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Preface

This text is intended as a primary reference for a first course (at the honours level) in
group theory. Although technically a first course, we do will assume that the reader pos-
sesses some level of mathematical maturity. To be more precise, although we study gruops
from first principles, we will not dwell on the introduction of university level mathemat-
ics and we will assume that the reader is already familiar with abstract mathematics and
has written proofs in the past. Furthermore, some results presented in this text (albeit
very few) will call upon algebraic results from other areas of mathematical (say, field the-
ory).

We will begin with a chapter involving the abstract theory of groups. The results
established in this chapter will hold for all groups, or for every finite group. This includes
Lagrange’s theorem and a discussion of cyclic groups. This will allow us to give a short
and elegant proof of the primitive root theorem, which states that (Z/pZ)* is cyclic for
every prime p. We will then explore normal subgroups and homomorphisms of groups.
The chapter will conclude with the isomorphism and correspondence theorems for finite
groups which will underpin much of the theory in the chapters that follow.

In the second chapter, we focus on the actions of groups upon finite sets; which has
a great deal of applications in combinatorics and in number theory. We will establish
the standard orbit-stabilizer theorem and the Burnside formula, the two of which are
extremely useful in practice and will be the cornerstone of the Sylow and Jordan-Hélder
theorems. We present Cayley’s isomorphism theorem in a concise manner.

In the chapter that follows, we explore two perspectives of finite groups: the Sylow
and Jordan-Hdélder philosophies. First, we establish the Sylow theorems which relate to
groups and subgroups whose order is a power of a prime. We also give applications of the
Sylow theorem to certain categories of finite groups (say, groups of order pgq). In the final

1



2 Preface

half of the chapter, we explore the Jordan-Hélder philosophy and introduce the concept
of a semidirect product.

The final chapter of this text is dedicated to the absolute basics of representation the-
ory of finite groups. This chapter assumes a familiarity with finite dimensional linear
algebra and offers an alternative perspective on the structure of finite groups. Unfor-
tunately, this last chapter requires a background in linear algebra. More precisely, the
reader should be familiar with linear transformations, changes of bases, inner product
spaces and the spectral theorem.



Chapter 1

Abstract Groups and
Properties

In this chapter we are interested in the abstract notion of a group, and we will mostly
focus on concepts and results that are applicable to all groups (or all finite groups). Group
theory has become a prominent and fundamental part of modern abstract algebra and is
regarded by many to be profound and beautiful. Although I do not entirely share this
view (I greatly prefer analysis), it is impossible to argue against the importance of group
theory in a graduate education in mathematics.

1. Groups and Subgroups

Throughout this document, unless otherwise specified, we shall write G to denote a non-
empty set and ® denotes an operation on G

©:GxG—G.
DEFINITION 1. A pair (G, ®) is called a group if

(1) G is associative under ©®,i.e.ifa® (b®¢c) = (a®b) ®cforall a,b,c € G

(2) There exists an element e € G such that g®e =e ® g = g for all g € G. This is
called the identity element of the group.

(3) For each g € G there exists g~! € G such that

1

gogl=glog=c

We will often omit the notation ‘©®” and simply write gh to mean g ® h for g,h € G.
Note that by our definition of ® it follows that gh € G whenever g,h € G. Moreover, we
shall write G to mean a group (G, ®) to simplify notation.
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4 1. Abstract Groups and Properties

EXAMPLE 1. The set of real numbers R is a group when endowed with the usual notion
of addition as the group operation. In fact, if R is a ring then the pair (R, +) is a group.

EXAMPLE 2. The set C* := {z € C: z # 0} is a group under multiplication.
EXAMPLE 3. Let p € N be a prime; the set (Z/pZ)™ is a group under multiplication.
We would first like to establish some consequences of the group axioms. First, this

identity element is unique. Indeed, assume that ¢’ satisfies condition (2) of our group
definition. Then,

e=ef =fe=f.
In a similar vein, the inverse to any element is unique. To see that this is true, fix g € G
and assume gh = hg = e. Then,

g l=g"le=g""(gh) = (¢7'g) h=ch=h.
A group G is called Abelian if it is commutative, i.e. gh = hg for all g,h € G. We shall
say that G has finite order if #G < oo.
DEFINITION 2. If G is a group, a set H C G is called a subgroup of G whenever

(1) e € H.
(2) Given g,h € H we have gh € H.
(3) For each g € H the inverse g~ € H.

From these axioms it is easy to verify that H is a group in its own right. The sets {e}
and G are called the trivial subgroups of G; indeed they are always subgroups. We shall
write H < G as shorthand to say that H is a subgroup of G. A subgroup H is called cyclic
provided there exists an element g € H such that

(9) ={¢g™ :meZ}=H.

In this case, we say that H is generated by g and that g is a generator of H. For any element
g € H we then define the order of h, denoted ord(g), to be the minimal positive integer k
such that g* = e. If no such element exists, we put ord(g) = oo. It is also easy to check
that (z) is a subgroup of G, for each z € G. This is called the cyclic group generated by x
in G.

PROPOSITION 1.1. Let G be a group and g € G. Then ord(g) = #(g).

PROOE. Suppose that ord(g) = oo, then for any positive integers n and m we have g" # ¢™.
Otherwise, assume without loss of generality that m < m and note that ¢g" has inverse
g~ ™ it follows that ¢g"~™ = e which contradicts ord(g) = oco. Thus, the set (g) contains
infinitely many distinct elements which must then give #(g) = oc.

Suppose now that ord(g) = k < oc. Then, clearly,

(g) = {679,92, - ,gord(g)_l}



2. Cosets and Lagrange’s Theorem 5

where all these elements must be distinct by the minimality of ord(g). This concludes the
proof. O

LEMMA 1.2. Let G be a group and {H,},.; and indexed family of subgroups of G." Then
Nacr Ha is a subgroup of G.

PROOF. Since e € H, for all indices o« € I we have e € ﬂael H,. Similarly, for each
9 € Nper Ha we have g € H, for all o whence g~! € H, for each a € I which gives
us g1 € N,es Ha- A verbatim argument shows that (),.; Hq is closed under the group

operation of G. O

DEFINITION 3. Denote by G a group and let {ga},c; @ family of elements in G. The
minimal subgroup generated by this family, which we denote ({ga},c;), is the group

N H,.

G>H2{ga}yer

2. Cosets and Lagrange’s Theorem

We once again fix a group G and let H be a subgroup of G. A (left)-coset of H in G is
merely a set of the form

gH ={gh:he H} CG,
and a right coset is defined in the analogous way. Note that a coset of H in G depends on
the choice of g € G. Unless stated otherwise, we will only speak of left cosets of H in G,
although much of the theory could still be developed using right cosets. Given a group G
and a subgroup H of G, we shall denote by G/H the collection of all left cosets of H in G,
ie.

G/H :={gH : g € G}.

As we shall soon see, this choice of notation is very convenient.
LEMMA 1.3. Let G be a group and H a subgroup of G. If z,y € Gwesayx ~ yif v € yH.
Then ~ defines an equivalence relation on G where the equivalence class of x, denoted [z], is
simply vH.

