, suppose x € €. Can
we conclude that x is an endpoint of one of the disjoint intervals making up A,
for some n € N? Unfortunately, this is not the case. To see that not all of points
of € are of this form, recall € is uncountable. On the other hand, the collection
of endpoints of intervals making up A, for each n € N is countable.

7 Seventh Tutorial

We begin by reiterating the definition of a limit for sequences. Recall that a se-
quence is a function x : N — R, where we denote by x, the value x(n). It has
become convention to denote a sequence by either (x,) or {x,},en; I prefer the
former. Intuitively, we like to picture a sequence as an “infinite list” of num-
bers that may have repetitions. For this reason, it is important not to confuse a
sequence with a subset of the real numbers, as sets do not allow for repetitions.

Definition 7.1. Let (x,) be a sequence and fix x € R. We say that x,, converges
to x (as n — o) if, for every ¢ > 0, there exists N € N such that |x, — x| < ¢ for
all n > N. In symbolic terms:

(Ve>0)(NeN)(n=>N = |x,—x| <e¢).

n—o0

If this is the case, then we write x, — x, x, —— x, or
limx, = x.

To help solidify the definition of convergence, we give a few explicit examples
of convergent sequences. Although in practice one does not argue directly from
the definition, it is important to fully understand the logic behind this definition.

Example 7.1. Show that
2n

n+1

lim =2.

Proof. Let ¢ > 0 be given, we must find N € N such that

2n
n+1

—2'<e, Vn > N.
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First, we calculate for all n € N:

IA

2n
_2‘:
n+1

2n—2(n+1) 2 2

n+1 n+1"n
By the Archimedean property, we can find N € N such that N > % Then, for all
n > N there holds )

<—=<2-
N

S

Hence, if n > N, we see that

2n ' 2
-2 L
n+1

which is what had to be shown. m|

Example 7.2. Prove that
3n+1 3

2n+5 2

lim
Proof. Let ¢ > 0 be given, we seek N € N such that

3n+1 3‘
- —|<e
2n+5 2

for all n > N. Naturally, for each n € N, we have the following estimate:

3n+1 3| [2Bn+1)-3(@2n+5)| | 215
2n+5_5'_‘ 2(2n + 5) _‘2(2n+5)
13
2(2n +5)
13
2n
13
7.

IA

IA

Choose N € N so large that ﬁ < 13 (why can we do this?); if n > N the above
implies that

2n+5 2

3n+1 3 13 13 £
‘§—§—<13-—:€.
n N
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Put otherwise, we have

3n+1 3
——‘<e, Vn > N.
2n+5 2

By definition of the limit, this means that

3n+1 noo 3
% —.
2n+5 2

O

Remark 7.1. We would like to point out our general strategy for computing limits
via the definition. If we wish to show that a sequence (x,) converges to x € R,
we start by fixing ¢ > 0. Our goal is then to show that there exists N € N such
that |x, — x| < e whenever n > N. To find such an N, we try to estimate |x, — x|
for all large enough n. This is done in the hopes of bounding the (often complex)
expression |x, — x| by some term, depending on n, that is easier to estimate.

Example 7.3. Prove that
. onf-1 1
lim =—.
2n®+3 2

Proof. Following the outline in the remark, let ¢ > 0 and consider the expression:

n“-1 1| |2(n*-1) - (2n° +3)
2n2+3 2| 2(2n? + 3)
_ 5
~ |2(2n2 + 3)
5
< —
4n?
2
< —.
n2

Now, it will be easier to find our candidate for N. Let N € N be such that

2
N\[
£

which we know to exist by the Archimedean property. If n > N, then our esti-
mate above tells us that

n-1 1 2 2 €
—cls S <S5 <2o=
2n2+3 2 nz ~ N2 2
This is what had to be shown. m|



We give one final example.

Example 7.4. Prove that
i =0

lim =
n+1

Proof. Let € > 0 be given. For every n € N, we have

i

n+1

Let now N € N be such that N > L. Then, —= < ¢ so that, for all n > N,

&

7.1 Other Properties and a Return to Topology

We note that the convergence of a sequence (x,) does imply that convergence of
the sequence (|x,|). Indeed, we prove this below.

Proposition 7.1. Let (x,) be a sequence of real numbers converging to x € R.
Then, |x,| converges to |x|, asn — oo.

Proof. Let ¢ > 0 be given, since limx, = x, we can find N € N so large that
|xn — x| < € for all n > N. By the reverse triangle inequality, for all n > N there
then holds

lxn| = |x|| < |xn — x| <e.
Hence, lim |x,| = |x]. O

The converse need not hold in general. Indeed, consider the sequence (x;,)
given by x, := (—1)". This sequence does not converge to any real number x,
but the sequence given by |x,| is always equal to 1. Since constant sequences

converge, this means that (|x,|) is convergent. Despite this, a partial converse to
the above does hold.

Proposition 7.2. Let (x,) be a sequence of real numbers. If (|x,|) converges to 0
asn — oo, then so does (x,).
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Proof. Given ¢ > 0, we can find N € N so large that ||x,| — 0| < &, whenever
n > N. But this means that |x,| < ¢ for all n > N. This proves the claim. O

Theorem 7.3. Ifa > 1 is a real number, then

1
lim (—) =0.
a”
Moreover, ifa € (-1, 1), thenlima" = 0.

Proof. First suppose that a > 1. Then, a = 1 + ¢ for some ¢ > 0. By Bernoulli’s
inequality, we know that

a'=(1+t)">1+nt, Vn>1.

Therefore, for n € N, we have the estimate:

Choose N € N such that N > % > 0. For all n > N, we have

— -0 =< —<—=¢.

1 ‘ 1 1 te
a" nt Nt t

This shows that ai” — 0, as n — oo. Now, we handle the case where a € (0, 1).
Consider b := % > 1; for every n € N we have

By the first part, it follows that

1
lima" = i (—) 0.
ma 1m bn

If a = 0, then obviously lima" = 0. Thus, it only remains to handle the case
€ (—1,0). In this case, note that |a| € (0, 1) and

|a"| = |a|", VneN.
By the previous case (the case of a € (0,1)), we see that
lim|a"| = lim (|a|") = 0.

Invoking Proposition 7.2, we see that lim a" = 0 in this case as well. With this,
the proof is complete. m]
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Before moving onto more quantitative results, we should take a moment to
discuss the relationship between open sets and limits. As it turns out, the e — N
definition of the limit for sequences can be reformulated entirely in terms of open
sets.

Theorem 7.4 (Open set characterization of the limit). Let (x,) be a sequence and
fix a point x € R. The following statements are equivalent:

(1) limx, = x, i.e. x, converges to x asn — 0o;

(2) for each open set U containing x, there exists N € N such that x, € U for all
n>N."

Proof. We first show that (1) implies (2). Assume that x, — x andlet U > x be an
open set. There exists ¢ > 0 such that V.(x) € U. For this ¢, using that lim x,, = x,
we can find N € N such that

|x, —x| <&, Vn=>=N.

Equivalently, x, € V,(x) C U for all n > N. This verifies that (2) holds true.

Conversely, assume that criterion (2) is true; we must show that x, converges
to x. Given ¢ > 0, it is clear that V;(x) is an open set containing x. Therefore,
by (2) with U = V.(x), there exists N € N such that x,, € V.(x) for alln > N.
However, this is equivalent to writing

|x, —x| <e Vn>N.
Since ¢ > 0 was arbitrary, this means that lim x,, = x. O

Remark 7.2. Let (x,) be a sequence converging to a point x. Then, intuitively
speaking, x, can be made arbitrarily close to x by making n very large. Now,
given an open set U containing the point x, the theorem above says that x,, must
belong to U for all n large. This agrees with the intuitive statement that open
sets contain all points “near” every one of its elements.

Sequences can also be used to characterized closed sets. We formalize this
notion below.

Theorem 7.5. Let F C R be a set. The following statements are equivalent:

(1) F is closed;

17put otherwise, the open set U contains the point x,, for alln > N.
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(2) F contains the limits of all its convergent sequences. That is, if (x,) is any
convergent sequence with x, € F foralln € N, thenlimx, € F.

Proof. You will prove (1) = (2) in your assignment. Thus, we need only show
that (2) implies (1). For this, we argue by contradiction. Assume that (2) holds
but that F is not closed. Then, F€ is not open. That is, there exists a point x € F¢
such that V.(x) € F€ for each ¢ > 0. In particular, for each n > 1, we have
Vin(x) N F # @. Thus, given n € N, we may select a point x, € Vy/,(x) N F. This
gives us a sequence (x,) in F such that

Ixn_xl <=
n

for all n € N. By the Squeeze theorem, this implies that x, — x as n — oo.
However, as (x,) is a sequence in F by construction, our assumption implies that
limx, = x € F. As we have chosen x € F€, this is a contradiction. O

7.2 About the Ratio Test

We begin with the following theorem.

Theorem 7.6. Let (x,) be a sequence of positive real numbers such that

L := lim (x”“)
Xn

exists. IfL < 1, then (x,) converges to 0.

Proof. Fixr € (L,1) and define & := r — L > 0. Choose N € N such that

Xn+1
Xn

- L

< &, Vn > N.

Since x, > 0 for all n, we know that L > 0. If n > N, then the above implies that

Xn+1 _ Xn+1 Xn+1

-L

< +|L|<L+¢g=r.

Xn Xn Xn

Thus, for all n > N there holds

0 < Xp41 < Xpl' < Xp_q7? < --- < xyr" N = Cr",
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for some constant C > 0 that does not depend on n. By Theorem 7.3, we know
that lim " = 0. In particular, we know that lim(Cr") = 0. Thus, given ¢ > 0, we
can find N’ € N so large that

Cr"=|Cr'"| <& Vn=N".
Let K := max (N,N’). If n > K + 1, then
x| < Cr" ! < e,

since n — 1 > N’. Thus, the theorem is proven. O

Remark 7.3. In the context of the previous result, when L > 1 we can instead say
that the sequence (x;) is divergent. Indeed, assuming that lim XL = [, > 1, there

“Xn
exists N € N such that
Xn+1

Xn

for all n > N. Then, for all such n € N, we find that

—-Li<L-1

Xn+1 Xn+1
T <l-1 &= 1<,

Xn Xn

L —

whence x,+1 > x, for all n > N. In particular, for any n > N, we see that
Xp > Xp—1 > Xp—p > -+ >xNy > 0.

