ON SEMICLASSICAL DEFECT MEASURES

EDWARD CHERNYSH

ABSTRACT. We provide a brief introduction to the concept (and applications) of
semiclassical defect measures in R™. More precisely, given a bounded family of func-
tions {un the(o,1) in L*(R™), we investigate the subsequential limiting behaviour of
the associated family ((a"(z, hD)uh,uh>)he(071) where o' (z,hD) dentotes the
Weyl quantization of a given function a € C°(R?"*). In the case where the fam-
ily {un}ne(o,1) are approximate solutions to a partial differential equation, we ask
what more can be said about the associated defect measures.
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1. INTRODUCTION

Our goal in these notes is to formally introduce the notion of a semiclassical defect
measure on R™. More precisely, we ask what measure theoretic and functional ana-
lytic information is encoded within a bounded family {us}reo,1) € L*(R™). Specifi-
cally, we want a measure p, interacting nicely with the topology of R", that captures
the limiting behaviour of the family {up}re(,1) as b N\ 0.

Following sections 5.1 and 5.2 in Zworski [7], we begin with a detailed proof that
every bounded family {uy }re(o,1) in L?(R™) has at least one associated defect measure.
We then consider a concrete family of functions {uy }re(o,1) in L*(R™) having only one
associated defect measure, which we compute explicitly. This convincing example
provides a clean framework in which it is clear that the associated semiclassical defect
measure i describes how the wu;, concentrate as h \, 0. We also give an example
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where the functions wj, are not bounded in L?(R"), but can instead be interpreted
as tempered distributions.

Finally, we briefly discuss the relationship between defect measures and PDE.
That is, we ask what more can be said about defect measures associated to a family
{un}re,1) when the {up}re1) are approximate solutions to a given partial differ-
ential equation. This is a very natural question as solving a PDE is closely linked
to finding critical points of an energy functional ¢. Here, one takes a sequence (uy)
of bounded energy such that ¢'(ux) — 0 as k — oo. Up to a subsequence, this
approximating sequence can encode information about both solutions to the PDE
in question and how the functions wu; concentrate as k& — oo. Aside from Zworski
[7], for more historical context and applications of such results, a good reference is
Struwe [6].

2. EXISTENCE OF DEFECT MEASURES AND EXAMPLES

Fix n € N and denote by B := B(R") the Borel o-algebra on R". A Radon
measure on R" is a measure g on the measurable space (R, B) that is well behaved
with respect to the topological structure of R™. In more precise language, we have
the following definition.

Definition 2.1. Let (X,%) be a locally compact Hausdorff space and let B(X)
denote the o-algebra generated by T. That is, let B(X) be the Borel o-algebra on
X. A Radon measure g on X is a measure on (X, B(X)) such that each of the
following hold true.
(i) For each compact set K C X, one has u(K) < oo. That is, the measure p is
locally finite.
(ii) For any measurable set F € B(X),

u(E) =inf{u(U) : U D F is open in X }.
Put otherwise, u is outer reqular.
(iii) Given any open set O C R", one has
p(0) = sup {p(K) : K C O with K compact in X'}
Hence, 1 is inner regular on open subsets of X.

A signed Radon measure is a Borel measure p such that both the positive and
negative variations of y are Radon. Similarly, a complez Radon measure is a complex
Borel measure whose real and imaginary parts are signed Radon measures.

In the case X = R", a Radon measure is a Borel measure that interacts nicely
with the open subsets of R”. That is, a Radon measure 1 on R" satisfies many of
the same topological properties as the Lebesgue measure.

We now introduce the notion of a defect measure.
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Definition 2.2. Let {us}, () be a bounded family in L?*(R™). That is, assume that
SUPpe(0,1) Unll 2@y < 00. A semiclassical defect measure associated to the family
{un}pe1) is a Radon measure p on R?" such that, for a sequence (h;) C (0,1)
converging to 0 as 7 — 00,

]li)rgo <aw(l,, th)uh]., uhj>L2(Rn) = /]1{2” a(:c, f)du(m, f)
for all a € C°(R?*"). Here, C>(R*") denotes the complex linear space of all com-
pactly supported smooth functions R?* — C.

