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Chapter 1

Ring Theory, Ideals, and
Domains

In this chapter we strive to provide a general overview in the fundamen-
tal theory of rings. This is not without purpose: rings will play a pivotal
role in most of these notes. Indeed, they are natural and highly applicable
algebraic structures that underlie the theory of modules (which generalize
the theory of vector spaces). In many cases it is helpful to picture rings as
generalizations of Z; in fact, Z is the prototype for rings. Nonetheless, in
general, a ring may not have all of the “nice” properties of Z. Hence, it is
perhaps more “fitting” to say that a ring is a setting in which one can carry
out discrete arithmetic.

Throughout this chapter, we assume familiarity with the theory of groups.
This will be particularly useful, as rings will naturally inherit a group
structure themselves. Realizing rings as groups with an additional struc-
ture will simplify many of the proofs and provide helpful insight. The for-
mer is particularly true when we will discuss the isomorphism theorems
for rings.

1. Nomenclature and Basic Properties

A first step to studying rings is to formalize the notion. This begins by
providing the following basic definition of a ring.

We shall now introduce the definition of a ring. We urge the reader
to keep Z in mind as the “centerpiece example” when understanding the
definition. For the entirety of this book, R will denote a non-empty set.

1



2 1. Ring Theory, Ideals, and Domains

DEFINITION 1. Let R be a non-empty set and (R, +) an Abelian group. Sup-
pose that we are given an additional function

O:RxR—>R, (r,rn)—rnrn
such that for all r, 7,7 € R one has
(1) (n+n)r=nr+nr;
(2) r(ry+ry)=rr+rry.

If (R,0) is a monoid, we call R a ring. If r;r, = r,ry for all r,7, € R then we
say that R is a commutative ring.

As a matter of convention, we denote the identity element of (R,+) by
0 and the identity of (R,®) by 1. Let us now point out some easy conse-
quences of the axioms. First, notice that 0x = x0 = 0 for all x € R. Certainly,
write
Ox =(0+0)x =0x+ 0x

whence Ox = 0 since (R, +) is a group. A symmetric argument gives x0 = 0.
Also, the elements 0 and 1 are unique by properties of groups and monoids.
Unfortunately, ring theory is ripe with definitions. Let us give some more
below.

DEFINITION 2. Let R be a ring.

e We say that R is a zero ring if R is a singleton. A zero ring has only
one possible operation. Indeed, R = {0} and

0+0=0, 0-0=0.

e We say that R is a ring with unity if 0 = 1.
e We call a commutative ring R an integral domain if xy = 0 implies
x=0o0rpy=0.
e A ring R where 0 # 1 is called a division ring if for every x = 0
there exists v € R such that
1 =xy=yx.
It is easy to check that such a p is unique. We then denote it by

Xﬁl.

Integral domains are rings of particular importance, and are in a sense
the most important rings. Rings where 0 = 1 are an annoyance that we
would like to rid ourselves of. To this end, we classify rings without unity.

PROPOSITION 1.1. Let R be a ring. Then R is a zero ring if and only if 0 = 1,
where these are formal symbols.
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PROOF. One direction is obvious. Conversely, suppose that 0 =1 in a ring.
Let now x € R and notice that x = 1x = Ox = 0. We have shown that R C {0},
as was required. O

In view of the above, we may restrict ourselves to studying rings with
unity. Henceforth, R will always denote a ring with unity.

1.1. Examples of Rings. . We now give some examples of rings. Classical
examples are fields F. Indeed, we see that a field F is merely a commuta-
tive division ring. Also, Z is a commutative ring when endowed with the
obvious notions of addition and multiplication. For every n € N the same
can also be said about Z/nZ, which can be realized as a quotient ring (we
will give this precise meaning later).

A less canonical example involves vector spaces. Let F be a field and

V' a vector space over F. We denote by End(V) the collection of all F-
endomorphisms of V. For f,g € End(V) we define

(f+8)w):=f(v)+g(v) and (fg)(v)=(fog)(v).

One can easily verify that this makes End(V') into a ring.

DEFINITION 3. Let R be a ring and let R* denote the collection of all x € R
having a multiplicative inverse. Then R* is a group under multiplication
called the group of units of R. An element x having a multiplicative inverse
is called a unit.

2. Basic First Results

We say that a ring R is finite if R is finite in cardinality, i.e. if R contains
only finitely many elements. Recall also that a ring cannot be empty and is
assumed to have unity. Therefore, |R| > 2 for all rings in this book.

As previously mentioned, integral domains are some of the most impor-
tant rings. Below, we illustrate the link between finite fields and integral
domains.

THEOREM 1.2. Let R be a finite commutative ring. Then R is a field if and only
if it is an integral domain.

PROOF. The proof is elegant and straightforward. First, suppose that Ris a

finite field. Suppose now that xy = 0 for x,y € R. If x = 0 then we are done.

Otherwise, let x~! be a multiplicative inverse of x and notice that
O=x"-0=x'xp=1-p=yp

which gives y = 0. Since a field is commutative, it follows that R is an
integral domain. Conversely, suppose that R is an integral domain and let
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x € R\ {0}. We must find some vy € R such that xy = 1 = yx. Consider the
mapping

I':R—R, rmxr.
Clearly, I'(0) = 0. It now suffices to check that I' is injective. Indeed, if I is
injective then it must be bijective (since R is finite). In this case, we could
fix r € R such that xr = 1 and, by commutativity, we would also have rx = 1.
To this end, suppose that

xr=xs, r,seR.

Then x(r—s) = 0. Since x # 0 and R is an integral domain, it follows that r —
s =0,i.e. s =r. This means that I' is injective and the proof is complete. [J

As a consequence, we have another proof of the following easy theorem.

COROLLARY 1.3. Let n > 2 be an integer. Then Z/nZ is a field if and only if n
is prime.

PROOEF. If nisthenn=abfor1 <a,b<n. Butthena,bz0 (mod n)butab=
0 (mod n). Thus, Z/nZ cannot be a field for composite n by the previous
theorem. Conversely, let n be prime and suppose that xy = 0 (mod n).
Then, n | xp so that n | x or n | y. This means that one of x or v is zero
modulo n O

2.1. Formal Polnomial Rings. Let R be a commutative ring. A polynomial
over R is a formal expression of the form

n
F(X):= Zajxf, ajeR neN, (1.1)
j=0

The symbol ‘X’ is not a variable but a formal symbol. One should be care-
ful not to view these as functions R — R. With the obvious notions of
addition and multiplication, we can easily make the collection of all such
polynomials into a ring which we denote by R[X].

DEFINITION 4. Let f(X) = ;’:0 anj with a; € R. The degree of f, written
deg(f), is the largest j € {0,..., n} for which a; # 0.

For instance, X%+ X + 1 has degree 2. We would also like to point out
that R C R[X] (take n = 0 in equation (1.1)). In particular, every element of
R* is invertible in R[X]. What is surprising, however, is that R* contains
every unit of R[X], whenever R is an integral domain.

PROPOSITION 1.4. Let R be an integral domain and R[X] be the ring of poly-
nomials over R. Then, R[X]* = R*.
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PROOF. If r € R* then r is a “constant” polynomial in R[X] and has a mul-
tiplicative inverse r~! € R. But, r~! € R[X] as well whence r € R[X]*. Con-
versely, let f(X) € R[X]* have multiplicative inverse ¢(X). We may write
these as

fX)=) aX) and ) pxI
=0 =0

where a;, f; € R. We may also take n,m € N such that n = deg(f) and m =
deg(g).Then,

L= f(X)g(X)= ) ayx/- ) BX™.
j=0 j=0

If n,m =0 then 0 = a,B,, X" by the above. Since R is an integral domain,
we would then have a,, = 0 or 8,,, = 0 which is a contradiction. Thus, n+m =
0 which shows that

f(X)=ap and g(X)=po

are each others inverses. Since these are elements of R, we are done. |

3. ldeals and Quotient Rings

The notion of a normal subgroup in the theory of groups was crucial, it
allowed us to build new groups from a single group G. Anideal in a ring R
should be viewed as an extension of such a concept. Our ultimate goal will
be to develop quotient rings and deduce the same isomorphism theorems
as we did for groups.

DEFINITION 5. Let R be a ring and I a subgroup of (R,+). We say that I is
an ideal in R provided

(1) rxelforallxelandreR,
(2) xrelforallxeland reR.

It is then customary to write I < R.

Notice that, since (R,+) is an Abelian group, [ is always a normal sub-
group of (R,+). This allows to construct a quotient group R/I for every
ideal I of R. Also, {0} and R are always ideals in R. Appropriately, these are
dubbed the trivial ideals of R.

Anideal I in R is called prime if xy € I implies x € I or y € I. This ideal
I is called maximal if I & R and the only ideal strictly containing I is the
ring R.
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If Ris a commutative ring, then any element r € R generates a canonical
ideal. Certainly, we define

(r):={xr:xeR}

and call this the ideal generated by r. The verification that the above is an
ideal is trivial. If R is an integral domain, we call R a principal ideal domain'
if every ideal I of R is generated by some r € R. Principal ideal domains will
be of great interest in the future.

We now turn towards the construction of a quotient ring. Fix a ring R
and let I be an ideal in R. We have already mentioned that I is a normal
subgroup of (R,+) and therefore we can give R/I an additive structure by
way of groups. For any two elements (x +I),(v + 1) € R/I, we define their
product as

(x+I)(v+1I):=(xy+1).

We must check that this is a well defined notion. Suppose that

(x+1)=(x"+1)
and

v+ =@"+I)
for x,v,x",v" € R. Then

X'=x+i, and ¥ =p+i,
for iy, 1, € I. It follows then that
(+DE +D)=xY + T = (x+i) (@ +iy)+1
= XY+ Xiy + 1Y+ iy + 1
Since I is an ideal, we have xi, +i,y +i,i; € I whence we find that
X+ +)=x"vy'+I=xy+1.

It is then easy to verify directly that R/I becomes a ring under these notions
of addition and multiplication. We call R/I a quotient ring. Notice that R/I
is a commutative ring whenever R is.

3.1. The Ring of Quotients. Consider the commutative ring Z together
with the usual notions of addition and multiplication and let F be a field
with F D Z. We fix n,m € Z\ {0} and note that n-m~!' € F. Therefore, we may
identify Q with a sub-field of F. This is the strategy when constructing the
ring of quotients.

L This is oft abbreviated by PID.
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Fix an integral domain R and consider the cartesian product Rx(R\{0}),
we define an equivalence relation ~ on the elements of this product by
saying that

(a,b) ~(c,d) & ad-bc=0. (1.2)

This leads us to the following construction.

THEOREM 1.5. Let Fg = [Rx(R\{0})]/ ~. For any representatives (a,b) and
(¢,d) of the equivalence classes in F, we define

[(a,b)]+[(c,d)]:=[(ad + bc,bd)] and [(a,b)]-[(c,d)]:= [(ac, bd)].

These operations are well defined maps Fp x Frp — Fr which make Fp into a
field. The map R — Fg given by r +— (r,1) is injective and thus R may be viewed
as a sub-ring of Fg.

The proof is incredibly tedious and far from instructive. As such, we
shall omit it. It is useful to denote the (g, b) as “fractions”
a

E.
Much like with elements of Q, there are many ways of expressing these
fractions. One should view the ring of quotients as a generalization of the

rationals. In fact, F is precisely the field Q.

4. Homomorphisms and The Isomorphism Theorems

Throughout this section we introduce structure preserving mappings be-
tween rings. This concept is a natural extension a homomorphism from
group theory. This should not be too surprising, since rings are simply
Abelian groups with an additional structure which we also seek to pre-
serve. As before, we continue to assume that all rings are non-zero.

DEFINITION 6. Let Ry and R, be rings. A function f : Ry — R, is called a
homomorphism of rings (or a ring homomorphism) if each of the following
holds

(1) fis a group homomorphism from (Ry,+) to (R,,+);

(2) f(xv) = F(D)f (v) forall x,v € Ry,

(3) f(1)=1.
The collection of all ring homomorphisms R; — R, is denoted by Hom(R, R;).
A bijective ring homomorphism is called an isomorphism of rings.

Some immediate consequences of the definitions are in order. First, if
x € R} has inverse x™! then f(x™!) = f(x)7! in R. To see that this is so, notice

fFDf ()= flxx) = f(1) =1
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and likewise f(x)f(x~!) = 1. Also, the composition of ring homomorphisms
is clearly once again a ring homomorphism. Finally, if Ry and R, are rings
and there exists a ring isomorphism R; — R,, we say that R; and R, are
isomorphic. In this case, we write Ry = R,. This notion induces a relation of
equivalence on all rings and it therefore makes sense to say two rings are
“equal” if they are isomorphic. Certainly, isomorphisms should be viewed
as a relabeling of the elements.

Notice that if f(1) # 1 the element f(1) would be a zero-divisor in S. To
see that this is so, write
f(1)=f(1-1)=f(1)%
This implies that f(1)(f(1)—1)=0.

REMARK 1.1. Viewing two rings as equal when they are isomorphic is to
take an algebraic perspective of the objects. Although the ring structures
of two sets are equivalent when they are isomorphic, this is does not mean
that the two sets do not carry additional structure that is independent of
the ring operations. This additional structure could be analytic in nature,
while the properties preserved by the isomorphism are purely algebraic.

If f : Ry = R, is aring homomorphism we define the kernel of f, which
we denote by Ker f, to be the set

Kerf:={xeR;: f(x)=0€R,}.
The image of f is simply the set f(R;) in R;.

PROPOSITION 1.6. Let f : Ry — R, be a ring homomorphism. Then Ker f is an
ideal of Ry and f(Ry) is a sub-ring of R,.

PROOF. First, 0 € Ker f since f(0) = f(0+0) = f(0)+f(0). Also, if x,p € Ker f
then

flx+y)=f(x)+f(y)=0+0=0
which means that x + y € Ker f. Since (Ry,+) is Abelian, every subgroup is
normal and thus Ker f is a normal subgroup of (Ry,+). Now, if x € Ker f
and r € Ry it is clear that

flxr)=f(x)f(r)=0 and f(rx)=f(r)f(x)=0.
We conclude that Ker f is an ideal in R; as was required. From the theory
of groups, we know that f(R;) is a subgroup of (R, +). Also, f(Ry)> 1. If
V1,V2 € f(Ry) choose x1,x, € R, with v = f(x1) and v, = f(x;). Then,
v1v2 = f(x1)f(x2) = f(x1x2)
which implies that v;v, € f(Ry). This concludes the proof of the proposi-
tion. [l
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The last result of this subsection involves the preservation of ideals.
More precisely, it states that ideals are preserved by surjective homomor-
phisms of rings.

LEMMA 1.7. Let Ry and R, be rings and f € Hom(Ry, R,) be surjective. If I is
an ideal in Ry, then f(I) is an ideal in R;.

PROOF. This is an easy proof. Since f(I) is a subgroup of (Ry,+), it suffices
to check that f(I) is closed under multiplication by elements of R;. Let
v € f(I) and fix s € R,. If x € [ satisfies f(x) = v and r € Ry is such that
f(r) =s, it follows that

sy = f(r)f(x) = f(rx) e f(I).
Similarly, ys € f(I) and the proof is complete. g

Finally, the kernel of a ring homomorphism determines whether or not
it is injective.
PROPOSITION 1.8. Let Ry and R, be rings and suppose f : Ry — R, is a ring
homomorphism. Then f is injective if and only if Ker f = {0}.

FIRST PROOF. Suppose that f is injective. Since f(0) = 0, we conclude that
Ker f = {0}. Conversely, suppose that Ker f = {0} and let f(x) = f(v). Then,
f(x—7v)=0 which implies that x —y € Ker f. That is, x —y = 0. O

For those with very basic group theory, the following proof is shorter
(but not by much).

SECOND PROOF. Clearly, f is also a group homomorphism
(R1; +) - (RZr +)'

Since the result holds for group homomorphisms, we are done. 0

4.1. The Canonical Projection. Let R be a ring and I an ideal in R. We
have seen that R/I inherits a natural ring structure. We may define a canon-
ical map

i :R—> R/, x> x+1.

Then 7; is a surjective ring homomorphism whose kernel is I.
PROOF. It is obvious that this map is surjective. It is also a ring homomor-
phism since f(1)=1+1 = 1g/; and
1 (xy) = xy + 1= e+ D)y +1) = 15 (x)77 (),
T (x+y)=x+v+I=(x+1)+ v +I)=m(x)+ (V)

Now, x € Kerry if and only if x +1 = 0+ I, which is to say that x € I. This
concludes the proof. O
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As a corollary we obtain the following abstract characterization of ideals
in rings.

COROLLARY 1.9. Let R be a ring and I C R. Then I is an ideal if and only if I
is the kernel of a ring homomorphism defined on R.

4.2. The First Isomorphism Theorem and its Consequences. We are now
in a position to prove the first isomorphism theorem for rings. This result
is identical to the analogous statement for groups. In fact, as we shall see,
much of the proof relies on the innate group structure of a ring.

THEOREM 1.10. Let f : R — S be a homomorphism of rings and let | denote
the kernel of f. Assume I < R is such that I C ]J. There exists a unique ring
homomorphism f’: R/I — S such that the following diagram commutes

R— 1 .5 (1.3)

Moreover, the kernel of f”is J/I.

PROOF. We already know that G/I indeed has a ring structure. Let us de-
fine this map f” as follows:

fx+1)= f(x).
We now check that this well defined. Suppose x+1 =y +1, then y = x+1 for
some i € . Then,

flo+D)=f)=flx+i)=f()+f(i) = f(x) = f(x+]).
Therefore, f’ is well defined as a map R — S. It is also clear from the def-
inition that f’ is a ring homomorphism. To see that f’ is unique, suppose
that f” is another ring homomorphism satisfying the diagram (1.3). Then,
for every coset x + I in R/I one has

Frae D)= (f om)(x) = f(x) = (f om)(x) = £ (x +1).
Finally, the kernel of f’ is simply
Ker f' ={x+1:x € R such that f(x) =0}
={x+1:x €] such that f(x) =0}
=J/1.
O
The theorem above has many important consequences that we shall

now state and illustrate. One should note how these are reminiscent of
group theory.
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COROLLARY 1.11. Let f : R — S be a ring homomorphism. Then, as rings:
R/Ker f = f(S).
In particular, if f is surjective:
R/Ker f =S.

COROLLARY 1.12. Let R be a ring and I,] two ideals in R with I CJ. Then, as
rings
R/1
R/] = —
J J/1
PROOF. Consider the mapping between rings given by
I':R/I ->R/], x+I>x+].

We first check that this is a well defined map. If x+[ =y +[theny =x+1
for some i € I CJ. This means that

IF'v+D)=v+]=x+i+]=x+]=T(x+I).

It is immediate that I" is a homomorphism of rings. Also, it is obvious that
I' is surjective. Finally, the kernel of I' is given by

(x+I:x+]=]}=]/I.

The result then follows from the first isomorphism theorem for rings. O






Chapter 2

Commutative Rings

In this chapter we study a sub-category of rings that are of particular in-
terest: commutative rings. That is, we consider rings R where xy = yx for
all x,v € R. This assumption will lead to some surprisingly powerful con-
clusions. As in the previous chapter, we will continue to assume that Ris a
non-zero ring (and thus contains a unit 1 # 0). Our discussion of commuta-
tive rings will very much rely on properties of ideals. Therefore, we begin
by mentioning some properties that are very easy to prove.

(1)

(4)

Let I} and I, be ideals in a ring R. We define their direct sum,
written I; + I, to be

11+12:{i1+i22i1Ell,izelz}.

Then I, + I, is again an ideal in R.

Let A be an index set (not necessarily countable) and suppose that
we are given an ideal I, in R for every index A € A. The intersec-

tion
(n
AeA

is an ideal of R.

Suppose we are given a finite family Iy,..., I, of ideals in a ring R.
We define ]_[;-1:1 I; to be the family of all summations of the form
Z}Ll ij, where i; € I;. It is easy to check that ]_[;7:1[]- is again an
ideal of R.

Finally, suppose we have a sequence {I,},, of ideals in R such that
I, C I, forall n e N. Then, |, [, is an ideal in R.
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We leave the verification of these 4 properties as an exercise. We now
recall a basic definition that we shall now make use of.

DEFINITION 7. Let R be an integral domain. We say that R is a principal
ideal domain, or simply a PID, if every ideal I < R is of the form (r) for some
r € R. That is, if every ideal is generated by an element of R.

1. Properties of Quotients

Looking at fields from the perspective of ideals is not very interesting. This
is summarized by the following proposition.

PROPOSITION 2.1. Let F be a field. The only ideals in F are the trivial ones, i.e.
{0} and F.

PROOF. Let I # {0} be an ideal in F and choose x # 0 from I. Clearly, 1 =
x~'x € I and therefore (1) CI. But, (1) =F. O

A more interesting application of these notions is the following charac-
terization of prime and maximal ideals in a commutative ring R.

THEOREM 2.2. Let R be a commutative ring and I # R an ideal in R.

(1) Iis prime if and only if R/I is an integral domain.
(2) Iis a maximal ideal if and only if R/ is a field.

PROOF. First, suppose that I is prime and fix two elements (x+I) and (v +1)
of the quotient ring R/I. If (x +I)(v +I) = 0 then xy + I = 0; but this is to
say that xy € I. Since I is prime, x € [ or y € I. That is, either x+1 =0 or
v+1 = 0. We conclude that R/I is an integral domain. Conversely, let us
assume that R/I is an integral domain and suppose xy € I. Clearly,

O=(xy+I)=(x+I1)(v+1I)

implies that either x € I or vy € I, since R/I is an integral domain. The result
follows at once.

We now tackle (2). Let I be a maximal ideal and let (x +I) # 0 be an
element of the ring R/I. Since (x+1) # 0, we have x € R\ I. It follows that
(x) is an ideal distinct from I. But then

I+(x)

is an ideal in R strictly containing I. By maximality, we see that R = I + (x).
Hence, 1 = ai + bx for a,b € R. This implies that

(x+I)(b+])=bx+I=1-ai+1=1+1.
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Since R/I is commutative (R is itself commutative), we see that R/I is a field.
Conversely, let R/I be a field and ] be an ideal in R strictly containing I. We
will show that | = R. To this end, consider the projection homomorphism

i :R—> R/, re—>r+l.

Then, since 7; is a surjective homomorphism of rings, we see from Lemma
1.7 that 7i;(J) < R/I. But, 7;(J) = J/I is a non-zero ideal. Since R/I is a
field, we apply the previous proposition to conclude that /I = R/I. Now,
let x € R be given and consider x + 1 € R/I = J/I. We may choose j € ] such
that x+I =j+1. But then,

X+i1=j+i2, il,iQEI.
This implies that x = j+i, —i; € ] since ] D [ is an ideal. It follows that
R =]. The theorem is now proven. O

As a corollary, we have an easy proof of the following surprisingly use-
ful result.

COROLLARY 2.3. Let R be a commutative ring. If I is a maximal ideal in R,
then I is prime.

PROOF. If I is maximal then R/I is a field and is therefore an integral
domain. As a consequence, I must be prime. If I = R then it is clearly
prime. U

This corollary will simplify some of the arguments that we will use in
the following section. Is it therefore wise to keep the above in mind when
reading this chapter.

2. Principal Ideals and Division

Throughout this section, unless otherwise stated, R will denote a principal
ideal domain. That is, an integral domain in which every ideal is of the
form (r) for some r € R. We are also concerned with rings equipped with
a division structure that is reminiscent of the integers Z. Recalling the
long division algorithm with remainder that we use in Z, the following
definition becomes natural.

DEFINITION 8 (Euclidean Ring). Let R be an integral domain. We say that
R is a Euclidean domain if we are given a function

N : R\ {0} - N,
such that for every x € R and v € R\ {0} there exist 4,b € R such that
x=ay+b withb=0or N(b) <N(p).

This function N(:) is then called a norm function.
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The prototype example of a Euclidean domain is Z equipped with the
usual absolute value norm |-|. The notion of divisibility that arises is sur-
prisingly useful but, as we shall see, one can define divisibility in a general
integral domain. Nonetheless, Euclidean domains have the nice property
of automatically being PIDs.

THEOREM 2.4. Let R be a Euclidean domain. Then R is a PID.

PROOF. Let I be a non-zero ideal in R and consider the set
N :={N(x):xel\{0}}

which is a non-empty subset of Ny. This set therefore admits a minimal
element N(r), where r € I \ {0}. It is clear from the definitions of ideals that
(r) € I. For the reverse inclusion, let x € I. We perform the division

x=ar+b

where either b = 0 or N(b) < N(r). By minimality, we must have b = 0. This
implies that x = ar whence x € (r). It follows that [ = () and that R is a
PID. O

We now relax the assumption that R is a PID and suppose only that it
is an integral domain. We have a readily available notion of divisibility.