PROOF. Since H contains the identity e, it is obvious that z = ze € zH. Thus, z ~ z. If
x ~ y then = € yH so that x = yh for some h € H. This means that zh~' = y whence it
follows that y € zH,ie. y ~x. If x ~yand y ~ z we have both x € yH andy € zH.
Choose now hy and hg in H such that z = yhy and y = zhs. Then

x = yhy = zhohy = zh' € zH.
Hence, z ~ z which verifies that ~ is an equivalence relation. Given z € G we have that

z]={yeG:y~a}={yeG:yexH} =zH.

1Each H,, is a subgroup of G. Note that I need not be countable here!
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O

Therefore, one can view G/H, the collection of left cosets, as G/ ~ where ~ is the
equivalence relation defined above in the lemma. A very powerful (but elementary!) re-
sult is Lagrange’s theorem which both justifies the choice of notation for G/H and gives
an essential tool in the study of finite groups. If G is a finite group and H is a subgroup
of G, the index of H in GG is defined to be

G : H]:=|G/H|

where || gives the cardinality of a set.
REMARK 1.1. In the case of infinite groups, one can still make sense of the index of a
subgroup in terms of cardinal numbers.
THEOREM 1.4 (Lagrange). Let G be a finite group and H a subgroup of G. Then,

|Gl

G:H]=+.

|H|

In particular, the order of a subgroup divides the order of the group.

PROOF. Let x,y € G be given and consider the cosets xH and yH. We first show there
exists a bijection between the two. Indeed, we first define a map

fixH — yH

by letting xh — yh. To see that this is a surjection we need only note that every element
b € yH is of the form yh for some h € H. Then f(xzh) = yh = b. To see that f is injective,
note that yh; = yhe if and only if hy = ho.

This argument now shows that any two cosets of H in G have the same number of
elements. Since cosets are equivalence classes, we choose a finite family of representatives
x1,...,xN in G for these cosets. Since G is then the disjoint union of equivalence classes
(in our case, cosets) it follows that

N N N
G = ||| =H;| =D |ejH| = |eH| = N - |H|.
j=1 j=1 j=1
Since N = [G : H] this concludes the proof. O

REMARK 1.2. We would like to point out a choice of notation that will be frequently
glossed over throughout this book. We use the notation (J to mean the union of sets, and
the symbol | | to mean a disjoint union of sets, i.e. the indexed family consists of pairwise
disjoint sets.

We now point out some immediate consequences of Lagrange’s theorem.

COROLLARY 1.5. If G is a finite group and g € G, then ord(g) | |G].

PROOE. Indeed, (g) is a subgroup of G that has order ord(g). O
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COROLLARY 1.6. Let G be a finite group of order p for some prime p. Then G is cyclic.

PROOE. Let g € G be non-trivial, i.e. g # e. Then (g) is a subgroup of G, containing more
than one element, whose order divides p. Since 1 < ord(g) | p, it follows that ord(g) = p.
Thus, (g9) = G. O

Cyclic groups are of great interest to many and possess many interesting properties.
We will continue to explore such groups in the subsequent section.

3. Cyclic Groups

We recall that a group G is called cyclic provided there exists g € G such that G = (g).
Note also that G need not be finite for this to hold. Indeed, Z is a group under addition
that is generated by the element 1. However, we shall assume for the remainder of this
section that G is a finite cyclic group of order n € N and that g is a generator of G, i.e. that

G = (g).
LEMMA 1.7. Let 1 < a < n be a positive integer, then
n
d(¢*) = ————.
ord(g") ged(a, n)

PROOE. We note that if ¢*" = e then n | ar. Indeed, suppose that ¢g°" = e but that n { ar.
By the Euclidean division algorithm, there exists a € Z and 8 € N with

ar=an+p, 0<pB<n.

In this case, e = g*" = g°" - ¢? = ¢® which contradicts the fact that n = ord(g) (recall that
n must be the least positive integer k such that g¥ = ¢). Therefore, g% = e if and only if
n | ar. In particular, ord(g®) is the smallest integer r for which n | ar. Note that

L
ged(a, n)’
is certainly a valid candidate for r. Furthermore, if n | ar then
n
= ocd o
n = ged(a, n) aed(a.m) | ar
which implies that
n
zd(am) |

O

COROLLARY 1.8. The element g* generates G if and only if ged(a,n) = 1. Hence, G has
precisely p(n) generators, where ¢(n) is Euler’s totient function.

A special result concerning cyclic group is the following, which characterizes all the
subgroups of cyclic groups.
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PROPOSITION 1.9. Let G be a cyclic group of order n. Then for each d | n there exists a unique
cyclic subgroup of order din G.

PROOF. As a first step we shall show that every subgroup of G is cyclic. Indeed, let H be a
subgroup of order d in G and let g be a generator of G. If H = {e} we are done. Otherwise,
let @ € N be the minimal integer such that g* € H. We claim H = (g*). The inclusion D is
trivial. For the reverse inclusion, let h € H and write h = g® for b € N. Suppose a { b so
that

b=ak+c, 0<c<a.

Since a is minimal, we must have ¢ = 0 which proves that H is cyclic. If d | n, one can
write n = td for t € N. Then the element g* has order
n
d(¢") = ——— =d
ord(g) ged(t,n)
so that H = (g') is a subgroup of order d. It remains only to show that this subgroup is
unique. Indeed, we define

K::{xEG:xd:e}

and note that K is a subgroup of G containing H. Every element of K has order no greater
than d, and since K is cyclic (by the first part), it follows that K contains no more than
d elements by Lagrange’s theorem. Thus, K = H which proves that H is unique since K
has no dependency on H. More precisely, K will contain any subgroup of order d. O

3.1. Applications to Finite Field Theory. We first give a property related to the Euler
totient function.

LEMMA 1.10. Letn € N, then

n="> o(d)

dn

PROOF. Let us fix a cyclic group G of order n; such a group always exists as one can take
Z/nZ under addition. If z € G then ord(x) divides n. More generally, if d | n then every
element of order d belongs to a single cyclic subgroup of G. Thus, there will be exactly
©(d) such elements. Since every element has order dividing n it follows that

n—ZHxEG ord(z) =d}| = Zgo

as was asserted. O

Proposition 1.9 has a converse, which we present below. This is a useful criterion for
a group being cyclic.
PROPOSITION 1.11. Let G be a finite group of order n such that for each divisor d of n there
exists at most a single subgroup of order d. Then G is cyclic.
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PROOFE. If h € GG is an element of order d | n there exists a subgroup of G with order d.
This subgroup will be cyclic and will contain all elements of order d. Hence, G will have
¢(d) elements of order d. All of this together gives the relation

n = Z o(d)eg
din

where ¢4 = 0 if no elements of order d exist and 1 if such an element exists. However, our

previous lemma gives
n=> ¢deg=> o(d)
dn dln
which shows that €, = 1, i.e. that G is cyclic. O
We are now capable of proving the subsequent generalization of the primitive root
theorem, which is of importance in number theory.
COROLLARY 1.12. Let F be a finite field and denote by F* the group of units in F under

multiplication. Then F* is cyclic.

