THE SPECTRAL THEOREM FOR COMPACT HERMITIAN OPERATORS

E. CHERNYSH

1. PRELIMINARIES

The goal of these notes is to prove the Spectral Theorem for Compact and Symmetric linear
operators. Throughout this text we denote by # a Hilbert-space with inner-product (-, *)
mapping into a field K = R, C.

Theorem 1.1 (Spectral Theorem). Let T be a compact, symmetric operator on a Hilbert space H
over the field K. There exists a countable orthonormal basis {,y, }r, of H such that for each index n:

T(Qpn) = >\n§0n7 >\n eR (1)

Moreover, in the case where there are countably infinite eigenvectors one has: A, ~——» 0 and every
operator satisfying the above is compact and symmetric.

We shall take a multi-step approach to this proof. First we recall that a bounded linear
operator T is continuous if and only if it is bounded: i.e. if there exists M > 0 such that
IT(f)]| < M|/ f] forall f € H. We now define || T|| to be the infimum over all such M > 0.
We have the following elegant characterization of ||T||:

Lemma 1.2. Let T : H — H be a bounded linear-operator:

1Tl = sup  [T(f),9)l )
I lI=llgll=1

Proof. Label this supremum by S. Let f, g be unit vectors in H and M > 0 be admissible
for ||T’||. We observe that

(Tl < ITDIHIgl < MIfIHIgll = M

Taking the supremum over all such f, g we find that S < M for all admissible M, whence
taking the infimum we recover S < ||T||.

To see the reverse inequality, we shall show that S is admissible for ||T’||. If one of T(f)
or f = 0 the result is trivial. Hence, we may suppose without harm that f and T(f) are
non-zero. In which case we may define unit-vectors

7 f - T(f)
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We may then deduce that:
s = (T(7).3

which completes this proof.

1
>‘ = T (T, TN = ITONLA

O

With this, we give a proof of the Riesz’ representation theorem which is crucial in the
construction of symmetric Hilbert operators:

Theorem 1.3 (Riesz). Let ¢ : H — K be a continuous linear functional. There exists a unique
g € H sothat £(f) = (f,qg) forall f € H.

Proof. Let S := {h € H : £(h) = 0} denote the null-space of ¢. This is a closed subspace of
H. Certainly, it is a vector subspace by linearity of ¢ and by continuity it is topologically
closed. There must then exist an orthogonal decomposition of the space: H = S @ S+. If
S+ = we set g = 0 and we are done. Otherwise we may let h € S* be a unit vector and
put g := £(h)h.

Let f € H be given and consider u = f¢(h) — ¢(f)h. Clearly, it follows from the linearity
of ¢ that /(u) = 0 and hence u € S. Therefore, (u, h) = 0. Namely,

0= (u,h) = (f€(h) = €(f)h, h) = L(R)(f; h) = L(f){h, 1)
= (f,€(h)h) = £(f)

yielding ¢(f) = (f, g) as was required. To see uniqueness, if g, h are two representative
vectors for the inner-product in f we have

0=1L0f) =t(f)={f9) = (fih)=(f,g=h =(9=hf), VfeH
Especially, this holds for all vectors in any Hilbert basis: implying that g — h = 0.

O

Having this theorem allows us to construct a special operator, linked to each bounded
operator. Indeed, let T : H — H be a linear operator, bounded. Then we may find an
operator T* : H — H that satisfies each of the following:

(1) (T(f).9) = (/,T*(g)) forall f.g € H.
@ |Tff =T

The construction goes as follows. Fix g € H and let f € H vary. Define a linear
functional ¢ : H — Kby f — (T(f),g). By the Riesz Representation Theorem we may
find a unique h € H such that ¢(f) = (f,h) = (T(f), g). Therefore, we set T*g = h. This
of course defines the map on H.

As for uniqueness, suppose T',T" satisfy (1) in place of T*. Fix an orthonormal basis
{e;}; for H. Fix j and let g € H vary

0= (T(ej),9) — (T(e;), 9) = {e; = T(9) = T'(9))
implying that (I' — T, e;) vanishes over the basis: establishing their equality.
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Note that (2) follows immediately from our first lemma.

