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Definition 1. A gauge is a function f : Ω ⊆ R � R>0. Given a gauge and interval,
a tagged partition Ṗ = {[xi−1,xi ], ui}ni=1 is said to be δ-fine if for all indices i

[xi−1, xi] ⊆ [ui − δ(ui), ui + δ(ui)]

Lemma 1 (Existence Lemma). Let [a, b] be an interval and δ : [a, b] � R>0 a gauge

on [a, b]. There exists a partition Ṗ of [a, b] which is δ-fine.

Proof. Let E be the set of all x ∈ [a, b] such that there exists a δ-fine partition of
[a, x]. First, let us note that E 6= Ø. In order to see this, let x ∈ [a.b] such that
a ≤ x ≤ a+ δ(a); clearly {[a, x], a} is a δ-fine partition since

[a, x] ⊆ [a− δ(a), a+ δ(a)]

Moreover, we note that the set E is bounded above by b. Hence, this subset of R
has a supremum S ∈ R. Indeed, since a and b are lower and upper bounds on E , it
follows that a ≤ S ≤ b. We will show that S ∈ E and that S = b, thereby ensuring
the existence of a δ-fine partition of [a, b]. Let us prove this.

(1) Suppose S 6∈ E . Then, since δ(S) > 0 we can find e ∈ E such that

S − δ(S) < e < S

since S 6∈ E . Now, e ∈ E implies there exists a δ-fine partition of [a, e]. Let

Ṗ be such a δ-fine partition. We then set Q̇ = Ṗ ∪ {[u,S],S}. Note that Ṗ
is δ-fine and that

[u,S] ⊆ [S − δ(S),S + δ(S)]

and thus Q̇ is a δ-fine partition of [a,S]. Thus, S ∈ E . Contradiction.
(2) We prove S = b. Suppose not, then clearly, S < b. We may thus select

some w ∈ [a, b] with S < δ(S). Indeed, by the previous item we have that

S ∈ E and thus the existence of some δ-fine Ṗ of [a,S]. Now we consider the

partition Q̇ = Ṗ ∪ {[S, w],S}. This partition is also δ-fine, to see this note
that

[S, w] ⊆ [S − δ(S),S + δ(S)]

Since w ≤ b we have found a δ-fine partition of [a,w], whence we have w ∈ E ,
and since S is an upperbound we have

w ≤ S

Contradiction.
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Thus, we have both S ∈ E and S = b. Hence b ∈ E and there exists a δ-fine
partition of [a, b]. �

Theorem 1 (Riemann’s Theorem). Let f : [a, b] → R be a bounded function. The
following are equivalent.

(1) f is Riemann integrable on [a, b].
(2) For all ε > 0 there exists a partition W = {Ii}ni=1 of [a, b] such that for any

tagged partitions Q̇, Ṗ with the same sub-intervals as W one has∣∣∣S(f ; Ṗ)− S(f ; Q̇)
∣∣∣ < ε

(3) For all ε > 0 there exists P = {[xi−1, xi]}ni=1 with

mi = inf{f(x) | x ∈ [xi−1, xi]} and Mi = sup{f(x) | x ∈ [xi−1, xi]}
one has

n∑
i=1

(Mi −mi)∆xi < ε

Proof. (1 =⇒ 2). Let ε > 0, by Cauchy’s First Criterion there exists δ > 0 such

that for any two tagged partition Q̇, Ṗ with
∥∥∥Q̇∥∥∥ < δ,

∥∥∥Ṗ∥∥∥ < δ implies∣∣∣S(f ; Ṗ)− S(f ; Q̇)
∣∣∣ < ε

Let W be any partition of [a, b] with ‖W‖ < δ. Then, for any tagged partition

Ṗ, Q̇ with the same endpoints as W we must have
∥∥∥Q̇∥∥∥ < δ and

∥∥∥Ṗ∥∥∥ < δ whence by

Cauchy’s First Criterion it follows∣∣∣S(f ; Ṗ)− S(f ; Q̇)
∣∣∣ < ε

(2 =⇒ 3). Let ε > 0 be given, by our hypothesis in (2) we can select a partition

W of [a, b] such that for any two tagged partitions Ṗ, Q̇ with the same end points as
W = {[xi−1, xi]}ni=1 one has