So, if x,, converges to some x € R, we must have limx, = x > xy > 0. However,
it would then follow from the limit laws that

Xpy1  limxpy  x .
Xy, lim x,, X

lim

which contradicts our assumption that L > 1.

In light of Proposition 7.2, the positivity assumption is not required. Indeed,
we only require that the sequence (x,) be non-zero.

Corollary 7.7 (Ratio Test for Sequences). Let (x,,) be a sequence of non-zero real

numbers and assume that
|xn+1|

|5

L =1lim

exists. IfL < 1, then (x,) converges to 0. IfL > 1, then (x,) does not converge.
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Proof. If L < 1 then Theorem 7.6 ensures that |[x,| — 0 asn — oo. Of course,
citing Proposition 7.2, we infer that x, — 0 as well. If L > 1, our remark tells us
that (|x,|) does not converge. This implies that (x,) cannot converge. Indeed, if
(xn) were convergent, then so would be (|x,|) by Proposition 7.1. ]

Remark 7.4. If L = 1 then nothing can be said about the convergence of (x;).
Indeed, the constant sequence (x,) given by x,, = 1 is convergent and satisfies

lim | xn+1 —1
|26 |

On the other hand, the alternating sequence x, := (—1)" is divergent but also
satisfies the above. Similarly, the sequence x,, = n is unbounded (and therefore
divergent) but once again satisfies the above.

7.2.1 A First Look at Infinite Series

Let (x,) be a sequence of real numbers. For every N € N, let us define

N
SN = Z Xn-
n=1

This gives us a new sequence (Sy) in R. We then say the infinite series ), x,
converges if there exists a real number x such that
N
lim Sy = lim X, = X.

N—-ooo N—>oo
n=0

In this case, we will denote this limit by the symbol }7” ; x,. The series 3,7, xy,
is said to be absolutely convergent if the series

[(S¢]
> Il
n=1

is convergent. It is a fact that every absolutely convergent series is convergent.

Theorem 7.8. Let (x,) be a sequence of real numbers and assume that the series
Yimeq |Xnl is convergent. That is, let )| x, be absolutely convergent. Then, )" | X
converges in R.
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Proof. We postpone the proof; we will return to this result once we have studied
Cauchy sequences. ]

Proposition 7.9. Let (x,) be a sequence of non-zero real numbers such that

. Xn+1
lim =L

Xn
exists. If L < 1, then the series ), ; xp is absolutely convergent.

Proof. It is automatic that L > 0. Let us fix L < r < 1 and define ¢y :=r — L > 0.
There exists N € N so large that

Xn+1
Xn

—Ll<e, Vn>=N.

Therefore, by the triangle inequality,

Xn+1 Xn+1 Xn+1
Xn Xn Xn
<g+L=r

for all n > N. That is,
|Xn+1l < 7lxal Vn = N.

It follows that |xpsk| < r¥|x,| for all k > 1 and n > N. But then, for every

K > N + 1, we see that

K K K k
k k
Dl < vkl < D eyl = lawl D
n=N+1 k=1 k=1 k=1
. 1-rk
= |XN|T
1-r
< Jxn| —
S | XN .
1-r

Therefore, the sequence
K
(S = (Z |xk|)
k=1

is bounded. This implies (by the monotone convergence theorem - which you
will all see soon) that the series )’ ° | |x,| converges. O
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7.3 Some Additional Limit Proofs

We will use the remaining time to discuss additional “less obvious” limits. For
these, we will simplify our argument by using the squeeze and limit theorems.
First, we show that
271
lim— = 0. (7.1)
n!

To do this, we will show that
271 2 n—2
0<—$2(—) , VYn>2.
n! 3

If this indeed true, then the squeeze theorem would imply that

271
lim — = 0.
n!

Thus, we are reduced to verifying the aforementioned inequality. For this, we
shall argue by induction. As a base case, let us check the inequality for n = 2:

22 2)\0
0<—=2 and 2(—) = 2.
2! 3

Our base case is thence satisfied. Now, for the inductive step. Assume that

on 2 n—-2
o<Za(})
n! 3

for some n > 2. Clearly, by the inductive hypothesis:

2n+1 2 on 2.9 2 n—2
I
(n+1)! (n+1) n' = (n+1)\3
2 n—2+1
<2 (—)
3
2 (n+1)-2
=2 (—) .
3

Here, we have used that n > 2 implies n + 1 > 3 and, consequently, ﬁ < % By
our earlier remarks (where we discussed the application of the squeeze theorem),

we see that (7.1) holds.
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Next, we discuss the following limit:
lim — = 0. (7.2)

Again, this can be solved relatively easily by the use of the squeeze theorem.
Given n € N, observe that

n n-(n—-1)---2-1 koo
0<— = = - < —.
n" n-n----n n n
—_— k=1
n times

This last inequality uses the fact that % < 1,forall k = 2,...,n. Thus, for every
n € N, one has

Since

the Squeeze Theorem shows that (7.2) is true.

8 Eighth Tutorial

Let (x,) be a sequence and suppose that x, converges to x € R. It was seen in
the lectures that any subsequence (x,,) of (x,) must also converge to this point
x. Moreover, let us recall that

e = lim (1 + l)n. (8.1)

n—oo n

Note that this is our definition of e! We still do not know how to define e* for all
real numbers x! Similarly, we cannot yet make sense of the logarithm. Next, we
warm up by practicing with subsequences and limit-laws.

Example 8.1. We show that
1\* 1
lim (1 - —) =-.

To see this, note that for n > 2:

(-3 = (5 -G




Or, equivalently,

(=2 =) = () (i)

1\™" 1 \*! 1
lim(l——) = lim (1+ ) lim (1+ )
n—1

n n—1

1 n—1
:lim(1+ )
n—1

Therefore,

:e,

where we have used (8.1) in this last step. Now, we write

. n" . 1 1 1
hm(l——) = lim — = — = -.
n (1-4)" lm(1-1)" e

Example 8.2. Similarly, we will show that

1\

n

Here, we will instead make use of subsequences. For each n € N, we can write

(1 ; %)2] . (8.2)

Now,

n
is a subsequence of (1 + %) , which we know to be convergent with limit e. This
tells us that the sequence given above converges:

) 1 2n ) 1\"
lim (1+—) = lim (1+—) =e.
2n n

Using this in (8.2), the limit laws tell us that

eg) ] e

1 n
lim (1 + 2—) - lim

n n
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Example 8.3. Find the flaw in the following “proof” that

2 n
lim(1+—) = ¢
n

“Proof”. For every n € N we can write

2\" 12
(2 =+ 25) ]
n n/2
Since we know that )
lim (1 + —) =e,
n
we get that
n/2
. 1
lim(1+— =e.
1+ 27)
Thus,

2 n
lim (1 + —) = lim
n

|
o

1 n/22 ,

What exactly goes wrong with the proof above? Well, everything is correct
up until the statement
1 n/2
lim (1 + —) =e.

n/2
This does not follow from the fact that

O

1 n
lim (1 + —) =e,
n

Indeed, although it seems to be at a first glance,

1 n/2
(1 + n_/z)

1 n
(1+=) .
n
This is because n/2 need not be a natural number for every n € N. Having said
this, it is only natural to give a correct proof of this result.

is not a subsequence of
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2 n
Proposition 8.1. One haslim (1 + —) = e,
n

Proof. By the limit laws and (8.1), it is easy to see that
1 2n 2 1\
e =tim (1) =lim(1+24 ) (8.3)
n n n
Next, we observe that for each n € N
2\" 2 1\" 2\" 1\"
(1+—) s(1+—+—) s(1+—) (1+—). (8.4)
n n n? n n?
Here, we have used the fact that
2 1 2 1
(1+—+—) < (1+—)(1+—2), Vn € N.
n n
Now, (8.4) shows that
2 1\" 1\7" 2\"
(1+—+—) (1+—) §(1+—), Vn € N.
n n? n? n

Furthermore, a direct calculation ensures that

(142 5) (1+ ) = (124 5) (1- =)
n n? n2) n n? n?+1
for all n € N. Combining this with the previous inequality, we find that
2 1\" 1 " 2\" 2 1\"
(42 o) (1- =) < (1+3) < (1+3+ ).
n  n? n?+1 n n  n?

1
n2+1

2 1\" n 2\" 2 1\"
(1+—+—) (1— )§(1+—) §(1+—+—)
n n? n+1 n n n?

for all n € N. Note also that

Finally, an application of Bernoulli’s inequality to (1 - )n gives the inequality

) n
hm(l— ):1
n?+1

Thus, by the limit laws, (8.3), and the Squeeze Theorem, we infer that

2 n
ezzlim(1+—) .
n
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8.1 Approximating square roots

Let a > 0 be given; we will construct a sequence in R converging to a. In fact,
as we shall soon see, this sequence will not require that we know the numerical
value of Va. As a first step, pick any x; > 0 from R. For n > 1, we define

1 a
Xpy1 == |xp+—| >0 (8.5)
2 Xn

This gives rise to a recursive sequence (x,), with x, > 0 for every n € N. As a
first step, we will show that x? > a for all n > 2. For any n, note that x, is a root
of the following equation:

x? — 2Xp1x+a=0.