2. LEMMATA

Fix again a Hilbert space H over the complex numbers K. A bounded operator T :
H — H is said to be symmetric (or Hermitian) provided T = T*. T is also called compact
whenever the closure of T(B) is compact. Here B denotes the ball:

B:={fer:|fll<1}
A first observation, and useful criterion, is the following:

Theorem 2.1. Let T : H — H be a bounded operator. The following are equivalent:

(1) T is compact.
(2) For every bounded sequence (fy) in H there is a subsequence (fy,) so that T(fy,) is
convergent.

Proof. (1 = 2). Let(f,) be abounded sequence in 7{. Namely, there exists A/ > 0 so that
Il f|| < M foralln € N. Now put g, := f,,/M and note that g, € B foralln € N. Especially,
(T(gn))n is a sequence in the closure of T(B), which is compact. There must hence be a

convergent subsequence T(gy, ), with limit say, T(g) in T(B). We now set f = g/M and
claim that T(f,,) — T(f) as nx — oco. Certainly,

IT(fni) = TN = M [|T(gn,,) = T(9)

by linearity of T.
(2 = 1) Pick a sequence (g,) in T'(B). Now, for each g, there exists a sequence
(k)

gn’ — gn as k — oo. This induces a sequence of sequences ( f,(Lk)) where each fék) € B,

and is therefore bounded. Consider a diagonal subsequence ( féi)) where n;, — oo as

k — oo. This is a sequence in B, and by our assumption in (2) we may assume that T 7(%

converges to g as k — oco. We claim now that T( fT(LIZ)) — g as well. But this follows from
the triangle inequality.

O

We shall now give lemmata that will play a direct role in our proof of the spectral
theorem. The first of which establishes that all eigenvalues for symmetric operators are
real, and moreover shows that distinct eigenvectors are orthogonal.

Lemma 2.2. Let T : H — H be a bounded, symmetric linear operator. Then,

(1) If X € K is an eigenvalue for T, then I\ = 0.

(2) For two distinct eigenvalues A1, Ay with associated eigenvectors o1, @2 one has 1 L s.
Proof.

(1) Let A € Kbe an eigenvalue for T with associated eigenvector ¢ # 0. To see that Sy = 0,
thereby establishing \ € R, it suffices to prove A = A. To see this:

M, ©) = (Mg, 0) = (T(p), 0) = (9, T(¥)) = (0, Ap) = Mg, ©)
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since [|¢||? = (p, @) # 0 we find A = X.
(2) Let A1 # Ao with associated eigenvectors ¢1, p2: observe that (1) implies A, A are real.
Now let us consider:

Ai{er, 2) = (A1, w2) = (T(e1), 2) = (01, T(02)) = Aa{eo1, @2)
Since A2 € Rand A\; # A2 we find that (¢1, p2) = 0 establishing 1 L ¢s.

O

The subsequent lemma shows that there are at-most countably many eigenvalues for
a compact operator T : # — H, and moreover the sequence of eigenvalues vanishes in
absolute value at infinity; in the case dim(#) = oo.

Lemma 2.3. Let T : H — H be a compact linear operator,
(1) Foreach X\ # 0 the null-space of T — I has finite dimension.
(2) If (\n) is any sequence of pairwise disjoint eigenvalues then |\,| — 0 as n — oc.
(3) A compact operator has countably many eigenvalues.

Proof.

(1) We first consider the operator A := T — AI. We set V), := ker A. The claim is that
dim(Vy) < co. We assume now for a contradiction that dim(V)) = co. Observe that
A is continuous (it is bounded) and therefore V) is a closed subspace of #, as the
null-space of a continuous operator. In this case, pick an orthonormal subset {¢, }nen
for V). This is obviously bounded since the collection is orthonormal. By compactness
of the operator T there must exist a subsequence (¢, ) so that T(y,, ) is convergent.
Especially, this sequence is Cauchy in ‘H. However, for all £ # k one has

IT(ons) = T(on )l = Mlong = @n > =22 # 0

which is absurd.