(1) If x,y € R and v = 0 we say that v | x if there exists z € R such that
x = pz. We then write v | x.

(2) If a,b € R, we say that a and b are associates provided there exists
x € R* such that a = xb. In this case, we write a ~ b. It is easy to
check that ~ is an equivalence relation on R.

LEMMA 2.5. Let R be an integral domain. Then ~ is an equivalence relation on
R. In fact, if a,b# 0, then a ~ b ifand only ifa|band b | a.

PROOF. We leave the proof that ~ is an equivalence relation as an exercise

to the reader. Let now a,b # 0. If a ~ b then it is clear that a | b and b | a.

Conversely, suppose that a | b and b | a. Then, we have for suitable x,7 € R:
b=ax, a=by.

This implies that b = ax = bxy whence 0 = b(1 —xyp). Since R is an integral
domain, we see that x,v € R* which gives that a ~ b. O

2.1. Greatest Common Divisors. Let R be an integral domain and sup-
pose that x,v € R\ {0}. We say that d is a greatest common divisor of both x
and p, written d = gcd(x,v), if

(1) d|xand d |y,

(2) If d’|xand d’ |y then d’ | d.
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Notice that we defined a greatest common divisor. Indeed, the gcd need
not be unique. It is, however, unique up to multiplication by a unit. Also,
a greatest common divisor is never 0.

THEOREM 2.6. Let R be an integral domain and x,y € R\ {0}. Suppose that

d =gcd(x, ) exists. Then d is unique up to multiplication by a unit.

PROOF. Let u € R* and consider ud. Clearly, since d | x and d | v we see that
x=ad, y=0bd

for a,b € R. But then,

x=aduu™', v=bduu!

whence ud | x and ud | y. If | x and d’ | p, then d’ | d so that d’ | ud. We
conclude that ud is another gcd of x and y. Now, let e be another greatest
common divisor of (x,v). Since d | e and e | d it follows that d ~ e. Therefore,
e = ud for some u € R* by the previous lemma. O

We continue to assume that R is an integral domain. For x,v € R we
define the ideal generated by x and p to be
(x,v):={ax+by:a,beR}.
It is an easy exercise to ensure that (x,7) < R.

PROPOSITION 2.7. Let R be a principal ideal domain and x,v € R\ {0}. Then
there exists a gcd of x and .

PROOF. Since R is a PID, (x,v) = (d) for some d € R. It is clear that x,v € (d)
so that d |xand d | y. Now, d € (x,p) implies that

d=ax+py, a,peR
If | x and d’ |y then d’| d as well. This completes the proof. O

REMARK 2.1. This argument continues to hold if R is only assumed to be
an integral domain. Indeed, if x,v € R\ {0} and (x,v) = (d) for some d, then
d is a gcd of x and y. The difference is that, in this case, we must assume
that the ideal (x,v) is principal.

3. Prime and Irreducible Elements

Throughout this section, we denote by R an arbitrary integral domain. We
have the following definitions.

DEFINITION 9. Let r € R\ {0} and r ¢ R*. We say that r is irreducible if r = ab
implies r ~a or r ~b. We call r a prime provided r | ab implies r |a or r | b.
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The definition of an irreducible element is somewhat pedantic. We
“clean” this up below.

PROPOSITION 2.8. Let R be an integral domain and r ¢ R* with r # 0. Then r
is irreducible if and only if

r=ab = a€R* orbeR. (2.1)

PROOF. Let r be irreducible and suppose that r = ab. Since r ~aor r ~ b,
we may assume that r ~ a. That is, a = ru for some unit u. But then,

r=ab=rub.

This implies that 1 = ub (since R is an integral domain). It follows that
b € R*. Conversely, suppose that (2.1) holds true. If r = ab then we may
assume that b € R*. This precisely means that r ~ a. 0

Clearly, this definitions arise from the familiar analogous concepts in
Z. As a result, we should also expect primes to be irreducibles. This is
precisely what the following proposition ensures.

PROPOSITION 2.9. Let R be an integral domain and r a prime element of R.
Then r is irreducible.

PROOE. Let r = ab for a,b € R\ {0}. Then, r|ab whence r|a or r | b. Without
loss of generality, we may assume that r | a. But, ab = r implies thata | r. It
follows that r|aand a|r,ie. a~r. O

In addition to this result, if the integral domain R is assumed to be
a principal ideal domain, we may characterize completely the irreducible
elements of R. However, before we do so, we require the following lemma.

LEMMA 2.10. Let R be an integral domain and r € R\{0} a non-unit. The ideal
(r) is prime if and only if r is prime. Furthermore, if (r) is maximal, then r is a
prime element of R.

PROOF. First, suppose that (r) is prime. If r | ab then ab € (r) so that a € ()
or b € (r). Either way, r | a or r | b. This means that r is prime. Conversely,
suppose that r is prime and let ab € (r). Then, r | ab which gives r |a or r | b.
That is, a € (r) or b € (r). The last part follows from the fact that maximal
ideals are prime ideals. g

We now give the main theorem of this section.

THEOREM 2.11. Let R be a principal ideal domain and r € R\ {0}. Then r is
prime if and only if it is irreducible.



4. The Chinese Remainder Theorem 19

PROOF. By virtue of Proposition 2.9, we see that it suffices to prove only
the “ &=’ direction of the theorem. To this end, let r 2 0 be an irreducible
element of R. In view of Lemma 2.10, we need only show that () is maxi-
mal.

To this end, let ] be an ideal of R that properly contains (). Since R is
a PID, we have | = (s) for some s € R\ {0}. Now, r = sx for some x € R\ {0}.
Being irreducible, we see that r ~ s or r ~ x. Since (r) # (s), we cannot have
r ~s. Therefore, we must have r ~ x. But then r = xu for some u € R*
whence

sx=r=xu = x(s—u)=0.

Since R is an integral domain, we see that s = u € R* from which it follows
that (s) = R. The theorem is then proven. O

The incredibly fussy and choppy argument used above is not of tremen-
dous importance and one should only focus on the statement of the theo-
rem. As a corollary, we obtain the following.

COROLLARY 2.12. Let R be a principal ideal domain. An non-zero ideal I is
prime if and only if it is maximal.

PROOF. Let I be a prime ideal. Then I = (r) for some prime r € R. This
r is irreducible, and therefore the argument used in the previous theorem
allows us to conclude that I is maximal. The converse is true in any com-
mutative ring. g

4. The Chinese Remainder Theorem

The Chinese Remainder Theorem (or CRT) is a perfect example of a theo-
rem that has been over-generalized. For one, the “original” CRT had noth-
ing to do with abstract ring theory and focused on the solvability of con-
gruence systems. We now give a useful definition.

DEFINITION 10. Let R be a commutative ring and Iy, [, ideals of R. We say
that I and I, are co-prime (written I} 1L [;) if I + I, = R. If instead we
are given a family {Iy,...,[,} of ideals, we say that the family is co-prime if
I; L Iy forall j = k.

REMARK 2.2. Notice that I; 1 I, means that there exists a pair (x,v) € I; xI,
such that 1 =x+7v.

The main theorem of this section is stated below, and to call it the Chi-
nese Remainder Theorem is somewhat pointless, in my opinion.
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THEOREM 2.13 (Chinese Remainder Theorem). Let R be a commutative ring
and Ay,..., Ay a family of co-prime ideals in R. Then,

R/(Ay---Ap) = R/A| x--- X R/Ay. (2.2)
We must elaborate on the right hand side of the equation above. We
have not yet given a ring structure to cartesian products, and therefore it
does not yet make sense to speak of an isomorphism as in (2.2). Suppose
that we are given rings Ry,...,R,. We make the cartesian product ]_[}7:1 R;
into a ring by defining coordinate-wise operations:
(T1seear )+ (S15enesSy) = (1] + 51,00, 7 + 5p)
and
(riyeeer )= (S1pevesSn) = (11 = S1peees Ty = Sp)-

Before we prove the Chinese Remainder Theorem, we give a lemma.

LEMMA 2.14. Let R be a commutative ring and Iy,...,I; co-prime ideals. For
every j =1,...,k there exists an element ¢j € R such that

e;j=1 (mod ;) and ;=0 (mod I)
forall € #j.
PROOF OF LEMMA. After a relabeling, we may assume for the sake of sim-
plicity that j = 1. Then, for every m = 2,...,k we may find x,, € I; and
Um € I, such that
1 =x, 40
Define now

k
fri=(a+p2) (e +m) =a+ | |vm
m=2

where a is defined in the obvious way. We claim that e¢; := f; — a is the
element we seek. Certainly, v,, =1 (mod I) for all m and therefore

fl—O(El (mod Il)
If ¢> 1, then clearly f{ —a =0 (mod I;). This proves the lemma. g
We now prove the CRT.

PROOF OF THEOREM 2.13. We define a ring homomorphism
f:R—R/A| x---R/Ak

by r— (r+Ay,...,r + Ag). Clearly, the kernel of this map is ﬁj;l Ag. To see
that f is surjective, choose ¢; as in the lemma above. Now, if

(Tl +A1,...,7’k+Ak)
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is in the range of f, we define
ri=riep -+ reég

and see that f(r) maps to (r;+Ay,...,r¢+Ag). The first isomorphism theorem
then implies that

R/NS_| Aj = R/A; X+ X R/ Ay

It now only remains to check that ﬂ;f:] Aj=A;--Ag. Notice that since R is
commutative, the ‘2’ inclusion is obvious. We prove the reverse inclusion
by induction on k. If k = 1 the case is clear. Otherwise, we apply our
induction hypothesis to see that

k
ﬂAJ-:A2---Ak
j=2

and fix x € ﬂ;?:lAj. Then, x € A; and x € A,---Ay. Let xo,...,xg and vy,..., Uk
be as in the lemma and notice that

k
1:(X2+y2)”'(xk+lfk)=01+ﬂyj-
i=2

Then, a € Ay by construction so that xa € A; --- Ay by commutativity of R.

It is also clear that x]_[jf:2 v; belongs to xa € Ay --- Ay. Hence, since x =x- 1,
we conclude that x € Ay --- Ay and the proof is complete. 0

5. Unique Factorization Domains and Gauss’ Lemma

The last section of this chapter will be brief, and will mostly cover results
that we shall not prove. I believe that the “major” proofs are tedious, messy
and not at all instructive. Nonetheless, some of these results will turn out
to be of use when we study modules. Now, we provide a definition.

DEFINITION 11 (Unique Factorization Domain). Let R be an integral do-
main. We say that R is a unique factorization domain (or a UFD) if for for
every r € R, with r # 0 and r € R, one has

(1) r can be written as a product of irreducible elements p;:

r=pipa

(2) If r = q1---q,, is another expression for r as a product of irre-
ducibles, then m = n and, after a relabeling, one has

qi ~ Pi-

A fundamental result for UFDs is the following.
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THEOREM 2.15. Let R be a PID. Then R is UFD. In fact, if R is a UFD then so
is R[X].

This is an example of a theorem which we shall not prove. We will
instead be providing lemmas that are used in the proof of the above the-
orem. Personally, I believe we can learn more from the proofs of these
lemmas than the proof of the theorem itself. This begins by considering
irreducibles of UFDs.

PROPOSITION 2.16. Let R be a unique factorization domain and fix r € R.
Then, r is prime if and only if r is irreducible. If r is prime, then (r) is a prime
ideal and R/I is an integral domain.

PROOF. By Proposition 2.9, we know that r being prime implies that it
is irreducible. Hence, we need only show that irreducibility implies the
“primeness” of r. Suppose that r | ab and choose x € R such that ab = rx.
Now, since R is a UFD, we may decompose the above equality into irre-
ducible factors over R:

aray-a,=ab=rx=rpy-Pn_q.

Here, r survives the decomposition because it is already irreducible. By the
uniqueness, we conclude that there exists some «; for which r ~ a;. But,
this a; is one of the irreducible factors of a or b. Hence, r | a or r | b. This
means that r is prime. It now follows from Lemma 2.10 that (r) is a prime
ideal. Consequently, we see that R/I is an integral domain by Theorem

2.2. (]

We now introduce some new notation. Let R be an integral domain and
I an ideal in R. We have given meaning to R/I. Now, we attach to I an ideal
in R[X]. This is done by defining

N
IR[X]:= {Zanfﬂ(x) ta, €R, f, € R[X]}.

n=0

It is easy to check that IR[X] < R[X]. We now characterize the elements of
IR[X] is a nice way.

LEMMA 2.17. Let I be an ideal of R, an integral domain. Then,
N
IR[X] = {Z%X” La, € R}.
n=0

The proof of the above is left as an easy exercise to the reader. We now
give a lemma that is attributed to Gauss.
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LEMMA 2.18. Let R be a unique factorization domain with field of fractions F.
Let f € R[X] be reducible over F[X]. Then, f is reducible over R[X].

PROOE. Suppose that f is reducible over F[X], that is f(X) = A(X)B(X) for
non-constant polynomials A and B. Since the coefficients of A and B are
fractions in F, we can choose d € R\ {0} such that

df(X)=A(X)B;(X)

where Ay and B; are non-constant polynomials in R[X]. If 4 is a unit, then
multiplying through by d~! we may turn off the proof. Otherwise, decom-
pose d into its irreducible factors:

p1-paf (X) = A1(X)By(X) (2.3)
where p; are non-zero and non-unit elements of R. Now, we know from
Proposition 2.16 that p; is a prime element of R. Hence, [ := (p;) is a prime
ideal in R and (R/I)[X] is an integral domain, as is easy to check. Then,
we see from (2.3) that 0 = A;(X) - A,(X) where = denotes the reduction in
(R/I)[X]. Using now that this is an integral domain, we may assume that
A1(X) = 0. But this is to say that p; divides every coefficient of A;(X). The
uniqueness of factorization then implies that there exists a polynomial A,
over R such that

P2+ puf (X) = Ax(X)By (X).
Repeating this procedure, we arrive at the reducibility of f over R[X]. This
completes the proof. O






Chapter 3

Modules at a First Glance

We now begin our study of modules. The concept of a module very much
resembles that of a vector space over a field. In fact, from the definitions
they are nearly indistinguishable. Loosely speaking, one can say that a
module is a vector space over a ring, instead of a field. Unfortunately, in
allowing the set scalars to be rings (and not restricting oneself to a field),
we lose much of the power of vector spaces. In general, we will have to be
very careful during proofs as our intuition from vector spaces will often
turn out to be false in the context of modules.

1. Definitions and the Setup

The first thing we must do is give the definition of a module. Henceforth,
suppose that R is a ring with unity.

DEFINITION 12. An Abelian group (M, +) over a ring R, with unity, is called
an R-module if we are implicitly given a function

RxM —>M, (r,m)t>rm
such that each of the following holds for every r,r,7, € R and my, m, € M:

(1) (ry+r)m=rim+rym;
(2) r(my+my) =rmy +rmy;
(3) n (fzm) (rra)m
(4) 1-
We would like to point out that it is an easy consequence that 7-0 =10
for every r € R. Similarly, one can show that 0-m = 0 for every m € M.
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As usual, we must now introduce terminology. A subgroup N of (M, +)
is called a submodule if it is closed under multiplication by elements of R
(which we call scalars). It is clear that N is then an R-module in its own
right. If M; and M, are two R-modules, a group homomorphism f : M; —
M, is called a homomorphism of R-modules if it satisfies the rule

f(rm)=rf(m), V(r,m)€eRxM.
The collection of all homomorphisms M; — M, is denoted by
Hom(leM2)'

A special case is Hom(M;j,R), where R is an R-module over itself. If f
is injective, this is called an embedding. In the case where it is bijective,
it is dubbed an isomorphism of modules. If there exists an isomorphism
between two modules M; and M;, we say they are isomorphic (written
M, = M,). This is an equivalence relation on R-modules, as is easy to check.
In particular, the inverse of an isomorphism is an isomorphism as well. The
kernel of a homomorphism f : My — M, is the set

Ker f:={meM,: f(m)=0}.

It is easy to verify that Ker f is a submodule of M;. Given m € M, we define
its annihilator, denoted Ann(m), to be the set

Ann(m):={reR:rm=0}.

If Ris an integral domain (so, commutative) we give yet another definition.
The torsion of M is defined as

Tor(M):={meM :dr =0, rm = 0}.

If Tor(M) = M we say that M is a torsion module. If Tor(M) = {0} we say
that M is torsion-free.

REMARK 3.1. Notice that we have only defined left scalar multiplication for
modules. Although one can develop the entire theory with right multipli-
cation, one typically does not assume we given both methods of multipli-
cation. Throughout this text, we shall use the convention of left multipli-
cation.

1.1. Quotients and Isomorphism Theorems. As with groups, rings and
vector spaces, we wish to develop the notion of a quotient module. This is
easy, as we are given an Abelian group structure. If M is an R-module and
N is a submodule, then N is a normal subgroup of (M, +) and therefore
we may endow M/N with a group structure. There is an obvious way of
defining multiplication by scalars:

r-(m+N)=rm+N.
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This is well defined since if m+ N = m’+ N one has m’ = m+n, where n € N.
But then,

r-(m+N)=rm’"+ N =rm+rmn+N =rm+N

since N is closed under scalar multiplication. It is easy to check that this
makes M/N in to an R-module. In doing so, it is clear from our results
for rings and groups that the isomorphism theorems developed in the pre-
vious chapter (and in the previous book) continue to hold true. It is left
as an exercise to state and prove the corresponding isomorphism theorems
for modules. Doing so should not be hard, as this will be our third time
proving these isomorphism theorems (albeit different analogues).

2. Direct Sums and Free Modules

Suppose that we are given an index set and a family of non-empty sets
{X4}qer indexed by a. The cartesian product of these X, ’s is defined as the

set of all maps
f:I—- UX“

ael
where f(a) € X, for every a € I. We denote this set by [[,¢; X,. The axiom
of choice states that [ [,¢; X, is not-empty whenever every X, is non-empty.
The functions f defined on I should be viewed as the coordinate maps. If
f €llye; Xa, every f(a)is known as a coordinate of f. In the case where I is
countable, the elements of [[,¢; X, may be seen as tuples.

Suppose now that for every a € I we are given an R-module M,. Con-
sider the cartesian product [],c; M,. Using this, we will define a new mod-
ule over R.

DEFINITION 13. The direct sum of {M,},¢;, denoted @ae[ M,, is the sub-
collection of [],e; M, such that every f € @ _ M, has at-most finitely
many non-zero coordinates.

ael

In symbolic terms, @ _, M, consists of all f € [],¢; M, such that f(a) =
0 for all but finitely many a € I. This set B, _; M, becomes an R-module
in the obvious way (coordinate wise operations). A very special case arises
when we take M, = R for each a € I. In this case, it is customary to denote

RO .= EBR.
a€el

This gives rise to one of the most important definitions in module theory.
We give this below.

DEFINITION 14. Let M be an R-module and suppose that M = R®! for some
index set I. Then M is said to be a free-module.
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Free modules are, loosely speaking, the modules which admit a basis
similar to those in the sense of vector spaces. Indeed, this is the theorem
that follows.

THEOREM 3.1. Let R be a ring and M a free R-module. Then there exists a
subset {m, : a € I} of M such that every element m € M may be uniquely

expressed as
m= > To Mg, T4 €R,

a€l
where at-most finitely many of the r, are non-zero. Conversely, if every element
of m admits a unique such representation, then M is free.

As a result, we say that an indexed family 1> = {m, : a € I} of an R-
module M is a basis for M if every element m € M has a unique represen-
tation as in the statement of the theorem. Before proving the theorem, we
give a useful lemma.

LEMMA 3.2. Let M and N be R-modules, where R is any ring with unity. Sup-
pose that f : M — N is a module homomorphism. Then f is injective if and

only if Ker f = {0}.

PROOF. Notice that f(0+0) = f(0) + f(0) whence 0 = f(0) for any homo-
morphism f. From this we see that Ker f = {0} whenever f is injective.
Conversely, suppose that Ker f ={0}. If f(u) = f(v) then f(u—-v) =0 so that
u—v € Ker f ={0}. But then, u = v which yields the injectivity of f. O

PROOF OF THEOREM 3.1. Suppose first that M is free; there exists an index
set I such that M = R®. Choose now an isomorphism of R-modules

f:R¥ > M

and let e, denote the vector in R®' whose a-coordinate is 1 but all other are
zero. Then, it is clear that every element of R®! can be written as a linear
combination ) ,.; r,€, with only finitely many non-zero r,. To see that this
representation is unique, suppose that

) Tafa =) saca
a€el a€l
with all but finitely many r,,s, non-zero. Then,
0= Z(r(r _Sa)ea
ael

implies that (r, —s,) = 0. Now, let m € M be given and choose (7). in R
such that

(ra)ael = m.



2. Direct Sums and Free Modules 29

Then,

£ (Y )= Y nste

ael

where all but finitely many r, are zero. To see that this representation is

unique, notice that
Y raflea)=) saf(ea)

ael ael

with all but finitely non-zero coefficients implies that

0= f[Z(ra _S(l)e(l]

ael

whence 0 = ) ,(rq —Sa)e, since f is injective. But, the uniqueness on
R®! then gives that s, = r,. This shows that M has a basis if it is a free
R-module.

Conversely, suppose that M has a basis
B:={m,:ael}
for some index set I. We claim that M = R®/. We construct a mapping
M- R®
as follows:

(1) Every element m € M admits a unique representation of the form
Y acl TaMgq With at-most finitely many non-zero coefficients r, € R.

(2) Let g(m) = (ra)ael € R®L.

This association is clearly a surjective homomorphism of R-modules. To
see that it is injective, suppose that g(m) = 0. This is to say that

g[zrama) = (rq)aer = 0.

ael

In this case, we conclude that r, = 0 for all «, i.e. ) ,c;7am,. This gives
that Ker ¢ = {0}, whence we conclude that g is an isomorphism of modules.
The theorem is now proven. g

We now introduce a formal notion of linear independence. Suppose
that M is a module over a ring R with unity and that G is a non-empty
subset of M. We say that [ is linearly independent if

Z rnm; =0,

mel
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with all but finitely many r = 0, implies that rp = 0 for all [ € L. This
notion is far more important in the theory of vector spaces than the theory
of modules.

3. The Rank of a Module

Throughout this section, R denotes an integral domain and M will be an
R-module. The rank of M, written Rk(M), is the cardinal number obtained
by taking the supremum over the cardinalities of all linearly independent
subsets [ of M.

To really motivate this definition, we begin with an analysis of free-
modules.

LEMMA 3.3. Let R be an integral domain and I a non-empty index set. There
exists a linearly independent subset in R® having cardinality I. Furthermore,
|I| is the largest cardinality any linearly independent subset of R®' can have.

PROOF. Existence is easy: let e, for a € I be the element of R® having all
coordinates equal to zero, except the a coordinate which is set to 1. Then,
{ea)aeq is @ linearly independent family in R®! with cardinality |I].

Now, let {v,, : @ € J} be an arbitrary linearly independent family in R®!.
Let F denote the field of fractions from R. There is an embedding R < F
which gives us an embedding

RO <, oI

We claim that {v, : @ €]} is a linearly independent family in F®/, consid-
ered up to the embedding. Certainly, suppose that

-
E 2.v,=0, r4,5,€R,

S
a€f @

where s, # 0 for all @ € ], and r, # 0 for at-most finitely many a. Now, let
S € R\ {0} be such that s, | S for all a € ] having r, # 0. Then,

S
0= |—ry| vy €R®.
I EE
a€]
By linear independence, we conclude that S/s,r, = 0 whence r, = 0 (R is

an integral domain). It follows that {v, : a € J} is linearly independent in
F®' which is a vector space over F.

In particular, {e, : a €I} is a linearly independent family in F®. Tt is
also clearly a basis for F®/, when viewed as a vector space over F. Since
we have shown that any linearly independent family in R®! is “related” to
a linearly independent family of the same cardinality in F®/, we see from
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our theory of vector spaces that |I| is the maximum cardinality a linearly
independent family in R®! can have. This proves the lemma. O

This gives rise to a new definition. If M is an R-module and [ is a
linearly independent subset of M, we call [ maximally independent if there
does not exist a linearly independent subset of M strictly containing L.

THEOREM 3.4. Let M be an R module over an integral domain R. Any two
maximally linearly independent sets in M have the same cardinality.