PROOF. Let n denote the order of F* and fix a divisor d of n; it suffices to check that F*
has at most a single subgroup of order d. Certainly, let

D::{mGFX:xdzl}

and recall that D can contain at most d-elements. Now, if F* has a subgroup of order d,
this subgroup will be contained in D (by Lagrange’s theorem). Hence, D is the unique
subgroup of order d if one exists. O

4. Normal and Quotient Groups

We now briefly return to the case of a general group, which is not necessarily finite. Let

H be a subgroup of G, the centralizer of H is denoted C(H) and is defined by
C(G):={9€G:gh=hg,Yhe H}. (1.1)

It is left to the reader as an exercise to very that C(H) is a subgroup of G. Similarly, the
center of G is defined by

Z(G):={g€G:gh=hg,Vh € G}. (1.2)

Once again, one can easily verify that Z(G) is a subgroup of G and that Z(G) is Abelian.
Finally, the normalizer of H < G is defined by

Ng(H) :={9€ G:9H = Hg}. (1.3)
It is left as a simple exercise to check that Ng(H) is a subgroup of G.

DEFINITION 4. A subgroup N of a group G is called normal in G whenever one has gIN =
Ng for all g € G. We shall write N < G to say that IV is normal in G
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DEFINITION 5. A group G is called simple if the only normal subgroups of G are {e} and
G itself.

This is an abstract definition and of which the motivation is likely unclear. Before we
explore applications, let us give a practical characterization of this result which first relies
upon an easy lemma.

LEMMA 1.13. Let G be a group and H a subgroup of G. If g € G, then gH = H if and only if
ge H.

PROOF. If gH = H then obviously g-e € gH € H so that g € H. Conversely, if g € H
then g C H by closure under the group operation. Choose now h € H and write
h=gg~'h=g-h where ' = g~'h € H. This shows that H C gH which establishes their
equality. O

We may now easily characterize the normal subgroups of G.

PROPOSITION 1.14. Let G be a group and N a subgroup of G. The following statements are
equivalent:

(1) NG,
(2) gN C Ngforall g € G,
(3) gng=t € N forallg € Gandn € N.

PROOF. Suppose N < G, then gN = Ng so that gN C Ng, for all g € G. If we instead
assume that (2) holds true and let n € N we obtain that gn € gN C Ng so that gn = n/g.
Hence, gng~! = n’ € N which establishes (3). Supposing that (3) holds, it is immediate
that gN C Ng for each g € G. For the reverse inclusion, let ng € Ng be given where
n € N and g € G. Then
ng = gg_lng =gn’ € gN.
S——
EN
O

A quick example is certainly in order. Let H be a subgroup of G and consider its
normalizer: Ng(H) which is a subgroup of G which contains H (why?). We claim that H
is normal in Ng(H). Certainly, if n € Ng(H) then

nH = hN

by construction.

4.1. Construction of Quotient Groups. We now fix an arbitrary non-trivial group G, i.e.
G 2 {e}. Assume that N is a normal subgroup G and consider the collection of left cosets
of N in G:

G/N :={gN : g€ G}.
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The “normality” of N in G will allow us to give a group structure to G/N. By Lagrange’s
theorem, we already know that |G/N| = |G| /|N|, hence the term quotient group. Let now
x,y € G/H, they can be represented as

xr=aN, y=>N

for a,b € G. We define zy = (aN) - (bN) := (ab)N. Our first task is to check that this well
defined, i.e. if

x:alN:agN, ai2 eG
and

y:blN:ng, bl’QeG
then (a1b61)N = (a2b2)N. To see that this is so, note that we can write as = ajn, and
by = biny, for ng, ny € N. It then follows that

(CLQbQ)N = (alnlblnb)N = (albl bl_lnbbl nb)N = (albln')N = (albl)N.
N
€

This shows that our group operation is well defined and independent of representative.
Clearly, the identity element is then N = eN and the inverse of x = alV is a~!N. Further-
more, if G is Abelian then so is G/N.

DEFINITION 6. A group G is called simple if the only normal subgroups in G are {e} and
G itself.

Simple groups will play an important role in the future, although we shall not yet
worry too much about these groups.
LEMMA 1.15. Let G be a group and B, N subgroups of G with N < G. Then,

(1) BN N is normal in B;

(2) BN = {bn:be€ B, n € B} is a subgroup of G. Also, NB is a subgroup of G such
that BN = NB.

(3) If B < G then BN <<Gand BN N < G.
(4) If both B and N are finite then
Bl - [N

BN| = ———.
BN |BN N|

(1.4)

PROOF. We first check (1). Let n € BN N and b € B, then bnb~! lives in B by closure
under the group operation and bnb~! € N since N is normal in G. Thus, BN N < B. Let
bini and bang be elements of BN and note that
(blnl)(bznz) = blnlenQ = blbg b;lnlbg ng = blbzn, ‘Ng € BN.
~—

eEN
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Clearly,e =e-e € BN and
()t =n""t =b"1n'b! € BN.
——
eN
Furthermore, since NV is normal in G it must also be normal in B. Thus,
BN =|JbN=|)Nb=NB.
beB beB

Thus, (2) holds true. Let g € G and x = bn € BN. Then

grg ' = gbng™' = (gbg™') - (gng™')

where gbg™! € B and gng~' € N. Thus, BN < G. Letnow z € BN N and g € G; it is not
hard to see that

grg ' €eB and grgleN

since B and N are both normal in G. This establishes the third point. For the final point,
we consider the map

f:BxN — BN, (bn)~— bn.
It suffices to check that for each z = bn € BN there exist exactly |B N N| pairs (b, n)
mapping to z under the action of f. Obviously, f is surjective and “reaches” all elements
of BN. Suppose now that

b1n1 = b2n2

for bio € Band n1o € N. Then, by = b1n1n2_1 and ny = bglblnl. Let us now define
& = nyn, ' which belongs to BN N. Note also that 2~ = b5 'b;. Thus,

1

(b2, n2) = (b1z,z”"ny)

for some z € BN N. Clearly, for each x € BN N we have (bjz,77'n1) — bin, as was
required. O

5. Homomorphisms of Groups

In this section we study mappings between groups that preserve the structure of the do-
main. Let G and H be groups, we say a map f : G — H is a homomorphism of groups
(or simply a homomorphism) provided

flgh) = f(9)f(h), V(g9,h) € G xG.

This property has several useful consequences. First, note that f(eg) = f(e) = ey = e.
Indeed,

fle)=fle-e) = f(e)f(e)
whence f(e) = e. Also, f(¢g~') = f(g) since

F@ g =flgg™") =e.
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A group homomorphism is called an isomorphism if it is also bijective. These are of par-
ticular importance, as they provide a method of classifying groups. We shall say two
groups G and H are isomorphic if there exists an isomorphism f : G — H. To ease nota-
tion, we shall then write G = H. We note that being isomorphic is an equivalence relation
on groups, as is easy to check. It is therefore practical to consider two groups G and H
to be identical whenever they are isomorphic. We will very shortly be considering how
isomorphisms preserve groups, but for now consider only the weaker homomorphisms.