(2) Here we claim that for all ¢ > 0 there exist at-most finitely many A, so that |\,| > e.
Clearly, this implies (2). Otherwise, for some £y > 0 we may select a subsequence
(Ang )npen With [\, | > € for all n;,. Now, by the previous lemma all the corresponding
eigenvectors are orthogonal and hence by the linearity of T we may presume without
harm that this sequence is orthonormal. Using the compactness of T there must be
a subsequence with a convergent image sequence: after a relabeling we may assume
that T(yy,, ) converges. That is, it is Cauchy in . On the other-hand,

HT(‘PTH@) - T(‘PW)HQ = H)‘nk(pnk - )‘n290n14||2 = /\1215 + )‘72% > 25(2)

forall k # ¢.
(3) Observe that our argument used in (2) implies (3).

O
The following lemma shows that there is always an eigenvalue:

Lemma 2.4. Let T : H — H with T # 0 be a linear operator that is compact and symmetric.
Then, ||T|| = A is an eigenvalue.
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Proof. Given our previous lemmata and propositions we know already that for a symmetric
operator T one has

1T = sup [(T(f), f)]

fillfll=1
Hence, we must have one of the subsequent cases:
1Tl = ||§21H191<T(f)’ ) 3)
Tl =~ inf (T(7).£) @

We shall consider only the first possibility, the second-case differs by a sign-change and a
verbatim argument applies. It is possible to select a sequence of unit vectors (f,,) so that
(T(fn), fn) converges to | T'|| = A € R. Now, this is most certainly a bounded sequence in
H and therefore we find by compactness of T some subsequence (T(f,, )) that converges
to g € H. We now claim that this g € H is an eigenvector associated to A:

T(g) = Ag (5)

We first claim that T(f,,,) — Afn, — 0 as n, — oco. Certainly, we write

IT(fr) = M P = (T(far) = Mos T(fn) = M)
= | TCFn )1 = 2XT(fn)s ) + X [ f I
<Y + A2 = 2MT(fn,)s Fry)
=20 = 2M(T(fn,): fuy)

where this last equation clearly converges to 0 as n, — oo. This yields that Af,, — g.
Taking limits:
T(g) = lim AT(fn,) = Ag

Np—>00

We now only show that g # 0. Assume for a contradiction that g = 0. Then, ||T(f,,)|| — 0
as ny — o0o. Applying Cauchy-Schwarz gives:

(T(fri)s fri) < Tl =0

which is absurd since A # 0.

3. Proor orF THE SPECTRAL THEOREM FOR CoMPACT OPERATORS

We are now equipped to prove the Spectral Theorem.

Proof of The Spectral Theorem. Let S denote the closure of the subspace of H spanned by all
eigenvectors of T. This is most certainly a closed subspace of # and therefore inherits
a Hilbert space structure itself. Moreover, there exists an orthogonal decomposition
H =S @ S*. Of course, SN St = {0}. The claim here is that S* = {0}.
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We first must show that T(S) € S and T(S*) C S*. Certainly, we recall now that
any vector f € S may be written as > > | (,¢n, Wwhere the ¢, are the eigenvectors of T.
Therefore, by continuity

T( - ]\}E)HOOT <Z Cn@n) = hm ZCTZ (Pn ZCnT(90n>
neN

Consequently, for any f € S and each g € S we note that by continuity of the inner-
product

<T<f>,g>=ngnoo<Z G T(gn) > n%cn n),g) =0

We shall now use symmetry to show that T(S*) C S+. Fix g € S and consider any f € S.
Then we have:

(T(g)7f> = <gaT(f)> :mzo

By way of contradiction suppose that S* 2 {0}. Then, let T denote the restriction of T
to S+, which is a Hilbert space in its own right. Of course, by hypothesis we know that
|Z|| = 0 then T must vanish on S*. In which case take ¢. to be any non-zero vector in S+
and A\, = 0. Otherwise, we have ||| > 0 and by the previous lemma we have a non-zero
eigenvector in S*. Any eigenvector of T is an eigenvector of T and we have reached a
contradiction.

O
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