PROOF. Let {x, : @ € I} be a maximally linearly independent family in M
and let N denote the span of these elements (set of all finite linear com-
binations). Then, N = R® by Theorem 3.1. Now, let m € M be given and
notice that, allowing for duplicates, the set

{xprael}u{m}

is not linearly independent over R. There exists a representation (with at-
most finitely many non-zero coefficients)

E TaXy +1rm=0.
a€]

Also, we must have r # 0 since the {x,} are linearly independent. This
implies that rm belongs to N. Let now

{3})/ "Y€ ]}
be another maximally independent subset of M; by repeating the argument
above for every element y,,, we may choose r,, € R\ {0} such that

{ryyy:yef}QN.

Since R is an integral domain, it is quite easy to check that the family above
is once again linearly independent. Since N = R®!, we invoke the previous
lemma to see that |J| < |I|. But, we could easy reverse the roles of ] and I in
our argument to see that |I| <|J|. This proves the theorem. O

Despite these results, we have not yet given any formal propositions
regarding the rank of modules. Below, we present some basic properties of
the rank.

PROPOSITION 3.5. Let R be an integral domain and M an R-module having
finite rank.

(1) If N is a sub-module of M, then N has finite rank.

(2) M =Tor(M) if and only if Rk(M) = 0.

(3) Tor(M) is as sub-module of M and Rk(M) = Rk(M/Tor(M)).
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PROOF. First, we point out that Tor(M) is a sub-module. Indeed, let my, m, €
Tor(M) and choose ry, 7, € R\ {0} such that r; - m; =0 and r, - m, = 0. Then,

(r172) - (my +my) = (ryr2) - my + (ryr2)m;
=1y (ry-my)+ry-(ry-my)
=0+0=0.

Also, if @« € R then r - (o -my) = a-(r; - m) = 0. This implies that a - m; €
Tor(M). Hence, Tor(M) is a submodule of M.

Now, let N be a general submodule of M and let m < oo denote the
rank of M. Clearly, any linearly independent family in N is also a linearly
independent family in M. Therefore, the cardinality of any linearly inde-

pendent family in N is no greater than m. Taking the supremum, it follows
that Rk(N) < m = Rk(M). This establishes (1).

Suppose now that M = Tor(M). Let S be any linearly independent sub-
set of M. Then S = @ since, otherwise, we can choose m = 0 from S. But
then, since M = Tor(M), there exists r = 0 such that r-m = 0. This con-
tradicts the linear independence of S and we conclude that S = @. In par-
ticular, Rk(M) = 0 since every linearly independent subset of M is empty.
Conversely, suppose that Rk(M) = 0 and fix m € M; we must show that
m € Tor(M). Since Rk(M) = 0, the set {m} is not linearly independent. We
may then choose r # 0 such that 0 = r - m. This is precisely the statement
that m € Tor(M). Hence, (2) is proven.

Finally, we establish (3). For this, we need only show that for every
linearly independent family in M there exists a linearly independent set of
the same cardinality in M, and vice-versa. To this end, let {m,..., m;} be a
linearly independent family in M and consider the collection

{my + Tor(M),---,my + Tor(M)}. (3.1)

We claim that the above is linearly independent in M/Tor(M). Certainly,
suppose that
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which implies that Y%
that

j=17jm; € Tor(M). Hence, we may choose a # 0 such

By independence over M, we must have ar; = 0 for all j = 1,...,k. Since
R is an integral domain and a = 0, we get that r; = 0 for every j. Hence,
the family (3.1) is linearly independent in M/Tor(M). Conversely, choose a
family
{my + Tor(M),---, my + Tor(M)}

that is linearly independent in M/Tor(M); we claim that

{mll"';mk} (3-2)
is linearly independent in M. To see this, suppose that yk =0 for

rj € R. Then, y

j=1 7"
j=11jm m; € Tor(M) which implies that

k k
O:Zr]m + Tor(M :Zr] j+ Tor( ))

j=1 =1
By linear independence in M/Tor(M), we conclude that r; = 0 for every

index j. Hence, the family in (3.2) is linearly independent and the propo-
sition is proven. ]

4. The Elementary Divisor and Structure Theorems for
Finitely Generated Modules over PID

This section contains the statement and proof of the elementary divisors
theorem or, simply, the EDT. This fundamental result, seemingly strange,
is a stepping stone in the direction of the structure theorem, which is of
significant use in the study of Abelian groups. Throughout this section,
R will denote a principal ideal domain. Let us now state the elementary
divisors theorem.

THEOREM 3.6 (Elementary Divisor Theorem (EDT)). Let M be a free R-

module over a PID of finite rank m € N. Suppose that N is a sub-module of
M.

(1) Then N is a free module of rank n < m.

(2) There exists a basis {vy,..., v} of M and non-zero scalars ay | ay |-+ |
a, such that
{01}}1;'.«rﬂn}}n}
is a basis for N.
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We shall not prove this theorem, as the proof is long, fussy, and rather
choppy. We are more interested in consequences of this theorem, and espe-
cially in the structure theorem that we will shortly prove. First, we provide
a useful lemma.

LEMMA 3.7. Let R be an integral domain and M a free R-module. Then M is
torsion free.

PROOF. We need only check that Tor(M) C {0}. Let {m, : a €I} be a basis
for M = R®!. every element m € Tor(M) C M admits a unique expression

m= E TaMgy

a€e]

with only finitely many r, # 0. Let now r # 0 be such that rm = 0. Then,

0= eram.

ae]
By the uniqueness of representation, we see that rr, = 0 for al. a. But, since

r# 0 and R is an integral domain, it follows that r, = 0 for all @ € I. Hence,
m = 0 and the proof is complete. 0

Before stating the structure theorem, we must give another definition
reminiscent of linear algebra over fields. Let R be a ring and M an R-
module. We say that M is finitely generated if there exists a finite subset
U of M such that

M =Span(U)
where
n
Span(U) := {ijl rimj:ri €R,m; € U}.

Notice that U need not be linearly independent, and that M need not be
free if it is finitely generated.

LEMMA 3.8. Let R be an integral domain and {y} linearly independent in R".
Then, R = Ry.

PROOF. Consider the map r +— ry. This is clearly well defined and surjec-
tive by definition. To see that it is injective, notice that ry = sy implies that
(r—s) = 0 by linear independence. Since the mapping is a homomorphism
of R-modules, the result is immediate. O

With this formality out of the way, we may now state the structure the-
orem.

THEOREM 3.9 (Structure Theorem for Finitely Generated Modules). Let R
be a principal ideal domain and M a finitely generated R-module.
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(1) M = Rrea@]  R/(aj) for some r,m > 0 and non-zero ay,...,a,; € R
withay |-+ a,,.
(2) M is torsion free if and only if M is free. Furthermore,

Tor(M) = @ R/(aj)
j=1

Thus, M is a torsion module if and only if r = 0. In this case, Ann(M) =
(@m)-

PROOF SKETCH. Let {x1,...,x,} be a collection of elements in M whose span
is M. This gives rise to a homomorphism of modules

R"—> M, (r,...,r Zr*c e M.

This homomorphism is clearly surjective. If N denotes its kernel, then the
first isomorphism theorem for modules (the same as for groups) implies
that

R"/N = M.
Now, we apply the EDT to R" and N. This gives us a basis {v;,...,v,} of R"
and non-zero ay,...,4,, such that
ap|---lay
and {a,vy,...,4,,V;y} is a basis for N. This implies that
n
@._ Ry n
M =R"/N = m];] ~ R"" @@R/(aj).
D=1 Rajyj =
J= j=1

This follows from the fact that Ry; = R if {y;} is linearly independent (see
the previous lemma). This establishes (1). Using (1), it is easy to see that

Tor(M) = Tor(R"™™) @@Tor (R/(a @Tor (R/(a (3.3)
j=1
= @R/(aj). (3.4)
j=1

From this, we see that M = Tor(M) if and only if r = 0. In this case, we show
that Ann(M) = (a,,). Clearly, (a,,) = Ann(M). This proves the theorem. [

REMARK 3.2. Notice that if a; is a unit for any j, then R/(a;) = {0} and we
may therefore remove it from the representation. The 4; that are non-unit
are called invariant factors.
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5. Applications of the Structure Theorem

The proof of the structure theorem is relatively informal, but clear. The
most important aspects of the theorem, however, are its numerous applica-
tions to ring and group theory. We shall now state some of these corollaries.

COROLLARY 3.10. Let F be a field; clearly every F-module is an F vector space.
Also, since F is a field, the torsion of any F-module is {0}. Let now V be any
finitely generated F-module. Then, V =F" for some r > 0. This r is the dimen-
sion of V, as we know it from vector spaces.

COROLLARY 3.11. Let G be a finitely generated Abelian group. Then

m
G=Z o(Pz/az
j=1
for some a; e N-and r > 0.

5.1. Viewing Finite Dimensional Vector Spaces as Polynomial Modules.
Let V be a finite dimensional vector space over a field F, we have already
discussed this as an F-module. Let now T be an endomorphism V — V, as
vector spaces over F. The pair (V, T) can be made into a module over F[x].
Certainly, we already have a notion of addition which is inherited from the
vector space structure of V. By defining

x-v:=T([)

we introduce an obvious notion of scalar multiplication. This makes V ~
(T,V) into a module over F[x], as is easy to check. Obviously, since V is
finite dimensional over F C F[x], the module (V,T) is finitely generated.
We apply the structure theorem to see that

m
V~ (v, T) = Fl]" & @D Flx)/(a;(x)) (3.5)
j=1
where a; | ---|a,,. We may also assume that the aj are monic. We now claim

that V = Tor(V), as F[x] modules. For this, we need only check that » = 0. To
this end, notice that by composition we obtain a surjective homomorphism
of F[x] modules:

V ~(V,T) — F[x @@F X)) —> F[x]".

Now, such a homomorphism is again a homomorphism of F-modules, and
thus of F-vector spaces. Since dim(V) < oo but dim(F[x]) = co, we must
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have r = 0. Hence, Tor(V) = V. From this it follows that
m
(v, T) = CD R}/ (a(x)
j=1

for non-constant polynomials 4;, that we may assume to be monic. Also,
Ann(M) = (a,,) means that the minimal polynomial of T is a,,(X).

6. The Rational Canonical Form

There are many canonical forms for matrices, and perhaps the most famous
one is the so-called Jordan Normal form. Unfortunately, the Jordan Normal
form theorem only applies when we are considering operators V — V with
V being a vector space over an algebraically closed field F.

In this section, we briefly cover the rational canonical form, which does
not require the field F to be algebraically closed. In this way, one can see
the rational canonical form as a generalization of the Jordan Normal form
for a matrix.

Let F be a field and V a finite dimensional vector space over F. Given
a linear operator T : V — V, we have already seen that we can identify
V with a F[x]-module. From the standpoint, we have an isomorphism of
F[x]-modules:

V =F[x]/(a;(x)®--- @F[x]/(ay(x))

where a; | a, | --- | a,, are polynomials of degree no smaller than 1. These
polynomials clearly can only be determined up to a unit multiple. We will
not prove that in this sense the a; are unique; the reader may easily find a
proof of this in literature. But, being unique only up to a constant multiple,
we can make the 4; unique by requiring them to be monic. These are then
called the invariant factors of T.' Recalling from the previous sections that
Ann(V) = (a,,), we obtain the following proposition.

PROPOSITION 3.12. The minimal polynomial of T is the largest invariant factor
of T. All invariant factors of T must divide this polynomial.

Before we proceed, we require another definition from linear algebra.
This will play a pivotal role in how we define the rational canonical form
of a matrix A.

DEFINITION 15. Let F be a field and
a(x) =ag +a1x+~-~+ak_1xk_1 +xK

1In our construction we did not explicitly write that V ~ (V, T). Make no mistake, the invariant
factors ag,..., a,, depend on T since we used T to give V a structure as a F[x] module.
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be any monic polynomial in F[x]. The companion matrix of a, which we
denote by Cg(y), is the matrix:

0O 0 --- o0 ... —dag
1 —daq
0 1 —daj
Cowr=|y ¢ (3.6)
0O 0 --- o0 ... —Aar_1

Using the same notation as above, we may represent the linear map T
as a matrix A. We then define the rational canonical form of the matrix A
to be the block-matrix consisting of the following:

Cay(v)

Co(x
a(x) (3‘7)

Ca,(x)

We now state a theorem due to Smith, which we shall not prove. Nonethe-
less, it is particularly useful in the computation of the rational canonical
form.

THEOREM 3.13 (Smith). Let F be a field and let A € M, (F) for n € N. Denote by
B the matrix xI,, — A, which is an element of M, (F[x]). By the use of elementary
row and column operations, from B one can obtain a matrix of the form

diag(1,...,L,ay(x),...,a,,(x))

where the aj are the invariant factors of the matrix A.

The theorem above gives an “algorithm” that will allow us to compute
the invariant factors ay,...,a,,. This works over any field F (it need not be
algebraically closed). Using (3.6), it is easy to compute the companion ma-
trix for every factor. Then, using (3.7), we have found the rational canonical
form.

REMARK 3.3. If we keep track of the elementary operations used in deter-
mining the invariant factors (according to Smith’s theorem), one can actu-
ally find the change of basis matrix for the rational canonical form. In these
notes, this is not so important to us.

For the sake of completeness, we now define precisely what we mean
by an elementary operation.
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ELEMENTARY ROW AND COLUMN OPERATIONS. An elementary row oper-
ation on a matrix A is any of the following:

e Exchanging two rows or two columns;
e Adding an F[x]-multiple of a row to another row;
e Adding an F[x]-multiple of a column to another column;

e Multiplying a row or column by a unit of F[x], i.e. an element of
F* =F\ {0}.

6.1. Algebraically Closed Fields and the Jordan Normal Form. From this
new perspective on endomorphisms of vector spaces, we may give an alter-
native description of the Jordan normal form. Suppose in addition that F
is algebraically closed (in practice take this to be C). The structure theorem
has already given us a representation

V~(V,T)= @F[x]/(aj(x)).
j=1

Now, using that F is algebraically closed, we decompose every a;(x) into

k; k;
a product ]_[j]:l(x - /\].j). Using this together with the chinese remainder

theorem for modules, we may decompose the above to obtain a unique
representation

I

V ~(V,T) é&, A €F. (3.8)
=7 (e=2p)7)

Notice that these A; need not be distinct. Then, for every index j in the
above we may attach what we call a Jordan block matrix in My, (F) given by:

A1 0 - 0
04 1 - 0

JApp) =] : (3.9)
00 - A 1
00 - 0 A

The Jordan normal form of the operator T can then be defined to be the
direct sum of these Jordan blocks:

J(A1,p1)

Ta(T) = Japa) . (3.10)

J(AprN)
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6.1.1. Easy Examples. We now give examples on how to compute the ratio-
nal and Jordan forms for simple matrices of small order. In practice, the
procedure outlined above can be quite difficult, but we believe that illus-
trating the steps for n < 3 is enough to fully understand the two canonical
forms we have defined.

EXAMPLE 3.1. Consider the matrix A = ((1) _32) in M,(Q) c M,(C). Calculate
its rational canonical form over Q and its Jordan normal form over C.

SOLUTION. As described in the Smith normal form theorem, we consider
the matrix B := xI — A for indeterminate x € Q. Then, we “manipulate” this

matrix as follows
(x -3 ) Ri«<Ry+xR, (0 x2+2x—3)
B = N

-1 x+2 -1 xX+2
Cr—Cy+(x+2)C, (
_

Ry—(-R3)

RieR, (1 0
(O (x+3)(x— 1))’

It follows that the only invariant factor of A is (x—1)(x+ 3). Hence, we have
a single companion matrix of the form

0 (x+3)(x-1)
1 0

0 3

o=l )

which gives us the rational canonical form:
0 3

Ri=() 2}

Now, all of our invariant factors completely factor over Q. Thus, we see
that

(V,A) = Q[x)/((x-1)) @ Q[x]/((x +3)).

We will thus have two Jordan blocks, each of size 1. These blocks will be
(1) and (-3), respectively. Hence, the Jordan normal form for A is

=(y )

EXAMPLE 3.2. Repeat the previous example for

2 -2 14
0 3 -7|eMsQ).
0 0 2

A=
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SOLUTION. For an indeterminate x € Q, we consider B = x] —A and perform
row and column operations as above.

x—2 2 -14 CreCai7C, x—2 2 0
0 x—3 7 | ———>1| 0 x—3 7x-14
0 0 x-2 0 0 x-2
Ry«R,~7R; x-2 2 0
— = 51 0 x-3 0
0 0 x—2
C G, x-2 0
x-3 0 0
0 0 x-2
. 1 x-2 0
Ry—Ry=*7R, 0 Sy g
2
GG | 0 x—2
Cy—Cy—(x=2)C 1 0 0
2o )h —(x=2)(x-3)
— 0 3 0
0 0 x—2

Now, performing the obvious operations gives that
1 0 0
B=|0 x-2 0 .
0 0 (x=2)(x-3)
Therefore, we have two invariant factors, given by a;(x) = (x—2) and a,(x) =

(x—2)(x = 3). This gives rise to two companion matrices, the first of which
is given by

(2)

whilst the last companion matrix is

0 -6
S
This gives the following rational canonical form:
2.0 0
0 0 -6
01 5

We now compute the Jordan form, from this. Notice that

Qx)/((x - 2)) @ Qlx]/((x = 2)(x - 3))
Qx)/((x-2)) @ Qlx)/((x - 2)) @ Q[x]/((x - 3))

Il
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which will give us 3 Jordan blocks, each of order size 1. That is,

2 00
JolA)=[0 2 o]
00 3

This is not too surprising, since the minimal polynomial m, = a, factors
completely over Q C C, and thus A must be diagonalizable.



Chapter 4

Field Theory

In this chapter we study a special sub-class of integral domains: fields.
Recall that a field F is a commutative division ring with unity 1. Usually, F
will be used to denote a field and K will be used to denote a field K 2 F. In
this case, we will say that K is a field extension of F. Sometimes this will be
abbreviated by K/F. It is important to not confused K/F with the quotient
ring K/F.

Often, our analysis of a field F will involve a field extension K of F
(possibly F itself). Hence, unless stated otherwise, we will assume that K
is a field containing F and that such a K is given. That is, if we have a
field F we will assume that we are also given a field extension K/F. As we
shall soon see, field theory comprises also of familiar notions from linear
algebra.

1. Definitions and Groundwork for Fields

If F is a field, then it is easy to check that F* = F\ {0} is an Abelian group
under multiplication. It can also be shown to be cyclic whenever F is finite.
Let 1r =1 denote the multiplicative identity in F. For n € N we will define

n-l=n-lp=1+1+---+1.
—_———
n times

There are then only two possibilities: either n-1 is distinct for every n € N,
orn-1=m-1 for some m < n with m,n € N. The latter then means that
k-1 =0 for some k € N. This gives rise to the subsequent definition.
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DEFINITION 16 (Characteristic of a Field). Let F be a field and suppose
there exists n € N satisfying n-1 = 0. Then we define the characteristic of
F, denoted Ch(F), to be the minimal such n. If no such n exists, we set

Ch(F) = 0.
Some properties are now worth investigating. For one, the following
properties are easy to establish for n,m e N:
n-l+m-1=(n+m)-1, (4.1)
(n-1)(m-1)=(nm)-1. (4.2)
With these identities, we will obtain the following.

PROPOSITION 4.1. Let F be a field, then Ch(F) is either 0 or equal to a prime
p. If Ch(F) = p, then for any a € F:
p-a=a+a+---+a=0.

———
p times

PROOF. Suppose that Ch(F) # 0, then clearly Ch(F) > 2. After decomposing
Ch(F) into prime factors p; --- pg, we see from the identities above that

k

k
0=[|_[pj]'m=]_[<pj-1>.
j=1

j=1
Since F is an integral domain, we must have p;-1 = 0 for some index j. This

shows that the smallest n with n-1 = 0 must be prime. Hence, Ch(F) is a
prime. In this case, for every a € F we see that

pra=(p-1)(a)="0(a)=0.

A straightforward corollary is the following.

COROLLARY 4.2. Let F be a field and Ch(F) = p, where p is a prime. If n-1 =0,
then p | n.

PROOE. Suppose that n-1 =0 but that p { n. We may then write

n=ap+fh, 0<p<p.

But, 0 =n-1 = f-n then contradicts the minimality of p. O
Suppose we now define (-n)-1:= —(n-1). We now have a natural ring
homomorphism

Y:Z—-F, n—n-l
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Let k denote the kernel of 1. Since k is an ideal in Z, it is either {0} or pZ
for some prime p € N. Obviously, k # Z. The first isomorphism theorem
gives us an embedding of rings:

Z/k — F.

In particular, F contains a sub-field isomorphic' to Q or Z/pZ.

Some simple examples are now in order. Clearly, the fields Q,R and C
have characteristic 0. The field Z/pZ, for p prime, also has characteristic p.

DEFINITION 17. Let F be a field and K/F a field extension of F. It is clear
that K forms a vector space over F, since F C K. The degree of K over F,
denoted [K : F], is defined to be

Notice that this could very well be infinite.

The notation [K : F] is unfortunate. In group theory, this same notation
is used to denote the index of F in K. It is important not to confused [K : F]
with the cardinality of the quotient K/F. Clearly, field theory rehashes
much of the already established algebraic notation and this is a sad part of
our reality.

If Fy and F, are fields and ¢ is a ring homomorphism F; — F,, we will
call ¢ a field homomorphism. Field homomorphisms are far simpler than
ring homomorphisms, as we shall see.

LEMMA 4.3. Let Fy and F, be fields and suppose that ¢ : F| — F, is a field
homomorphism. If ¢ # 0, then @ is injective (and thus an embedding).

PROOF. Let N :=Ker @, then N <« F;. Since F; is a field, the only ideals are
{0} and F. Since ¢ # 0, we must have Ker ¢ = {0}. But this means that ¢ is
injective. (]

We now prove our first major theorem regarding fields.
THEOREM 4.4. Let F be a field and p(x) € F[x] an irreducible polynomial. Then
K = FIx)/(p(x))
is a field containing an isomorphic-copy of F. Furthermore, p has a root over K.

REMARK 4.1. Identifying F with this isomorphic subfield of K shows that
F has a field extension in which p(x) has a root.

1Suppose that k = 0. Then Z/k = Z as rings. Therefore, the embedding shows that F contains a
sub-ring isomorphic to Z. But then F must also contain a ring isomorphic to Q since for all n € Z \ {0}
we can find an element in F, which we denote by n~!, serving as a multiplicative inverse to Z. This
allows us to identify a subset of F with Q.
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PROOF OF THEOREM 4.4. Since p(x) is irreducible and F[x] is a principal
ideal domain (F is a field), the ideal (p(x)) must be maximal in F[x]. This
ensures that K is a field. Now, we know that there exists a projection ho-
momorphism

IT: F[x] = F[x]/(p(x)).
Let 7t be the restriction of I'T to F C F[x]. This gives a homomorphism of

fields F — K that is non-zero (7t(1) = 1). It follows from the previous lemma
that 7t is an embedding F — K.

It now only remains to show that p admits a root in our new field K.
Let X :=TI(x) denote the image of x in the quotient field K. Using now that
ITis a homomorphism, we see that

p (%) =p(x) = p(x) (mod p(x)) =0.

The proof is now complete. O

This abstract result will be extremely useful in the construction of finite
fields and will give rise to the notion of a splitting field. For now, we will
be content with the following.

THEOREM 4.5. Let F be a field and p(x) € F[x] be an irreducible polynomial
with degp = n. Denote by K the field F[x]/(p(x)). If we set 8 :=x (mod p(x)),
the elements

form a basis for K as an F-vector space. Hence, [K : F] = n.

PROOE. We first show that this set spans K over F. Let a(x) € F[x] be a
polynomial with coefficients in F and perform Euclidean division:

a(x) =q(x)p(x)+r(x), r(x)=0or degr(x)<n.

Reduction to F[x]/(p(x)) shows that a(x) = r(x) (mod p(x)). Of course, this
implies that every residue class in K may be represented by a polynomial of
degree no-larger than n—1 in K. It follows that the 9 span K as an F-vector
space.

It only remains to show that the {1,8,---,8"!} form a linearly inde-
pendent set. If they were linearly dependent, we could choose constants
bg,...,b,_1 in F such that

0=by+b;8+---+b, "1

with b; # 0 for some j. Hence, the polynomial on the right is non-zero in K.
But, the above is equivalent to saying that

bo+bix+-+b,_1x" =0 (mod p(x)).
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Thus, p(x)| bg+byx+---+b,_x"~! which is impossible since this has degree
less than degp(x) and is non-zero. The other statements of the theorem
readily follow. O

1.1. Generating Fields. Let F be a field and K a field extension of F (some-
times called a mother field). Suppose that @ € K. We define

F(a):= ﬂ F. (4.3)
F2FU{a}
F is a field
KoF

Since K is always a candidate in the intersection, F(a) is well defined and
non-empty. Also, it is easy to verify that F(a) will be a field. We then say
that F(a) is the minimal field from F generated in K by a. Alternatively, one
can say that F(a) is the simple extension of F from a in K.