It is a fundamental fact that every bounded family {up}re(0,1) admits at least one
defect measure. This is Theorem 5.2 in Zworski [7], the proof of which is the main
focus of this section.

Theorem 2.1. Let {un};c (o) be a bounded family in L*(R™). Then, there exists a
sequence (h;) in (0,1) with h; — 0 (as j — o0) and a corresponding positive' Radon
measure p on R*™ such that

lim (a“(z,h;D)uy;, up, ) = /RQ" a(z,&)du(z, §)

j—00
for all a € C(R*™).

2.1. The Proof of Theorem 2.1. We follow closely the argument given in Zworski
[7]. For the sake of clarity and precision, we shall divide the proof of the existence
result in to several parts. Our first step is a basic, but essential, result about the
separability of the space Cy(R™).

Lemma 2.1. Let m € N and denote by Co(R™) the linear space of all continuous
functions R™ — C that vanish at infinity. Endowed with the supremum norm

[lloe := sup [-(z)],
TzER™
the space Co(R™) is separable.

Proof. We first claim that C.(R™), the subspace consisting of compactly supported
functions in Co(R™), is dense in Co(R™). Fix f € Co(R™) and let € > 0 be given.
By definition, there exists R > 0 such that |f(z)| < € whenever |z| > R. Choose
now a bump function n € C2°(R™) such that

n=1 on |z| <R,
0<n<l inR™
n=0 on |z| > R+ 1.

!By positive, we mean that Jgzn a(z,€)dp > 0 for all a € Co(R*™) with a > 0 everywhere.
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Then, the function g := nf is continuous and compactly supported. Moreover,

0 on |z| <R,
[f(z) = g(@)] =  [f(@)[ (1 =n(z)) inR<|z|<R+1,
/()] on |z| > R+1

is clearly bounded above by ¢ for all z € R™. We infer that || f — g||, < e whence
our assertion follows.

In light of the above, it is now enough to check that the subspace C.(R™) is
separable. For each k& > 1 denote by Dy the closed ball B(0,k) in R™. Since Dy
is compact, we know (see Royden [3]) that C'(Dj) must be separable. Since every
compactly supported continuous function f : R™ — C belongs to C.(Dy) for some
k € N, the result follows. 0

More can be said about the space Cy(R™). Namely, Cy(R™) admits a countable
dense subset consisting entirely of compactly supported smooth functions. This
detail with be critical for the proof of Theorem 2.1 and as such is verified below.

Proposition 2.2. There exists a countable subset of C2°(R™) that is dense in Co(R™).
Namely, there exists a countable family of compactly supported smooth functions
whose closure is Co(R™) in the uniform norm.

Proof. Let n be a standard mollifier (see Appendix C in Evans [1]). By virtue of
Lemma 2.1, there exists a countable family {v}, .y of compactly supported contin-
uous functions dense in Cy(R™). For each k, ¢ € N, let u, be the convolution

Uk, = Uk * 11/1

with 7. := e7"n(x/¢e) for each ¢ > 0. Clearly, each uy, is smooth and of compact
support. Moreover, for every fixed k, as [ — oo, we have that u;; — v;, uniformly on
R™. Consequently, the family {uy;}xen is a countable dense subset of Cy(R™). O

Remark 2.1. Let a € Cy(R™) and assume that a > 0. Arguing as in Lemma 2.1, we
obtain a sequence (ay) in C.(R™) converging to a uniformly as k — oco. Furthermore,
it is clear from the proof that each aj is also non-negative. Since the convolution
of non-negative functions is again non-negative, the argument from the proof of
Proposition 2.2 gives us a sequence of non-negative functions in C2°(R™) converging
uniformly to a on R™. Note however these a; may not belong to the countable dense
subset obtained through Proposition 2.2.