If f: G — H is a homomorphism of groups, we denote by Im(f) the set f(G), which
is a subgroup of H (check this as an exercise). The kernel of f, defined to be

Kerfi={g€G: f(g) =},
is a subgroup of G (as is easy to verify). In fact, much more can be said!

LEMMA 1.16. Let f : G — H be a homomorphism of groups. Then Ker f < G and f is
injective if and only if Ker f = {e}. For every h € Im(f), the fiber

f7H ) ={geG: flg)=h}
is a (left)-coset of the kernel.

PROOF. If n € Ker f we need only check that f(gng=!) = e for all ¢ € G. Certainly,
flgng™) = f(9)f(n)f(g™") = f(9)f(g™") = flgg™") = f(e) = e. Thence, Ker f < G. If f
is injective then e can be the only element g € G such that f(g) = e, i.e. Ker f = {e}.
Conversely, if Ker f = e and f(x) = f(y) for z,y € G it follows that f(z)f(y)~! =
f(ry™1) = eso that zy~! € Ker f. That is, zy~! = e so that z = y. Now let h € Im(f) and
consider the fiber f~!(h). Since this set is non-empty, we are free to choose = € G such
that f(x) = h. Then zKer f C f~1(h) since

f(zn) = f(z)f(n) =h, Vn € Ker f.

For the reverse inclusion suppose f(y) = h = f(z). Then f(yz~!') = e so that yz~! €
Ker f,i.e. y € zKer f since Ker f < G. d

PROPOSITION 1.17. Let G and H be finite groups and f : G — H a homomorphism. If
g € G then ord(f(g)) < ord(g).

PROOF. Let k = ord(g), then g* = e. Now, f(g)* = f(¢*) = f(e) = e. O

LEMMA 1.18. Let G be a group and N < G. The map mn : G — G/N given by mn(g) = gN
is a surjective homomorphism of groups. Moreover, Kermny = N.

PROOF. Obviously, 7 is a homomorphism of groups. Clearly, 7 is surjective since g —
gN and any element of G/N is of this form. To see that Ker 7y = N, we need only observe
that gN = N if and only if g € N (by Lemma 1.13). O

Surprisingly, we have the following.
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COROLLARY 1.19. Let G be a group and N a subgroup of G. Then N is normal if and only if
N is the kernel of a group homomorphism defined on G.

5.1. Images under Homomorphisms.
PROPOSITION 1.20. Let f : G — H be a homomorphism.

1) If A< G then f(A) < H,

2) If B < H then f~Y(B) < G,

3) If f is surjective and A < G then f(A) < H,
)

(
(
(
(4) If B < H then f~1(B) < G.

PROOE. It is trivial to check that e € f(A) since f(e) = e. If hi,he € f(A) then there
exist g1,g2 € A such that f(g1) = h1 and he = f(g2). Then g1g2 € A so that f(g192) =
F(g1)f(92) = hahs € f(A). Similarly, f(g7') = f(91) ™" € f(A).

Again, e € f~1(B). Choose g1, g2 € f~1(B) so that f(g1), f(g2) € B. This implies that
f(90)f(92) = f(g9192) € B so that gigo € f7'(B). One also has f(g1)™" = f(g7") € B so
that g;* € f~1(B).

Suppose that f is surjective and that A < G. Let n € f(A) and h € H be given; then
h = f(g) and n = f(a) for some g € G and a € A so that

hnh™' = f(9)f(a)f(g)~" = flgkg™)

where gag™! € Asince A <1 G. It follows that hnh™ = f(a’) € f(A).

For the final point, let g € G and a € f~!(B), we show that gag~! € f~(B). Certainly,
we need only observe that

flgag™) = f(9)f(a)f(g)~"

where f(a) € B < H. Thus, f(gag™") = f(g9)f(a)f(g)~" € B which implies that gag™" €
f~1(B), as was required. -

We shall now present two results that, although not of immediate use, will pop-up in
results in the subsequent chapters. We give their proofs now as we have already developed
all the required tools.

PROPOSITION 1.21. Let G be a group and p, q distinct primes. Let P and G be groups of G
having order p and q, respectively. Then PN Q = {e}.

PROOF. Since P and () are subgroups, they both contain the identity. That is, {e} C PNQ.
Now P N Q is a subgroup of P which, by Lagrange’s theorem, means that |P N Q| divides
|P| = p. Likewise, |P N Q] is a divisor of ¢. This implies that |[P N Q| < ged(p, q) = 1. This
means that P N @ contains at most one element, i.e. PN Q = {e}. O
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PROPOSITION 1.22. Let G be a group and suppose that N, K are normal subgroups of G with
N N K = {e}. Then the elements of N commute with those in K, i.e.

nk=kn, V(n,k)e N x K.

PROOF. Let n € N and k € N be given. Notice that nk = kn if and only if nkn='k~! =e.
Since K < G, it follows that
nkn k7! € K.
——
€K
In a similar vein,
nkn 'k~ e N.
N—_——
eN
This means that nkn='k~! € K N N = {e}. This proves the proposition. O

6. Group Isomorphisms

In this section we focus on the notion of a group isomorphism, which is extremely useful
in the identification of groups. As previously mentioned, being isomorphic is an equiva-
lence relation on groups. This is particularly useful in studying groups of prime order p,
which is our first topic of the section. As we shall soon see, there is really only one group
of order p, and this group is Z/pZ.

LEMMA 1.23. Let G and H be finite groups such that G = H. Then G is cyclic if and only if
H is cyclic.

PROOF. Let f : G — H be an isomorphism of groups. By symmetry, it suffices to show
that H is cyclic whenever G is. Let g be a generator of G, we claim h := f(g) generates H.
Certainly, if y € H then there exists a unique z € G with f(z) = y. Write x = g* for some
a € N and note that

h=f(z)=f(g") = f(9)"
If a = ord(g) = |G| we have h = e. Hence, H = (f(g)). O

LEMMA 1.24. Suppose G = H. If G is Abelian, then so is H.

PROOF. Let f : G — H be an isomorphism of groups and fix ki, he € H. There exist
91,92 € G such that f(g1) = h1 and f(g2) = he. Then,

hihe = f(91)f(92) = f(g192) = [(g9291) = f(92)f(g1) = hahi.
O

THEOREM 1.25 (Classification of Prime Groups). Let p be a prime and G a group of order p.
Then G is cyclic, Abelian, and isomorphic to Z/pZ.
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PROOF. We already know from Corollary 1.6 that G is necessarily cyclic. Let g be a gener-
ator of G and define a map G — Z/pZ by g — a, where a € N is considered modulo p.
This clearly defines a homomorphism of groups since the group operation of Z/pZ is ad-
dition. Also, this association is obviously bijective since GG contains precisely p elements
which are completely determined by @ modulo p. We conclude that G = Z/pZ and the
statement follows from Lemma 1.24. O

PROPOSITION 1.26. Let G and H be finite groups and f : G — H an isomorphism. Then f
preserves the order of elements. That is, ord(f(g)) = ord(g) forall g € G.