In particular, the quadratic equation above has a real root. It follows from the
quadratic formula that the discriminant

4x? 4a

n+l

2

2., > awhence x,.1 > Va.

must be non-negative, i.e. 4x5 4 —4a=0. Thus, x

As a second step, we show that the sequence (x,) is decreasing for all n > 2.
Namely, we show that x,4; < x,, whenever n > 2. To see this, we simply
calculate

1 N a Xn a
Xp — X =Xp— —|X — | = — —
n n+1 n 2 n 2 2x”

1 (x2 -
= (2=%) 0.
2 Xp

Here, we have used that x,% > a whenever n > 2. Thus, x,41 > x, whenever
n > 2. Combined, we have shown that (x,) is an eventually decreasing sequence
with x, > +/a for n > 2. By the monotone convergence theorem, we know that
(x,) will converge to some x > v/a. In fact, using the limit laws with (8.5) shows

that x will satisfy

1 a
x:—(x+—)20.
2 X

Rather,



Thus, we have x? = a as was required. This recursive procedure is in general quite
fruitful and simple. For this reason, we give one final example before moving on
to more general results.

Example 8.4. Let x; > 2 be given and define for n > 1:

Xpe1 = 1+ Vi, — 1. (8.6)

We will show that the recursive sequence (x,) converges and calculate its limit.
First, let us show (by induction) that x,, > 2 for all n € N. The base case n = 1 is
trivial. Assuming that x,, > 2, we then have

Xpr1=14+Vx,—12>21+V2-1=2.

Here, we have used that the function f(x) := +/x is monotone increasing on
[0, 0)."8 We conclude that x,, > 2 for all n € N. In particular, x, — 1 > 1 for all

n € N. Thus, given n € N, we have
Xpp1 =1+ Vx, —1 <1+ (x,— 1) = xp.

In this last step, we have used that vt < t for all ¢ > 1.!” Hence, (x,) is a mono-
tone decreasing sequence that is bounded below by 2. It therefore converges to
some point x > 2. Using the limit laws and (8.6), this point x must satisfy

x=1+Vx—-1.

It follows that (x — 1) = Vx — 1, where x — 1 > 1. Hence, Vx — 1 = 1 whence

x = 2. We conclude that lim x, = 2.

8To see why this is true, suppose that 0 < x < y. Then, we calculate
(V= VO)WI+Vx)  y-x
= >0
VU +Vx Vx + 4y

Thus, Vx < whenever 0 < x < y. Since this also holds for 0 < x = y, we see that f(x) = Vx
is monotone increasing on [0, o).
9To justify this inequality, let ¢ > 1 and note that

t—Vt=Vt(Vt-1)>Vi-1>0.

VG-V =
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8.2 The Bolzano-Weierstrass Theorem

In this section, we prove one of the most fundamental and useful theorems in
real analysis. Although the result heavily hinges upon our cumulative efforts
thus far, the theorem will easily follow from one simple observation.

Definition 8.1. Let (x,) be a sequence of real numbers. The N'' term xy is called
a peak of the sequence (x,) if, for every n > N, there holds x, < x.

In light of this definition, we have a relatively simple proof of our key lemma.
Lemma 8.2. Any sequence of real numbers has a monotone subsequence.

Proof. Let (x,) be a sequence of real numbers. We distinguish the only two pos-
sible cases.

1. Suppose (x,) has infinitely many peaks. Then, we can find a subsequence
(%, ) of (xp,) consisting entirely of peaks. For every index k, x,, is a peak
of the sequence (x;,). In particular, x,, is a peak of the sequence (x,). Since
ny > np, we must then have x,, > x,,. Similarly, since x,, is a peak and
ns > ny, there holds

Xny 2 Xn3

and so forth. In general, we have
xnl anz Z N ank 2 “ e
That is, (x5, ) is a monotone subsequence of (x,).

2. Otherwise, (x,) has only finitely many peaks. Thus, we can find N € N
so large that x, is not a peak of the sequence (x,) for all n > N. Define
Xn, = XN. Since x,, is not a peak of the sequence (x,), there is some x; in
our sequence, with j > nj, such that x; > x,,. In particular, j # n;. Put
then

Xn

2 T Xj

so that x,, < x,, and N < n; < ny. Again, x,, is not a peak of the sequence
(x4). By a similar argument, we can find j > n, such that x; > x,,. Define
then x,, := x; so that

Xn

< X, < Xpy-

Continuing in this way, we construct a monotone increasing subsequence

(xnk) of (x,).
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In either case, we have found a monotone subsequence. O

Armed with this lemma, we can easily establish the following powerhouse of
a theorem.

Theorem 8.3 (Bolzano-Weierstrass). Any bounded sequence in R has a convergent
subsequence.

Remark 8.1. The theorem above continues to hold in R™ and C” for all m,n € N.
Such theorems are known as compactness theorems and are extremely powerful.

Proof of Theorem. By our lemma, any sequence has a monotone subsequence. If
(xp) is bounded, then any monotone subsequence of (x;,) is also bounded. By the
monotone convergence theorem, such a subsequence converges. ]

8.3 More about the Supremum

Proposition 8.4. Let E C R be non-empty and bounded from above. Fix a point
y € R; the following statements are equivalent:

(1) y is the limit of two sequences (x,) and (y,) such that, for everyn € N, x, € E
and y, is an upper bound of E.

(2) y=supE.

Proof. Suppose that (1) holds. For every n € N, y, is an upper bound for E and
x, € E. Therefore, we must have

Xp < supE <y,

for each n € N. Letting n — oo, the Squeeze Theorem implies that y < supE < y.
Conversely, let y := sup E. For every n € N, the quantity y — % is no longer
an upper bound for E (y is the least upper bound). Thus, there exists x,, € E such

that )
y——<x, <y.
n

This gives us a sequence (x,) in E with limx, = y. Now, take (y,) to be the
constant sequence y, := y. O
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9 Ninth Tutorial

Since this is the last tutorial before the second midterm exam, we will spend
some ftime reviewing topics in point-set topology and sequences. As for the
more recent material covered (e.g. Cauchy sequences), we will focus on solving
some of the ungraded homework questions.

9.1 Accumulation Points

Proposition 9.1. Let (x,) be a bounded sequence in R. Then, lim x,, exists if and
only if the sequence (x,) has exactly one accumulation point.

Proof. One direction is easy: if (x,) converges to x € R, then so must any subse-
quence of (x,). In particular, x can be the only accumulation point of (x;,).

Conversely, suppose that the sequence (x,) has only one accumulation point,
say, x. Then, every convergent subsequence (x,,) of (x,) must converge to this
point x. By way of contradiction, suppose that (x,) does not converge to this
point x. Then, there is some &, > 0 such that, for every N € N, there existsn > N
with the property that |x, — x| > &.? In particular, we can find a subsequence
(xn,) of (x,) such that 'xnk - x) > ¢, for all k € N. Note that this subsequence
is also a bounded sequence. By the Bolzano-Weierstrass theorem, we can find a
subsequence (x,,kj) of our subsequence (xy,,) that converges. Since (xnkj) is then
a convergent subsequence of (x,), it must converge to x. But this is impossible
for, as a subsequence of (x,, ),

Xny, — x| > ¢y, foralljeN.

This proves our claim. ]

Remark 9.1. The boundedness assumption in the previous proposition is neces-
sary. Indeed, consider the sequence (x,) in R given by

1, ifniseven,
X, =

n, if nis odd.

Clearly, limx;, = lim1 = 1 whence 1 is an accumulation point of (x,). Let
now (xp, ) be a convergent subsequence of (x,). In particular, (x,, ) is bounded.

200 see this, just negate the definition of convergence to x.
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Now, (x,,) either contains a subsequence of (x2,), or a subsequence of (x,41).
However, since any subsequence of (x2p+1) is unbounded, (x,, ) must contain a
subsequence of (x2,). In particular, (x,,) contains a subsequence converging to
1. Because (x,,) is assumed to be convergent, all subsequences converge and
have the same limit as (x,,). This tells us that limx,, = 1. In short, (x,) has
a single accumulations point, i.e. 1. However, (x,) is unbounded and clearly
cannot converge.

Proposition 9.2. Let (x,) be a bounded sequence in R. Then, (x,) converges if and
only if
lim inf x,, = lim sup x;,.
In either case,
lim x, = liminf x,, = lim sup x,,.

Proof. Let (x,) be a convergent sequence, with limit x € R. By the previous
proposition, (x,) has but a single accumulation point, denoted a. Hence,

liminf x, = limsup x, = a.

But, (x,) is a convergent subsequence of (x,). Therefore, limx, = x must be
an accumulation point of (x,). Since a is the only such point, we conclude that
x = a. Especially,

lim x, = liminf x,, = lim sup x,,.

Conversely, suppose that lim inf x,, = lim sup x,,. Denote by Acc(x,) the set of all
accumulation points of (x,). Since (x,) is bounded, is has a convergent subse-
quence (why?). Thus, Acc(x,) is non-empty. If it contains two distinct elements
a; < ay, then we would have

liminf x, < a; < az < lim sup x;,.

which would be a contradiction. Hence, Acc(x,) consists of a single point a. In
particular,
a = liminf x,, = lim sup x;,.

Once again invoking the previous proposition, we see that lim x,, exists. As be-
fore, (x,) is a convergent subsequence of (x,) and therefore lim x,, is an accumu-
lation point of (x,). It follows that

limx, = a = liminf x,, = lim sup x,,.
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This convergence criterion easily leads to the following:

Proposition 9.3. Let (x,) be a bounded sequence and fix x € R. If every subse-
quence of (x,) has a subsequence converging to x, then x, — x asn — oo.