(1)
∣∣∣S(f ; Ṗ)− S(f ; Q̇)

∣∣∣ < ε

2

Indeed, f is bounded on [a, b] and hence on any [xi−1, xi], thus f achieves infimum
and supremum on each sub-interval. We may thus set mi and Mi as in (3). Thus,
for a given ε > 0 and i we can find ui, vi ∈ [xi−1, xi] satisfying

f(ui) < mi +
ε

4(b− a)
and f(vi) > Mi −

ε

4(b− a)

⇐⇒ −f(ui) > −mi −
ε

4(b− a)
and f(vi) > Mi −

ε

4(b− a)

Whence we infer for 1 ≤ i ≤ n:

f(vi)− f(ui) +
ε

2(b− a)
> (Mi −mi)

=⇒
(
f(vi)− f(ui) +

ε

2(b− a)

)
(xi − xi−1) > (Mi −mi)(xi − xi−1)
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Since i is arbitrary within [1, n] ∩ N we may sum over such i preserving the in-
equality:

n∑
i=1

(Mi −mi)(xi − xi−1) <

n∑
i=1

(
f(vi)− f(ui) +

ε

2(b− a)

)
(xi − xi−1)

=

n∑
i=1

(f(vi)− f(ui)) (xi − xi−1) +
ε

2
= S(f ; Ṗ)− S(f ; Q̇) +

ε

2

Where Ṗ = {[xi−1, xi], vi} and Q̇ = {[xi−1, xi], ui}. However, both of these are
tagged partitions with the same endpoints as W, thus by hypothesis

n∑
i=1

(Mi −mi)(xi − xi−1) < S(f ; Ṗ)− S(f ; Q̇) +
ε

2
<
ε

2
+
ε

2
= ε

(3 =⇒ 1). Fix ε > 0 and let P = {[xi−1, xi]} be a partition satisfying our
hypothesis in (3). Let Ai := [xi−1, xi) for 1 ≤ i ≤ n − 1 and An := [xn1

, xn]. On
each Ai set α := mi and ω := Mi. Hence, on [a, b] we have that α(x) ≤ f(x) ≤ ω(x).
Moreover, since α, ω are step functions we can express them as follows:

α(x) =

n∑
i=1

miχAi and ω(x) =

n∑
i=1

MiχAi

Indeed, these step functions are Riemann Integrable with integrals:∫ b

a

α =

n∑
i=1

mi(xi − xi−1)

∫ b

a

ω =

n∑
i=1

Mi(xi − xi−1)

Moreover, by hypothesis in (3)∫ b

a

ω − α =

n∑
i=1

(Mi −mi) (xi − xi−1) < ε

Thus, by Cauchy’s Second Criterion f ∈ R([a, b]). �

Theorem 2 (Lebesgue). Let f : [a, b] → R be a bounded function and Z be the set
of all discontinuity points of f on [a, b]. The following are equivalent.

(1) f ∈ R([a, b])
(2) Z is a null set.

Proof. (1 =⇒ 2). It is easy to show that f is discontinuous at x if and only if it’s
oscillation (denoted w(f ;x)) is non-zero at this point. Thus, we may express Z as
follows

(2) Z = {x ∈ [a, b] | w(f ;x) > 0}
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We now define for k ∈ N the following set, whereby we may express Z in an equivalent,
but more convenient form

Hk := {x ∈ [a, b] | w(f ;x) ≥ 1

2k
}(3)

Z =
⋃
k∈N

Hk(4)

By criterion (3) of the previous Theorem, there exists a partition P = {xi−1, xi}ni=1

such that for Mi,mi defined as in (3) we have

(5)

n∑
i=1

(Mi −mi)∆xi <
ε

4k

Without loss of generality, we can show Hk is null for arbitrary k ∈ N, since the
union of 0-measure sets also has measure 0. Fix k ∈ N and consider those i for which
Hk ∩ (xi−1, xi) 6= Ø. Select x ∈ Hk ∩ (xi−1, xi), then there exists r > 0 such that
(x− r, x+ r) ⊆ (xi−1,xi) ⊆ [a, b] and w(f ;x) ≥ 1/2k. It can be easily shown that