PROOE. Let ¢ € G and note that ¢/¢! = e. Hence, ord(g) < oo. Also, since f is a homomor-
phism:

9" (9) = £ (97(9)) = F(&) = e.

Hence, ord(f(g)) < ord(g). To see the reverse inequality, note that for ¢ := ord(f(g)) one
has

e=f(9)" = f(g")-
Since f is injective, it follows that g* = e. Hence, ord(g) < . O

PROPOSITION 1.27. Let G and H be groups and f : G — H a group homomorphism. If G is
Abelian, then f(G) is an Abelian subgroup of H.

PROOF. Let hi,hy € f(G) and choose g1,¢g2 € G such that f(g1) = hy and f(g2) = ha.
Observe then that
hihe = f(g1)f(92) = [(9192) = f(92)f(g1) = h2h1.
O

COROLLARY 1.28. Let G and H be groups and suppose G is Abelian. If G = H, then H is also
Abelian.

6.1. The Isomorphism Theorems. We dedicate the remainder of this section to the iso-
morphism theorems. These results are useful, once again, in studying the basic “building
blocks” of groups. We shall make heavy use of these results when identifying groups
up to isomorphism or when developing the “Sylow philosophy”. The usefulness of these
results will become clearer in the future.

THEOREM 1.29 (First Isomorphism Theorem). Let G and H be groups and
f:G— H
a group homomorphism. There exists an injective group homomorphism

f :G/Ker f — H
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such that the following diagram commutes

G ! H (F1)

G/Ker f

In particular, G/Ker f = f(QG).

PROOF. We first note that the statement makes sense as Ker f is a normal subgroup of G,
thus we can give a group structure to G/Ker f. We now define

' G/Kerf — H, gKerf s f(g).

This is well defined, indeed if xKer f = yKer f then y = zn for some n € Ker f whence
we obtain

f'(yKer ) = f(y) = f(zn) = f(x) = f'(aKer f).

Since f is itself a homomorphism of groups, it is clear that f’ is a homomorphism in its
own right. To see that f’ is injective, assume that

f'(aKer f) = f(z) = f(y) = f'(yKer )

for some x,y € G. Then f(zy~!) = e so that zy~! € Kerf, i.e. o € yKer f (since
Ker f is normal in G). It then follows that zKer f C yKer f. By symmetry, equality then
holds. Thus, f’ is indeed an injective homomorphism whose image is f(G). It follows that

G/Ker f = f(G). O

This first isomorphism theorem will often serve as a stepping stone.

THEOREM 1.30 (Second Isomorphism Theorem). Let G be a group and B, N subgroups of
G such that N < G. Then

B/(BNN)= BN/N.
REMARK 1.3. We first point out that the statement here makes sense. Indeed, the sub-

group (BN N) isnormal in B by Lemma 1.15. By this same lemma, BN is a subgroup of
G which implies, in particular, that N is normal in BN.

PROOF OF SECOND ISOMORPHISM THEOREM. We proceed directly and define a mapping
between groups

f:B/(BNN)— BN/N, b(BNN)+ bN.

This makes sense since bN = (be)N € BN/N. First, we check that this function is well
defined. Indeed, if by (BN N) = ba(BNN) for by, ba € B then by = byx for some z € BNN.
This implies that

bg FL b2N = blfL‘N = blN.
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It is easy to check that f is a group homomorphism. Also, f is surjective since every
element of BN/N is a coset (bn)N = bN which is mapped to by the element b(BN N). It
remains only to verify that f is injective. To see that this is so, assume that

fO1(BNAN)) =biN =byN = f(b2(BNN)).
Then, ba = byn for some n € N. In particular, n € BN N so that
bQ(B N N) = (bln)(B ﬂN) = bl(BﬂN).

We conclude that the theorem holds. O

We conclude this section with the following result, which is frequently dubbed the
third isomorphism theorem.

THEOREM 1.31 (Third Isomorphism Theorem). Let G be a group and N < K < G be such
that N < G and K < G, Then

G/K = (G/N)/(K/N).

PROOE. We construct a group homomorphism f : G/N — G/K by letting gN +— ¢gK.
We first check that this is a well defined function. Suppose that zN = yN for z,y € G.
Then y = xn, for some n € N, so that yK = 2nK = zK (sincen € N C K).

Clearly, f is a homomorphism whose image is G/K. Indeed, every coset in G/K can
be written as gK for g € G and thus f(g/N) = gK. It remains only to compute the kernel
of f. We have

Kerf={reG/N: f(x)=eqx =K} ={gN:gK = K}
={gN:g€ K}
= K/N.

By the first isomorphism theorem,

G/K = (G/N)/Ker f = (G/N)/(K/N),

7. The Correspondence Theorems

A frequent addition to the previous isomorphism theorems are the so-called correspon-
dence theorems, which we present below
THEOREM 1.32. Let f : G — H be a surjective homomorphism of groups. There exists a
bijection

F : {subgps. of G containing Ker f} — {subgps. of H}.
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PROOF. We introduce notation. For the remainder of the proof we denote by G an ar-
bitrary subgroup of G containing the normal subgroup Ker f of G; H; will denote an
arbitrary subgroup of H. We then define

F(Gy) = f(G1) < H.

By earlier results, it is indeed true that f(G1) is a subgroup of H. We also construct an
auxiliary function:

F/(Hl) = fﬁl(Hl) < Q.
It suffices to show that Fo F' = 1and F' o F' = 1. First, fix H; < H. Lety € Hy. Theny =
f(z) for some x € f~1(Hy). It follows that y = f(z) € f(f~1(H1)),i.e. H1 C f(f~1(Hy)).
If y € f(f~1(Hy)) then there exists * € f~1(H;) so that y = f(x) whence f(z) € Hy. This
shows that Hy; = f(f~(H)). Hence,

FoF =1.

Let G < G be as above. Let x € Gy so that f(z) € f(Gy). It follows that z € f~1(f(G1))
whence G; C f~1(f(G1)). For the reverse (and final) inclusion we fix z € f~1(f(G1)) so
that f(z) € f(G1). Take g € Gy so that f(x) = f(g). Since f is a homomorphism of groups
it follows that zg~! € Ker f. Hence, z € [Ker f]g = gKer f € G1 where this last inclusion
follows from the fact that ¢ € G; and Ker f < G;. This shows that F' o F = 1 which
completes the proof of the correspondence theorem. O

THEOREM 1.33. Let G and H be groups and f : G — H a surjective homomorphism of
groups. Suppose Ker f < G1 < Ga < G. Then Gy < Gy if and only if f(G1) < f(G2). In this
case,

G2/G1 = [(Ga)/ f(Gh).

PROOE. Let f : Go — f(G2) denote the restriction of f to Gs. This is clearly once again
a homomorphism of groups. If G; < Gb, it follows from the fact that f is surjective that
f(G1) < f(G2) (see Proposition 1.20). Conversely, suppose that f(G1) < f(G2). Then, by
this same proposition,
FHFG) @ fTHf(Ga)) = Ga.