EXERCISE 1.1. Generalize definition (4.3) for arbitrary A C K. This should
give a field F(A) contained in K

There is deep connection between this notion and Theorem 4.4, which
we illustrate below.

THEOREM 4.6. Let F be a field and p(x) € F[x] an irreducible polynomial. Sup-
pose that K/F is a field extension and that a € K is a root of p(x). Then,

F(a) = F[x)/(p(x))

where, of course, F(a) is generated in K.

PROOF. The mapping
Y :F[x] > F(a)CK, a(x)mala)

is clearly a ring homomorphism. Since p(a) = 0 over K, we see that (p(x)) C
Kert. This gives rise to another ring homomorphism (obtained from the
first isomorphism theorem)

¢ : Flx)/(p(x)) = F(a).
Now, we have already seen that F[x]/(p(x)) is a field, and thus ¢ is injective

since ¢(1) =1 (actually, ¢ acts as the identity on F). Notice that Im(¢) is
then a field containing F and a,” therefore implying that ¢ is surjective. [J

Looking back to the proof of the first isomorphism theorem, we also
conclude the following regarding the isomorphism in the previous theo-
rem.

2We know that Y(x) = a € F(a). The proof of the first isomorphism theorem shows that a will
also lie in the image of the homomorphism ¢.
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COROLLARY 4.7. Suppose that p(x) has degree n in the previous theorem. Then,

F(O() :{CO+C1Q+"‘+CH_1OCH71 C] EF}.

2. Algebraic Extensions

Let F be a field and K/F a field extension. An element a € K is said to be
algebraic over F is a is a root of some non-zero polynomial f € F[x]. If a is
not algebraic over F, we say that «a is transcendental over F. The extension
K/F can be called algebraic if @ € K implies that a is algebraic over F.
Henceforth, F is assumed to be a field considered in a larger extension K.

PROPOSITION 4.8. Let o be algebraic over F. There exists a unique monic
irreducible polynomial m, € F[x] for which « is a root. then f € F|x] satisfies

f(a)=0ifand only if m, | f.

PROOF. Since a is algebraic, exists a polynomial g € F[x] having a as a root.
Since we are working in a field, we may as well assume that g is monic. Let
g then be a monic polynomial of minimal degree having « as a root. If
g(x) is reducible then g(x) = a(x)b(x) for non-trivial polynomials a and b of
degree strictly less than deg g, which would contradict the minimality of g.
Certainly, K being a field means that g(a) = 0 implies a(a) = 0 or b(a) = 0.
This establishes the existence.

Now, we show uniqueness. Suppose that f is another polynomial in
F[x] having a as a root. Then, using that F[x] is a Euclidean domain, we
perform division

f(x) =g(x)q(x) +r(x)
with r(x) = 0 or degr < degg. Clearly, we must have r(x) = 0 by minimality
of degg. Hence, g(x) | f(x). In particular, g is unique. O

DEFINITION 18. The minimal polynomial m,(x) (or m, r) associated to an
algebraic element a over F is called the minimal polynomial of a over F.
The degree of m,(x) is called the degree of a.

We have the following easy corollary.

COROLLARY 4.9. Let F CL C K be fields. If a € K is algebraic over F and L,
then mgy 1 | Mg .

PROOF. This follows from the fact that m, p € F[x] C L[x] is a polynomial
having a as a root. U

We obtain another result that closely ties into Theorems 4.4-4.6. In-
deed, the theorem below follows immediately from Theorem 4.6.
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THEOREM 4.10. Let a be algebraic over F. Then F(a) = F[x]/(my(x)). In
particular, by Theorem 4.5, we have [F(a): F| = degm, = dega.

We are now sufficiently prepared to offer a simple characterization of
algebraic elements over F. We would also like to point out our “refinement”
process. Theorem 4.10 is simply a more refined version of the previous the-
orems presented in this section. In many ways, it is also the most concrete
version; and also the form that we will invoke the most often.

PROPOSITION 4.11. If a is an element of an extension of degree n over F, then
«a satisfies a non-zero polynomial of degree no larger than n. On the other hand,
if a satisfies a polynomial of degree n over F, then

[F(a): F] < n.

PROOF. First, let us suppose that a belongs to an extension L of F (in K)
with [L: F] = n € N. The collection

{1,a,az,~-~,a”]

must therefore be linearly dependent in L. Hence, we may select a non-

trivial linear combination
n

Zg(]a] =0
=0
with at-least one of the &; = 0. This implies that a is a root of some non-
trivial polynomial of degree no larger than n. Suppose now that f € F[x]
is a polynomial of degree n € N with f(a) = 0. This implies that m, | f(x).
But, we know from Theorem 4.10 that
[F(a):F]=degm, <degf =n.

This completes the proof. 0

The following result is to be expected, but nonetheless requires proof.

COROLLARY 4.12 (1% Characterization of Algebraic Elements). An element
a is algebraic over F if and only if the field extension F(a)/F has finite degree.

PROOF. Suppose first that a is algebraic. It then satisfies a polynomial over
F, and the previous proposition guarantees than
[F(a): F] < oo.

Conversely, suppose that [F(a) : F] < co. Then the previous proposition
implies (since a € F(a) 2 F) that a solves a polynomial over F. This proves
the assertion. O

COROLLARY 4.13. Let K/F be a field extension having finite degree. Then K/F
is algebraic. That is, every a € K is algebraic over F.
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PROOF. Let a € K and notice that F(a) C K implies that F(«) is a F-vector
subspace of K. Hence, [F(a): F] <[K : F] < co. Therefore, a is algebraic by
the previous Corollary. O

2.1. Field Super-extensions. Let F be a field and continue to assume that
K is a field extension of F. We have already considered some properties
of [K : F], especially relating to algebraic elements. Now, what happens if
L is an extension of K (and hence of F)? The first step is to establish the
following.

THEOREM 4.14. Let F C K C L be fields. Then
[L:F]=[L:K][K:F].

PROOE. Let us first assume that [L: K] and [K : F] are finite, and of degrees
m and n, respectively. Let ay,...,a,, be a basis for L over K and let f31,..., 3,
be a basis for K over F. Now, every element of L can be written as a finite
linear combination (over K) of the a;. The coefficient of every a; is itself
a linear combination over F of the f;. After substitution, it then follows
that the family, of size mn, {aj/ik}]_,k is a spanning set for L over F. We now
show that this family is linear independent over F. Suppose that for some

Cjx € F one has
0=) Ciaibe=) ) (Cikaj)Brc
Jk ko j

Using the independence of the S, we conclude that for every k one has
Zj Cjkaj =0. Once again, the independence of the a; means that C;; =0
for all j, k. We conclude that [L: F] = nm in this case.

It remains only to handle the cases where [L : K][K : F] = oo. If either
of these are infinite, then the argument we have used above allows us to
construct an infinite linearly independent set in L over F; which implies
that [L : F] = co. Also, notice that if [L: F] = co then one of [L: K] or [K : F]
must be infinite. The proof is now complete. 0

We now turn towards slightly more complex fields: those generated by
multiple elements. This is done by slightly generalizing (4.3). Let F be a
field and K/F an extension of F. If A C K, we define F(A) to be the smallest
field in K containing F U A. That is,

F(A) = ﬂ F. (4.4)
F2FUA
Fis a field
K2oF
This definition enjoys some nice associativity properties. The most impor-
tant of which we illustrate below.
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LEMMA 4.15. Let F be a field and K/F a field extension. If a,p € K then
F(a, B) = [F(a)](B)-

This is useful for the subsequent major result.

THEOREM 4.16. The extension K/F is finite if and only if K is generated by
a finite number of algebraic elements over F. If K is generated by k-algebraic
elements with degrees ny,...,ny then

k
[K:Fl<]| |n;.

=1
PROOF. Suppose that K/F has finite degree n and let ay,...,a, be a basis
for K over F. We see from Theorem 4.14 that [F(«;) : F] divides [K: F]=n
for every index j. From Corollary 4.12, it is clear that a; is algebraic over
F. Since K is generated by the a;, we have the first implication.
Conversely, suppose that K = F(ay,...,ay) for k-algebraic elements over
F. Notice that a; is also algebraic over any extension of F in K. Let F; =
F(ay), F, = Fi(a;), and so forth. By the previous lemma, we will obtain
Fy = K. Now, using Theorem 4.14 in succession implies that

[K:F]=[Fg:Fx_q]---[Fy: Fol

where Fy = F. The above is clearly < ny---n;. This completes the proof of
this result. O

COROLLARY 4.17. Let a and  be algebraic over F in K/F. Then a £, aff and

a/p (if p = 0) are also algebraic. Hence, the collection of all algebraic elements
of F form a subfield of K.

PROOF. This follows from the fact that all elements listed live in F(a, )
which is algebraic over F by Theorem 4.16. O

We conclude this section with a final theorem which states that being
an algebraic extension is transitive.

THEOREM 4.18. Let F C K C L be fields. If K/F and L/K are algebraic, then
L/F is also algebraic.

PROOF. Let a € L be given, since L/K is algebraic we may find a polynomial
having a as its root:

Cpad"+--+ia+Cy=0 (4.5)

with coefficients C; € K. Consider now the field F(a,Cy,...,C,) generated
from F in L. Since K/F is algebraic, we see that every (; is algebraic over F
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and therefore F(Cy,...,C,) has finite degree over F by the previous theorem.
By Theorem 4.14 we may write

[F(O(;CO;---;Cn) : F] = [F(a;CO;---;Cn):F(CO:---;Cn)][F(CO;---;Cn):F]

By (4.5), a has a root in F(Cy,...,C,) and hence the minimal polynomial of
a over F(Cy,...,C,) has degree no larger than n. We then see from Theorem
4.10 that

[F(O(,Co,...,cn)IF(C(),...,C”)] <n<oo.

Putting all of this together implies that [F(a,Cy,...,C,) : F] is finite. Invok-
ing Corollary 4.13, we see that

P(QJCOI--';Cn)/P

is algebraic. In particular, a is algebraic over F since a belongs to the ex-
tension F(a,Cy,...,C,). Since a was arbitrary in L, we conclude that L/K is
algebraic. O

2.2. Composite Fields. We finalize this section of the text by briefly in-
troducing composite fields. Let K be a “global” field and suppose that
K;,K, C K are subfields of K.

DEFINITION 19. The composite field of K; and K, in K is defined to be the
smallest subfield of K containing K; U K,. We denote this by K; K;. Equiv-
alently, K; K, is the intersection of all all subfields of K containing K; U K.

It is left as a simple exercise to ensure that this is well defined notion.

In the next section, we will again be considering a polynomial with
coefficients in some field F. We shall then attempt to construct a “minimal
field” in which the polynomial in question can be factored completely into
linear terms. Of course, this gives rise to the notion of an algebraic closure
of a field, not to be confused with topological closure.

3. Splitting Fields & the Algebraic Closure of a Field

Throughout this section, we will let F denote an arbitrary field. We con-
tinue to assume that F is contained and embedded inside a larger field. If
we fix a non-trivial polynomial f(x) with coefficients F, then by consid-
ering an irreducible factor of f, we may identify F with a sub-field of a
“larger field” F in which f has a root. Of course, this then implies that f(x)
has a linear factor (x —y) in F[x]. Naturally, this gives rise to the following
definition.

DEFINITION 20. A field F is said to be algebraically closed if every non-
constant polynomial f € F[x] with degf > 1 has a root in F.



3. Splitting Fields & the Algebraic Closure of a Field 53

It is a simple exercise to check that a field F is algebraically closed if
and only if every polynomial f € F[x] with degf > 1 factors completely
into linear terms over F.

The most common example of an algebraically closed field is C. The
proof of this fact is non-trivial. In fact, the “correct way” to prove this
makes use of complex analysis and no algebra whatsoever. We will estab-
lish this property later on, using complex analysis of course.

DEFINITION 21. Let f € F[x] be a polynomial with deg f > 1 and let K be a
field extension of F. We say that K is a splitting field of the polynomial f if

(1) f factors completely into linear terms over K (we then say that f
splits completely over K),

(2) f does not split completely over any proper-subfield | C F which
contains F.

REMARK 4.2. I have found that several textbooks and online references
gloss over an important part of this definition. Let f € F[x] and K be a
field extension of F. Again, we assume that deg f > 1. The statement that f
splits completely over K is equivalent to saying that

fl)=ap| |(x-ap)
j=1
where ag € F and a; € K.

The first thing we must do is check whether or not there exists a split-
ting field. If none exist, there is no point in studying such fields. Hence-
forth, f € F[x] will denote a polynomial with deg f > 1 (since all others are
either 0 or a unit).

THEOREM 4.19. Let F be a field and f € F[x]. There exists a splitting field of
the polynomial f which, of course, contains F.

PROOF. First, let us suppose that there exists at least one field extension
of F over which f splits completely. By taking the intersection of all such
extensions, we have a minimal field extension of F over which f splits com-
pletely. This will obviously be the splitting field of f. Therefore, we must
only show that there exists a field extension E/F over which f splits com-
pletely.

Let n:=degf > 1. If n =1, then we may define E := F. By way of
induction, suppose that n > 1 and the statement holds for all polynomials
of degree 1 <k < n. If all the irreducible factors of f are linear, then we may
once again choose E := F. Otherwise, let a(x) be an irreducible factor of f(x)
with dega > 2. Invoking Theorem 4.4, we may choose a field E; containing
a copy of F in which a(x) has a root, say, . This means that (x—y) | a(x) over
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Eq[x]. Now, f(x) without the factor (x —y) has degree n—1 < n. Applying
our induction hypothesis, we find a field extension E of E; 2 F in which
f(x) factors completely into linear terms. This completes the proof. O

By way of an example, suppose that F is a field and f(x) € F[x] is a non-
constant polynomial of degree n. Adjoining a single root of the polynomial
f generates a field extension K/F with [K : F] < n. By this, we mean that
choosing the “smallest field extension” of F containing a single root of a of
f(x) generates a field extension of degree < n. Certainly, this is the state-
ment that [F(a): F] < n. This last statement is an immediate consequence
of Theorem 4.10. Now, if § # a is any other root of f over F, then it must
satisfy a polynomial of degree n—1. The multiplicative property of degrees
(Theorem 4.14) implies the following:

COROLLARY 4.20. A splitting field K of a polynomial having degree n € N over
F satisfies [K : F] < nl.

3.1. Isomorphism Theorems for Splitting Fields. In this section, we give
some important results regarding the correspondence of splitting fields.
That is, we would like to study how splitting fields behave under the action
of field isomorphisms. This begins with the subsequence lemma.

LEMMA 4.21. Let ¢ : F — F’ be an isomorphism of fields and p(x) € F[x] an
irreducible element. Let p’(x) € F'[x] be the irreducible polynomial obtained by
applying @ to the coefficients of p. Fix a root a of p(x) in some extension of F
and let B be a root p’(x) in some extension of F’. There exists an isomorphism

o:F(a)—> F'(p)

subject to a — [ whose restriction to F is ¢. Furthermore, this extension is
unique.

We first make sure the above makes sense. The isomorphism ¢ clearly
induces an isomorphism of rings (which we denote by ¢, once again)

¢ : F[x] > F'[x]

obtained by mapping every coefficient a of a polynomial to ¢(a) € F’. Now,
this isomorphism ¢ takes the maximal ideal (p(x)) to the maximal ideal
(p’(x)) in F’[x]. Hence, since F’[x] is a principal ideal domain, we see that
p’(x) must also be irreducible in F'[x].

PROOF OF LEMMA. Using what we have described above, we obtain an iso-
morphism of fields

F[x]/(p(x)) = F'[x]/(p’(x)).

From Theorem 4.6 we see that

F(a) = F[x)/(p(x)) = F'[x}/(p"(x)) = F'(B).
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Composition of the isomorphisms described above then grants us the de-
sired 0. Studying the proof of Theorem 4.6 also implies that o restricted
to F is ¢. This completes the proof. Uniqueness follows immediately from
the fact that @ generates F(a) and f generates F’(f). O

This gives way to the following theorem.

THEOREM 4.22. Let ¢ : F — F’ be an isomorphism of fields and let f € F[x]
with deg f > 1. Denote by f’ the polynomial in F’[x] obtained by applying ¢ to
the coefficients of f. Let E denote a splitting field of f over F and E’ one of f’
over F'. There exist an isomorphism of fields

0:E—>E, OlF = .

PROOF. The proof goes by way of induction on n = deg f. If f has all of its
roots in F then f(x) splits completely over F and we may take E = F. Since
@ is an isomorphism, this means that f’ also splits completely over F” and
thus E’ = F. Therefore, 0 := ¢ is a suitable choice of isomorphism. Notice
that this argument covers both the cases where f splits completely over F
and the case n = 1.

Now, we argue by induction on n > 1. We may assume without loss
of generality that f possesses and irreducible factor p(x) with degp > 1
(this p(x) corresponds to an irreducible polynomial p’(x) in F’[x] having
the same degree; indeed, this follows from the fact that ¢ extends to an
isomorphism F[x] — F'[x]).

If @ € E is a root of p(x) and p € E’ is a root of p’(x) (we may take the
B that “corresponds” to a under the action of ¢) we can (by the previous
lemma) determine an isomorphism of fields

o’ E(a) > F'(B)

whose restriction to F is ¢. Denote by F; and F; the fields F(a) and F(p),
respectively. Hence, 0’ is an isomorphism F; — F]. We may now “split”
the polynomials f and f’ over F; and F] as:

fx)=(x-a)fi(x) and f'(x)=(x=p)f{(x), arp.
where f}, f” both have degree n—1. Now, E is again a splitting field for
f1 over F;. To see that this is so, first notice that E contains all the roots
of f; since it contains all roots of f. Now, if G 2 F; = F(«a) is a field strictly
contained in E over which f; completely splits, then f = (x—a) f; would also
split completely over G since a € G. This would, of course, contradict the
minimality of E. Likewise, we see that E’ is a splitting field of f;" over the
extension F{. Applying our induction hypothesis to f; and f{, we choose
an isomorphism
o:E—E
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extending the isomorphism ¢’ : F; — F;. But, it is clear then that o re-
stricted to F is ¢. This completes the proof. O

A desirable corollary follows easily.

COROLLARY 4.23 (Isomorphic Equivalence of Splitting Fields). Let F be a
field and f € F[x] have degf > 1. Any two splitting fields of f over F are
isomorphic.

PROOF. In the previous theorem, take ¢p = 1. Let E and E’ be two splitting
fields of the polynomial f over F. Since f is obtained by applying ¢ to the
coefficients of f, the previous theorem guarantees an isomorphism of fields

0:E—E

which fixes elements of F. This completes the proof. O

3.1.1. Extensions of Degree 1 and Splitting Fields of Degree Larger than 1.
Suppose that F is a field contained in some field extension (up to identi-
fication by an embedding) K. We have seen that we may give K a vector
space structure over. What can we say about K and F provided

[K:F]=dimp(K) =12
In a similar spirit, suppose that f(x) is a non-trivial polynomial in F[x]
and assume that E is a splitting field (unique up to isomorphism) for f

over F[x]. If [E : F] # 1, what can one say about the structure of f(x)? We
provide a simple answer to these questions in the lemma below.

LEMMA 4.24. Let F be a field, K/F a field extension, and f(x) € F[x] a polyno-
mial of degree deg f > 1.

(1) If[K:F] =1 then K = F (up to identification).

(2) Let E denote the splitting field of f and suppose that [E : F]> 1. Then
f has an irreducible factor (in F[x]) of degree strictly larger than 1.

PROOF. We first establish (1). Obviously, F € K and it suffices to show that
K CF. Since [K : F] =1, there exists a basis {k} for K over F. This is to say
that every element of K can be represented as ak for some a € F. Thus, we
need only check that k € F. Now, let a € F be such that

1 = ak.

Since F C K, the two fields “share” the same multiplicative identity. This
means that k = a~! in F. Since F is closed under taking inverses, it follows
that k € F as was required. This proves (1).

Now, let us prove (2). Suppose that every irreducible factor of f (in
F[x]) has degree 1. This means that f factors into linear terms over F and
thus E = F, which implies that [E : F] = 1. This is a contradiction. O



3. Splitting Fields & the Algebraic Closure of a Field 57

3.2. Algebraic Closures of Fields. Let us recall the definition of an alge-
braically closed field: a field F is called algebraically closed if every f € F[x]
with deg f > 1 has arootin F. Hence, F is algebraically closed if every poly-
nomial f € F[x] splits completely into linear factors over F.

DEFINITION 22 (Algebraic Closure). Let F be a field and F a field extension
of F. We call F an algebraic closure of F if

(1) Every polynomial f € F[x] splits completely over F,
(2) Fis algebraic over F.

It is certainly non-obvious that there exists an algebraic closure of a
given field F. Nor is it immediate that an algebraic closure F is itself alge-
braically closed. We verify the latter below.

PROPOSITION 4.25. Let F be a field and F an algebraic closure of F. Then F is
algebraically closed.

PROOF. Let f(x) € F[x] be a polynomial of positive degree and let a be a
root of this polynomial f. Then, by combining corollaries 4.12 and 4.13,
we see that F(a) is an algebraic extension of the field F. However, we may
then use Theorem 4.18 to deduce that F(a) is algebraic over F. Thus, a is
algebraic over F. That is, a is the root of a polynomial having coefficients in
F. Since F is an algebraic closure, f splits completely over F and therefore
« € F. This completes the proof this result. O

We now turn towards the much more difficult question: does every field
admit an algebraic closure? The answer is yes, but the proof is choppy and
annoying. It relies on the axiom of choice (in the form of Zorn’s lemma).

THEOREM 4.26. Let F be a field, there exists an algebraically closed field con-
taining F.

Although we omit the proof of the above, we will deduce the following
result from it.

THEOREM 4.27. Let K be an algebraically closed field containing F. Let F de-
note the set of all elements in K that are algebraic over F. Then F is an algebraic
closure of F. Also, an algebraic closure of F is unique up to isomorphism.

PROOF. We have already seen that F is a field. Also, it is obvious from its
very definition that F is algebraic over F. Hence, we need only check that
every polynomial f € F[x] splits into linear terms over F. If deg f = 0 then
this is trivial. Otherwise, write

f(x)=aq (x” o Xt co) =:a0g(x).
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for ag € F\ {0}. Then, a( € F by default. Since g(x) € K[x] is monic, we may
write decompose g(x) into linear terms of the form x — a for a € K. In this
case, a is aroot of f € F[x] and hence «a is algebraic over F. This means that
« € [ as was required. We conclude that F is an algebraic closure of F. The
proof of uniqueness invokes Zorn’s lemma and is therefore omitted. 0

3.3. The Fundamental Theorem of Algebra. An important result in anal-
ysis and number theory is the fact that C is algebraically closed, i.e. every
non-constant polynomial in C has a root in C. This is an incredible fact,
and is the “end” of a long “story” that stretches back to ancient Greece.

There are many proofs of this theorem, few algebraic. Personally, I be-
lieve the proofs that avoid the use of analysis are long, tedious, and draw
on large bodies of work. Non-analytic proofs of the fundamental theorem
of algebra usually invoke topology or Galois theory. On the other hand, the
use of analysis can make the proof of this result near trivial. Certainly, this
is a testament to the raw, absolute power, of analysis.

Having said this, let us give a proof of the famous fundamental theorem
of algebra.

THEOREM 4.28 (Fundamental Theorem of Algebra). Let f be a non-constant
polynomial over C. Then f has a root in C.

PROOF. Let f(z) := a,z" + a,_1z"' +--- + ay be a polynomial over C and
assume that n > 1 with a, # 0. By way of contradiction, let us suppose that
f(z) has no roots in C. Clearly, this is to say that f(z) # 0 in C and therefore

is a well defined function over C. Also, it is evident from the quotient
rule that F(z) is holomorphic at every z € C, and is therefore entire. Now,
observe that

|f(2)] = la,z" +---+ag] > o0, as |z| > 0.

We may thus find R > 1 so large that

1
|F(z)]= —— <1, forall|z]>R
If ()l
Now, F(z) is continuous on the compact set {z € C: |z| < R} and therefore is
bounded on this set. Combing this together with the above implies that F(z)
is bounded in all of C. Applying Liouville’s theorem, it follows that F(z) is
constant. This then implies that f(z) is constant, which is absurd. g
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4. Cyclotomic Polynomials

The first step is to recall some facts and definitions regarding roots of unity
in C. Let n € N and consider the polynomial x" — 1 over C. It is an elemen-
tary fact that this polynomial admits exactly n roots, each lying on the unit
circle Dc C.