Recall that S denotes the class of symbols with order function m = 1. That is, S
is the set of all functions f € C*(R?*") such that

10%f ()]l < o0
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for all multiindices . For the proof of Theorem 2.1, we require one last technical

result. More precisely, given a symbol a, we need to control the operator norm of
W(x,hD) on L*(R") as h — 0.

Lemma 2.3. There exists a constant C > 0 such that

™ @ D) | gy gy < Cllalog + ORY), - as b0,

—L2(R™)
for all symbols a € S.

Proof. 1t is known from class results (see Zworski [7] equation 4.5.9, page 85) that
there exists a constant ¢' > 0 and M € N such that

o™ (@ D)l oy <€ 3 070l

|a|<Mn

for any given a € S. We can therefore obtain our desired estimate by a simple re-
scaling argument. To this end, we define & = h~/2z for every € R”. Fix a function
u € . (R") and consider the re-scaling

(%) = h*u (hl/Q:Z“) = " tu(x).

The reason for this choice of re-scaling becomes evident when we observe that

/|a(aj~)|2d57=/ |/ (28) P di = [ Ju () da. (2.1)
Rn Rn Rn

We now compute

w0yt = i [0 (SR ) eresoniaguay | ag
s
_ ?QW)“ / U an (%“M) 19y >dy} aé

where ay(2,1) = a(hY/?z, h'/?n) for any 2,7 € R". Therefore, we have

Wz, hD)u(x) = h""*a)V (&, D)u(%) (2.2)
for every x € R™. As in the second equality of equation (2.1) we see that

Ha x,hD)u = Hh"/4 [aW(:L',hD)u} (h1/2 )

@l,= = Iz
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where in the left hand side the variable of integration is  and z on the right-hand
side. Combining the above with equation (2.2) we have

Ha z, hD)u ||L2 = Hah (#, D)u(z HL2
< Hah ( HLzﬁLz HUHH
= Hah ( HL2_>L2 HUHL2

where for the last equality we have made use of equation (2.1). By the estimate
mentioned at the beginning of the proof, we have

|a" (z, hD)u(z)|| ., < C [ Y 10%an]l g | lull 2

|o|<Mn

< (Clallc + OR"2)) Jlull .2

where we have used 9%ay,(z,n) = hl*1/29%a(h'/?2, h'/?y) for any 2,17 € R™. Since the
space of Schwartz functions is dense in L*(R™), the desired result follows. O

Armed with this lemma we begin the proof of our existence theorem.

Proof of Theorem 2.1. Citing Proposition 2.2, we may choose a countable dense sub-
set {ay }ren of Co(R?™) consisting entirely of compactly supported smooth functions.

Step 1. We first construct a functional ® on the dense subset {ay }ren. Fixing & > 1
and using Lemma 2.3, it is clear that

<a‘,§v(x, hD)uy, uh>

< H(IZV(% hD) HLZ(RR)—>L2(R") ||uh‘||i2(Rn)

< (Cllakllog + OBM)) [lunll72zny

L2(R™)

is bounded uniformly for all A > 0 sufficiently small. In particular, we may pick a
sequence hgl) — 01in (0, 1) such that

w (1) ;
<a1 (z, h; D)uh§1),uh§1>>L2(Rn) — aq, asj — oo.

for some ;. Proceeding inductively, we pick for each k > 2 a subsequence <h§k)> of

<h§k_1)> such that, as 7 — oo,

h;k) — 0 and <a,zv(x,h§k)D)uh.<7_k),Uh<k) — Q.