Clearly, G1 C f~Y(f(G1)). If z € f~1(f(G1)) then f(x) € f(G1). Hence, for some g € G1,
there holds f(z) = f(g) so that f(xg~!) = e. This means that zg~! belongs to Ker f
whence z = kg for some k € Ker f C G;. This shows that f~(f(G1)) C G.

Assume now that G; < Go, the quotient group f(G2)/f(G1) is (by the first part) well
defined. Consider the map

I': Go/G1 — f(G2)/f(G1), ¢G1— f(9)f(Gr).

We first show that this is well defined. If zG7 = yG; then y = xg for g € G1. Therefore,
f(g) € f(G1) whence

L(yG1) = f(y)f(G1) = f(zg) f(G1) = f(2)f(9)f(G1) = f(x)f(GL).
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If xGl,yGl S Gg/Gl then

D(zyGr) = f(zy)f(G1) = f(@)f(y) f(G1) = D(2G1)T(yGh)
so that I" is a homomorphism. Given yf(G1) € f(G2)/f(G1) there must exist x € G such
that f(z) = y. Hence I' is surjective. Finally, to see that I is injective assume
[(xGh) = f(x)f(G1) = f(y) f(G1) = T(yG1)

for (z,y) € G2 x Go. Then f(y) = f(x)h, for some h € f(G1). It follows that f(yz~1) €
f(G1). By a previous argument, this means that yz~! € G1 whence T is injective. O

8. Exercises

Here we give some problems pertinent to the topics presented in this chapter. We give
very few exercises, although they require a certain creativity to solve.

EXERCISE 1.1. Let n € N and denote by S,, the family of all bijective functions
o:{1,2,....,n} — {1,2,...,n}.

Prove that S, is a group under composition of functions. This group is called the symmet-

ric group on n letters.

EXERCISE 1.2. Let G be a group. Verify that Z(G) is a subgroup of G.

EXERCISE 1.3. A boolean group is a group B such that g = ¢ for every g € B. Prove that
any boolean group ‘B is Abelian.

EXERCISE 1.4. Let F C Kbe two finite fields and suppose |F| = ¢ for some g > 2. Establish
each of the following.

(1) |K| = ¢" for some n > 1.

(2) If x? =z forall z € F.

(3) If z € Kis such that ¢ = z then z € F.

EXERCISE 1.5. Let G and H be groups of finite order and let n := |G| and m := |H]|. Prove
that if ged(n, m) = 1, then every homomorphism G — H is the trivial® one.

EXERCISE 1.6. Let G be a group and fix z € G. Define a map

G — G, ¢ zgxl.

Prove that 7, is a bijective homomorphism of groups. Such a map is called an automor-
phism of G.

EXERCISE 1.7. Let G be a group. An automorphism of G is a bijective group homomor-
phism G — G. Let Aut(G) denote the (non-empty) set of all automorphisms of G. Prove
that Aut(G) is a group under composition.

2The trivial homomorphism f : G — H is that which takes every g € Gto ep.



Chapter 2

Group Actions

Throughout this chapter we shall mainly study how groups can act upon a arbitrary sets.
This notion is useful both in combinatorics and in geometry, although we will not dwell
on these. The theory that is developed in this chapter will be essential when we study p-
groups (groups whose order is a positive power of a prime) and in the Sylow-philosophy.
We now introduce group actions.

1. The Basics

Unless stated otherwise, G' will denote a group and S will denote a non-empty set. We
say that G acts upon S if we are given a function

*x:GxS— S, (g,8)—gx*s
that satisfies each of the following:
(1) exs=sforalls €S,
(2) g1 % (g2 *s) = (g192) * s forall g1,92 € Gand s € S.
For s € S, we define the orbit and stabilizer of s by
Orb(s) ={g*s:g€ G}, (2.1)
Stab(s) ={g € G: g*s=s}.

Note that Orb(s) € S and Stab(s) C G, for each s € S. One should view G as the
collection of symmetries of S. More precisely, we make the following observations G and
S as above.

PROPOSITION 2.1. Let G act upon a non-empty set S.
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(1) If s1,s2 € Swesay s1 ~ sy if s1 € Orb(s2). This is an equivalence relation on S. In
particular, S is the disjoint union of orbits.

(2) For each s € S the set Stab(s) is subgroup of G.

(3) For each S there exists a bijection between the collection of left cosets of Stab(s) in G
and Orb(s). That is, there is a one-to-one correspondence

G/ Stab(s) «— Orb(s).

PROOF. Since s = e * s it is clear that s ~ s. If 51 ~ s3 then 57 € Orb(sz) so that there
exists ¢ € G such that s; = g * so. It follows that s = g7 ! % s; and sy € Orb(sy), i.e.
s2 ~ s1. Suppose now that s; ~ s2 and sg ~ s3. One can then choose g;, g2 € G such that
81 = g1 * S9 and S92 = g * s3. Then,

(9192)s3 = g1 * (g2 * 53) = g1 * 52 = 51.
Thus, s1 ~ s3 since s1 € Orb(s3z). Also note that
[s] ={x € S:x~ s} =0rb(s)

and so it follows that S is the disjoint union of equivalence classes (orbits). This verifies
(1). For the second point let s € S and consider Stab(s). This is a non-empty subset of G
(it always contains e). If g1, g2 € Stab(s) then g1 * s = s and g2 * s = s whence

(9192) xs =g1 % (g2 *s) = g1 *s = s.
It follows that Stab(s) is closed under the group operation. If g € Stab(s) then g xs = s

which implies that g7! x s = s as well. Thus, (2) holds. It now only remains to establish
(3). Let s € S be fixed and define a mapping

[+ G/Stab(s) — Orb(s), gStab(s)+— g*s.

Although Stab(s) is not necessarily a normal subgroup, we can make sense of left-cosets
of Stab(s) in G and thus the above makes sense. We now check that the above is well
defined. Suppose g1 Stab(s) = g2 Stab(s); then gi0 = g2 for some o € Stab(s). It follows
that

g2xs=(g1o)*xs=g1 % (0x8) =gy xs.

If z € Orb(s) then x = g * s for some g € G. This means that
f(gStab(s)) =gx*s=u,

i.e. that f is a surjective map whose image is Orb(s). To conclude the proof, we check that
fisinjective. If gxs = ¢'*s for g, ¢’ € G it follows that g~'¢’*s = s so that g~ !¢’ € Stab(s),
or rather than ¢’ € gStab(s). This implies that ¢’ Stab(s) C gStab(s). By symmetry we
must also have ¢’ Stab(s) 2 g Stab(s) which concludes the proof. O

This proposition has a very useful consequence that applies when G and S are finite
sets: the orbit-stabilizer formula, which is exceptionally useful in combinatorics.
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COROLLARY 2.2 (Orbit-Stabilizer). Let G be a finite group acting upon a finite set S. For each
s € S there holds
|G| = |Orb(s)| - |[Stab(s)]. (2.3)

PROOF. By the previous proposition, there exists a bijection
G/ Stab(s) «— Orb(s)
which implies by Lagrange’s theorem that
G|