For a fixed n € N the collection of roots to x” — 1 is called the group of
unity for n. This collection is denoted 3, and forms a group under mul-
tiplication, as is easy to check. Henceforth, we will assume that n € N
is given and consider the group 3, (under multiplication). An element
Cp €3, is called a primitive n'* root of unity provided it generates the group
3,. Clearly, such an element always exists since
2ni)

e

satisfies x" — 1 for all n € N. Now, for any fixed primitive root of unity C,
we consider the mapping

Z/nZ =3, ar (C,) ™4

It is easy to verify that this is an isomorphism of groups, and we thus see
that Z/nzZ =3, for all n e N.

DEFINITION 23. Let n € N and let C,, € 3, be a primitive root. We define
the ny, cyclotomic field to be Q(C,).

DEFINITION 24. For a given n € N, we defined the n'" cyclotomic polynomial
to be
o= || -

 Cn€3n
Cpis primitive

In other terms, @, is the unique monic polynomial over C whose roots are
precisely the primitive ny, roots of unity.

h

Some elementary group theory shows that for any primitive n'" root of

unity C, € 3, there holds

o,0= || x-ci.

1<a<n
ged(a,n)=1

Since 3, is a cyclic group, it has unique cyclic subgroups of order d for
every divisor d | n. As a result, we may decompose the polynomial x" -1 as

follows:
sor=|[e-o=]] ] «-9 (4.6)

Ce3y dln E€3y

Eprimitive in 3y
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Indeed, this follows from the fact that 3; € 3, for d | n. Thus, every element
of order d in 3,, is necessarily a primitive element of 3;. But, (24) gives, by
very definition,

X1 = ]_[CDd(x). (4.7)
dn
This identity is highly reminiscent of the group theoretic result
n=>) ¢ (4.8)
dn

where ¢(-) denotes Euler’s totient function.

A surprising result is that @, can be realized as a polynomial in Z[x] of
degree precisely ¢(n). This is the subsequent proposition.

PROPOSITION 4.29. Let n € N, then @, is a monic polynomial in Z[x] with
deg®, = @(n). Here, (n) is Euler’s totient function.

PROOF. Since Z/nZ =3, as cyclic groups, they must have the same number
of generators. Since ¢(n) = |(Z/nZ)>< , it is immediate from Definition 24
that @, is a monic polynomial over C having degree ¢(n).

Let us now argue by induction. In the case n =1, we have
O, (x) = Dy (x) = x— 1

which certainly lives in Z[x]. This establishes the case n =1. Let now n > 1
and assume that the statement holds for all 1 < k < n. Then, ®; € Z[x] for
all 1 <d < n. Invoking (4.7), we have

¥ =1 =p(0)Py(x), p(x)i= | [Pal),
dn
d=#n

Now, p(x) divides x" — 1 in Q(C,)[x]. But, we see from the Euclidean algo-
rithm that we may assume that p(x) divides x” — 1 in Q[x]. After all, p(x)
has coefficients in Q[x] and so does x” — 1. Invoking Gauss’s lemma from
Chapter 2, we see that p(x) divides Q[x] in Z[x]. Since
O, (x) = x"—1
T e
the proof is now complete. O

This proposition gives way to the following theorem, the proof of which
we shall omit.

THEOREM 4.30. Let n € N be given. The cyclotomic polynomial ®, is irre-
ducible over Q.



Chapter 5

Galois Theory

In the previous chapter we touched upon the notion of adjoining points
to a field to solve a polynomial. This chapter is very much a further dis-
cussion of this topic. Due to Evariste Galois, Galois Theory draws upon
rings, fields, groups and linear algebra to study the permutations of roots
of polynomials over a field F.

1. Definitions and First Principles

We will begin by providing some terminology. Let F be a field and K a field
extension of F. We will denote by Aut(K) the group of all automorphisms
of K'. It is easy to verify that Aut(K) forms a group under composition.
An automorphism o € Aut(K) is said to fix the subfield F if o(a) = a for all
a € F. Notice that for any field K there exists at-least one automorphism.
This automorphism is the “trivial one” and is given by

1x:K—>K, ama

In fact, 1k serves as the identity element of the group Aut(K). The above is
also an example of an automorphism that fixes F.

DEFINITION 25. Let F be a field and K a field extension of F. We denote by
Aut(K/F) the collection of all automorphisms of K that fix F. That is,

Aut(K/F):={o € Aut(K):0(a) =a,Vae F CK}.

Our earlier remarks show that Aut(K/F) is always non-empty. Our first
goal is to endow Aut(K/F) with a group structure. The obvious candidate
for a group law is composition, and the identity should be 1x which we

Tan automorphism of a field F is a ring isomorphism o : F — F.
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shall simply denote by 1. Of course, this will make Aut(K/F) a subgroup of
Aut(K).

PROPOSITION 5.1. Let F be a field and K/F a field extension of F. The collection
Aut(K/F) is a subgroup of Aut(K).

PROOF. Clearly, 1 € Aut(K/F). Since Aut(K/F) € Aut(K), we need only
show that Aut(K/F) is closed under multiplication and taking inverses. If
0,7 € Aut(K/F) C Aut(K) then o o T € Aut(K) since this latter family is a
group under composition. Also, if a € F then

(cot)(a)=0(t(a)) =0c(a)=a.
Clearly, 0~! is an automorphism of K. To see that it fixes a € F observe that

a = o(a) so that 0~!(a) = a. This establishes the proposition. O

The result above is not too surprising, and it is never “directly used” as
more than a simple sanity check before we dive into “true” Galois Theory.

PROPOSITION 5.2. Let F be a field and K/F an extension. Suppose o € K is al-
gebraic over F. For every o € Aut(K/F), oa is a root of the minimal polynomial
for o over F. Hence, f(oca) = 0 for every polynomial f € F[x]| having a as a
root. This means that o € Aut(K/F) permutes the roots (even those residing in
K) of a polynomial f € F|x].

PROOF. Assume that a satisfies the polynomial equation

"4 4& =0, &€F.

a"+&,_1a"”
Applying the automorphism o € Aut(K/F) to both sides, we see that

0=0(0) = a(a”+cfn_1a”_1 +~--+c§0)

U(Of”)+0(5n—1a”_1)+"'+0(5o)

n—1

o(a)'+0(Epr)o(@)™ 4+ +0 (&)

o(@)" + & qo(a)™ +- 4 &.

This completes the proof. g

Continuing in this spirit, we may associate to every subgroup of Aut(K)
a sub-field of K.

THEOREM 5.3. Let K be a field and H a subset of Aut(K). Let § denote the
collection of all elements in K fixed by the action of all 0 € H, i.e.

H:={aeK:o(a)=a,Vo € H}.
Then, § is a field, and therefore a sub-field of K.
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PROOF. Obviously, 0,1 € H. Also, if a # 0 lives in H then a~1 e fsince
a(a_l) =o(a)'=at!, VoeH.

Similarly, o(—a) = —a for all 0 € H. It then remains only to verify that § is
closed under addition and multiplication. Let 4,b € H and choose o € H.
Then,
o(a+b)=o0(a)+o(b)=a+b,
o(ab) =o(a)o(b) = ab.

This completes the proof. g

If H is a subset of Aut(K) we will call 5 the fixed field of H in K. In this
vein, we have also the following easy proposition.

PROPOSITION 5.4.

(1) IfFy C F, C K, whereall three are fields, then Aut(K/F,) C Aut(K/Fy).

(2) If Hy € Hy € Aut(K) then H; C 1. Of course, H; is the fixed field of
H;in K.
J

PROOF. We begin with (1). Suppose that F; C F,. If 0 : K — K is an auto-
morphism fixing F,, then it fixes F; and we must have o € Aut(K/Fy).
Let us establish (2). Let h € ;. Then h is fixed by every element of H,,

and thus by every element of H;. This implies that & € ; as was required.
O

1.1. Animportant Theorem for Splitting Fields. Let F be a field and sup-
pose f € F[x] a non-trivial polynomial. Denote by K the splitting field of f
over F. We will show that

|Aut(K/F)| < [K : F].

To achieve this, we will first require a lemma. Throughout this subsection,
we will keep in line with the notation above, i.e. E will denote the splitting
field of f over F.

LEMMA 5.5. Let F be a field and let o4,...,0, be distinct automorphisms of F.
Then oy,...,0, are linearly independent over F. That is, if

a0y (f) +---+ ay0,(p) =0, (5.1)
forall B €F, then ay =--- = a, = 0.

PROOF. This proof goes by way of contradiction. Suppose that we may find
non-zero «; in F such that > ajo; = 0 on F. Let m > 1 be the minimal
number of required a;. We first show that m =1 is impossible. Certainly, if
ayox = 0 then ayox(1) = ax = 0 implies that a; = 0.
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We are then reduced to the case of m > 1. We will also derive a con-
tradiction in this case. After a relabeling, we may assume that ay,a, # 0.
Since 07 # 0y, there exists y € F such that oy(y) # 0,(y). Multiplying (5.1)
through by o,(y) give

a101(B)on(y) + -+ anou(B)o(y) = 0. (5.2)
Since fy € F as well we have (by assumption on the linear combination)
that
0=a;o1(By)+ -+ a,0,(By) = ar101(B)or(y) + -+ a,0,(B)on(y).
Subtracting (5.2) from the above gives

0= a0 (/3)(01 (7) - Un(y)) +--+ anan(ﬁ)(an(y) _OH(V))'

The last term clearly vanishes whilst the first term is non-zero since a; # 0
and oy (y) # 0,(y). Since  was arbitrary, this contradicts the minimality of
m. This completes the proof. 0

We now come towards the major result and proof of this subsection.
We reiterate it below, for the sake of convenience. In fact, the proof we give
is more general than the setting we described earlier.

THEOREM 5.6. Let F be a field and K/F a finite extension. Then
|[Aut(K/F)| < [K : F] < oo.
PROOF. The fact that [K : F] < co was already seen in Corollary 4.20. Let

n = [E : F] and suppose by way of contradiction that we can find n+ 1-
distinct automorphisms

{o1,.-,04,0,41} € Aut(K/F).

Choose a basis f5y,..., 3, for K over the field F. We consider the following
system of equations:

o1 (Br)xr + -+ 0,(B1)Xp + T (B1)Xns1 = 0,

01 (ﬁn)xl +--+ Un(ﬁn)xn +0p41 (ﬂn)xm—l =0.

We know from linear algebra that this system of equations has a non-trivial
solution set.” Let

{all"'lan+1}

be such a set of solutions in K. We will now show that

01 (ﬁ)al +--t On+1(ﬁ)an+1 =0, Vﬁ €K.

2Since we have n equations with 7+ 1 unknowns, a solution will not be unique if it exists.
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By the previous lemma, this would imply that every a; = 0 (which is a
contradiction). To this end, let § € K be given. Since {§;}] forms a basis for
K over F, we may uniquely write

n
p= Zyjﬁj' yj ek
=1
Then, by linearity,

n

o1 (Blay +- -+ o1 (flan = ZV]‘ [01(/3]‘)0(1 tet Gn+l(ﬁj)an+1]
j=1
where we have used that o;();) = ;. But the term on the right is known

to be equal to zero since the a’s are solutions to the system of equations
above. This concludes the proof. g

The following definition is long overdue.

DEFINITION 26 (Separable Polynomial). Let F be a field and f € F[x] a non-
zero polynomial of degree n € N. We say that f is separable provided in
some field extension K/F (namely an algebraic closure) we have

n

fl)=ap| Jx-ap)
j=1
where all the a4,...,4, are distinct elements of K and gy € F.
There exists a more “fussy” version of Theorem 5.6 which applies to

splitting fields. In this case, one can conclude a little bit more than the
result of Theorem 5.6. We state this variation below.

PROPOSITION 5.7. Let F be a field and f € F[x] a polynomial. If E denotes the
splitting field of f over F, then

|Aut(E/F)| < [E : F].
Equality holds if f has distinct roots in an algebraic closure of F.
PROOF. Using the previous theorem, we need only establish equality when
E is the splitting field of a polynomial f € F[x]. We argue by induction on

the (finite) degree [E : F]. If [E: F] = 1, then we are done as E = F and the
only element of Aut(E/F) is 1r. Assume the result holds if 1 <k <n and

[E:F]=k.

Let p(x) be an irreducible factor of f(x). If we cannot find a p(x) with
degp(x) > 1, then we are done as E = F. Thus, we may assume that

r=degp(x)>2
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and let a € E be a root of p(x). For any other root 5 € E of p(x), there exists
a unique isomorphism

o:Fla) > F(p), amp
fixing the field F. Now, since p(x) is irreducible, we know that p(x) is a
constant multiple of the minimal polynomial of a over F. It follows that
[F(a): F] = r whence [E : F(a)] = n/r <n.

Since E is the splitting field of a polynomial over F(a), we apply our induc-
tion hypothesis to deduce that
|[Aut(E/F(a))| = [E : F(a)] = n/r.

We have shown that there exist r-distinct isomorphisms

i F(a) > F(B), = 1F

Now, for each i we may extend ; to an isomorphism ¢; : E — E whose re-
striction to F(a) is ¢;. Let {04,...,0,,,} denote the elements of Aut(E/F(a)).
Consider finite collection of automorphisms

¢;00;: E—E.

Clearly, these are all distinct and there are exactly n = r - (n/r) such auto-
morphisms. Now, every 0; restricted fixes F, and so does every ¢;. This
shows that

|Aut(E/F)| > n.

Using the previous theorem, we see that equality holds true. g

1.2. Galois Extensions. We continue to touch on the concept of automor-
phisms of fields. Let F be a field and K/F a finite extension of F. We
then say that K is Galois over F. The extension K/F is called Galois if
|Aut(K/F)| = [K : F]. If K/F is Galois, then we call the group Aut(K/F) the
Galois group of K over F, which will be denoted by Gal(K/F).

The simplest example is also the grandest example.

COROLLARY 5.8. Let K be the splitting field of a separable polynomial f € F[x].
Then K/F is Galois.

PROOF. Follows at once from Proposition 5.7. O

This has a converse, which we will be establishing later in this chapter.
The corollary also gives rise to the following definition.

DEFINITION 27. Let f(x) be separable in a field F. The Galois group of f(x)
over F is defined to be Gal(E/F) where E denotes the splitting field of f
over F.
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2. The Characterization of Galois Extensions

This section is a turbulent mass of linear algebra and group theory which
begins with an extension of a group character. Let G be a group and L a
field. A group character of G over L is a group homomorphism

x:G—L"
A string of group characters xy,..., x,, of G over L are called linearly inde-
pendent if
ajx1(g)+--+auxn(g) =0, YgeG,a;€el
implies that a; =---=a, = 0.
Our first result is very similar to a lemma that we have given in the
previous section.

THEOREM 5.9. Let L be a field and G a group. Suppose that xi,..., X, are
distinct group characters of G with values in L. Then xy,..., x, are linearly
independent.

PROOF. Suppose for a contradiction that the x; are linearly independent
and let m be the minimal element of N such that there exists m non-zero
coefficients ay,...,a, € L such that

arx1+-+apx, =0. (5.3)

After a relabeling, we may assume that ay,...,a, are non-zero. If m =1
then a;x; = 0 so that a;x;(¢) = a; = 0, which is a contradiction. Thus,
m > 1. Choose g such that x1(go) # Xm(go). Now, by the equation above we
also have

a1 X1(808) + -+ amXm(gog) = 0. (5.4)
Multiply (5.3) by x,:(go) and subtract the resulting equation from (5.4); this
yields

[Xm(80) = x1(80)] a1 x1(8) + -+ + [Xm(&0) = Xim-1(80)] @m-1Xm-1(8) = 0.
This contradicts the minimality of m since ¢ € G was taken arbitrarily. [

There is a very nice and useful consequence to the theorem above.

COROLLARY 5.10. Let K and L be fields. Suppose that oy,...,0, are distinct
embeddings K < L. Then, o1,...,0, are linearly independent functions over L.

PROOF. Since every o; is an embedding K < L, it cannot ever be the zero
map. This implies that o; can be viewed as an embedding of groups

K* e L*.
Indeed, by injectivity, o;(a) = 0 if and only if a = 0. Thus, 0;(K*) C L*. The
result now follows from the previous theorem. O
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THEOREM 5.11. Let G :={o0y,...,0,} be a subgroup of Aut(K) and let F denote
the field fixed by the action of G. Suppose that oy is the identity map K — K.
Then,

[K:F]=n=|G|.

PROOE. Assume for the moment that we have shown that [K : F] < n. Then,
applying Theorem 5.6 would give that

n <|Aut(K/F)| < [K : F]

at which point we would be done. The theorem then reduces to showing
that n <[K : F]is impossible. Arguing by contradiction, we choose a collec-
tion ay,...,a,,;1 in K that is linearly independent over F. Then, the system
of equations

op(ap)xy +-+ 0oy (ape)xu41 =0

oplaq)xy + -+ 01 (Wpy1)Xp41 =0

must have a non-trivial solution f,..., 8,41 in K. Now, if all the j; live in
F then this first equation gives us

op(ay)pr+-+ 01 (ap1)Busr = 0.

But, since oy is the identity, this gives Y I*! a;pB; = 0 which contradicts the

linear independence of the a; over F. Hence, at least one of the f; lives in
K\F.

Among all non-trivial solutions to the system above, choose a solution
tuple

(Bise-rPrs1)

with the minimal number (denoted r) of non-zero entries. Again, we may
assume that fy,..., 3, are all non-zero. Also, dividing through by g,, we
may always assume that g, = 1. We have already discussed that one of
{B1,-..,pr—1,1} does not live in F. This actually shows that r > 1 since 1 € F.
Now, assume without harm that g; € F.

Our system above then reduces to
Oi(al)ﬂl+"'+O',’(0(r_1)/37r_1+O'i(0(r):O, izl,...,n. (55)

Now, since 1 € F, there must exist an automorphism in G (say, o) such
that o/(f;) = 1 (since F is the set of all elements fixed by all 0;). Now, since
G is a group, the family

0¢01,...,0¢0y
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is again the family oy,...,0, (albeit in a different order). Applying o, to
(5.5) gives

o¢(0i(@y)) oe(Br) + -+ o¢(oi(ar_1)) o¢(Br-1) + 0¢ (0i(a;)) = 0 (5.6)
for i =1,...,n. This may therefore be rewritten as
oj(ar)oe(pr) +--+oj(a,_1)oe(Br-1) + 0j(a,) = 0 (5.7)

for j = 1,...,n. Subtracting the equations in (5.7) from (5.5) grants us the
system of equations:

oi(ay)[p1—oe(Br)]+ -+ oi(a,_1)[Br-1 —0e(Br-1)] = 0
for i = 1,...,n. But, the terms in square brackets are then solutions to the

original system of equations with one less non-zero term. This contradic-
tion concludes the proof. 0

COROLLARY 5.12. Let K/F be a finite extension. Then K/F is Galois if and
only if F is the fixed field of Aut(K/F).>

PROOF. Let ) be the fixed field of K. By definition, F € H C K. Invoking
the previous theorem, we see that

(K : £] = |Aut(K/F)|. (5.8)

But then,

[K:F]=[K:H]-[H:F] (5.9)
If F =5, then Lemma 4.24 tells us that [H: F] = 1 whence it follows that
[K:F]=[K:H]=|Aut(K/F)|.

Conversely, suppose that K/F is Galois. By definition, this means that
|Aut(K/F)| = [K : F]. Appealing to (5.8)-(5.9) shows that [H: F] = 1. Hence,
H D F is a one-dimensional vector space over F, and is therefore equal to F.
This shows that F is the fixed field of Aut(K/F). O

COROLLARY 5.13. Let G be a finite subgroup of Aut(K), where K is a field, and
let F denote the fixed field of G. Then, Aut(K/F) = G. Therefore, K/F is Galois
with Galois group G.

PROOF. Suppose for a moment that Aut(K/F) = G. The previous theorem
then implies that K/F is Galois. Therefore, it only remains to check that
G 2 Aut(K/F). Combining Theorem 5.6 and the previous theorem, we see
that

[K : F] = |G| < |Aut(K/F)| < [K : F]. (5.10)

3We would like to reiterate an important distinction here. Aut(K/F) is defined to be the collection
of all ring isomorphisms ¢ : K — K which fix the elements of K, but elements of Aut(K/F) may also
fix elements in K \ F, if they exist. On the other hand, the fixed field of Aut(K/F) is defined to be the
collection of all elements in K fixed by every element of Aut(K/H). The fixed field of Aut(K/H) always
contains F but need not be equal to F.
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Hence, every inequality is an equality and the corollary follows. O

COROLLARY 5.14. Let K be a field and let Gy, G, be distinct finite subgroups
of Aut(K). Then, Gy and G, have different fixed fields.

PROOF. Let F; and F; be the fixed fields of G; and G,, respectively. We will
establish the contrapositive. Suppose that F; = F,. The previous corollary
gives

Gl = Aut(K/Fl) = Aut(K/Fz) = Gz.

The corollary is then proven. 0

2.1. A Characterization of Galois Extensions. In this section we seek to
give a converse to Proposition 5.7. It will turn out that this result, when
combined with this converse, completely characterizes Galois extensions
of fields.

THEOREM 5.15. Let F be a field and K/F a field extension. The extension K/F
is Galois if and only if K is the splitting field of a separable polynomial in F[x].
In this case, every irreducible polynomial in F[x]| having a root in K is separable
and has all of its roots in the field K.

The proof of this theorem will require some substantial work and in-
sight. As such, we dedicate an entire subsection to it.

2.1.1. The Proof of Theorem 5.15. One direction is a consequence of Propo-
sition 5.7. Suppose now that K/F is a Galois extension. As a first step, we
will show that an irreducible polynomial p(x) € F[x] with a root a € K splits
completely over K. As shorthand, let us define

G := Gal(K/F) = Aut(K/F).
Let {0y,...,0,} be an enumeration of G and consider the family

{a,07(a),...,04(a)} = {0y (@), 02(),...,04(a)} C K.

Here, we are adopting the convention oy = 1.

Consider the distinct elements
a,a9,...,0,

drawn from the family {a, 05(a),..., 0,()}. Notice that we are allowing for
the case r = 1 in which the above becomes simply {a}. Notice thatif t € G
then {r,700,,...,700,} is simply a reordering of {1,0,,...,0,}. But then, it
follows from this that

{T(O(), T(O(z),...,T(OCr)}
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is a permutation of the set {a, a5,...,a,}. Thus, the polynomial

is invariant under the action of an element t of Gal(K/H) since 7 only per-
mutes the distinct roots. That is, the coefficients of f(x) (in expanded form)
live in the fixed field of G, which is F by Corollary 5.12. That is, f(x) € F[x].
Since p(x) is irreducible and has a as a root, it must be the minimal polyno-
mial of @ over F. But, this means that p(x) | f(x) in F[x] since f(x) has @ as a
root. On the other hand, we see from Proposition 5.2 that f(x) | p(x) in K[x]
and thus it holds that f(x) = p(x). We now conclude that p(x) is separable
as all its roots are distinct and live in K.

Let again K/F be Galois; it remains only to show that K is the splitting
field of some separable polynomial f € F[x]. Let wy,...,w, be an F-basis for
the extension K. For every index j, let p;(-) denote the minimal polynomial
of w; over F. From what we have demonstrated above, it is obvious that p;
is separable and has all of its roots in K. Define g(x) to be the square-free
part of [T} p;(x). That is, g(x) is the part of the product [} p;(x) without any
repeating factors. Obviously, the splitting fields of both

gt and | |pit0)
j=1

are the same and we are reduced to verifying that the splitting field of
]_[;7:1 pj(x)is K. Obviously, the splitting field of this polynomial is contained
in K as it factors over K. But every wy,...,w, is a root of ]_[}7:1 pj(x). This
means that the splitting field of this product is precisely K. Hence, the
splitting field of g is K and the proof is now complete.

2.2. Three Characterizations of Galois Extensions. We have already ac-
complished a great deal of work in this chapter. Not only have we given
crucial definitions and introduced a new way of thinking for fields, we have
produced three statements, all of which are equivalent to a field extension
being Galois. We state these below.

COROLLARY 5.16. Let F be a field and K/F a finite extension. The following
statements are equivalent.

(1) [K: F]=|Aut(K/F)| (this is the definition).
(2) K is the splitting field of some separable polynomial in F|x].
(3) F is the fixed field of Aut(K/F).
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The above is immediate, but it is nonetheless a good exercise to go
through our various theorems to see exactly which results the above fol-
lows from. We are seeing lots of results in a very short amount of time, and
this helps to keep track of them.

3. The Fundamental Theorem of Galois Theory

Let F be a field and K/F a Galois extension of F. The fundamental theorem
of Galois theory exhibits an important correspondence between subfields
of K containing F and subgroups of Gal(K/F). Henceforth, the theorem
below will be referred to as the “fundamental theorem”.