Proof. In light of the previous result, it is enough to show that x is the only
accumulation point of (x,). Clearly, since (x,) is a subsequence of itself, there
is a subsequence (x,,) converging to x. Hence, x is an accumulation point of
(x). Now, if (x,, ) is any convergent subsequence of (x,), it must converge to x.
Indeed, this is because (x,, ) has (by assumption) a subsequence converging to
x. We infer that every convergent subsequence of (x,) converges to x. It follows
that
lim sup x, = liminf x, = x

and the proof is complete. ]

Example 9.1. Let (x,) be an unbounded sequence. We claim that there exists a

subsequence (xy,, ) such that
1

lim — = 0.
Xn,
Since (x,,) is unbounded, we know that for every M > 0, one can find some n € N
such that |x,| > M. In fact, we can find infinitely many n such that |x,| > M.
Otherwise, we would have
lxn| < M

for all but finitely many n € N. If this were the case, then the sequence (x;,)
would be bounded. Now, given k > 1, we can find ny € N such that |xnk| > k.
Having chosen x,, , we can guarantee the existence of ni,; € N such that

Xney| > k+1 and  ngyq > ng.

In this way, we construct a subsequence (x,, ) such that > k,forevery k € N.

It follows that,

Xn,

Vk > 1.

Hence, lim x,, = 0.

We conclude this section with a more difficult example.



Example 9.2. Let (x,) be a bounded sequence and let
liminf x, = < L = lim sup x,,.

Show that if x,41 — x, — 0 then all points in [/, L] are accumulation points of
(%n)-

Solution. Suppose there exists x € [I, L] which is not an accumulation point of
(xn). Since we know that both [ and L are accumulation points, we must have
I < x < L. As x is not an accumulation point of the sequence, there exist ¢ > 0
and N € N such that

Xxpné(x—e,x+e) Vn=N (9.1)

Furthermore, since x,+; — X, — 0, we may suppose without loss of generality
that N is sufficiently large so that

|Xpe1 —xn| <€ Vn>N. (9.2)

Let now § = L —x > 0. Since L is an accumulation point, we may find M > N
such that
xpm € (L—8,L+98) = (x,L+9).

Combining the above with equation (9.1), we see that x); > x + ¢. We now show
by induction that x, > x + ¢ for all n > M. Indeed, if x, > x + ¢ for some

n > M > N, then equation (9.1) implies that either x,41 > x + € or xp41 < x — €.
In the latter case, we have

|Xn+1 = Xn| = Xn = Xp41 2 X +6— (x —€) > 2e.

Since this contradicts equation (9.2), we conclude that x,,; > x + ¢. We have
deduced that
Xp=>x+e>l+e

for all n > M. But this contradicts the fact that [ is an accumulation point. O

9.2 Cauchy Sequences and Applications

Example 9.3. Let (x,) be a sequence of real numbers and let r € (0,1). In
addition, suppose that [x,+; —x,| < r", for all n € N. We show that (x,) is
convergent. Based on the given information, it is not clear what lim x,, should
be. Thus, our only real option is to check that (x,) is Cauchy.?!

“ISince R is complete, a sequence in R converges if and only if it is Cauchy. The importance
of this fact should not be underestimated.
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To this end, let ¢ > 0 be given, and choose N € N so large that

}’N

1—-r

< €.

This can be done because r € (0,1) implies limr" = 0. Now, given any natural
numbers m > n > N,

|xm = Xp| = [Xm — Xm—1 + Xm—1 + +** = Xn41 + Xnp1 — Xl
m—1

< |21 — Xk

IA
TR T
[ - S

~

I
~
|
~

_ A
|
~
3
—_
|
<
S

IA

<

Hence, |x, — x,| < ¢ whenever m > n > N. This shows that (x,) is Cauchy.

Problem 4. Let (x,) be a sequence with x, > 0, for alln € N. Suppose that
lim (—1)"x, exists. Prove that (x,) converges.

Proof. Let x denote the limit of the sequence (—1)"x;,. Then, all subsequences of
(—=1)"(x,) converge to this point x. In particular,

x = lim (=1)*"x,, = lim xz, > 0
and, since x, > O foralln € N,

x = lim (=1)*"xpp11 = lim (=x2541) < 0.
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Therefore, the only possibility is to have x = 0. That is, lim (-1)"x, = 0. Let now
¢ > 0 be given. Using this last property, we can find N € N such that

|xn| = |(_1)nxn - 0| <€

for all n > N. This means that limx, = 0. |

9.3 Absolutely Convergent Series

Let us now return to the notion of absolute convergence, which was quickly in-
troduced in §7.2.1. For the sake of clarity, we will reiterate everything here. Let
(xn) be a sequence of real numbers and define, for each N € N, the partial sum

N
SN = Z Xn-
n=1

Note that (Sy) is itself a sequence of real numbers indexed by the variable N. We
then say that the series ), ; x, converges if the sequence of partial sums (Sy)
converges. If this is the case, we define

o)
an := lim SN.

N—->oo
n=1

On the other hand, the sequence };”, x, is said to converge absolutely when
the series ) | |x,| converges. By the monotone convergence theorem, this is
equivalent to saying that the partial sums >V, |x,| are bounded:

Lemma 9.4. Let (x,) be a sequence of real numbers and define

N
Sy = Z Ix,l, VN eN.
n=1

Then, the series )", xn is absolutely convergent if and only if there exists M > 0
such that |Sy| < M forall N € N. That is, . | x, converges absolutely if and only
if (Sn) is bounded.

Proof. By definition, if 37, |x,| converges, then the sequence (Sy) defined above
is convergent with lim Sy = Y77 ; |x,|. Since convergent sequences are bounded,
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it follows that (Sy) is bounded. Conversely, assume that there exists M > 0 such
that

ISvI =Sy = > lxal <M
n=1
for all N € N. Since Sy < Sn41 for all N € N, the sequence (Sy) is therefore

a bounded monotone increasing sequence. By the monotone convergence theo-
rem, (Sy) is convergent. By definition, this implies the absolute convergence of

i1 Xn. O

Theorem 7.8 from §7.2.1 states that every absolutely convergent series is also
convergent. Equipped with the notion of a Cauchy sequence, we can finally
supply the proof of this important result.

Proof of Theorem 7.8. Let (x,) be a sequence of real numbers such that 37, x,
converges absolutely. That is, assume that ), , |x,| is convergent. Define for
each N € N the quantities

N N
SNy = len and Ry := Zl |x,| .
n= n=

Since ), |x,| converges, the sequence (Ry) is Cauchy in R. So, for each ¢ > 0,
we can find K € N such that

N

Ry =Ryl = ) lxal <
n=M+1

whenever N > M > N. In particular, by the triangle inequality, we obtain

N N
ISy =Sul=| D x| < > bl <e
n=M+1 n=M+1

for all N > M > K. This shows that the sequence of partial sums (Sy) is Cauchy
and thus convergent. It follows that )~ | x, converges. ]

In order to show that absolute convergence implies convergence, we used
that every Cauchy sequence in R is convergent. As it turns out, the convergence
of every Cauchy sequence is equivalent to every absolutely convergent series
being convergent. Namely, if we assume that every absolutely convergent series
converges, we can show that every Cauchy sequence must converge.
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Theorem 9.5. The following statements are equivalent:

(1) Every Cauchy sequence in R is convergent.

(2) Every absolutely convergent series is convergent.

We omit the proof of this theorem as it does not pertain directly to the course
material.

9.4 Divergence of the Harmonic Series

We now consider the infinite series

S|

2.

n=1

b

which is often called the harmonic series. As mentioned previously, the infinite
series above can be formally defined by the following

N
lim — =: lim Sy.
N-ooo n N-ooo
n=1
provided the limit exists. Here, we are setting Sy := SN, % for each N > 1.

Then, the infinite series } 7, % exists if and only if the sequence (Sy) converges.
Thus, to show that the harmonic series ), % is divergent, it is enough to show
that the sequence (Sy) is not Cauchy.

Let now N, M € N be given. If M > N, an easy calculation tells us that

L1 w1
Sn = Sul =Su =Sy =) ~ =)~
n=1 n=1

Il
S =

v
| %Mg
=)=

In particular, taking M = 2N gives
1 1
|52N—SN|21—§:5, VNGN

This shows that (Sy) cannot be Cauchy, and thus does not converge.
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10 Tenth Tutorial

This tutorial is all about limits of functions. Before giving any problems and
examples, let us first reiterate the ¢ — § definition of the limit. To properly make
sense of the behaviour of a function “near a point x”, it is critical that the function
be defined at some points near x. This is precisely what the concept of a cluster
point formalizes:

Definition 10.1. Let A € R. A point a € R is called a cluster point of A if, for
each § > 0, Vs(a) N (A\ {a}) # @. Or, as we shall see later in Corollary 10.7, a is
a cluster point of A if and only if

ac A\ {a}.

Plainly put, this guarantees that there are “enough points” in A near a to
define a meaninful limit for a function f defined on A.

Definition 10.2. Let A C R and a be a cluster point of A. Let f : A - Rbea
function and fix L € R. We say that f(x) converges to L as x — a, written

lim f(x) = L,

X—a

provided for each ¢ > 0 there exists § > 0 such that
|f(x) —L| <¢ wheneverx € Aand 0 < |x —a| < §.
Or, symbolically, if
(Ve>0)(35 > 0)(Vx e A)(0<|x—al<d = |f(x)-L|<e).

Note that the value of f(a) (if it even exists) is of no importance as the require-
ment that 0 < |x — a| < § excludes the possibility that x = a.

Remark 10.1. The ¢ — § definition of the limit bears a significant resemblance
to the ¢ — N definition for sequences. Indeed, the ¢ serves as an error term to
measure how close to the limit L the value f(x) is. However, instead of looking
at very large natural numbers, we care about values of x close to a. So, in the
¢ — § definition, the §-term measures how close to a the variable x is. Hence, the
¢ — 0 definition formalizes the following intuitive statement:

If the distance between f(x) and L can be made arbitrarily small by
making x sufficiently close to a, then lim,_,. f(x) = L.
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10.1  Examples Using the e — & Definition

To help us better understand the ¢ — § characterization of the limit, we work out
two intuitive examples explicitly.