J >L2 (R7)
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We now consider the diagonal sequence h; = hg-j ), Clearly, h; — 0 as j — oo. For
each index k € N, we define

(ar) = lim (0} (2, h;D)un, n, ) o gy = O

This gives us a functional ® : {a;},.y — C. We now assert that ® is continuous
with respect to the uniform norm. Indeed, let k,1 € N be arbitrary. By the previous
lemma there exists a constant C' > 0 such that

|D(ag) — P(a))| = jlilgo ‘<(ak — a)"V (@, hjD)up,, up, )

L2 (Rn)

= lim sup ’<(ak — )" (x, h;D)uy,

Jj—o0

i Wh; >L2(R”)

< limsup ||(ak: - GZ)W(% h;D

P )||L2(R”)—>L2(R”) [un, Hi?(R”)

< limsup (C [lay, — ail|, +o(1)) ||us, HiQ(R")
J—0
2
< Cllax — ailoc - sup | e

< Cllar — @l

for some constant C' > 0. Put otherwise, we have shown that ® is a Lipschitz contin-
uous functional on the dense subset {ay. }ren of Co(R?™). In particular, ® is uniformly

continuous. Therefore, it extends uniquely to a continuous functional ® on the whole
of C() (RQn)'Z

Step 3. We claim that

- W
B(a) = lim (0" (2, by D)y ) 2 g (23)
for all compactly supported symbols a € C°(R?*"). To see this, let € > 0 be given.
Since the {a; }ren form a dense subset of Cy(R**) and @ is a continuous functional,
there exists a function b € {ay }ren such that

CM2||b— a|| . + |®(b) — ®(a)| < g (2.4)

ZNote that we cannot yet say that ® is linear. Indeed, ® is only a priori defined on the dense
subset {ay}ren of Co(R*™). Since this dense subset is not a linear subspace of Cy(R?"), it does
not make sense to say that @ is linear on {aj }ren. In particular, we cannot immediately extend ®
linearly on the whole of Cp(R?").
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with €' > 0 is as in Lemma 2.3 and M := sup,¢(o,1) [unll 2 (gny- Then, for any j € N,
the triangle inequality yields

<aw($a th)uhj’uhj>L2(R") — ®(a)
< [{(a"(a, th)Uhj;Uhj>Lz(Rn) — (0" (x, hyD)un,, uhj>L2(]R")

(0 DY, ) +[00) - ©(a)|

— ®(b)

L2(R™)

+ ‘<bW (,I‘, th)Uhj s uhj>L2(Rn) - (I)(b)‘

+12(b) — &(a)l

2
< ”(b —a)"(z, ha’D>HL2(Rn)—>L2(Rn) ||uhj||L2(R") + [ (b) — ®(a) (2.5)
+ ‘<bw(x, By DYty ) oy @(b)‘ (2.6)
By the definition of ®, we have
— 1 w
o(b) = jli)rgo (0" (z, th)uhj,uh].>L2(Rn) . (2.7)

Moreover, it follows from Lemma 2.3 that, as j — oo,

||(b - a’)W<x7 hJ’D)HL2(Rn)ﬁL2(Rn) < C Hb - a“oo + 0(1)

Combining the above with (2.4) - (2.7) we infer that

£
(@ (o, By Dm0, gy = B(@)] < 5+ 0(1)
<€

for all j large. This proves (2.3). In fact, this shows that ® is linear on Cy(R*").
Indeed, (2.3) implies that ® is a continuous linear functional on C°(R?"). Hence, it
has a continuous linear extension ® on the whole of Cj (R?"). However, since d=0a
on the dense subspace C°(R?"), we must have ® = ® on Cy(R>").

Finally, invoking the Riesz Representation Theorem® then gives us the existence
of a complex Radon measure p such that

ba) = [ alz.)d

3Let (X, %) be a locally compact Hausdorff space. Given any continuous linear functional ¥ on
Co(X), the Riesz Representation Theorem guarantees the existence of a complex Radon measure
o on X such that U(f) = [, fdu for all f € Cy(X). See Theorem 7.17 in Folland [2].
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for all a € Cy(R?"). By (2.3), it follows that

lim (a"(z, hjD)uy,;, up, ) = ®(a) = / a(x,&)dp
R2n

J—00

for all compactly supported symbols a € C°(R?*").