THEOREM 5.17 (The Fundamental Theorem of Galois Theory). Let F be a
field and K/F a Galois extension. Let G denote the Galois group Gal(K/F).
There exists a bijection

{subfields F C E C K} «— {subgroups of G}. (5.11)

This correspondence is given by the following functions:
E + {elements of G fixing E}, (5.12)
{fixed field of H} «— H. (5.13)

The mapping described in (5.12) is inverse to that of (5.13) and vice-versa. The
following also hold:

(1) If Ey and E; correspond to Hy and H, (respectively), then Ey C E, if
and only if Hy C H.

(2) Let H be a subgroup of G and E its fixed field. [K : E] = |H| and
[E:F]=[G: H]. Here, [G: H] is interpreted in the sense of groups.

(3) K/E is Galois and has H as its Galois group.

(4) E is Galois over F if and only if H is a normal subgroup of G. In this
case,

Gal(E/F) = G/H.

(5) If Ey and E, correspond to Hy and H, (resp.) then the intersection
E1 N E, corresponds to (Hy, H,); the composite E{E, corresponds to
H, N H,.

The proof of the theorem above is certainly not short, and will require
some in depth discussions.

3.1. The Proof of Theorem 5.17. We will first begin by establishing the
correspondence. Naturally, we will argue that the maps in (5.12)-(5.13) in-
duce the desired correspondence. Let H be a subgroup of G = Gal(K/F) and
let Ky denote the fixed field of H. From Corollary 5.14, no other subgroup
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of G will have Ky as its fixed field. This means that the mapping in (5.13)
is injective.

Now, we will show that this map is also surjective. If K is the splitting
field of a polynomial f(x) € F[x], then we may always view f as an element
of E[x]; here F C E C K as in the statement. But K must be the splitting
field of f over E, and therefore K/E is Galois by the previous theorem.
From Corollary 5.12, we see that E is the fixed field of Aut(K/E), which is a
subgroup of G. This means that every subfield F C E C K arises as the fixed
field of a subgroup of G. Hence, the map in (5.13) is surjective. The two
functions are each other’s inverses by Corollary 5.12 since

(i) If F € E C K is a subfield, then the set of elements fixing E is
Aut(K/E) by definition. But the fixed field of this automorphism
is precisely E by what we have shown above.

(ii) If H is a subgroup of G, then it has a unique fixed field F € Ky C K.
But then, H is the unique subgroup of G having H as its fixed field
by Corollary 5.14.

This means that the map in (5.12) is a bijection and therefore the corre-
spondence in the theorem holds. We now establish points (1)-(4).

Notice that (1) follows at once from Proposition 5.4. Let H be a sub-
group of G and let E D F denote its fixed field in K. From Theorem 5.11 we
see that

[K:E]=|H| and [K:F]=]|G]|.
On the other hand, [K : F] = [K : E][E : F] which implies that
|Gl =H|-[E: F]
and (2) follows from Lagrange’s theorem for groups. Finally, we observe
that (3) is exactly Corollary 5.13.
Now, to prove (5). Let Ey, E; be subfields of K containing F and let H;
be the set of all 0 € Aut(K/F) fixing E;, for j = 1,2. If 0 € HyNH, then it will

fix both E; and E,, and thus will fix E; E,.* However, if an automorphism o
fixes Eq E, then it fixes E; and E, individually. This means that 0 € H; N H,.
This proves that E{E, “corresponds” to H; N H;. In a similar vein, one can
show that E; N E, corresponds to (Hy, Hy). This will rely on the identity:

(Hi,Hy) = {Gf‘ Y ML) €Ny, 0; € HHUH),¢; = il}.

The proof of (4) is omitted, and we move onto applications of this theorem.
The very long proof of (4) may be found in Dummit and Foote.

4The fixed field of Hj N Hj will be field containing Ey U Ej, and thus must contain the composite
E1 E) by minimality.
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4. Finite Fields

Let F be a finite field. We have already seen that F must contain a copy of
Z/pZ for a prime p. For the sake of convenience, we will write F, to denote
Z/pZ. 1t is well known that F, is unique up to isomorphism.

Now, F contains a copy of F, and is therefore a vector space over F,. If
n= dime(F), then F contains exactly p"-elements. Since this means that a
finite field has p” elements, for a prime p, such a prime must be uniquely
determined by the characteristic of the field F. This allows us to prove the
following.

PROPOSITION 5.18. Let F be a finite field having p" elements. Then F is a
splitting field of xP" — x over Fy.
PROOF. Notice that the statement makes sense, as F will always contain
a copy of F,, by virtue of our earlier remarks. That is, F has a subfield
isomorphic to Fp.5

We now claim that a”" = a for all a € F. The result is clear for a = 0. If
a # 0, this follows from the fact that F* will be a cyclic group having p" -1
elements. This implies that every element of F is a root of the polynomial

XP'—x=0.

This means that F is the splitting field of xP" —x over F,, as was asserted. [

Recalling that splitting fields are unique, it follows from the above that
finite fields are unique up to isomorphism.

COROLLARY 5.19. Let F be a finite field. Then F is unique up to isomorphism.

Returning the the previous proposition, we see that any finite field F is
of order p" and contains a copy of F,. But, the proposition also tells us that
F is Galois over F,. It can be shown that

Gal(F/F,) =Z/nZ

and is therefore cyclic. The fundamental theorem tells us that every sub-
field of F corresponds to a subgroup of Z/nZ. For every divisor d of n there
exists a subgroup H C Gal(F/F,) = Z/nZ of index d. Once again invoking
the fundamental theorem, there exists a subfield Pp C E C F such that

[E:F,]=[Gal(F/F,): H]=d.

Hence, E has p“ elements (and is thus unique up to isomorphism). Con-
versely, a similar argument shows that every subfield of F 2 E 2 F, will

have order p“ for some divisor d of n.

SThis may be explicitly constructed by considering the sub-ring generated by 1 in F.
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Also, since Gal(F/F,) is Abelian, any subgroup of is normal. Thus, every
subfield of F is Galois over F,. Combining this with the previous proposi-
tion, we obtain the following:

THEOREM 5.20. Any finite field is isomorphic to Fy» for a prime p and n € N.
Fyn is the splitting field of xP" —x over F,. The subfields of Fyn are all Galois over
F,. Furthermore, the subfields of Fyu are in correspondence with the divisors of
n, given by the following map

d|n—Fy CFpn.

REMARK 5.1. We are glossing over a detail here. Let p be a prime and
suppose n > 2. We will prove below that a field of order p"-always exists. It
will then become convenient to denote by Fy» the unique field of this size.

THEOREM 5.21. Let p be a prime and n > 2. There exists a field having p"-
elements.

PROOF. Let F denote the splitting field of x?" — x over F,. Letting A denote
the collection of roots in F, we obtain a set

F::{aeF:a”n:a}.
Direct factoring shows that a?” —a is separable and therefore F will contain
exactly p”-elements. It now suffices to prove that A is a field.
Clearly, 0,1 € F and the latter is closed under multiplication. Also,
taking inverses leaves elements in F.

Now, F contains an isomorphic copy of F, and therefore

1+---+1=0
|
p times
in F. This means that the Freshman’s dream holds true in F. But this im-
plies that the map
a af

is additive and thus establishes the fact that F is a field. The theorem is
proven. ]

In addition to this, we have the following rather nice existence result.
This is most handy when constructing explicit extensions of finite fields.

COROLLARY 5.22. Let p be a prime and n > 1. There exists a monic irreducible
polynomial having degree n in Fp[x].

PROOF. Let p be prime and let F,» be a field containing p"-elements. This
field must contain a copy of F,. Otherwise, as a finite field, F,» would have
cardinality ¢* for some other prime g.
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Now, the cyclic group ]F;;n has a generator, say, 0. It is then clear that

This shows that [F,(0) : F,] < co and that 0 is algebraic over F,. Letting g
be the minimal polynomial over F,, we see from Theorem 4.10 that mg has

degree n. O

Putting much of what we have accomplished throughout this section
together, we obtain the following “grand theorem”.

THEOREM 5.23 (Summary of Finite Fields). Let p € Z be a prime and n € N.
Let F denote an algebraic closure of F,.

(1) There exists a finite field F,n and this field is unique up to a ring iso-
morphism.
(2) Fyn CFyn if and only if m | n. Up to isomorphism,

F=| B

neN

The proof makes use of lattices and we shall omit it.

5. Galois Theory Applied to Composite and Simple
Extensions

Let us begin by recalling some basic definitions. Let F be a field and K/F
an extension. If K; and K; are fields with F C Ky,K, C E, we defined KK,
to be the smallest field, in K, containing K; and K,. We then called K;K;
a composite extension of F. This made sense since, indeed, F C K;K,. If
a € K, then we called the field F(a) a simple extension of F.

Our first result applies to composite extensions, but first requires a very
simple observation. Let K/F be a Galois extension and let 0 : K < K be an
embedding that fixes F. We claim that o belongs to Gal(K/F). Indeed, since
o fixes F, we may view o as a linear map between F-vector spaces:

0:K—K, o(ak)=ao(k) VYaeF, keKk.

Now, K is finite dimensional over F and therefore, 0 must be surjective.
This shows that ¢ € Gal(K/F) as was asserted. This will be a key point of
the following proposition.

PROPOSITION 5.24. Let K/F be a Galois extension and suppose F'/F is any
field extension. Then KF'/F’ is Galois with

Gal(KF'/F') = Gal(K/K N F’).
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PROOF. Since K/F is Galois, K is the splitting field of a separable polyno-
mial f(x) € F[x] C F’[x]. This means that KF’/F’ is the splitting field of f(x)
over F'. Thus, KF’/F" is Galois. If ¢ € Gal(KF’/F’) then ¢(K) = K and ¢
fixes F’ 2 F. By earlier remarks, we see that the map

¢ :Gal(KF'/F') - Gal(K/F), o+ o
is a well defined homomorphism. This ¢ has kernel precisely
Ker¢ = [a € Gal(KF'/F'): o = lK}.

By assumption, o is trivial on F’. Thus, the elements of Ker¢ must be
trivial on KU F’, and thus on KF’. We then see that ¢ is injective.

Let now H denote the image of ¢ in Gal(K/F) and let K be the fixed
subfield of H in K: F C K¥ C K. Every element of H will fix F/, and thus
we see that

K"2oKNF.

Moreover, every o € Gal(KF’/F’) will fix K" F’. Part (3) of the Fundamental
Theorem, we will have that

KAF =F
whence KH C F’. But then, KH C KN F’ so that KX = KnF. Again, using
part (3) of the Fundamental Theorem gives

H =Gal(K/KNF).
O

COROLLARY 5.25. Let K/F be a Galois extension and F'/F any finite extension
of the field F. One has

K:F|[F':F
[KF': F]= [K:FJIF:F] K O]IE’ T ]
PROOF. By the previous proposition:
Gal(KF'/F’) = Gal(K/K N F)
whence [KF’: F’] = [K : KN F’]. But then,
[KF :F]=[KF :F'][F': F]=[K:KNF'][F]

where
[K:F]=[K:KNF][KNF :F)]

THEOREM 5.26. Let K{/F and K,/F be Galois extensions.
(1) K; N K5 is Galois over F;
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(2) The composite K K; is Galois over F. Moreover, Gal(K;K,/F) is iso-
morphic to

H :={(0,7): 0,k = Tk, | € Gal(Ki/F) x Gal(Ko/F).

REMARK 5.2. Many references (I am looking at you Dummit and Foote!)
neglect a crucial aspect of the proof. To avoid such an issue, we will give a
lemma and then provide the proof.

LEMMA 5.27. Let f,g € F[x] and let r(x) be the (monic) gcd of f(x) and g(x)
in F[x]. If Q/F is a field extension, then r(x) is again the (monic) gcd in Q[x].

PROOF. Let rp denote the monic ged in F[x] and rq that in Q[x]. Clearly,
re | rq in Q[x]. However, the Euclidean algorithm allows us to write

re(x) = a(x)f (x) + b(x)g(x)
in F[x] which shows that r | rp in Q[x]. This completes the proof. O

PROOF OF THEOREM. Let i € {1,2}. Then K; is the splitting field of a sepa-
rable polynomial, f;, over F[x]. Now, let s(x) € F[x] denote the square-free
part of the product fi(x)f>(x) in F[x]. From the previous lemma, we see
that s(x) will have distinct roots in K;K,. Since K;Kj is the splitting field
of s(x), it follows that K;K,/F is Galois. From the Fundamental Theorem
(Theorem 5.17) it follows also that
KiKy/K;
is Galois. Let then
H[ = Gal(Kl Kz/Kl)

be its associated Galois group. Since K;/F is Galois, the Fundamental The-
orem ensures that H; < Gal(K;K,/F) and, thus,

(H,,H,) = H,H, < Gal(K, K,/F).

Finally, the Fundamental Theorem again implies that K; N K;, the fixed
field of (Hy, H,) is Galois over F. This establishes (1), and part of (2).

Consider the homomorphism of groups:

v Gal(Kl Kz/F) - Gal(Kl/F) X Gal(Kz/F),

o (G|K1,U|K2).

Now, if 0 € Ker W then it must be trivial on both K; and K;, and thus on
K;K;. This implies that WV is injective. Also, W(Gal(K;K,/F)) C H since

(0 |K1) |1<1sz= o |1<1sz= ((7 |K2) |1<1m<2 .
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Therefore, it now suffices to check that W is onto. For this, we first compute
the order of H. This is done by noticing that, for any o € Gal(K;/F), there
are exactly
|Gal(K>,/K; NKy)|=[K,: K; NK,]
ways to extend o |g,ng, to an element of Gal(K,/F).° Hence, H has exactly
|Gal(K,/F)|
|Gal(Ky N K,/F)|
elements. But, since \V is injective, the image of W has order
[Ky : F][K; : F]
[K1NK;: F]
which is exactly the order of H. This completes the proof. O

|H| =|Gal(K/F)|-|Gal(K,/K/K;)| = |Gal(K;/F)|

|Gal(K 1 Ky/F)| = [K1 Ky : F] =

With this in hand, we have the following corollary.

COROLLARY 5.28. Let Ky/F and Ky/F be Galois extensions with K; N K, = F.
Then
Gal(K; K,/F) = Gal(K;/F) x Gal(K,/F).

This follows at once from the previous theorem.

5.1. Galois Closures and Finite Separable Extensions. Let F be a field
and K/F an algebraic extension. We will say that K/F is a separable extension
if, for every a € E, the minimal polynomial of a over F is separable. In the
previous chapter, we discussed the notion of an algebraic closure. Here, we
show that a similar result holds for Galois extensions.

THEOREM 5.29. Let E/F be a finite separable extension. There exists an exten-
sion K/E such that
(1) K/F is Galois,
(2) If K’/F is another Galois extension of F containing E, then K’ 2 K (up
to identification).

Such an extension is unique and is called the Galois closure of E.

PROOF. If E = F then we take K = E. We then assume that E = F. We first
prove existence of such a K. Since E/F is finite, we have

E=F(ay,...,a;), a;€E\F.

We may as well assume that the a; are distinct. Now, for every index j
let m;(x) be the separable minimal polynomial of a; over F. Let K; be the

OThis is not entirely rigorous, but many authors skip over this very tedious part of the proof.
Hence, the author suspects that the reasoning behind this argument is not at all crucial to someone
learning Galois theory. However, a “nice” way of writing this out rigorously is to look at composition
factors in the extension.
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splitting field of every a; over F and denote by K the composite K1 K3 -+ K;.
As in Theorem 5.26, it follows that K is Galois over F.

A unique Galois extension can then be taken as the intersection of all
Galois extensions of F containing E. This completes the proof. O

An field extension K/F is called simple if there exists some 6 € K such
that K = F(0). If this is the case, then such a 6 will be deemed a “primitive
element” of K for F. The remainder of this section is devoted to the so-
called primitive element theorem, which is stated below.

THEOREM 5.30 (Primitive Element Theorem). Let K/F is be separable and
finite extension. Then K/F is simple.

PROOF. We first claim that there exist only finitely many subfields E of K
containing F (this is the only place where separability is required). Since
K/F is a finite separable extension, the previous theorem guarantees the
existence of a Galois extension. By the Fundamental theorem, the subfields

FCECR

are in correspondence with subgroups of Gal(R/F). Hence, there can be
only finitely many subfields F C E C K.

We now move onto the “meat” of the proof. This is done in two steps.
Assume first that F is a finite field, i.e. F =F,» for some m € N. Since K/F
is finite, there exist a basis

(b1,...,ba)

for K over F,n. Since every element of K can be uniquely represented as a
sum
A
) Eiby & €Fpn,
j=1
we see that K is also a finite field. Thus, K = F,» for a prime g and p € N.
Since F C K, they share the same additive identity 0. Also, K* = ]qun is cyclic
and is generated by some a. Thus,

We are now reduced to the case where F is an infinite field. Since the exten-
sion K/F is finite, it suffices to show that any field of the form F(a, $) can be
generated by a single element. Consider now the subfields of K containing
F given by

Fla+yp), yeF.

7One can prove that g = p, but this is not necessary here. In fact, this is rather immediate from
the fact that every finite field has cardinality pk fora prime p.
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Since there are only finitely many subfields of K (containing F) and there
are infinitely many y € F, there distinct y, " € F such that

Fla+yp)=F(a+y*p).

This implies that o+ y and a + " belong to F(a + y3). Thus, their differ-
ence

(y=»9p
must also live in F(a + y8). But, since y, y* € F we then have 5 € F(a + yf).
As aresult, @ € F(a +yp) and it follows that

F(a,B) CF(a+yp).
The reverse inclusion is immediate since a + yf € F(a, ). This completes

the proof. O

5.2. Cyclotomic Extensions. We first recall some notation. If n € N then
we denote by ¢, a generator for the group of n'" roots of unity. This group
is denoted by 3, and (,, is called a primitive n'" root of unity.

PROPOSITION 5.31. Let n € N and C, be a primitive n'™ root of unity. Then
Q(Cp)/Q is Galois with Galois group

Gal(Q(C,)/Q) = (Z/nZ)*.

In particular, there are ¢(n) automorphisms of Q(C,) fixing Q.

PROOF. Clearly, Q(C,) is the splitting field of ®@,(x) over Q and so Q(C,) is
a Galois extension. Now, @, (x) is the minimal polynomial of C, over Q.
Thus, if 0 € Gal(Q(C,)/Q) then o(C,) = Ci for a € (Z/nZ)*. Indeed, this
follows from the fact that ¢ will permute the roots of @,,.

Consider now the mapping
Gal(Q(C,)/Q) — (Z/nZ)*, o+ amod n, where C, = .

This map is injective since o is entirely determined by its behaviour on C,.
By this same reasoning, it must be surjective. It is also a group homomor-
phism since for o, 7 € Gal(Q((,)/Q) one has

o(Ca)=Co  T(Cy) =04
for a,b € (Z/nZ)*. But then,
(0 0T)(Cy) = 0(T(Cy) = a(Ch) =8

as was required. O
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6. Solvable and Radical Extensions. The Insolvability of the
Quintic Polynomial

This section relates to a very famous problem in abstract algebra. In fact,
it is one of the oldest problems regarding fields and polynomials. Most of
what we cover in this section will hold for a field of any characteristic, but,
we will always assume that we are working in a field of characteristic 0.
This assumption, although heavy, will greatly increase the elegance of the
proofs and will make our arguments somewhat more “to the point” and
clear. Let’s face it: clean arguments in this part of the notes are hard to
come by.

Therefore, we make the following assumption throughout this section:
ASSUMPTION. All fields considered in this section will have characteristic

0. Hence, if F denotes a field, then Ch(F) = 0. Thus, all fields in this section
will contain an isomorphic copy of Q.

We are now free to commence with actual theory.

DEFINITION 28. A field extension K/F is said to be cyclic if K/F is Galois
and Gal(K/F) is cyclic.

If F is a field and a € F we will often denote by {/a an arbitrary root of
x" —a in some algebraic closure of F 2 Q. Thus, all roots of x" —a will be of
the form C«/a where C is some nth root of unity.

PROPOSITION 5.32. Let F be a field containing 3, and a € F*. The extension
F(Xfa) is cyclic over F and of degree dividing n.

PROOF. Clearly, K := F(%/a) is the splitting field of the polynomial x" —a
and therefore K/F is Galois with some Galois group G. If o € G then o({/a)
will be another root of x" —a, and therefore will be of the form
U(%):CG%I CEgn-
This induces a map
Gal(K/F)— 3,
o Cy.

We claim this is a homomorphism. Indeed, if 0,7 € Gal(K/F) then since o
fixes C, € F

(0 07)(Va) =0 (CVa) = ¢ (o Va= ol Va.
Hence this map is a homomorphism. The kernel of this map contains all
automorphisms which fix F and +/a, thus fixing K = F({/a). This means
that the described homomorphism is an embedding. The proof is complete
since K/F is Galois and |3,| = n. O
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This proposition admits a converse. Suppose that K/F is a cyclic exten-
sion (in particular, Galois) and let o be such that Gal(K/F) = (o). Assume
in addition that F 2 3,,. For a € K and C € 3, we define the Lagrange
resolvent of & and C to be

(a,0):=a+Co(a)+--+" o™ Ya).

Here, of stands for composition and not multiplication. Applying o to
Z(a,C) gives

o(a,0)=c(a)+Co’(a)+---+ "o (a).
Now, 0" = 1 and so the above may be written as
o(a,0) = o(a)+Co*(a)+--+C ! (a)
=z! [a +Co(a)+--+ C”_la”_la]
=C"(a,0).
where we have also made use of the identity C" = 1. From this, we see that
o(a,0)" = () (@ 0)" = (@,0)"

This means that (@, C)" is fixed by o, and thus by Gal(K/F). By the Funda-
mental Theorem, we must have (a,C) € F. Let now C be a generator for 3,,.
From the linear independence of the automorphisms

{1K,g,... ,g”—l},
there must exist a € K such that
(a,C)=0.
Repeatedly applying the argument we have just used, we see that
o a,0) = Ma,0), VYkeN,.

But this means that o does not fix (a,C) for 1 < k < n. Putting every thing
together, we glean

e The only element of Gal(K/F) fixing (a,C) is 1 and thus, by the
Fundamental Theorem, K = F((«,()). Indeed, this follows from
the fact that F((a,C)) is a field fixed only by the trivial subgroup
of Gal(K/F) and so [K : F((a,C))] = 1.

e We have proven that o(a,C)" = (a,C)" with (a,C)" =a € F. This
means that

F(¥/a) = F((a,C))

We have proven the following proposition:
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PROPOSITION 5.33. Let F be a field containing 3,, and suppose that K/F is a
cyclic extension. If n:=[K : F], then

K = F(/a)

for some a€F.

7. Calculating Galois Groups of Polynomials

Let F be a field and suppose that f(x) € F[x]is a separable polynomial. If K
denotes the splitting field of the polynomial f(x) over F, then we know that
K/F is a Galois extension with Galois group Gal(K/F), and that this group
will have cardinality [K : F]. If we are working in a field F of characteris-
tic zero, then any irreducible polynomial is separable which gives an easy
criterion for verifying separability.

The purpose of this document is to provide an “easy to follow” checklist
that will allow one to “easily” determine the Galois group of a separable
polynomial of degree no larger than 4. Everything we do in these notes
closely follows the structure of Section 6 of Chapter 14 in the very good
book by Dummit and Foote: Abstract Algebra.

Let now K/F be a finite Galois extension as above. If 0 € Gal(K/F),
then o acts as an automorphism of the distinct roots of f(x). Moreover, o
is completely determined by its action upon these roots as they generate K
over F. This gives an embedding of groups Gal(K/F) — S,, where S, is the
symmetric group on n-letters.

ASSUMPTION. In this section, we will always be working in a field F having
characteristic different from 2 or 3. In practice, one will typically work over
fields of characteristic 0 (e.g. Q or R), in which case one has very little to
worry about.

Let now f(x) € F[x] be a separable polynomial of degree no larger than
4. If ay,...,a, are the (distinct) roots of f(x), then the discriminant of f(x)
is given by
2(f() =] |(ai-a)? (1)
i<j
In cases where n > 2, this may be difficult to compute (although it is very
easy if there are only two roots). In the cases n =2 or n = 3 we will develop
other formulas which are easier to use in practice.

7.1. Quadratic Polynomials. We continue to assume that F is a field of
characteristic different from 2 or 3. Let now f(x) € F[x] be a separable
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quadratic polynomial and denote its roots (in an algebraic closure) by «a
and B. Then, the discriminant is given by (a — )%. If f(x) is of the form

f(x)=x>+ax+b
the the discriminant is equal to
9(f(x) = (a~p)* =a* ~4b.