Example 10.1. Using the ¢ — § definition of the limit, prove that
lim f(x) = Ve, Ve>0,

where f : [0,00) = R is given by f(x) := vx.

Proof. Let ¢ > 0 be given, we must show that there is some § > 0 such that

|f (x) - \/E| <e
for all x € [0, 00) with 0 < |x — ¢| < §. We distinguish two possible cases:

1. Case ¢ = 0. Here, we really want to show that yx — 0 as x — 0. Choose
8 :=¢*>> 0. Then, if 0 < x < § = 2, we calculate

|f(x)—0|:|\/§|:\/a_c<\/3<\/g_2:s.
This shows that yx — 0 as x — 0.

2. We now handle the case ¢ > 0. For any x € [0, o0) with x # ¢, we calculate

il | 6E =V E+ VR
Vo Vi Ve

|x —c|

|x —c|

Ve

Now, let
§ := e > 0.
Ifx >0and 0 < |x — ¢| < § we find that
)
V- Ve
eV 5 < -
This completes the proof. m]
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Let us consider another example.

Example 10.2. Prove that, for every ¢ > 0, one has

1 1
lim — =

x—c¢ \/3_( \/E )
Of course, we are are viewing % as a function with domain equal to (0, o).

Proof. Given € > 0 and x > 0 with x # ¢, we have the estimate

:|\E—\/E|: |x —c|
VEve  Vxve (Vi + e)

|x —cl

1 1

VE e

Let now

(2 ¢
d:=min{ —e¢,—; > 0.
2 2

If 0 < |x —c| < 8, then x # c and
- <x—c<9.

But then, § < 5 would imply

o

x>c—-0>—

[\

so that

1 1

Vx e

|x — ¢ 62 20
< _ -

< < - = <
xye  ee

This shows that

as x — C.
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10.2 Cluster Points and the Closure

We now discuss the link between closed sets and cluster points. More precisely,
we study the relationship between the cluster points of a set A and the closure
of A.

Proposition 10.1. Let A be a subset of R. Denote by A’ the set of all cluster points
of A. Then, A= AU A’.

Proof. First, if x € A’ then x € A\ {x} C A. Hence, we see that A’ C A. Since
there also holds A C A, it follows that

AUA C A

Conversely, let x € A. If x € A then we have x € AU A’. Otherwise, x ¢ A
whence A = A\ {x}. In particular,

A=A\ {x}.
Since x € A, we see that
x €A\ {x}
whence x € A’. This shows that A € AU A’ and the proof is complete. O

This gives us an easy corollary that helps to get a handle on this concept.

Corollary 10.2. A subset of R is closed if and only if it contains all of its cluster
points.

Proof. By the previous proposition, it is easy to see that A = A if and only if A
contains all of its cluster points. O

Let us think back to our discussion of the Cantor set €. There, we had in-
troduced the notion of an isolated point. For the sake of completeness, let us
reiterate this definition here.

Definition 10.3. Let A be a subset of R. A point x € A is said to be an isolated
point of A if there exists ¢ > 0 such that V,(x) N (A \ {x}) is empty.

Remark 10.2. This is quite the opposite of a cluster point. Indeed, a cluster point
x of Ais a point in R such that we can always find elements of A arbitrarily close
to x. On the other hand, when dealing with an isolated point x, if we “zoom in”
enough, there are no points in A that are near x.
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10.3  The Relationship with Accumulation Points

Let (x,) be a sequence in R. The sequence (x,) is said to be injective if, for any
n,m € N, having x, = x,, implies n = m. In other words, the sequence (x,) is
called injective if it is an injective function N — R.

Lemma 10.3. Let A be an infinite subset of R and let x be a cluster point of A. For
each ¢ > 0, the intersection
Ve(x) N (AN {x})

is infinite.
Proof. Given ¢ > 0, we at least know that the intersection above is non-empty

(because x is a cluster point of A). Assume for a contradiction that it is finite.
Then,

Ve(x) N (AN {x}) = {x1,.. ., x) (%)

for some x1, ..., x, € R. Clearly, every x; is different from x. Let now

a := min |x; — x| > 0.
1<i<n

Also, @ < e. Since x is a cluster point of A, we know that V,(x) N (A \ {x}) is
non-empty. Choose any y from this intersection and note that

y € Valx) N (A\{x}) = y € Velx) N (AN {x}).

However, |y — x| < « < |x — x;|, for all i = 1, ..., n. This means that y # x;, for
alli=1,...,n. Since y € V.(x) N (A\ {x}), this contradicts (x). O

Proposition 10.4. Let (x,) be an injective sequence in R. A point x € R is an
accumulation point of (x,) if and only if it is also a cluster point of the set

S:={x,:ne N} cR.

Proof. First, let x € R be an accumulation point of (x,). That is, one can find
a subsequence (xp,) of (x,) converging to x. Given ¢ > 0, one can always find

N e N so large that |xnk - x| < & whenever n; > N. This is the same as saying
that x,, € V.(x), for every ny > N. In particular, V;(x) N {x, : n € N} is non-
empty. Since our sequence is injective, this implies that

Ve(x) N (S\ {x}) = @.
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As ¢ > 0 was arbitrary, we conclude that x is a cluster point of S.
Conversely, let x be a cluster point of the set S. Because (x,) is injective, S
must be infinite. For a given k € N, we know that

Vion(S\ix)) c S+ 2.

In fact, by the previous lemma, there will be infinitely many elements in this
intersection. This allows us to construct a subsequence (x,, ) of (x,) such that

1
xnk—x|<E, Vk € N.

By the squeeze theorem, we conclude that lim x,, = x. Especially, x is an accu-
mulation point of (x;,). O

Remark 10.3. The previous claim fails if we do not require (x,) to be injective.
Indeed, consider the sequence (x,) := (—1)". Obviously,

limxy,, =1 and limxy,.; = —1.

Therefore, +1 are accumulation points of the sequence (x,). Since any subse-
quence of (x,) contains a subsequence of (x3,) or (x2,+1), we see that these are
the only accumulation points of the sequence. That is,

Acc(x,) = {+1}.

However, the set
{x,:neN} ={1,-1}

has no cluster points. This is confirmed by the following result.
Proposition 10.5. A finite subset of R has no cluster points.

Proof. Let A C R be finite. If A is empty, then the claim is obvious. Otherwise,
we can write A in the following way:

A={x1,...,x,}.

Now, assume that x € R is a cluster point of x. Then, x € A\ {x}. However, since
finite sets are close, this implies that

x € A\ {x} = A\ {x}.

This contradiction shows that A cannot have any cluster points. m]
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As mentioned in Definition 10.1, we will now verify that x € R is a cluster
point of a set A if and only if

x €A\ {x}
To establish this, it is enough to prove the following theorem.

Theorem 10.6. Let A be a subset of R and fix a point x. The following statements
are equivalent.

(1) x € A;
(2) every open set U containing x intersects A, i.e. U N A # @;

(3) foreverye > 0, one has Ve(x) N A # @.

Proof. We first show that (1) is equivalent to (2). Let x € A and assume that there
is some open set U > x with U N A = @. Then, A C U whence A C UC. But,
this would imply x € U N U® which is absurd. Conversely, suppose that every
open set U 3 x has non-empty intersection with A. We must prove that x € A.
If x ¢ A, then we can find a closed set F 2 A not containing the point x. In this
case, F¢ is an open set containing the point x. By hypothesis, we must have

@+ F NACFNES,

which is a contradiction. We have thus established the equivalence (1) & (2).

Let us now show that (2) is equivalent to (3), whence the theorem would
follow. Since every V.(x) is open, it is obvious that (2) implies (3). Conversely,
suppose that (3) holds and let U be an open set containing the point x. Choose
¢ > 0 such that V,(x) € U. By assumption, V,(x) N A # @. This implies that

UNA2V.(x)NA#@.
This completes the proof. m]

Corollary 10.7. Let A C R and fix a € R. Then, a is a cluster point of A if and
onlyifa e A\ {a}.

11  Eleventh Tutorial

Let’s first spend a minute discussing the definition of the limit for sequences. Let
(xn) be a sequence and fix a point x € R. We have lim x,, = x if and only if

(Ve>0)(IN e N)(Vn > N = |x, — x| <e¢).
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If lim x,, # x, then negating the above says that
(Fe>0)(VNeN)(Tn>N = |x,—x| >¢).
This means that there exist infinitely many n € N with the property that

|x, — x| = €.

Indeed, this would imply that |x, — x| > ¢ for all but finitely many n, which is
entirely different from the statement that |x, — x| > ¢ for infinitely many n € N.

We cannot say that there exists N € N such that [x, —x| > e foralln > N.

11.1  More Examples of Function Limits

Example 11.1. We show that

for all a # 0. Obviously, f(x) = é is considered as a function with domain
R\ {0}. Let now ¢ > 0 be given. If § > 0 and x # 0 satisfies 0 < |x — a| < J, then
we have the estimate

2 2
- x—alxral xl+lal
- 2.2 - 2

1 1

x2 a?

x%a x%q? x2q?

If in addition § < |a|, then
x| <|x—a|l+lal <6+ |a|l <2]al.

Hence,

1 1

x2 a2

|x] + |al 3 |al 36
< —
2 2

<é

x2a®> T x%2a®  x%|a|’

If we assume further that § < % then

llx] = lall < lx —al <6

lal

implies |a] — 6 < |x| < |a| +  whence |x| > |a| — 3

= '%' Rather, we obtain

1 4
7@
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so that

1 1 36 126
— - Sl<=——<=.
x2  a?l  x?|a|l T |a?
Finally, if
3
5 < Elal ’
12
then
1 1 36 < 128
x2  a*l  x%la|l T |a)?

Therefore, we define

. [lal elal . [lal elal?
0 :=min{ —, ,|al p = min{ —, .
2 12 2 12

By our earlier calculations, for every x # 0 with 0 < |x — a| < §, one has

1 1

< e.
x2  a

This completes the proof.