Step 4. It remains to show that p is a positive Radon measure. Namely, we assert
that

/R% a(z,&)dp >0 (2.8)

for all @ € Cy(R?*") with a > 0. First, let us assume that a € C>°(R?*"). Then the
Sharp Garding inequality (see Theorem 4.32 in Zworski [7]) guarantees the existence
of a constant C' > 0 such that

<QW<I7 th)uh]-,Uhj> > —Ch; HU’LJ'HH(RH)'

for all j large. Since our collection of functions (uy) is uniformly bounded in L?*(R"),
taking the limit on either side yields (by virtue of (2.3))

/ adp > 0.
R2n

As in Remark 2.1, if a is merely assumed to be a member of Cy(R?*™), we can find a
non-negative sequence (v;) in C>°(R*™) converging uniformly to a as [ — oo. Then,
by the above, we obtain ®(a) = lim;_,, ®(v;) > 0. This completes the proof. O

Remark 2.2. Note that the Radon measure p obtained in the proof of Theorem 2.1 is
such that Co(R?*") C L'(u). Clearly, such a measure ;1 cannot be a positive multiple
of the Lebesgue measure. Therefore, Theorem 2.1 ensures that every bounded family
{un}re,1) has an associated defect measure p that is not merely a rescaling of the
Lebesgue measure on R?",

2.2. Examples. While we have only demonstrated the above result for Weyl quan-
tizations, as noted by Zworski [7], the above result still holds (by an approximation
argument) for the standard quantization. For the sake of simplicity and clarity, we
use the standard quantization in the following two examples.

Example 1 (Coherent States — Zworski [7]). For h € (0,1) consider the family of
functions {un} ey in L*(R") given by

: hl) L
T n

up(z) =



10 EDWARD CHERNYSH

Note that the constant (7h)~"/* is chosen so that

1 (z—= )/f 1 _yl2
2 — #le—ol? o |y -
HUhHLQ(Rn) = /Rn (Wh)”/2 dx r /Rn e Wdy = 1.
Hence, the family {up};,c () is bounded in L*(R"). Fix now a function a € C°(R*");
we claim that

(a(z, hD)up, Uh>L2(Rn) — a(zo, &)
as h ™\, 0. This would prove that the Dirac measure d(,, ¢, is the only defect measure
(with respect to the standard quantization) associated to the family {up}ne(o,1). To
justify this, we write for each h € (0,1)

1 i —_
(a(a, hD)un, un) 12n) = (5w / / / a(w, €)er " uy (y)un () dydéda

on/2 i((z—y,8)+{y—a >) lo—20)2+ly—wg|?
2 h3n/2/ / / ZL‘§ u£+u €0 ( . )dydﬁdx
7-‘- n n n

2”/2 7,(;5— £—£0) (lm w0 2+ |y -2
PEREE / / / G o " )dydgdx.
7-(- n n n n

Now, for every fixed pair (x,£) € R*", making the change of variables 2 = y — z

gives
i(o—y.E=€o) _ 1 i(z—zg—z6=E0) _ |22
/e z e2h|y””°|dy:/e z e 2ndz
n n

- s (1(59) (£5)

(z—zg,6—€p)

=e h (2mh)™ 26~

Note that this last equality follows from Theorem 3.1 in Zworski [7] with Q = I/h.
Thus, we obtain

on/2 (z—= lz—wg|2+16—€o |2
<a($’hD)uh’uh>L2(Rn — / / ZB 5 05 §0>e_< o )dgdx

le—&0l?
2h

27Th
2n/2 iz Jeg—w12+go €12
el N O A e
Writing z = (z,¢) and defining zq := (29, &) in R*", it is clear from the above that
(a(z, hD)un, up) 2@y = (@ x Kp)(z0), Vh € (0,1), (2.9)

where we are defining

2 e (I=P+1E?)
e h e 2h
(2mh)"

Kh(z) = Kh(il,',g) =
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We are now reduced to showing that {Kj}re(,1) consists of “good kernels” in the
sense that (a x Ks)(x,&) — a(zo,&) as h N\ 0. Indeed, by a simple change of
variables, it is straightforward to check that for each h > 0 there holds

on/2 22 on/2 2
||Kh||L1(R2n) (@) /R% e el dz — /R% e dw < oo

uniformly in h. Furthermore, using Fubini’s Theorem and making the change of
variables y = —x shows that