Stab(sy] 1O

2. Cayley’s Theorem and Burnside’s Formula

If A is a finite non-empty set we denote by ¥ 4 the collection of all bijections A — A. It
is very easy to check that ¥ 4 is a group under composition. It is also clear that ¥4 = S,,,
where S,, is the permutation group on n-letters'. Let G be a finite group acting upon a
finite set S via some action . Define a map

U:G— Yg

by letting 1(g) : S — S be given by ¥(g)(s) := g * s. For each fixed g, the map ¥(g) is
surjective since g~ x s € Sand ¥(g)(g ! *s) = g * (97! x 5) = 5. U(g) is also an injection
since ¥(g)(s1) = 1(g)(s2) if and only if g * 51 = g * s2. Multiplying through by g~! yields
then that s; = s2. Thus, ¥(g) indeed belongs to Xg for each g € G. Our next step is to
argue that W is in fact a homomorphism of groups. ¥ is certainly a homomorphism since

U(9192)(s) = (9192) * 5 = g1 * (92 % 5) = (¥(g1) © ¥(g2))(s)-
It is also easy to see that
Ker ¥ = ﬂ Stab(s).
s€S
Conversely, given such a homomorphism ¥ : G — Xg we define an action g * s :=
U(g)(s). We have proven:
PROPOSITION 2.3. Let G be a group and S a non-empty set. Then G acts upon S if and only
if there exists a homomorphism ¥ : G — Xg as above.

On its own this proposition is not of much importance. However, there is a particular
such W that is of great interest.

THEOREM 2.4 (Cayley’s Theorem). Let G be a finite group of order n. Then G is isomorphic
to a subgroup of Sy,.

1Sn is the collection of all bijections o : {1,2,...,n} — {1,2,...,n}. This is clearly a group under composition of
functions. As mentioned above, ¥ 4 & S, where n = |A]|.
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PROOF. We let G act upon itself by defining S := G and defining
GxS— S5 g*xs:=gs.

It is very easy to check that this is a well defined action of G (in fact this is immediate from
the group axioms). By what we have done earlier in this section, this action corresponds
to a group homomorphism

U:GE— Xg=S,,

where U(g) : § — S'is given by ¥(g)(s) = gs. However, we are also claiming that VU is
injective’. To verify this, suppose ¥(g1) = ¥(go), i.e. g15 = gos for all s € S. Since S = G,
we take s = e to obtain g1 = g2. Thus, ¥ is indeed an injection which shows that

G=U(G)<Xg=S,.

This completes the proof of Cayley’s theorem. O

We now turn towards an efficient combinatorial formula for group actions. Suppose
once again we are given a finite group G which acts upon a finite set S. For an element
g € G we define

I(g) =|{s € S:g*s=s}. (2.4)

Thus, I(g) is the number of elements in S fixed by the action of g.Loosely speaking, it is
the “stabilizer in S”. We now prove the following result:

THEOREM 2.5 (Burnside). Let G be a finite group acting upon a finite set S and let I(g) be as
in (2.4). If N denotes the number of orbits in S

1
N = @21(9).

geG

PROOEF. We first define a binary map T : G x S — Z/2Z by

1, ifgxs=s,
Tg,8):= {O else

20ften, an injective homomorphism of groups is called an embedding. In the context of topological spaces, an
embedding is an injective continuous function.
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Fix now representatives {si, sz, ..., sy} for the orbits in S and write

I =D Y Tlgs) =YY Tl

geG geG seS seS geG

= |Stab(s)|

seS

_ G
=2 2. oug)
=1 s€0rb(sy)
N
G|
2 2 [Orb(sy)|

k=1 s€O0rb(sy)

|Gl

I
M=

e
Il

1

which is precisely NV - |G|. The proof is now complete. O

This formula, also seemingly strange to consider, allows for a simple proof of a sur-
prising fact. First, we require the following definition.

DEFINITION 7. If G is a group acting on a finite set .S, we say G acts transitively on S if S
has only one orbit.

COROLLARY 2.6. Suppose G is a finite group acting transitively upon a finite set S, where
|S| > 1. There exists g € G without fixed points.

PROOF. Suppose, by way of contradiction, that every g € G has at-least one fixed point in
S. Then, by Burnside’s formula we have N = I%\ >_gec 1(g) where

Y Ig) =I(e)+> I(g) =S|+ > _I(g) > 1+ > I(g) > |G].
9eG g#e g#e g#e
This implies that

1
16

which is a contradiction. O

2.0.1. Subgroups of Minimal Prime Index are Normal. Let G be a finite group and suppose
H is a subgroup of G of index p, where p is the minimal prime dividing the order of G.
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We claim that H is normal in G. To this end, we consider the action of G upon G/H by
left multiplication:

*:GxG/H— G/H, (g9,xH)w— gzH.

It is left as an exercise to check that this a well defined action. Now, we have seen that
this is equivalent to giving a homomorphism of groups

UV:G—Sy g Y(g)

where ¥(g) takes zH to grH. We now point out that N = Ker ¥ is a normal subgroup
of G that is contained in H. Indeed, if g € Ker ¥ then ¥(g) takes zH to xH for every
xH € G/H. In particular, gH = H, which is only possible if ¢ € H. This grants us the
inclusion N € H. We must now only show the reverse inequality. The first isomorphism
theorem gives

W(G) = G/N.

Since V(@) is a subgroup of S,, we have that |¥(G)| | p!. However, since |¥(G)| also
divides |G, it follows that either |¥(G)| = 1 or |¥(G)| = p. Now,

1G] 1H]
[H| N[~
whence it follows that |¥(G)| = p. Thus, [G : N] = p. However, this means that

16l _ 161
[Nl [H]

which gives |[N| = |H|. Thus, H = N as was required.

W (&) =

3. Conjugation of Groups

There is a very special action that, surprisingly, appears frequently in the study of finite
groups. The conjugacy action of G upon itself is simply the map x : G x G — G which
takes (g,z) — gxg~!, for fixed g. Then,

Orb(ac):{g>l<a::g€G}:{ga:g*1 :g€ G}

is called the conjugacy class of x in G, which we affectionately denote by Conj(z). By what
we know about group actions, it follows that G it itself the disjoint union of orbits (and,
thus, of conjugacy classes). The stabilizer of x € G is given by

Stab(z) = {g € G : gacg1—x}:{g€G:gm:xg}:C(:c).
Thus, Stab(z) is precisely the centralizer of x. It also follows that there exists a bijection

G/ C(x) «— Conj(x).
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Suppose that |G| < oo; if we choose representatives for the conjugacy classes in G, it
follows that

G| = ) |Conj(x)|.

T Tepr.

Now, if z € Z(G) (where Z(G) is the center of G)
Conj(x) = {g:vg*1 1g€ G} ={z}

since x commutes with all elements of G. Thus, the equation for |G| becomes

. G
Gl=12@I+ ¥ [Conita| =12(0)]+ ¥ & 25
z ¢ Z(G) x repr.
T repr. z ¢ Z(G)

The above is known as the class equation. This equation is useful in the “counting of finite
groups”. For the remainder of this section, G will denote a finite group.

PROPOSITION 2.7. Given n € N, there exist only finitely many groups of order n.