Example 11.2. Given a # —1, we claim that

. X a
lim = .
x—al+x 1+a

Again, here we are viewing 3 as a function R \ {-1} - R.

Proof. Let ¢ > 0 be given and fix a # —1. Henceforth, we shall always assume
that x # —1. If for some 6 > 0 one has 0 < |x — a| < 8, then

3 |x — al - 0
S l+x||1+al  |1+x||1+a|

‘1 1
1+x 1+4+a

Next, we have to “rid ourselves” of the |1 + x| term. To this end, suppose addi-

tionally that
5 < 1+ al.
2

Then, by the reverse triangle inequality,

|1+ al
>0
2

[1+x|>|1+a|l—-|x—a|>|1+a|]-6 >
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Therefore,

) 25
< < .
[1+x||1+a] = (1+a)?

1+x 1+4+a

‘ 1 1

Thus, if

(1+ a)?
2

then

< 20 <e€
(1+a)® ~

‘ 1 1
1+x 1+4+a

Finally, we define

] {|1+a| (1+a)2}
é := min € .
2 2

By the calculations we carried out above, we conclude that

‘ 1 1
- <e
1+x 1+a
forall x # -1 with 0 < |x — a|] < 6. O

Remark 11.1. Using the sequential criterion for the limit, we can easily conclude
that the limit

im
x—>-11+x
does not exist. Indeed, consider the sequence (x,) in R defined by

1
Xpi=—1——.
n
Clearly, x, # —1 for all n € N and lim x,, = —1. Furthermore, for each n € N we
calculate:
1
Xn 11— ( 1)
Xp) = = =n|l+—-|=n.
f( n) 1 + xn _% n

Hence, we get that lim f(x,) does not exist in R. This shows that lim1 =
x—— X

does

not exist either.
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11.2  Limits at Infinity

Let f : R — R be a function; we would like to make the statement

lim f(x)="¢
X—=*00
meaningful and rigorous. Ideally, we want to capture what it means for a function
f to “approach” a value ¢ “at infinity”. Naturally, we achieve this by tweaking
the ¢ — § definition for the limit. In fact, I think our definition will more closely
resemble the ¢ — N definition for sequences.

Definition 11.1. Let f : R — R be a function. We say that f(x) converges to
¢ € R as x — oo, written

lim f(x) =¢,

X—00

if for every ¢ > 0, there is some M > 0 such that |f(x) — £| < ¢ whenever x > M.
In more symbolic terms,

(Ve > 0)(IM > 0)(Vx > M = |f(x) —{| < e).

Similarly, we can define limits at —co.

Definition 11.2. We say that f(x) converges to £ € R as x — —oo, denoted

lim f(x)=2¢,

X——00

if for every ¢ > 0, there is some N < 0 such that |f(x) — €| < ¢ whenever x < N.
Or, symbolically,

(Ve >0)(AN < 0)(Vx <N = |f(x)—¢{]| <e¢).

We will write
¢ = lim f(x)

|x]—00

to say that
¢=lim f(x) = lim f(x).

Example 11.3. Consider the function f : R — R given by f(x) := —.. Then,

1+x2°

lim f(x)=0.

|x]—00
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Proof. Let € > 0 be given and let M € N be so large that

Clearly,

T E

If x > M, then x*> > M? and 1 + x> > 1 + M?. Therefore,

‘ 1 1 < 1 <
= E.
1+x2l 1+x2 1+M?
This shows that
lim f(x) =0.
X—>00
Similarly, one can show that lim f(x) = 0. O
X——00

11.3  Continuity of Functions

We have now come to the topic of continuity. For the moment, let us fix a set
A C R and a point a € A. We say that a function f : A — R is continuous at the
point a if for every ¢ > 0, there exists § > 0 such that

[f(x) = fla)] <e
whenever x € A satisfies [x — a| < §. Equivalently, if
(Ve>0) (35 >0)(Vx e A)(lx —al <d = |f(x) - f(a)| <¢). (11.1)

Note that in contrast to the ¢ — § definition of the limit, we do not require that
|x — a| be positive. That is, we allow for x = a. It is a routine exercise to show
that the continuity of f at a implies the continuity of |f| at a. Indeed, the proof
is immediate from the reverse triangle inequality:

If Gl = 1f @Il < |f (x) = fa)l.

This is highly reminiscent of a result we had for sequences, and as such it is
natural to check whether the converse holds.

22Note that such and M exists by the Archimedean property.
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Example 11.4. Consider the function f : [0,1] — R given by the rule

1 if x € Q,
F0 = {—1 ifx ¢ Q.

Clearly, |f(x)| = |£1| = 1 for all x € [0, 1]. Hence, |f] is continuous. However, f
will turn out to be discontinuous at every point x € [0, 1]. To see this, we fix a
point x € [0, 1] and distinguish the only two possible cases.

(1) Suppose that x € Q so that f(x) = 1. By their density, we can select a
sequence of irrational numbers (x,) from [0, 1] such that lim x,, = x. Since
every x, ¢ Q, we see that

lim f(x,) = lim (—1) = =1 # 1 = f(x).

(2) Suppose that x ¢ Q, whence f(x) = —1. As above, choose a sequence (x;,)
in Q N [0, 1] that converges to x as n — oco. Since every X, is rational, we
see that

lim f(x,) =lim1=1%#-1= f(x).
n—0o n—oo

In either case, we see (by the sequential criterion for continuity) that the function
f is nowhere continuous on [0, 1].

Let us now see how the continuity of a functions helps to locally preserve the
“sign” or “magnitude” of a function.

Proposition 11.1. Let A C R and assume that f : A — R is continuous at a point
a € A If f(a) > 0, there exists a §-neighbourhood Vs(a) such that f(x) > 0 for all
x € ANVs(a).

Remark 11.2. Loosely speaking, if f : A — R is continuous at a and f(a) > 0,
the result above says that f(x) is positive at all points in A “near” a.

Proof. Let us define

a
R ACRS
2
Since f is continuous at a, we can find § > 0 such that
f(a)

|f(x)—f(a)|<€:T
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for all x € A with |x —a| < §. That is, the above holds for all x € Vg(x) N A.
However, for any such x, we have

Fl@) - £ = 1) - f@)] < L2
whence it follows that
f@ -1 < peo.
Or, rather, we find that
f(x) > % >0
for all x € Vs(x) N A. O

Corollary 11.2. Let A C R and assume that f : A — R is continuous at a point
a € A If f(a) <0, there exists a §-neighbourhood Vs(a) such that f(x) < 0 for all
x € AnVs(a).

Proof. Apply the previous result to the function g := —f. O

The argument used in the proof of this proposition can be generalized to
obtain a result that applies to | f].

Proposition 11.3. Let f : A € R — R be a function and assume that f is
continuous at a point a € A. If f(a) # 0, then one can find § > 0 such that

|f ()] >0
forall x € Vs(a) N A.

Proof. If f is continuous at a, then so is |f|. Also, if f(a) # 0, then |f(a)| > 0.
Therefore, it suffices to apply Proposition 11.1 to | f]. ]
11.3.1 Thomae’s Function

Throughout this subsection, we denote by I the open interval (0,1). Thomae’s
function is defined to be the mapping given by the rule

0 ifx¢Q,
f:I-R, x—

% iferandx:gwithp,quandgcd(p,q)=1~
(11.2)
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Note that f(x) # 0forallx e QN 1.

We assert that f is continuous at all irrational numbers and discontinuous at
every rational number. This would show that the function f defined above has
only countably many discontinuities on the interval (0, 1). In fact, f would be
discontinuous only on a countably infinite set.

Proposition 11.4. Thomae’s function f defined in (11.2) is continuous everywhere
on I except at those point in I N Q.

Proof. We first show that f is discontinuous at every x € Q N 1. Let (&,) be
a sequence of irrational numbers in (0, 1) that converge to x as n — c0.?* By
definition, f(&,) = 0 for all n € N. However,

lim f(£n) = 0 # f(x)

which shows that f is not continuous at x by the sequential characterization of
the limit.

To prove that f is continuous at the irrational points of I, we follow the
argument used in Assignment 10 (see MyCourses). ]

11.3.2  Continuity of the Maximum Operator

Let f,g : R — R be functions and assume that these are continuous at a € R.
Is it true that the function x +— max{f(x),g(x)} is also continuous at a? To
help answer this question, let us first justify two elementary identities. Given
x,y € R, we claim that

x+y+lx—yl

: (11.3)

max{x,y} =

To check this, we distinguish two cases:
1. If x > y then

x+y+lx-yl x+y+x-y 2x
> — ; = 7:x:max{x,y}.

ZGince I is open, there exists ¢ > 0 such that (x — &,x + ¢) C I. Therefore, we have

(x - %,x + %) C (x—&x+¢) C Iforalln > 1. Since the irrationals are dense in R, there

exists for each n € N and irrational number &, € <x - fx+ %) Since |x — &,| < & — 0 as
n — oo, the Squeeze Theorem ensures that &, — x as n — oo.
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2. If instead x < y then

x+y+lx—-yl x+y+y—-x 2y
- = 5 = - = y = max{x, y}.

Hence, we see that (11.3) holds. In a similar way, one can check that

x+y—|x—y

min{x,y} = 5

So, in particular, for each x

f&x) +g(x) +1f(x) — g

2
f@x) +9g(x) - |f(x) —g(x)|
- :

max{f(x),g(x)} = (11.4)

min{ f(x), g(x)} = (11.5)
This shows that max{f(x), g(x)} and min{f(x),g(x)} can both be expressed as
the linear combination of continuous functions, and hence will be continuous at
a as well.

11.4  Open Mappings

A function f : R — R is said to be an open map if f(O) is open in R whenever
O is open in R. That is, if f sends open sets to open sets. It is not true that all
continuous maps are open, as we shall see below.

