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In these notes we are interested in twice continuously differentiable solutions
to the following initial value problem:{

∂tu(x, t)−γ∂xxu(x, t) = 0, (x, t) ∈ R × (0,∞),
u(x,0) = φ(x), x ∈ R.

(1)

In the above, φ is a given smooth function and γ > 0 is a constant. We shall give an
explicit form for a C2 solution to this PDE. However, we first require a technical
lemma.

Lemma 1. Define f (ξ) = e−aξ
2

for a > 0. Then

F −1[f ](x) =
1
√

4πa
exp

(
−x

2

4a

)
.

Proof. By definition of the Fourier inverse,

F −1[f ](x) =
1

2π

ˆ
R
e−aξ

2+ixξ dξ.

Now,

−aξ2 + ixξ = a
(
ξ2 − ix

a
ξ
)

= −a
(
ξ2 − ix

a
ξ − x2

4a2 +
x2

4a2

)
= −a

[(
ξ − ix

2a

)2
+
x2

4a2

]
= −a

(
ξ − ix

2a

)2
− x

2

4a
.

This implies that

F −1[f ](x) =
1

2π
exp

(
−x

2

4a

)ˆ
R
e−a(ξ−

ix
2a )

2

dξ =
1

2π
exp

(
−x

2

4a

)ˆ
R
e−aζ

2
dζ

=
1

2π
√
a

exp
(
−x

2

4a

)ˆ
R
e−σ

2
dσ
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where we have made the substitution σ :=
√
aζ in this last line. Recalling now thatˆ ∞

−∞
e−σ

2
dσ =

√
π

we find that

F −1[f ](x) =
1
√

4πa
exp

(
−x

2

4a

)
,

as was asserted. �

Solving the Heat Equation. Now let u solve (1). Taking the Fourier transform of
both sides, we obtain

∂tû(ξ, t) = ût(ξ, t) = γûxx(ξ, t) = γi2ξ2û(ξ, t) = −γξ2û(ξ, t).

For fixed ξ this is an ODE in t which evaluates to

û(ξ, t) = A(ξ)e−γξ
2t.

Note that û(ξ,0) = F (u(x,0)) = F (φ(x)) = φ̂(ξ) whence

û(ξ, t) = φ̂(ξ)e−γξ
2t.

Define now

g(x) :=
1√

4πγt
e
− x2

4γt ;

by virtue of the previous lemma, we know that ĝ(ξ) = e−γξ
2t. Hence, for (x, t) in

the given domain:

u(x, t) =
(
φ̂ · ĝ

)∨
=

(�φ ∗ g)∨ = (φ ∗ g)(x, t).

Of course, the convolution is taken with respect to the spatial variable x. Thus,

u(x, t) =
1√

4πγt

ˆ ∞
−∞
φ(y)e−

(x−y)2

4γt dy.
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