The polynomial is then separable if and only if a> — 4b = 0. We glean the
following:

Galois group of f is A, &= a’? —4b is a square in F.

Otherwise, the Galois group is S;. Indeed, this is due to the embedding
Gal(K/F) = S,.

7.2. Cubic Polynomials. Let again F be a field of characteristic different
from 2 or 3 and suppose that f(x) € F[x]is a separable cubic polynomial of
the form

f(x)=x>+ax’ +bx+c.
One can show that that the discriminant of the polynomial f(x) is precisely

D(f(x)) = a’*b® — 4b> — 4a’c - 27¢* + 18abc.

Now, to determine the Galois group of the polynomial f(x) we must distin-
guish several important cases.

(I) If the polynomial f(x) is reducible, it either splits into three dis-
tinct linear terms, or a single linear term and a single quadratic
term. In the first case, the Galois group will be trivial: Gal(K/F) =
{e}.

If f(x) has an irreducible quadratic term, the Galois group will
be a subgroup of S; having order 2. In this case, the Galois group
will look like S,.

(IT) Suppose the cubic polynomial f(x) is irreducible. Then any root of
f(x) generates an extension of degree deg f(x) = 3 over F whence
the order of the group Gal(K/F) is divisible by 3. As Gal(K/F) —
S3, the only possibilities are then

\Gal(K/F):A3 or Gal(K/F):sg,.\

Moreover,

‘Gal(K/F) =A; < %(f(x))isasquarein F. ‘
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7.3. Quartic Polynomials. We now move on to the case where f(x) € F[x]
is a separable polynomial of degree 4. Let K denote the splitting field of
f(x) over F. Then we may assume that f is a polynomial of the form

f(x):x4+ax3+bx2+cx+d

with coefficients in F. The discriminant of the polynomial f(x) is then de-
scribed by the very nasty formula (it may be easier to use (1) in some cases)

D(f(x)) =—128b%d* —4a>c3 + 16b*d — 4b3c* — 27a*d? + 18abc>
+144a°bd?* —192acd? + a*b*c? — 4a°b3d — 6a°c?d
+144bc2d +256d°% - 27¢* — 80ab2cd + 1843 bed.

In practice, we will not directly use the discriminant but rather the resolvent
(which will have the same discriminant as f(x)). Let now
8b —3a? a’ —4ab + 8¢ ~3a* +16a%b - 64ac + 256d
= , =) 1=
P 8 I 8 256
Then, one defines the resolvent to be

f(x) := x> = 2px? + (p* —4r)x + ¢°.
We now distinguish special cases.

(I) Suppose that Ii(x) is irreducible and Z(f(x)) = Z(h(x)) is not a
square. Then the only possibility is Gal(K/F) = S,.

(II) Suppose that i(x) is irreducible and Z(f(x)) = Z(i(x)) is a square.
Then one has that Gal(K/F) = A,.

(III) Assume ki(x) is reducible in F and has three roots in F. Then
Gal(K/F) = V,, where V, denotes the 4-Klein group.

(IV) If hi(x) is reducible and has exactly® one root in F. Then either
Gal(K/F)= D, ora cyclic group of order 4.
The first possibility occurs if and only if f(x) is reducible over

F( @(f)).

8The polynomial hi(x) is cubic and in F[x]. If this is reducible, it can have either exactly 1 or 3
roots in the base field F.



Appendix A

Solved Exercises

In this part of the book we provide exercises and detailed solutions to said
problems. The reader is advised to solve the problems on their own, with-
out looking at the solutions—except as a last resort.

1. Ring Theory

This section contains problems relating to rings. The exercises cover the
material from chapters 1 and 2. Some knowledge of group theory will be
helpful here, especially for figuring out the “right approach” to a given
problem.

EXERCISE 1.1. Let Rand S be rings and let R®S denote the cartesian prod-
uct RxS.

(1) Give a natural ring-structure to R@®$S.

(2) Show that every left-ideal of R@® S is of the form I x ], where I <R
and | < S are left-ideals themselves.

(3) Find a subring of Z@®Z that is not of this form.

SOLUTION. The first point is obvious: we should define coordinate-wise
operations on R@ S. That is,

(7’],51)+ (7’2,52) = (7’1 + 72,51 +52)1
(r1,81) - (r2,82) := (r172,5152).

It is then easy to check that R@® S is a ring under these operations. This
establishes (1). For (2), let T be a left-ideal in R& S. Consider the sets

I:={reR:ds€ S, (r,s)e T}
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and
J:={s€S:dreR, (r,5)eT}.

Notice that 0 € [ since T <« R@® S. Also, if r,r, € [ then we may choose
51,52 € S such that (ry,s;1),(r2,52) € T. But then

(r1+72,81+52) =(r1,51) +(r2,52) €T

since T is closed under addition. This means that r; + 7, € [ and that [ is a
subgroup of R@®S. If r € Ris given then

T >(r,s1)-(r1,51) = (rry,s181)

showing that rr; € I. This confirms that I < R and, likewise, we see that
J < S. Now, claim that T =1x]. Clearly, T C I x]. For the reverse inclusion,
suppose that (r,s) € I x J. We can choose " € R and s’ € S such that

(r,s"),(r",s)eT.
But then,
(r,s)=(r,0)+(0,)=(1,0)-(r,s")+(0,1)-(r",s) € T

since T is an ideal. We conclude that I x| C T, as was required. This
establishes (2). Now, for (3) we consider the set

X :={(x,x):x€Z)CZDL.
It is easily verified that # is a subring of Z@®Z. However, it is not an ideal

since (1,0)-(1,1)=(1,0) ¢ Z. O

EXERCISE 1.2. Let R be a principal ideal domain and let » € R be a prime
element. Then (r) is a maximal ideal.

SOLUTION. If ris a prime, then it cannot be a unit. We then see that () & R.
Now, let ] be an ideal strictly containing (r). Since R is a PID, we may write
J = (s) for some s € R\ {0}. Since we then have r € (s), it follows that r = sx
for some x # 0. Using that r is prime, it must be irreducible. Therefore,
r~sorr~s. If r~s,then (s) = (r) which is absurd. We are then left with
r ~ x. That is, we may choose u € R* such that r = ux. But then,

SX=r=ux

implies that s is a unit. It then follows that (s) = ] = R. We conclude that ()
is maximal. O

EXERCISE 1.3.

(1) Show that Z[i]/(2 + 3i) is a finite field.
(2) Is Z[i]/(5) a finite field?
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SOLUTION. For the first part, it suffices to show that 2 + 37 is irreducible
in Z[i]. Indeed, since Z[i] is a Euclidean domain, it must be a PID. Hence,
if 2+ 3i is irreducible, it must also be prime. The previous exercise would
then imply that (2 + 37) is maximal in Z[7].
To this end, notice that N(2 + 37) > 1 and so 2 + 37 is not a unit of Z[i].
Suppose that 2+ 3i =& -, for &,C € Z[i]. Taking the norm of both sides,
13 =N(&)N(C)
implies that N(&) =1 or N(C) = 1. In any case, one of C and & is a unit. This
implies that 2 + 37 is irreducible and we are done by our starting remarks.
We now handle (2). We claim that Z[7]/(5) is not a finite field. For this,
it suffices to show that Z[i] is not an integral domain. Actually, we need
only show that (5) is not prime. Obviously, 5 € (5) and thus
5=(1+2i)(1-2i)€(5).
But, (1 £2i) ¢ (5). Certainly, suppose that 1 +2i = 5C. Then,
5=N(1£2i)=N(5)N(C)>25

which is nonsense. U

EXERCISE 1.4. Prove that (x,v) is not a principal ideal in the ring C[x, v].
Does this work over Q and R?

SOLUTION. Let K be one of Q,R or C; we will show that (x,) is not prin-
cipal in K[x,p]. Suppose for a contradiction that (x,y) = (f) for some poly-
nomial f € K[x,v]. Now, x € (f) implies that x = a(x,v)f(x,v) for some
polynomial a. In this case,

0= degy<x) = deg,(a(x,)f (x,7)) = 0
implies that deg, (f (x,v)) = 0. This gives f(x,y) = f(x). In like, we see from

v €(f)that deg,( f) 0 ThlS reduces us to handling f € K. Notice also that
f #0since x € (f). But then, f € (x,p) implies that

f=alxp)x+plx,y)y.

Evaluating the above at (0,0) gives f = 0+ 0 = 0, which is a contradiction.
]

EXERCISE 1.5. Let p be a prime. Prove that there exist finite fields having
p? and p? elements, respectively.

SOLUTION. Let F, be the finite field Z/pZ. The mapping

2
]Fp—>]Fp, XX

is not a surjection since it is not injective. To see this, notice that (—1)? =

12 = 1. Hence, there exists an element o € F, that is not a square. This is
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to say that x> — a has no roots in F, and is therefore irreducible. We then
recall a fact from Algebra I (Math 235 at McGill university), which states
that

IF"p[x]/(x2 - )

is a finite field having p?-elements. For the case of p> we invoke a similar
argument. Consider the function

3,.2
Fp—>]Fp, XX~ +x°.

3,42

This is not an injection: 0 + 0 and —1 + 0. But then, x°+x

for some 8 € F. This implies that
]1:<“p[x]/(x3 +x° - p)

is a field having p*-elements. O

—p isirreducible

EXERCISE 1.6. Prove that there cannot exist an embedding F; — Fg. How-
ever, show that there exists an embedding F, < Fy4.

SOLUTION. Any homomorphism of rings F; — Fg is also a homomorphism
of groups F} — Fg'. But, these groups have cardinality 3 and 7, respectively.
Since gcd(3,7) = 1, this homomorphism can only be the trivial one. In
particular, no embedding F,; < Fg can exist.

There are many online references which state that a finite field with g
elements is unique up to isomorphism, for any g. The operation tables for
Fy are

+ ‘ 0 1 X x+1
0 0 1 X x+1
1 1 0 x+1 X
X X x+1 0 1
x+1|x+1 X 1 0
and
X 0 1 X x+1
0 0 0 0 0
1 0 1 X x+1
X 0 X x+1 1
x+1|0 x+1 1 X

Now, consider the map x x% + x on Fy. Then, 0 — 0 and 1 — 0. This
shows that this map is not surjective and thus x> + x — a is irreducible for
some «a € Fy. Therefore,

Fy[x)/(x* +x—a)
will be the finite field with 42 = 16 elements up to isomorphism and will
contain a “copy” of F; by construction. Composition then gives the desired
embedding F; — F,. O
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EXERCISE 1.7. Let R be a principal ideal domain and a,b € R\ {0}. Let
d = gcd(a,b) and m =lcm(a, b). Prove that

(d)=(a)+(b) and (m)=(a)N(b).

REMARK A.l. A least-common-multiple (or lcm) of two non-zero elements
a and b of a PID is a quantity m such that

(1) a|mand b | m;
(2) Ifalcand b | c then m|c.

Since principal ideal domains are unique factorization domains, it can be
shown that least-common-multiples exist and are unique up to multiplica-
tion by units.

SOLUTION. Notice that (a)+(b) = (a, b) by definition. We know that if (a,b) =
(e), then e is a gcd of a and b. Since we know that such an e exists, we must
have e ~ d. Therefore,
(a) +(b) = (e) = (d).

For the second equality, we use a similar argument. Using that R is a PID,
we have (a) N (b) = (n) for some n € R. Since least-common-multiples are
unique up to multiplication by units, we need only check that 7 is a least-
common-multiple of a and b. Clearly, n € (a) N (b) implies that a,b | n. If
a,b | k then k € (a) N (b) = (n) which implies that n | k. Thus, n =1lcm(a, b)
and so n ~ m. The conclusion then follows. O

EXERCISE 1.8. Recall that Z[7] is a principal ideal domain (why?). Find
generators for the ideals (1 +17,1—1) and (5,7 + 4i).

SOLUTION. In either case, we need only find a gcd for the two elements
that generate the ideal. For the first, we notice that
1+i=1i(1-1)

implies that (1 —7) is a gcd. Hence, (1 +i,1 —1i) = (1 —1i). The second case is
not quite as trivial. We employ the Euclidean algorithm as follows:

7+4i=5(1+i)+(2-1),

5=(2-1)(2+1).

Hence, we must have (7 +4i,5) = (2—1). O

EXERCISE 1.9. Use the Euclidean algorithm to find a generator for (1+31,2)
in Z[i]. Show that Z[i]/(1 + 2i) is a field. Finally, determine the multiplica-
tive inverse of [2 + 3i]in Z[i]/(1 + 2i).

REMARK A.2. Here the notation ‘[2 + 3i]" stands for the reduction of 2 + 3i
in Z[i])/(1 + 2i). Thatis, [2+3i] =2+ 3i + (1 + 2i) in Z[i]/(1 + 2i).
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SOLUTION. The Euclidean algorithm yields
143i=2(1+0)+(i—1),
2=—(i-1)(i+1)
which shows that (i—1) = (1+31,2). Now, to see that Z[i]/(1+2i) is a field we
need only check that 1 + 2i is irreducible, by virtue of an earlier problem.
However, the irreducibility of 1+ 27 follows immediately from the fact that
N(1+ 2i)is prime. Hence, (1 + 2i) is maximal in Z[7].
To compute the multiplicative inverse in Z[i]/(1 + 2i), we use the Eu-
clidean algorithm as follows:
2431 =2(1+2i)-1,
1+2i=—i(i—2).
Backwards substitution gives
—1=24+31-2(1+2i)
whence 1 =i(2+ 37) — 2i(1 + 2i). Thatis, 1 =i-[2+ 3i] (mod 1+ 2i). Hence,

i is the multiplicative inverse we seek. O

EXAMPLE A.l. Let F be the field of fractions associated with Z[i]. Prove
that we may identify F with Q[7].

SOLUTION. We first show that F C Q[i]. Now, consider a non-zero “frac-
tion”

a+bi

c+di
in F and notice that we may write

a+bi a+bi c—id ac+bd bc—ad.

crdi c+di c—id 2+d? 2+d
which clearly belongs to Q[7]. Thus, we have the inclusion Q[i] 2 F. For the
converse, choose an non-zero element of Q[7] and represent it as

E + £l
b d
with a,b,c,d € Z. The above is equivalently written as
ad + bci
— —¢F.
bd ©
This concludes the proof. g

REMARK A.3. Let d € Z be non-square and define C 3 & := Vd. Let Fy be the
field of fractions induced by Z[6]. An argument very similar to that used
above shows that Fs may be identified with Q[6].
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EXERCISE 1.10. Let R be a commutative ring and let 4,b € R\ {0}. We say
that a and b are coprime if

(a)+ (b) = R.

Suppose that a | bc where a and b are coprime. Prove that a | c.
SOLUTION. Since a and b are coprime, we may choose x,7 € R such that
ax+by =1
and, after multiplying through by ¢, we obtain the identity
(ac)x+ (bc)y =c.

Since a divides both terms in the summand on the left, we see that a | c as
was asserted. O

2. Modules and Canonical Forms

This section comprises of exercises regarding modules over commutative
rings and a brief return to some of the intricacies of linear algebra. With-
out a formal background in linear algebra, much of this will be abstract
nonsense.

EXERCISE 2.1. Give an example of a torsion-free module that is not free.

SOLUTION. Clearly, we may view Q as a module over Z. Then, since Z C
Q, where Q is an integral domain, it is obvious from the definitions that
Tor(Q) = {0}.

Let S be a subset of Q over Z. If S contains two distinct elements a and
b, then S cannot be linearly independent. This is obvious is a =0 or b = 0.
Otherwise, write them as fractions of integers:

a )4
== b = —
a 5 5
and notice that
ypa—aob=0.

Therefore, the only linearly independent subsets of Q are the singletons {r}
with r # 0. Suppose now for a contradiction that Q is free. From the above,
we must have Q = Z as Z-modules. But this includes an isomorphism of
groups Q — Z. This would imply that (Q,+) is a cyclic group, which we
know to be non-sense. O

EXERCISE 2.2. Give an example of a torsion module M over a commutative
ring with Ann(M) = {0}.
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SOLUTION. Consider the direct sum M := @;ozl 7/2%7; this clearly forms
a Z-module under the obvious notions of scalar multiplication. Let now
m € Tor(M) be given, we may express it as

(my +2Z,my + 2°Z,---,my + 25Z,0,0,---).

But then, 2X - m = 0 which shows that M = Tor(M). For the second part, let
z € Ann(M). We may assume without harm that z > 0. Let k € N be such
that z < 2% and observe that

0=2-(0,0,...,0,1+25Z,0,0---).

This implies that z= 0 (mod 2%). Since 0 < z < 2¥, we see that z = 0. This
gives Ann(M) = {0}. O

EXERCISE 2.3. Let F be a field and A € M,(F) for n > 2. Prove that AT is
similar to A.

SOLUTION. A quick inspection of the smith normal form procedure for AT
shows that, by exchanging row operations for column operations and col-
umn operations for row operations, we arrive at the same diagonal matrix
that the algorithm provides for A. That is, A and AT have the same invari-
ant factors. But this means that A and AT have the same rational canonical
form and are therefore similar. 0

EXERCISE 2.4. Let f be a group homomorphism Z" — Z" for n € N and rep-
resent its action as a matrix A € M,(Z). Suppose in addition that det(A) = 0.
Prove that

#(Z"/f(2")] = |det(M)].

SOLUTION. We first argue that the above holds true when A is a diagonal
matrix:

ag 0 - 0
0 a 0
A= ?
0 0 a,

Notice that a; # 0 for any index j. Now,
n
fzn=az"=Pmz
j=1
whence by the first isomorphism theorem,
n
z'/f(z" =2"/ @, miZ=Pz/miz.
j=1

From the above, we see that #[Z"/f(Z")] = |det(M)|.
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Let us now relax the assumption that M is diagonal. Using the Smith
normal form for PID, we may choose P,Q € GL,(Z) such that

A=PDQ, D isdiagonal and det(A) = det(D).
Since P and Q are invertible, it is not too hard to show that
Im(A) = Im(D).
But then, passing to our earlier argument, it follows that
#(2"/f(Z")] = #[Z"/DZ"] = |det(D)| = |det(M)).
O

EXERCISE 2.5. Let F be a field and let K be a field extension of F. Suppose
that A € M,(F) for n € N. Prove that A has the same rational canonical form

over F as it does over K. Furthermore, suppose that B € M, (F) and that
A ~K B. Show that A ~R B.

SOLUTION. Let us first establish the first part. Let R denote the rational
canonical form of A over F. Then, R is the direct sum of companion ma-
trices over F, and hence R is the direct sum of companion matrices over K.
But. it then follows that R is a rational canonical form for A over K. But, we
know that two matrices are similar if and only if they share the same ratio-
nal canonical form over a field. Since A ~g R, we see that A and R share the
same rational canonical form over K. But, this means that R is the rational
canonical form of A over K.

Now, we suppose that A ~¢ B where A and B are n x n-matrices over
F. Then, A, B € M,,(K) and share the same canonical form, by the first part.
Hence, they must be similar over F as well. g

EXERCISE 2.6. Let n < 3, F be a field, and A,B € M,(F). Prove that A is
similar to B if and only if they share the same minimal and characteristic
polynomials over F.

SOLUTION. Suppose that A ~ B, then they share the same rational canon-
ical form and therefore have the same invariant factors. This gives one
direction. For the converse, we handle the cases n = 2 and n = 3 distinctly.

(1) Suppose n = 2. Let m(:) denote the minimal polynomial of A and B by
m(-) and their characteristic by A(-). If m(-) = A(-) then we can have only
one invariant factor, and thus A and B share the same invariant factors
(and hence the same rational canonical form). Otherwise, my(:) is a
monic polynomial of degree 1 and A and B have two invariant factors.
Since the other invariant factor divides m,, it will be equal to my (my
has degree 1). This once again leaves us with the very same invariant
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factors for both matrices. But any two matrices with the same rational
canonical form are similar, and we are done.

(2) Case n = 3. We are once again done if m4(-) = A(:). Otherwise, we have
either deg(my) =1 or deg(my) = 2. If deg(my) = 2, then there is only
one possibility for one other invariant factor. In this case, it follows
that A ~ B since they share the same rational canonical form. Finally, if
deg(my) = 1 then there are three invariant factors ay,...,a; each equal to
my (since my is irreducible). It follows from this that A ~ B, as before.

O

EXERCISE 2.7. Let R be an integral domain and suppose that M is a finitely
generated free module over R. Prove that M has finite rank.

SOLUTION. Straight from the assumptions, we see that for a suitable index
set I there holds M = R®!. From this, it follows that any linearly indepen-
dent subset of M will have cardinality at-most |I|. It therefore suffices to
show that I must be a finite set.

To this end, let {b; : i € I} be a basis for M over R and let {x{,...,x,} be a
set of generators for M. Fix j € {1,...,n} and write

X]': Zazwb,-

l.EFj

where F]- C I is a finite set and aj € R. Consider now the set
n
X::U{b,~:i€Fj}Q{b,~:i€I}.
j=1

Now, since M is generated by {xy,...,x,} we see that M is generated by the
finite set X'. On the other hand, as a subset of a linearly independent set, X’
must also be linearly independent. Since X' spans M over R, it must also be
maximally independent and we conclude that M = R®' as was required.

O

EXERCISE 2.8. Let A € M,(Q) be a matrix satisfying A% = and A # I. De-
termine its rational canonical form over Q and its Jordan normal form over
C.

SOLUTION. Notice that A solves the polynomial
X—1=(x-1)x*+x+1)

We then see that the minimal polynomial of A, my(:), divides the above.
Since A # I, we have my f (x —1). Now, my must take coefficients in Q
and have factors dividing (x — 1)(x? + x + 1). Since deg(m,) < 2, the only
possibility over Q is m(x) = x*> + x + 1. Since deg(m,) = deg(A,), it also
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follows that Ay = my. Therefore, we have only one invariant factor (m,)
which gives the following rational canonical form

-

By a previous exercise, this must also be the rational canonical form over
C. Hence, to find the Jordan normal form we need only factor m,4 over C.
Doing so gives us the decomposition

Clx)/(x* +x+1) = C[x)/(x - w;) ®C[x]/(x — w,)

where w; ; are the distinct complex roots of x>+ x+ 1. The Jordan form

would then be
w1 O
0 (00)

3. Fields

EXERCISE 3.1. Let K/F be a field extension and suppose that a € K is alge-
braic over F. Supposing that [F(a): F]is odd, prove that F(a?) = F(a).

PROOF. Itisimmediate that F(a?) C F(a). By way of contradiction, suppose
that F(a?) # F(a). In particular, we have' [F(a): F(a?)] > 1. We may always
write
[K : F]=[F(a): F(a®)]-[F(a?): F].
2

Now, « is algebraic over F(a?) since it satisfies the polynomial x* — a? over
F(a?). By the assumption that F(a?) # F(a), we cannot” have a € F(a?).
This implies that x> —a? is irreducible over F(a?), and is therefore the min-
imal polynomial of & over F(a?). From this, we see that

F(a) = F(a?)(a) = F(a?)[x]/(x* - a?)

whence [F(a) : F(a?)] = 2. Combined with the expression for [K : F] above,
it follows that [K : F] is even which is impossible. This contradiction gives
F(a) = F(a?). O

EXERCISE 3.2. Let p be a prime and let n > 1 be an integer. Construct a field
having p"-elements. Prove that such a field is unique up to isomorphism.
This field is then to be denoted by Fp.

Lyf [K:F]=1then {1} C F is a basis for K over F. This would imply that K = F.
Afac F(a?), then F(a?) 2 F(a) by the very definition of F(a). Of course, this contradicts the
assumption that F(a) # F(a?).
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SOLUTION. Let F, be the finite field Z/pZ. We first prove the uniqueness.
Let F be a finite field having p” and notice that it must have characteristic
p.” Hence, F contains an isomorphic copy of F,. We can therefore consider
the polynomial

flx)=xP" —x
over F, C F. Now, this has at most p"-roots in any field. Since the group of
units F* = F \ {0} would have order p” — 1, one easily sees that

xP =x

for all x € F. Thus, F is the splitting field of xP" - x over F,. The uniqueness
of splitting fields then implies that F is unique up to isomorphism.

All of this hinges upon the existence of a field having p”-elements,
which we now establish. Consider the field of p-elements F, and define

flx):=xP —xe Fp[x].

Let E denote the family of all roots to the polynomial f(x) (considered in
some algebraic closure). Computing the algebraic derivative of f and using
the Ch(F,) = p, we have

fx)=p'xP -1 =-1.