Example 11.5. Consider the function f : R — R given by x — x2. Clearly, f is
continuous on all of R. However, it is not an open map. To see this, note that f
maps the open set (-1, 1) onto the set [0, 1), which is not open!

To make this phenomenon more concrete, we fix an open interval (a, b) C R.
Ifa > 0, then f((a, b)) = (a® b?) which is again open in R. Similarly, ifa < b < 0
then

f((a,b)) = (b*,a)

which is an open subset of R. So far, f has taken open sets to open sets. The
problem we encountered earlier arises when a < 0 < b, in which case

f((ab)) = [0, max{lal ,1b]}’)

which is not open in R.
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Although every continuous function need not be an open map, the following
characterization of continuous functions does hold true.

Theorem 11.5. A function f : R — R is continuous if and only if f~*(V) is open
for every open set V C R.

Proof. First suppose that f is continuous and fix an open set V. C R. We claim
that f~1(V) is open. If f~1(V) is empty, then we are done. Otherwise, let us take
x € f~1(V) and consider y = f(x) € V. Since V is open, we can find ¢ > 0 such
that V.(y) € V. For this ¢ > 0, there is § > 0 with the property that

f(2) - fOI=1fz) -yl <e

for all z € R with |z — x| < §. That is, f(z) € V.(y) € V for all z € Vs(x). It
follows that Vs(x) C f~1(V) whence f~1(V) is open.

Conversely, fix a point ¢ € R and let ¢ > 0. Define y := f(c) and consider the
e-neighbourhood V,(y). By hypothesis, we know that f~!(V.(y)) is open in R.
Since ¢ € f~1(V.(y)), we can therefore find § > 0 such that Vs(c) € f~1(V.(y)).
In particular, this means that

f(x) € Ve(y), whenever |x —c| < .

Of course, this is the same as saying that |f(x) — f(c)| < ¢ for all x € R with
|x —¢| < J. Hence, f is continuous at c. |

In a similar vein, we say that f is a closed map if it sends closed sets to closed
sets. That is, if ¥ C R is closed, then so is f(2).

Example 11.6. Consider once more the function f(x) = x* If [a,b] C Risa
closed interval, then f([a, b]) is also closed in R. To see this, we consider three
cases as above. First if a > 0, then f([a,b]) = [a?, b?] which is again a closed

interval in R. Similarly, if a < b < 0 then

f(la,b]) = [b*,a’]

Finally, if a < 0 < b then

f([a,b]) = [0, max{lal , [b])°]

which is also closed in R.
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11.5 Compactness and Open Covers

Let us consider a set K € R. An open cover of K is a family U := {Uy},c; of
open sets such that K C (J,¢; U,. That is, an open cover of K is simply a family
of open sets whose union contains K. Using the definition of an open cover, we
can define the concept of compactness. This very general notion captures what it
means for a “space” to behave like a finite set (albeit in a loose sense). Although
its definition is purely topological, continuous functions on compact sets will
enjoy very nice analytic properties.

Definition 11.3. A subset K C R is said to be compact whenever every open
cover of K has a finite subcover. More precisely, a set K is compact if, for any
open cover U = {U,},¢; of K, there exist finitely many Uy,,...,U,, € U such
that K € U}, Us;-

Next, we provide some examples (mostly without proof**) of sets that are
compact.

+ The empty set @ is compact since it is a subset of every set. Hence, given
any open cover U of @, we have @ C U for each U € U. That is, every
open set U € U is trivially a finite subcover of @.

+ The closed interval [0, 1] is compact. In fact, every interval [a, b] witha < b
is compact.

« If S ¢ R is bounded, then 9S is compact.

« Every finite set is compact. Indeed, let X = {x;, ..., x,} be any finite set and
let {Uy, }4e1 be an open cover of X. That is, each U, is openand X C | J,e1 Uy.
Now, for each j = 1,...,n, there exists ; € I such that x; € Uy;- Hence,
{x1,...,x,} =X C U, U---UU,, . We infer that X is compact.

+ The Cantor set € defined in §6 is compact.

To help solidify the concept of compactness, let us give two explicit examples
of an open cover which has no finite subcover (to see why some sets might not
be compact).

4The compactness of these sets will follow at once when we prove the Heine-Borel theorem.

97



Example 11.7. Consider the set A = [0, c0), which is unbounded. We claim that
A has an open cover that does not have a finite subcover. In this particular case,
such an open cover is easy to construct. Given n > —1, we define U, := (n,n+2),
which is clearly open in R. Moreover, (-1, ) = | J,>_; U,. Thus, the family

U ={U,:n>-1,neZ}

is an open cover of [0, o) that has no finite subcover.?’

One last trickier example is in order.

Example 11.8. We claim that [0, 1) is not compact. Let us try to find an open
cover of [0, 1) having no finite subcover. Since [0, 1) is bounded, the “bounded-
ness trick” we used in the last example will fail here. Instead, let us try to cook up
a slightly more contrived open cover. First, note that given x € [0,1) C (-1, 1),
we can find & > 0 such that V; _(x) C (=1, 1). In fact, by replacing &, with

13
_x<€)C7
2

we can make sure that there always exists y ¢ V,_(x) with 0 < y < 1. Then, the
family
{(Ve,(x) : x € [0,1)}

certainly forms an open cover of [0, 1). However, given finitely many xy, ..., x,
in [0, 1), the union U}’zl Vng (xj) cannot cover all of [0, 1). Indeed, this is because
every Vng (x;) is of the form (a;, bj), with b; < 1. That is,

n

V.. (x;) € | min a;, max b;
le ng( ) 1<j<n P i<j<n ?
]:

where max;<j<, bj < 1.

The next result is a fundamental property of compact sets that continues to
hold in more general settings. For now, however, it will be more than enough to
have the result for R.

Lemma 11.6. IfK C R is compact, then it is also bounded.

2>The union of finitely many members of U always gives a bounded set, and thus no finite
subcollection of U can cover [0, o).
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Proof. For each n € N define U, := (—n, n). Then, U, is open and

KgR:UUn.

Thus, {U,}nen is an open cover of K. Since K is compact, we can find finitely
many Uy, ..., Uy, suchthat K C U, U---UUp,,. Let N := max (ny,...,nx) and
note that

KCcU,U---UU, =Ux = (=N,N).

Since K is a subset of a bounded set, the proof is complete. O

12 Twelfth/Last Tutorial

Recall the (topological/generalized) definition of a compact set: a set K C R is
said to be compact if every open cover of K has a finite subcover. As seen in the
lectures, the Heine-Borel theorem provides a complete characterization of the
compact subsets of R.

Theorem 12.1 (Heine-Borel). A subset K C R is compact (according to Definition
11.3) if and only if it is both closed and bounded.

At the end of the previous tutorial, we showed that any compact set is auto-
matically bounded (see Lemma 11.6). In fact, our proof of this fact was elemen-
tary in the sense that it did not rely on anything other than the very definition
of compactness. Arguing in a similar way, it is not too hard to show using only
elementary arguments that every compact set is closed. Although we already
know this from class, it is still a good exercise to understand a different proof.

Theorem 12.2. Every compact subset of R is both closed and bounded.

Proof. By Lemma 11.6, we already know that every compact set is bounded. Now
let K € R be compact; we must show that K is closed. To establish this, we will
prove that K¢ is open. Fix a point x € K¢ and define

1 1 1
Up = {yeR:|x—y|>—}:R\[x——,x+—]
n n n

for each n € N. Clearly, U, is open and U,, C U, for all n > 1. Finally, observe
that

O U, =R\ {x}.
n=1
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Since x ¢ K, it follows that K € R\ {x} = Upnen Up.- That is, {Uy} e 1s an open
cover of K. By definition of compactness, there exist finitely many U, ..., Uy,
such that

KCUy,U---UU,.

As in the proof of Lemma 11.6, we define N := max(ny, ..., ni) and observe that
K C Uy, U---UU, CUy.

Thus, Uy € K¢. However, Uy, = [x - %,x + %] whence
1 1
(x——,x+—) C Uy CK°.
N N

Put otherwise, we have V;,n(x) € K€. As x € K° was arbitrary, we infer that K¢
is open. This completes the proof. O

12.1  Uniform Continuity

Given a subset A C R and a function f : A — R, we say that f is uniformly
continuous on A if for each ¢ > 0, there exists § > 0 such that |f(x) — f(y)| < ¢
whenever x,y € A satisfy |x — y| < §. In symbolic terms:

(Ve >0)(36 > 0)(Vx.y € A)(lx —y| <6 = |f(x) - f(y)] < o).

At a first glance this may seem to be the same as saying that f is continuous on
A, but this is not the case. By way of clarification, let us compare our definition
of uniform continuity to our ¢ — § definition of continuity in (11.1).

« Continuity is a local property and uniform continuity is a global property. We
know what it means for the function f to be continuous at an individual point
a € A, but we have only defined uniform continuity for the entire set A.
Namely, the continuity of f at a single point a depends only on the behaviour
of f in a neighbourhood of a. On the other hand, uniform continuity depends
on how f behaves on the entire set A.

« We say that f is continuous at a point y € A if
(Ve>0)(35 > 0)(Vx e A)(|x—y| <6 = |f(x) - f(y)| < e).
Thus, we say that f is continuous on the entire set A if

(Vy e A)(Ve > 0)(F6 > 0)(Vx € A)(]x —a| <8 = |f(x) — f(a)| < ¢).
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In this expression, the variable y appears before the “35”, which means that §
may depend on the point y. However, this is not the case in the definition of
uniform continuity. For f to be uniformly continuous on A, the § > 0 cannot
depend on x or y.

Let us also recall the following fundamental result from class.

Theorem 12.3 (Uniform Continuity Theorem). Let K ¢ R be compact and let
f : K — R be continuous. Then, f is uniformly continuous on A.

If K is not compact, this implication may fail. However, there are still many
nice continuous functions that turn out to be uniformly continuous on unbounded
intervals. One example is the function

f:(0,00) > R, x Vx.