_ (227::)71 /ne % (/n —i(y&/h) o= hdy) d¢
n/2 2
[ (©)

n/2
_ (22 5 (2 )"/Qh"/Z/ e*%(;%dg
wh)™ n
1 |/ VA’
= d
7Tn/2hn/2 \/Rne 5

= 1.
Finally, for any fixed n > 0,

[ iraa 2 [
W(z)|dz = ——— e 2ndz
|z|>n (QWh)n |z|>n

n/2
= 2" / eI dup
T Sl

Vors

which converges to 0 as h — 0 by the monotone convergence theorem. These last
three properties imply that K is an approximation to the identity (see Chapter 3
§2 in Stein & Shakarchi [5]). Hence, it follows from (2.9) that

}llii% (a(@, hD)up, un) 2 (gny = fllig%(a x K1) (20) = a(z0) = a(xg,&)-

We conclude that the only defect measure (with respect to the standard quantization)
associated to the famiy {up}rec(o,1) is the Dirac measure 6, ¢,). Informally, we see
that the {up}nre0,1) concentrate near the point zy as h ™\, 0.

Let us consider one last explicit example in which the family {up}ne(0,1) does not
consist of L?(R™) functions, but rather of tempered distributions. Note that Theorem
2.1 will not apply in this case, however.
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Example 2. Fix { € Z", a € C>°(R?"), and consider for any positive h the function
up(z) = en®). Clearly, for each h > 0, w, ¢ L*(R"). In particular, {us}ne(o.1) is
not a bounded family in L?(R"). However, we can interpret these u; as tempered
distributions. On the other hand, every wy is bounded. Therefore, since a(x, hD)uy,
is Schwartz, we can still make sense of the inner product

<CL(I7 hD)U;“ uh>L2(R") :

Now, for each h > 0 a simple calculation yields

e, hD)uu(2) = / <>( G et e ) ay

3

e @ v itV gz, €)dedy

27rh / / Hr et (@, )dedy.

Making the change of variables z = y — x, the above becomes

h) /n/n —£(2:8) %MJFZ)CL(JJ,S)dgdZ

o (et ) :

Using the notation a,(§) = a(x, ) the above is precisely

a(x, hD)uy(x

I
2
3
>
S~—
3
3
o
:\s

a(x, hD)uy(x) =

It follows that
(a(@, hD)up, un) p2gny = / a(x,l)e 76w =i o) gy — / a(x,l)dx
Rn n

A standard application of the Tonelli-Fubini theorem shows that

/ aa, O)de = / ) ( / ) a(x,ﬁ)dég(f)) dz = /R (e, ©)[dd(¢) x dal.

Thus, even though the family {up, }re(0,1) does not belong to L?(IR™), one can still make
sense (in the context of defect measures) of the behaviour of (a(z, hD)un, tun) 2 gn)
as h — 0.
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3. APPLICATIONS TO PDE

As previously stated, we would like to conclude more about defect measures pu
associated to a bounded family {up}ne( 1) in L*(R™) when our collection {uy, }re(o,1)
are approximate solutions to a PDE. Consider once again the family of functions in
Example 2. There, we had worked with a family of eigenfunctions for the Laplacian.
More precisely, each function u; in Example 2 satisfies the Helmholtz equation

—h2Auh = ’€|2 Up

or, equivalently, P,u, = —h%Auy, — \€|2uh = 0 where P, is the quantization (Weyl
and standard) of p(z,¢) = |¢]* — |¢)*. In particular, [ Prunl p2gny = o(h). Before
moving forward, we re-iterate an important definition.

Definition 3.1. We define the Poisson bracket, denoted {-, *}, by the rule
{p7 Q} = aép : axq - azp : 8€Q'

where (p,q) are functions on R?". The above is defined at all points of R*" where
p, q are differentiable.