Thus, gcd(f, f’) =1 so that f is a separable polynomial. This means that E
consists of precisely p"-elements. It is easy to see that {0,1} € E. Moreover,
if x € E and x # 0, then it is obvious that x~! € E. Also, for X1, € E we see
that o
(x1x,)P" = xf xg = XXy
which means that E is closed under multiplication. To see closure under
addition, recall that the “Freshman’s dream” holds true in characteristic p.
That is,
(x] +x)P" = xlfn +x§n = X1+ X».

From this, it is easy to see that E is a field which guarantees the existence.
This completes the proof. g

EXERCISE 3.3. Let n € N and p > 2 a prime. Prove that there exists an
irreducible polynomial of degree n over F,.

PROOF. Let Fpn be the field containing p"-elements and recall that it con-
tains F, as a subfield (this is by construction). Now, the group of units FJ
is cyclic and thus has a generator 0. In this case, we must have F,» = F,(0).

3As a finite field, it will have non-zero characteristic, and we know that this will be a prime g.
Therefore, F contains an isomorphic copy of some Z/gZ. But, F can be viewed as a vector space over
Z/qZ whence we see that |[F| = ¢ for some m > 1. From the uniqueness of factorization, m = n and

q=p-
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Since Ppn is finite, the extension Fpn/le is also finite and therefore algebraic.
Let then m(x) € Fy[x] be the minimal polynomial of 6 and observe that

Epn = F,(0) = Fy[x]/(m(x)).

From this, one has n = [F, : F,] = degm(x). Since m(x) is irreducible, we

have found our desired polynomial. O

EXERCISE 3.4. Let K/F be a finite extension of fields. Prove that K is a
splitting field over F if and only if every irreducible polynomial in F[x]
having a root in K splits over K.

PROOF. We will first establish the “ &= ” direction as it is shorter. Since
K/F is finite, we may choose algebraic elements ay,...,a, such that K =
F(ay,...,ay). For each j, let m;(x) € F[x] be the minimal polynomial of a;.
Since these polynomials have a root in K (the a;’s), they must split over K
by hypothesis. Thus, [} m;(x) splits over K. If L 2 F is a field over which
[T} m;(x) splits, then L contains {ay,...,a,} whence L 2 K. Hence, K is the
splitting field of [T} m;(x) over F.

Conversely, let K be the splitting field of f(x) € F[x] over F. Let p(x) €
F[x] be an irreducible polynomial having a root @ € K. By passing to an
algebraic closure of K, let  be any other root of p(x). The claim amounts
to showing that g € K. Now, let us first extend the identity automorphism
1:F — F to an isomorphism F(a) — F(p):

o:  Fla)—=F(p)

15 F— >F

Now, K(a) is the splitting field of f(x) over F(a). Certainly, f(x) splits over
K(a) 2 K. Moreover, if f(x) splitsover a field L2 F(a)then L2 Kand K >
whence L 2 K(«a). Similarly, K(p) is the splitting field of f(x) over F(p).
Since o fixes F, we may extend it further to an isomorphism K(a) — K(j)
in the fashion of
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However, K(a) = K since a € K. The above then shows that K = K(a) = K(j5)
as F-vector spaces (since ¢ is an isomorphism fixing F). Now, we write

[K: F]=[K(a): F]=[K(B): F] = [K(B) : K][K : F]

so that [K(B) : K] = 1. This yields K = K(p), i.e. p € K. We conclude that
p(x) splits over K as was asserted. 0

EXERCISE 3.5. Let K/F be an extension of fields and let K ; be fields with
F C K, CK. Suppose additionally that both K; and Kj are splitting fields
over F. Prove that K; K, and K; N K; are both splitting fields over F.

PROOF. By hypothesis, K; is the splitting field of a polynomial f;(x) € F[x]
and likewise K, is that of some f,(x) € F[x]. Clearly, f;(x)f>(x) splits over
KiK. If it splits over any field L 2 F, then both f; and f, will split over L.
This implies that L 2 K; UK, whence L 2 K; K;,. We conclude that KK, is a
splitting field over F.

To show that Ky N K, is a splitting field we will invoke the previous
problem. Let p(x) € F[x] be irreducible and suppose that it has a root in
Ky N K,. Then, p(x) has a root in both K; and K;,. As these are splitting
fields over F, the previous problem implies that p(x) splits over both K;
and K, and therefore over K; K,. Using the previous problem once more,
we infer that Ky N K; is a splitting field over F. O

EXERCISE 3.6. Let F be a field and let F be the algebraic closure of F. As-

sume L is a field with F € L C F. Prove that F is an algebraic closure of
L.

PROOF. Recall that F is algebraically closed. Since L is a subfield of F, we
see that every polynomial with coefficients in L splits over F. It remains
only to check that F/L is algebraic. However, this is immediate from the
fact that F/F is algebraic as every element of F solves a polynomial with
coefficients in F, and hence L. O

EXERCISE 3.7. Let K/F be a finite and separable®. Prove that there exist
finitely many subfields F C E C K.

PROOE. The claim is clear if K = F and thus we assume K D F. We first
show that there exists a field L 2 K such that L/F is Galois. Since K/F is
finite, we can choose distinct algebraic elements ay,...,a, in K\ F such that
K = F(ay,...,ay). For each j let m;(x) be the separable minimal polynomial
of a; over F. Denote by K; the splitting field of m; over F and note that

4The extension K/F is called separable if K/F is algebraic and the minimal polynomial of each
a €K is a separable polynomial in F[x].
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K;/F is Galois. Thus, the composite [] K; is also Galois over F. As [[{K;
contains every a; and F, it also contains K.

We now know that there exists a field L 2 K such that L/F is Galois. The
Galois group Gal(L/F) is by definition finite and, moreover, if F C E C K
then

FCECL.
By the fundamental theorem of Galois theory, such subfields are in cor-
respondence with the subgroups of Gal(L/F). Since there are only finitely
many such subgroups, only finitely many subfields F C E C K can exist. [

EXERCISE 3.8. Prove that an algebraically closed field must be infinite.

PROOF. Let F be a finite field having elements a;,..., a,. Consider the poly-

nomial
n

flx)=1+ H(x ~a;)
j=1
which certainly has coefficients in F. However, f(«a) =1 for all a € F which
means that f(x) has noroots in F. Hence, a finite field is never algebraically
closed. 0

EXERCISE 3.9. Let F be a field and K/F a field extension. Let f(x),g(x) be
non-constant polynomials and suppose that r(x) = gcd(f(x),g(x)) in F[x].
Show that r(x) is again the gcd of f(x) and g(x) in K[x].

PROOF. First, notice that r(x) certainly divides both f(x) and g(x) in K[x].
Let w(x) be the gcd of f(x) and g(x) in the extension K[x]. Since r(x) divides
f(x) and g(x), we have r(x) | w(x) in K[x]. However, in F[x], we have

r(x) = a(x)f (x) + b(x)g(x)
for polynomials a(x), b(x) € F[x] € K[x]. Therefore, w(x) | 7(x) in K[x] whence
it follows that w(x) = r(x). O
EXERCISE 3.10. Prove two statements:

(1) If f(x) € Fy[x] is a non-zero polynomial with deg f = r, then f is
irreducible if and only if for all 1 <n <r/2 one has
gcd(f(x),xpn —x) =1.

(2) Let f(x) € Fy[x]. Then f(x) hasarootinF, if and only if ged(f (x), x" -
x)=1.

PROOF. We will begin by proving (1). First, assume that for some 1 <n <
r/2
gcd(f(x),xp" —x) = 1.
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But, we know that

xP—x= I_[ g(x).

F,[x]>g monic
irred.
deggln

Thus, there exists a polynomial p(x) of degree
1§degp§n§%<r:degf
with p(x)| f(x). Hence, f(x) is reducible. Conversely, suppose that
ged (f(0),2?" —x)=1, Vi<n< %

Assume for a contradiction that f is reducible and choose a polynomial p(x)
dividing f(x) with degp(x) > 1. Obviously, we may assume that degp(x) <
r/2 and that p(x) is monic. Decomposing p(x) into irreducible factors, we
are left with an irreducible monic divisor of the polynomial f(x). Hence,
we might as well assume that p(x) is irreducible. But, for all n

xP'—x= I_[ g(x).

F,[x]>g monic
irred.

deggln

Clearly, p(x) will appear in the product on the right for n = degp(x) < /2,
which would contradict the assumption about the gcd; namely that

ged (f(x), 2" —x) =1, Vlsnsg.

This proves (1).

Let us now establish (2). From Theorem 7.1.2 in the course notes, we

see that
p
oo [ s=[ T
F,[x]>g monic j=1
irred.
degg=1

where {ay,...,ap}, with a; = 0, is an enumeration of F,. Of course, every
(x— a]) is irreducible in F,[x]. Now, suppose that f(f) = 0 for some f € F;
then (x—p) | f (x) in Fy[x] whence we see that

ged(f(x),x" —x) = 1. (%)
Conversely, assume the equation (*) holds. Then let p(x) be a common

divisor of both f(x) and x” —x with degp > 1. Obviously f then has a root
since any non-unit divisor of x” — x is a product of linear terms. O

EXERCISE 3.11. Suppose that a and b are constructible lengths. Prove that
a/b is also a constructible length.
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PROOF. We will work in the xy-plane. First, 1 is constructible and so we
may draw a line from (0,0) to (1,0). About (0,0) we draw a circle of radius
a and mark where it intersects the positive y-axis; this is the point (0, a).
Similarly since b is constructible, we may identify the point (b,0) on the
positive x-axis. Draw a line, ), connecting (0,a) and (b,0). This line is
parametrized by

yl(t):—%t+a, 0<t<b.

Now, we draw a line passing through (1, 0) that is parallel to y; let us label
this curve by y,. It is also easy to identify the parametrization of y,:

a a

f)=-——t, 0Zt<1.

72(t) b

Then, y, intersects the positive y-axis at the point (0,a/b). Drawing a line
from (0, 0) to (0,a/b), we see that a/b is constructible. O

EXERCISE 3.12. Let K/F be a field extension of degree p for some prime p.
If F C E CK where E is a field, prove that E=F or E =K.

PROOF. We write p =[K : F]=[K: E]-[E : F]; since p is prime one of these
terms on the right will be equal to 1. Thus, either K =E or F = E. 0

EXERCISE 3.13. Let K/F be an algebraic extension of fields and suppose
that R is a ring such that F C R C K. Prove that R is in fact a field.

PROOF. It suffices to check that every non-zero element of R has an inverse
with respect to multiplication. Let r € R\ {0} and notice that r € K, which is
algebraic over F. Thus, r is a root of its minimal polynomial

apx"+---+ajx+ag, a;€FCR

Now, since r # 0, we cannot have ay = 0. Thus, 4 is invertible in F, and
hence in R. We get then that

a,r" +---+ayr=-a

whence
n—1 )
r|—ag’ ZajHﬂ =1.
j=0
€R
This means that R is a field. O

EXERCISE 3.14. Let f(x) be an irreducible polynomial of degree n over
a field F and suppose g(x) € F[x]. Prove that every irreducible factor of
f(g(x)) has degree divisible by n.
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PROOF. Let p(x) | f(g(x)) be irreducible and let m := degp(x). Let a be a
root of p(x) in some algebraic closure. Since a is a root of the irreducible
polynomial p(x), we have

[F(a): F]=degp(x) =m.

Now, p(x) divides f(g(x)) whence f(g(a)) = 0. As f(x) is also irreducible,
we have that

[F(g(a): F]=deg f(x) = n.

Since g(x) is a polynomial with coefficients in F, we have g(a) € F(a) so that
the inclusion F(g(«)) € F(a) holds. This allows us to write

m=[F(a):F]=[F(a): F(g(a))]-[F(g(a)): F]
whence n | m. O

EXERCISE 3.15. Let ay,...,a, € C be such that oz]? € Q for every index j. Let
F denote the field Q(ay,...,a,). Prove that V2 ¢ F.

PROOF. There are two cases to distinguish. First, if a; € Q for every index

j, then F = Q. In this case, it is known that V2 e F. Otherwise, assume

there is some a; which does not belong to Q. Without harm, we assume

that a; € Q. The minimal polynomial of a; over Q is then equal to x> —a?

whence
[F:Q]=[F:Q(ay)]-[Q(a;) : QJ.

Since the minimal polynomial of a1 has degree 2 over Q, we see that [Q(ay) :
Q] = 2 so that [F : Q] is even. Actually,

[F:Q]=2-[F:Q(ay)].

Now, the degree of each a; over a field extension of Q will never be larger
than 2. Thus, successive applications of the argument used above gives
that

[F:Q]=2", m=>1.

By way of contradiction, let us now suppose that V2 € F. Then, Q(\ﬁ) CF.
However,

which means that
[F:Q]=[F:Q(V2)]-[Q(V2): Q] =[F:Q(¥2)] 3.

This means that 3 | [F : Q] = 2". This contradiction gives V2 & F. O
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4. Galois Theory

EXERCISE 4.1. Let f(x) € Q[x] be an irreducible polynomial of degree 4
having a root @ € R and let K denote the splitting field of f(x) over Q.
Notice that f(x) must be separable and assume that Gal(K/Q) = S4. Show
that there exists a subfield E with F C E C K, containing no quadratic Q-
subfields, such that [E : F] = 4.

PROOF. By hypothesis, a € R is algebraic over Q with minimal polynomial
f(x). This implies that

E =Q(a) = Q[x)/(f(x))

and that [E : Q] = deg f (x) = 4. We now claim that E contains no quadratic
subfields. Let HE be the field associated to E in Gal(K/F) under the Funda-
mental Theorem of Galois theory and notice that

24

1]
which gives IHEI = 6. As a subgroup of Sy, the only possibility is HE =
S3. Assume for a contradiction that one can find a quadratic subfield Q C

Q CE, then [Q : Q] = 2. If H? denotes the associated subfield, then the
Fundamental Theorem again yields

%=[54:HQ]=[Q:Q]=2

=[Sy : HY|=[E: Q] =4

whence |HQ| = 12. Since H? is a subgroup of S, inspection tells us that
HQ = n,. However, Q C E implies that HF ¢ H? which yields $; C A,
which we know to be impossible. 0

EXERCISE 4.2. Let p be a prime and let f(x) € Q[x] be an irreducible poly-
nomial of degree p. Assume that f(x) has exactly two roots in C\R. If K
is the splitting field of f(x) over Q, prove that K/Q is Galois with Galois
group Gal(K/Q) =95,,.

PROOF. First, being irreducible over a field of characteristic 0, it is indeed
true that f(x) is separable. Thus, K/F is Galois. Now, we will always have
an embedding
Gal(K/Q) = S,,.

Let C;, € C\R be roots of f(x); the conjugate root theorem states that
(> = ;. In any case, we can define an automorphism of K fixing F which
takes C; — C, and C; — C;. Hence, one can always find a permutation
in Gal(K/Q) that can be viewed as a 2-cycle. Now, f(x) is the minimal
polynomial of all of its roots. It then follows from the multiplicativity of
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degrees that p divides [K : F] = |Gal(K/Q)|. By Cauchy’s theorem, we can
choose an element of order p. Since Gal(K/Q) already “contains” a 2-cycle,
this means that Gal(K/Q) is the whole of S,,. O

EXERCISE 4.3. Let K/F be a Galois extension and assume that K = F(a) for
some a € K. Let H be a subgroup of Gal(K/F) and subsequently put

fulx):= [ [ (x=oa) e Klx].
oeH
If KH denotes the fixed field of H in K, prove that fi;(x) € K"[x] and show
that K is the splitting field of fy(x) over K. Finally, prove that K is
generated over F by the coefficients of fy(x).

PROOF. First, let T € H be given and extend it to a ring isomorphism
T: K[x] = K[x]

obtained by fixing the free-variables x and acting upon the coefficients in
K. Then, it is clear that

tfu(x) = | [x=r(@t@m =] Jex-ca)

o€eH ceH

whence it follows that 7 fixes the coefficients of fg(x). Since 7 € H <
Gal(K/F) was arbitrary, we see that fi(x) € K[x]. Since o is an automor-
phism of K, it is evident from the very definition that fy(x) splits over K.
It it splits over any subfield containing K, then it must contain a as H
contains the identity automorphism. Since K = F(«a), we see that this field
will contain K as well. We infer that K is the splitting field of fy(x) over
the field K.

Let ay,...,a, denote the coefficients of fy(x) in K, we claim that K =
F(ay,...,a,). Clearly, one already has that F(ay,...,a,) € K. For the re-
verse inclusion, we will invoke the Fundamental Theorem of Galois theory.
Let T € Gal(K/F(ay,...,a,)) and observe that tfy(x) = fg(x). Since 7 is an
automorphism of K, it permutes the family of points {o(«)}, i.e.

{o(a): 0 €eH}={t(0()): 0 € H}.

Since H contains 1k, this means that 7(a) = o(«) for some ¢ € H. Notice
that a generates K over F. As 0,7 are automorphisms K — K fixing F, we
conclude that 7 = 0 whence 7 € H. This implies that

Gal(K/F(ay,...,a,)) € Gal (K/K').

By the fundamental theorem, it follows that K¥ C F(ay,...,a,). We con-
clude that F(ay,...,a,) = K, as was required. O
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EXERCISE 4.4. The purpose of this problem is to show that every finite
group arises as the Galois group of some Galois extension of fields. We
proceed in two parts.

(1) Let xy,...,x, be n-free variables and let K be the field of fractions
associated to Q[xy,...,x,]. Show that there exists an embedding
S, — Aut(K/Q).

(2) Let G be a finite group of order n. Using Cayley’s theorem and
the first part, show that G is the Galois group of a Galois field
extension.

PROOF. Let 0 € S, be given, we may define an associated isomorphism of
rings

Q[x1,...,x,] = Q[xq,...,x,]
by fixing the coefficients in Q and sending x; to x,(;). This isomorphism
may clearly be extended to an automorphism of K, denoted &, which fixes
Q. This allows us to consider the following function:

Y:9, - Aut(K/Q) — Aut(K), o 4.

It is clear that this is a group homomorphism. We now claim that ¥ is in-
jective. Assume that & = ¢. Then, for every i € {1,...,n} one would have
Xo(i) = Xc(iy whence o = ¢. This means that ¥ is actually the desired embed-
ding
Y95, — Aut(K/Q) — Aut(K).

This establishes the first part. For the second part, Cayley’s theorem gives
an embedding G < S, < Aut(K). Let now K denote the fixed field of G
in K. Since G is finite, we know that K/K© is Galois with Galois group G
which concludes the proof. 0

EXERCISE 4.5. Calculate the Galois groups of the polynomials x> + 3x + 1
over Q. Verify first that they are separable polynomials!

PROOF. Since we are working in characteristic 0, the polynomials above are
separable if they are irreducible. Let

fE(x):=x>+3x+1€Q[x],

we will prove that f*(x) is irreducible using the rational root theorem.’
From this theorem, we see that the only roots to f*(x) are 1. Direct com-
putation shows that +1 are not roots to f*(x) and thus we deem f*(x) to be
irreducible over Q.

SLet r(x) = apx" +---+ayx+ag be a polynomial in Z[x] and suppose that p/q € Q is a root of r(x),
with ged(p,q) = 1. Then p|ag and q | ay,.
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Let K* be the splitting field of f*(x) over Q, then K*/F is Galois. Now,
for a general cubic polynomial of the form

W t+ax?+bx+c,

the discriminant looks like
P =a’b*® —4b3 —4a’c—27¢% +18abc.
Let D* be the discriminant for f*(x). Then, in both cases a = 0 so that
Dt =-4(3)*-27=-5-27,
D™ =-4(-3)3-27 = 3%

Hence, D™ is a square but D* is not. This implies that Gal(K~/Q) = A,
and Gal(K*/Q) = S4. On the other hand, D™ is clearly not a square, which
makes Gal(K*/Q) the whole of the permutation group ;. O

EXERCISE 4.6. Calculate the Galois group of the polynomial x*>—5x+1 over

Q.

PROOF. As before, this polynomial is easily seen to be irreducible, and
hence separable over Q. If K is its splitting field over Q, then K/Q is Galois.
The discriminant is equal to

D= —4(—5)3—27 =4.125-27=500-27 =473.
Since 473 is not a square, we have Gal(K/Q) = 3;. O

EXERCISE 4.7. Determine the Galois group of (x* —2)(x? - 3) over Q.

PROOF. It is clear that the polynomial is separable over Q. If K denotes
its splitting field over Q, then K/Q is Galois. Now, it is clear that Q(V2)Nn
Q(V3) = Q. Moreover,

Q(V2) =Q[x)/(x*~2) and Q(V3)=Q[x]/(x*-3).

Now, x*> — 2 and x? — 3 are separable so that Q(V2)/Q and Q(V3)/Q. From
the above,

‘Gal(Q(\/E)/Q)| —2

whence Gal (Q(\/E)/Q) =7/27Z. In a similar vein, one easily sees that Q(V3)/Q
is Galois with Galois group isomorphic to Z/27Z. Also, the splitting field of
(x? = 2)(x? - 3) is obviously Q(V2,V3) = Q(V2)Q(V3). This certainly means
that

Gal (K/Q)=Z/2Z xZ/2Z.
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EXERCISE 4.8. Let K/F be a Galois extension of degree p” for a prime p and
n > 1. Show that there exist Galois extensions of F, contained in K, having
degrees p and p"~!.

PROOF. First, the Galois group Gal(K/F) is a p-group. As a p-group, it
center is non-trivial and is therefore a p-group in its own right. By Cauchy’s
theorem, we may chose an element o € Z(Gal(K/F)) having order p. The
subgroup (o) is then a normal subgroup of Gal(K/F). If E{9) is the field
corresponding to (o), then E/F will be Galois. But then,

o 1 |Gal(K/F)| .~
[E< >'F]_W_p L

Similarly, we know from group theory that Gal(K/F) will have a normal
subgroup H of order p"~!. Therefore, if E/ is the corresponding field, then
EH/F is Galois with degree

[E 2 F] = [Gal(K/F): H] = p.
This completes the proof. O

EXERCISE 4.9. Show that Q(v2 + V2)/Q is Galois with Galois group isomor-
phic to Z/4Z.

PROOE. First, notice that

(\/ﬁf :(2+\/§)2 =4+4V2+2=6+4V2.
(m)z =2+V2.
This means that
(m)4—4(m)2 =6+4V2-8-4V2=-2.

We conclude that V2 + V2 satisfies the polynomial
flx)=x*—4x?+2€Qlx].

By Eisenstein’s criterion® with p = 2, we see that f(x) is irreducible over
Q[x]. Since Q has characteristic 0, f(x) is also a separable polynomial. Now,
the roots of f(x) are real and are given by

i\/2i‘/§€R.

OLet a(x) = apx" +---+a;x+ag be a polynomial with integer coefficients. Assume there exists a
prime p dividing all coefficients other than a,, (we need p {a,) such that p? {ay. Then a(x) is irreducible
over Q.

Also,
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Consider the field Q(v2 + V2). We claim that f(x) splits over this extension
of Q. First of all, we point out that V2 lives in this extension since

(\/2+\/5)2:2+\/56Q(\/2+\/§).

V24 V22 V=2 V22 + VD) = VI—2 =2
which then yields the identity

Now,

SRV L
242

In particular, all roots of f(x) will live in the field extension Q(v2+ V2).
This clearly implies that this extension is the splitting field of the sepa-
rable polynomial f(x) and is hence Galois. Actually, f(x) is the minimal

polynomial of V2 + V2 over Q since it is irreducible, and thus

[Q(m) ‘ Q} =degf(x) = 4.

Let now G denote the Galois group of this extension, we know that G = 4.
Consider the automorphism o € G obtained by fixing Q and mapping

\/2+\/§.—>\/2—\/§.
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a( 2+\/§) 2-V2

Then,

Since o fixes Q, we calculate further

2vo(V3)=o(V2rvB) =2-v2

Of course, this means that o (\/E) = —V/2. Returning to the previous equa-

tion, we have
(aoa)(\/2+\/§) :—\/2+\/§.

Thus, 0% # 1. That is, o has order larger than 2 and so (o) must be the
whole of G. This makes G a cyclic group of order 4, and the only such group
is Z/AZ. O



4. Galois Theory 111

This final fact was given as an exercise during the course, but the proof
is long and tedious. As such, we shall simply state it; perhaps one day it
will be of use to the reader. Of course, the reader is free to prove it as an
exercise!

PROPOSITION A.1. Let p and € be primes and consider the polynomial f(x) =
xP — € over Q. Clearly, this polynomial is irreducible’. Let K be the splitting
field of f(x) over Q. Then K/Q is Galois with Galois group

Gal(K/Q) =F, ~F,.
In particular, |Gal(K/Q)| = ¢(p?).

"This is a direct consequence of Eisenstein’s criterion.
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