Example 12.1. We claim that the function f described above is uniformly con-
tinuous on [0, o). First, let us establish the following useful inequality:

|\/§— \/ﬁ| <A/lx-yl, Vx,y>o0. (12.1)

By symmetry, it is enough to show that the above holds whenever 0 < y < x.
For such x, y, the inequality in (12.1) reduces to proving that

Vi—\y<s\x-y & (W—@)ZS(X—y)
= x-2\xy+y<x-y
= -2\xy+y< -y
& 2y < 24/xy
= y < +xy.

This last inequality holds true because y < x implies

Y=y =y y<+x-y.

Thus, we have proven (12.1). It now becomes trivial to show that /x is uniformly
continuous on [0, ). To see this, let ¢ > 0 be given and take § := ¢* > 0. If
x,y € [0, 00) are such that |x — y| < §, then (12.1) tells us that

F@) = F)l = |Vx = Vg < \Jlx =yl < Vo =e.

Note our 6 only depends on ¢ and not on x or y.
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12.1.1 A Return to Cauchy Sequences

Let f : A — Rbe auniformly continuous function and let (x,) be a sequence in A.
If (x,) is Cauchy, then the induced sequence (f(x;)) turns out to be also Cauchy.
In this sense, we say that f takes Cauchy sequences to Cauchy sequences. This
is not a property satisfied by functions that are merely continuous. Indeed, con-
sider the function

1
f:(0,1) >R, x> —.
x

Clearly, f is continuous on its entire domain. Now, the sequence (x,) in (0, 1)
defined by x, := % converges to 0 and must therefore be Cauchy. However, we
have f(x,) = n for each n € N. Hence, the sequence (f(x,)) is not Cauchy.

Proposition 12.4. Let A C R be non-empty and let f : A — R be uniformly
continuous. If (x,) is a Cauchy sequence in A, then (f(x,)) is also Cauchy.

Proof. Let ¢ > 0 be given. Since f is uniformly continuous, there exists § > 0
such that |f(x) — f(y)| < ¢ for all x,y € A satisfying |x — y| < . Now, using
that (x,) is Cauchy in A, there exists N € N such that |x, — x,;| < § whenever
n,m > N. Consequently,

|f () = fxem)| < €

for all n,m > N. As ¢ > 0 was arbitrary, it follows that (f(x;,)) is Cauchy. O

Next we ask whether the converse is true. Namely, if a function maps Cauchy
sequences to Cauchy sequences, must it be uniformly continuous? To help an-
swer this question, we consider a continuous function on an interval that is not
uniformly continuous.

Lemma 12.5. Let f : R — R be given by f(x) := x?. The function f is not
uniformly continuous on R, but is uniformly continuous on any compact interval
[—a,a].

Proof. The only non-trivial claim is that f is not uniformly continuous on all of
R. To see this, we argue by contradiction. If f is uniformly continuous on R,
then for ¢ := 1 we can find § > 0 such that

|x2 - y2| <1
whenever |x — y| < §. Given x € R we consider the point

L9
=X+ —-.
v 2
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It is clear that |x — y| < §, and we must therefore have

2
xz—(x+§)
2

However, the expression above reduces to the following:

<1.

2

x6+—| < 1.
4

Since x € R can be made very large, this is impossible. O

Having exhibited a continuous function R — R that is not uniformly contin-
uous, we can answer our original question.

Example 12.2. We claim that the function f : R — R given by x + x? takes
Cauchy sequences in R to Cauchy sequences. To see this, let (x;,) be a Cauchy
sequence. Since Cauchy sequences are bounded, the sequence (x,) is contained
within some compact interval [—a,a]. That is, (x,) is a Cauchy sequence in
[—a, a]. By continuity on all of R, the function f is uniformly continuous on
[—a, a]. Since uniformly continuous functions take Cauchy sequences to Cauchy
sequences, we see that (f(x,)) is Cauchy in R.

Thus, we have found a continuous map R — R that takes Cauchy sequences
to Cauchy sequences, even though it is not uniformly continuous on R. Moving
away from examples, let us now prove some more powerful/general statements.

Proposition 12.6. Let A C R be non-empty and let f,g : A — R be uniformly
continuous on A.

(1) f + g is uniformly continuous as a function A — R.
(2) The product fg may not be uniformly continuous on A.

Proof. We begin with the first claim. Let ¢ > 0 be given and let §; > 0 be such
that

) = f@)l <5

whenever x,y € A satisfy |x — y| < §;. Similarly, because g is uniformly contin-
uous on A, we can find §; > 0 with the property that |x — y| < §, (with x,y € A)
implies

96) - 9(w)| <
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Taking § := min{d;,;} > 0, we see that for any x,y € A with [x —y| < § we
have:

|(f +9)(x) = (f +9) )| = |f(x) + g(x) = f(y) —9(v)|
If(x) = fWI+1f @) - 9©)l
£

&

IA

<

-+
2 2
€.

This means that f +g¢ is uniformly continuous on A. For the second part, consider
the functions f(x) = g(x) = x on all of R. Clearly, both f and g are uniformly
continuous but their product fg = x? is not (by our previous lemma). m]

12.2  Uniformly Continuous Functions Are Bounded

Given a non-compact bounded subset A of R, a continuous function f : A - R
need not be bounded. Indeed, this is the case for the continuous map

1
f:0,1]1 >R, x+- —.
x
Thus, continuous functions need not (in general) be bounded. However, it is
true that uniformly continuous functions on bounded domains are bounded. We
prove this below.

Theorem 12.7. Let A C R be bounded and suppose that f : A — R is uniformly
continuous on A. Then, f is bounded on A.

Proof. We argue by contradiction. If f were unbounded on A, we could find a
sequence (x,) in A such that |f(x,)| > n for each n € N. Since A is bounded, the
sequence (x,) is bounded. Thus, we can find a subsequence (x,, ) that converges
in R. Equivalently, (x,,) is a Cauchy sequence in A such that

£ Gen)| > e 2 K

forall k € N. However, since f is uniformly continuous on A, we see that (f (x5, ))
is Cauchy in R. In particular, the sequence (f(xy, ))x is bounded. This contradicts
the fact that

£ Gen)| > 1 2 k.

Hence, we conclude that f is bounded on A. m]
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12.3  Lipschitz Continuity

Lipschitz continuity is an additional continuity condition one can impose on a
function that is stronger than uniform continuity.

Definition 12.1. Let A be a non-empty subset of R. A function f : A —» Ris
said to be Lipschitz continuous on A if there exists L > 0 such that

[f () - fW)] < Lix -yl

for all x,y € A. The set of all Lipschitz continuous functions A — R is often
denoted by Lip(A; R) or Lip(A).

It is automatic that Lipschitz continuous functions are uniformly continuous
on their domains. Indeed, given f € Lip(A) and ¢ > 0, we define § = 7 and
notice that if x, y € A satisfy |x — y| < & then

lf(x) - f(y)| <L|x-y| <Ld=ce.

One can extend the concept of a Lipschitz function to that of a Holder continuous
function. We make this precise below.

Definition 12.2. Let A C R be non-empty and let f : A — R be a function. We
say that f is Holder continuous on A with exponent a > 0 if there exists M > 0
such that

[f ) = f@)l < Mlx -y
for all x,y € A.

Note that f € Lip(A;R) if and only if f is Holder continuous on A with
exponent a = 1.

Exercise 12.1. Let f : A € R — R be Holder continuous on A with exponent
a > 0. Prove that f is uniformly continuous on A.

Let us now give some examples of Lipschitz/Holder continuous functions.

(i) By the reverse triangle inequality, the function f(x) := |x| is Lipschitz on
R. Indeed, note that

llx] = [yll < |x -yl
forall x,y € R.
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(ii) In (5.1) we showed that

Vx = va] < {lx sl = ey, ¥y € [0,00).

Thus, we were really proving that f(x) := +/x is Holder continuous on
[0, c0) with exponent a = %

(iii) The function f(x) = v/x is not Lipschitz on [0, 1]. To see this, we argue by
contradiction. If it were Lipschitz on [0, 1], we could find L > 0 such that
|\/3_c—\/§| <Llx-y|, Vx,yelo,1].
Thus,
[V~ il
sup — <L

x,y€[0,1] |X - yl
XFY

< 00

In particular (taking y = 0),
x 1
sup — = sup — < oo.

xef0,1] X x€[0,1] VX
x#0 x#0

Since this is absurd, we have a contradiction.

12.4 The Lebesgue Number Lemma (Optional)

If time permits, let us conclude by exploring a more advanced and less intuitive
property that compact sets enjoy. Despite being somewhat strange at first glance,
the usefulness of this result should not be underestimated.

Theorem 12.8 (Lebesgue Number Lemma). Let K C R be compact and let
U = {Unlger

be an open cover of K. There exists § > 0 such that, for any x € K, there is some
U, € U with Vs(x) C U,. In symbolic terms:

(36 > 0)(Vx € K)(Ja € I with Vs(x) C U,).

In other words, every §-neighbourhood centered at a point x € K is entirely con-
tained within a single member of U. This § is called a Lebesgue number.
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Proof. For every x € K, we can find U,, € U containing the point x. Since U, _ is
open, there is some corresponding ¢, such that V;_(x) € U, . Next, we consider
the family of open sets

A = Ve, j2(x) : x € K}

which certainly forms an open covering of K. Since K is compact, it has a finite
subcover. Namely, we can find finitely many points xi, . . ., x, € K such that

n
K g U‘/é‘j/Z(x])’ gj = €Xj'
j=1

Now, define

1
d := — min ¢ > 0.
2 1<j<n

Let x € K be given and consider B(x, §). Since
n
K c Ung/z(xj),
j=1

wecanfindj = 1,...,nwith x € Ve, 2 (xj). Then, by the triangle inequality, it
follows that
Vs(x) € Vi, (x) € U,
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