Returning to Example 2, we can make the following observation:
/ {p,a}dp = / (Ocp - Opa — Opp - Ocar) dps
R2n R2n

:/ (Oep - Oza) dp
R2n

2 ( [ ¢ axa@s,@dég(s)) d
_ 2/n€-8xa(x,€)dx ~0

where for the last equality we have used the assumption a € C°(R?*").

As it turns out, the above result continues to hold for a class of symbols. However,
keeping in line with the context of Theorem 2.1, we restrict ourselves to the case
where {u }re(o,1) are normalized in L*(R"). Formally, we have the following:

Proposition 3.1. Consider a real-valued function p € S and denote by Py, the Weyl
quantization p' (x,hD). Let {up}peqy be a family in L*(R") satisfying
[ Prunllp2@ny = o(h) as h =0, (3.1)

=1 Vh e (0,1).

[unl 2 gy
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Then for any defect measure j of the family {uh}he(o,l) there holds
{p,a}dp =0
R2n

for all compactly supported symbols a € C>(R?*™).

Remark 3.1. This statement carries a significant physical interpretation. As pointed
out in Zworski [7], this means that u is invariant under the Hamiltonian flow arising
from the function p.

Proof. Fix a function a € C°(R?") and notice that by separating between the real
and imaginary parts, we may suppose without loss of generality that a is real-valued.
Define A;, = a'V'(z, hD) and notice that since Weyl quantizations of real symbols are
self adjoint (see Zworski [7] page 58), both Aj, and P, are self-adjoint operators on
L*(R™). We consider the operator

[Ph, Ah] = PhAh — AhPh.
For each h € (0,1), we compute

’<[Ph7Ah]Uh7uh>| = |<PhAhUh7Uh> - <Ahphuhauh>|
< |(Apup, Pyup)| + [(Prup, Apup)|
< 2| Prunll p2rny | Antinl| 2 @n)

where we have used that Ay, P, are self-adjoint. Appealing to Lemma 2.3, there
exists a constant C' > 0 depending only on a such that

| [Py Anlun, un)| < 2| Poun| 2@y 1 AR 22 2 ([l 2y
= 2| Pyunl| ooy [ Anll 2o 2
< C|Puunl| p2 gy

for all h > 0 sufficiently small. Finally, assumption (3.1) implies that
<[Ph, Ah]uh,uh> = O(h) ash —0 (32)
On the other hand, by Theorem 4.18 in Zworski [7] we have

[P 4s] = " {p.a)"¥ (2, 1D) + /" (2, D) (3.3)

for some smooth function f in Og(h?). That is, for all multi-indices « there exists
C, > 0 such that |0°f| < C,h? on R?". In particular, since we are only considering
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h € (0,1), we see that f € S. By Theorem 4.23 in Zworski [7], there exist constants
C, M > 0 such that

wa(xvhD)HL2(Rn)—>L2(R") S C Z h|a‘/28up’ao¢f|

la|<Mn Ran
SO Y Cuhl? = 0(n?),
|a|<Mn

Since our functions (uy) are normalized in L?(R™), we see that
1
7 (" (z, D)up, up)
Combining (3.2) - (3.4), we see that

<{p,a}W(x, hD)uh,uh> = % ([Pr, Aplup, up) — % <fW(w,D)uh,uh> =o(l) (3.5)

as h — 0. Finally, let ;1 be a defect measure associated to {“h}he(o ;) and let h; — 0
be the sequence such that

lim (b" (z, h;D)up,, up, ) = / bdu
]Rn

= O(h). (3.4)

1
< h ||fw(xv hD)HL2(Rn)—>L2(R“)

J—00

for each b € C>°(R?"). Since p is smooth and a is smooth and of compact support,
we notice that {p,a} is also a smooth function of compact support on R?*". Hence,

{p,a}dp = lim ({p,a}" (x, h;D)up, up,) = 0
R2n J—0
where the last equality follows from (3.5). O
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