1

2k
≤ w(f ;x) = inf

δ>0
{W (f ;Vδ(x))} ≤W (f ;Vr(x)) ≤W (f ; [a, b]) = Mi −mi

Which implies

(6)
1

2k
≤Mi −mi

We now consider the set S := {i ∈ N ∩ [1, n] | Hk ∩ (xi−1, xi) 6= Ø}. Indeed, it is
easily seen that Hk can be covered by

Hk ⊆
⋃
i∈S

((xi−1, xi) ∪ {xi−1, xi})

⊆
⋃
i∈S

(xi−1, xi) ∪
n⋃
j=1

(
xj −

ε

4(n+ 1)
, xj +

ε

4(n+ 1)

)
We take note that S is a finite subset of N and {j} is of countable order. Thus

we have covered Hk with countably many open intervals. We now show they have
length less than ε. First,

1

2k

∑
i∈S

∆xi ≤
∑
i∈S

(Mi −mi) ∆xi <
ε

4k

=⇒
∑
i∈S

∆xi <
ε

2k
≤ ε

2

Similarly,
n∑
j=1

ε

2(n+ 1)
<
ε

2

Whence, we have that `(Hk) = 0 and hence `(Z) = 0.
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(2 =⇒ 1). We will establish criterion (3) of Riemann’s Criteria. Suppose now
that Z has measure 0 and let ε > 0 be given. We can hence find countably many
disjoint open intervals {Jk}k∈N = {(ak, bk)}k∈N such that

Z ⊆
⋃
k∈N

Jk and
∑
k∈N

`(JK) <
ε′

2M
(7)

Where we bound f by M ∈ R>0 and ε′ :=
ε

b− a+ 1
(8)

We now construct a gauge δ on [a, b] as follows. We distinguish two cases.

(1) x 6∈ Z. Then x is a continuity point of f . So, there exists δ(x) > 0 such that
y ∈ [a, b] with |x− y| < δ implies |f(x)− f(y)| < ε′/2. Let us define

Mx := sup
y∈Vδ(x)

|f(y)| and mx := inf
y∈Vδ(x)

|f(y)|

Then for y, y′ ∈ Vδ(x) we have

|f(y)− f(y′)| ≤ |f(x)− f(y)|+ |f(y′)− f(y)| < ε′

Whereby it follows Mx −mx = supy,y′∈Vδ(x) |f(y)− f(y′)| ≤ ε′
We select such δ(x) as our gauge-point.

(2) x ∈ Z. Then, x ∈ Jk for some unique index k. Since Jk is open, there exists
δ > 0 such that (x− δ, x+ δ) ⊆ Jk. If this is the case, then ∆x ≤ `(Jk). We
take such a δ as out gauge-point.

In this way we have defined a gauge δ(x) on [a, b]. However, we may take δ/2 as

our gauge. By our existence lemma, we can find a partition Ṗ = {[xi−1, xi], ui}ni=1

that is δ-fine. For this partition set Mi,mi as in (3) of Riemann’s Criterion. We will
show (3) holds true. Note that for each tag ui we have exactly one of the following:

(1) ui 6∈ Z. In this case, then [xi−1, xi] ⊆ [ui − δ(ui)/2, ui + δ(ui)/2] ∩ [a, b] ⊆
Vδ(ui)(ui). Whence,

Mi −mi ≤Mui −mui ≤ ε′

(2) ui ∈ Z. Then, (xi−1, xi) ⊆ (ui − δ(ui), ui + δ(ui)) ⊆ Jk, thus yielding
∆xi ≤ `(Jk).

Define S := {i | ui /∈ Z} and S′ := {i | ui ∈ Z}. We write
n∑
i=1

(Mi −mi)∆xi =
∑
i∈S

(Mi −mi)∆xi +
∑
i∈S′

(Mi −mi)∆xi

≤ ε′
∑
i∈S

∆xi + 2M
∑
i∈S′

`(Jk) ≤ ε′
n∑
i=1

∆xi + 2M

∞∑
k=1

`(Jk)

< ε′(b− a) + 2M

(
ε′

2M

)
= ε′(b− a+ 1) = ε

This is what we had to show. �

References.

(1) Bartle, Robert Gardner, and Donald R. Sherbert. Introduction to Real Anal-
ysis. Hoboken, NJ: Wiley, 2011. Print.


	References