PROOF. This is immediate from the fact that, up to isomorphism, there exist only finitely
many functions G x G — G whenever G is finite. O

LEMMA 2.8. Let ¢ € Q with ¢ > 0. For each t € N, there exist at most finitely many n; € N,
1 < j <t such that

1 1 1

g=—+—+-+—.

ni no Nt
PROOF. The proof goes by way of induction on ¢t. If we take ¢ = 1 then the claim is
obvious. Assume that the claim holds up to t — 1, we proceed to establish it for ¢. Suppose
we are given a representation

as in the statement of the lemma. We may assume without loss of generality that n; >
ng > --- > ng. Thus,

t

1 t
<y ==
qu_:lnt g

Rather, n; < t/q. Thus, we have a bound on the largest term of the representation. Ap-
plying the induction hypothesis to

1
q— —
Uz
for each possible representation (if some exist) the proof is complete. O

THEOREM 2.9. Let d € N, there exist (up to isomorphism) at most finitely many finite groups
with d conjugacy classes.
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PROOF. Let G be a finite group with d conjugacy classes. By equation (2.5) we have that

Gl
Gl =1Z(G -
Gl=12@1+ 3 o
T repr.
z & Z(Q)
Then,
1 1
l= 7%~ t
arizet &, o
z ¢ Z(G)

Since there are only finitely many ways to write this sum, we have determined the possible
structures G can have. O

We conclude this section with the following characterization of normal subgroups.

PROPOSITION 2.10. Let G be a group and H a subgroup of G. Then H is normal in G if and
only if H is the disjoint union of conjugacy classes.

PROOF. Suppose H < G and choose representatives z1,. .., x4 for the conjugacy classes in
G. Every element h € H lies in exactly one of Conj(z;). Let x1, ...,z be those for which
H N Conj(z;) # @. Clearly, H C |_|§:1 Conj(z;) since these conjugacy classes are disjoint.
Since H is normal in G, we have for some h; € H that Conj(x;) = Conj(h;) so that
Conj(x;) = Conj(h;) = {ghjg_l 1g € G} CH
whence we conclude that H = |_|§:1 Conj(x;). Conversely, let us suppose that H =
|_|§:1 Conj(x;) for representatives z;. Let g € G and h € H. Then h € Conj(x;) for a
unique index j. Then Conj(z;) = Conj(h) so that
ghg™! € Conj(h) = Conj(x) C H.

The proof is now complete. O

4. The Coset Representation

When studying the relationship between subgroups and larger groups containing said
subgroups, it is common to consider the action of G upon the family of cosets G/H. This
leads to a canonical homomorphism known as the coset representation. This “point of
view” will be crucial in many of the exercises found at the end of this chapter.

The set up is simple: we consider a group G (not necessarily finite) and fix a subgroup
H in G having index n € N. We define a map
GxG/H — G/H, (g9,xH)~ (gx)H.

This is clearly a well defined group action. By earlier results, we may therefore associate
a group homomorphism
\I’ZG—>EG/HgSn.
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The kernel of this homomorphism will be ﬂaeG/H Stab(a) which is precisely the (normal)
subset of G given by (), Stab(gH). We claim further that Stab(gH) = gHg™ 1. Indeed,
if v € gHg~! then = ghg~! for some h € H whence it follows that

(z,9H) — (ghg'g)H = (gh)H = gH.

Hence, gHg™! C Stab(gH) is clear. Conversely, suppose that x € Stab(gH), i.e. xgH =
gH. This implies that xg = gh for some h € G. It follows that z = ghg~! € gHg~!. Thus,
Stab(gH) = gHg~! whence it follows that

Ker¥ = ﬂ gHg L.
geG

5. Exercises

We conclude this chapter with some exercises related to group actions. Some of these
exercises are actually important results in the theory of finite groups that we shall make
use of in later sections.

EXERCISE 2.1. Let G be a finite group and H a subgroup of G. Suppose p is the minimal
prime dividing the order of G and assume [G : H] = p. Prove that H is normal in G.

EXERCISE 2.2. Suppose that G is a finite group and that A is a proper subgroup of G (that
is, A # G). Prove that
G2 Jgdg".
geG
EXERCISE 2.3. Let G be a group acting upon a set .S and let s; € Orb(s), for some s € S.
Prove that Stab(s;) is conjugate to Stab(s).

EXERCISE 2.4. Let G'be a group and suppose H, K are subgroups of G having finite index.
Prove that H N K is also a subgroup of G and that H N K has finite index in G.

EXERCISE 2.5. Recall that a group G is called simple if the only normal subgroups of G
are G and {e}. Let G be a simple group of order n and let H be a subgroup of index k # 1.
Prove that k! > n.

EXERCISE 2.6. The number of conjugacy classes in a group G is called its class number.
Show that if G is a finite group with an even class number, then |G| is even.






Chapter 3

The Sylow and
Jordan-Holder Philosophies

Throughout this chapter we examine the building blocks of finite groups, from two very
different perspectives. This first point of view takes a number theoretic approach. In-
deed, the Sylow philosophy examines groups whose orders are powers of primes (these
are called p-groups). The Jordan-Hélder approach is quite different and instead investi-
gates “chains” of normal subgroups of G whose quotients are both simple and Abelian.
Although we could present the Jordan-Hélder theorem before those of Sylow, we feel the
Sylow approach is simpler, clearer, and easier to motivate—especially to the reader with
sufficient background in number theory.

1. p-Groups
This section is devoted to obtaining fundamental results regarding p-groups. These p-
groups are fundamental to the Sylow-theorems.
DEFINITION 8. Let G be a finite group. We say that g is a p-group if |G| = p” for some p
prime pand r € N.

It is understood that when we say “G is a p-group” the number p is prime. It is quite
redundant to repeat this each time we mention a p-group.
LEMMA 3.1. Let G be a p-group. Then the center of G is non-trivial, i.e. Z(G) 2 {e}.
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PROOF. If Z(G) = G then the result follows. Otherwise, choose z € G\ Z(G) and recall
the class equation (see (2.5)) which states that
G|

Gl = 12(G)| + )

T Tepr.
x ¢ Z(G)

Since x ¢ Z(G) we must have that C(z) is a proper subgroup of G. Hence,

p 1G]/ [C(x)]
which implies, by the class equation, that p | |Z(G)| since
G|
Z =G - :
2@1=6- 3 o
T repr.
x ¢ Z(G)
where each term on the right hand side is divisible by p > 1. Thus, |Z(G)| > p and Z(G)
is non-trivial. U

THEOREM 3.2. Let G be a p-group.
(1) For each proper subgroup H <1 G there exists a subgroup K < G with H < K 4 G
such that [K : H| = p.
(2) There exists a finite sequence of subgroups
{e}==Ho<H < ---<H, =G (3.1)
such that |Hy| = p* for each k € {0,1,...,n}.

PROOF. We first prove (1). Since H is a proper normal subgroup of G, the quotient group
G/H is well defined and has order |G| /|H| > p. Thus, G/H is a p-group in its own right.
By the previous lemma, we may choose x € Z(G/H) with x # e . Then ord(z) = p* for
some a € N. We define now

y = af
so that ord(y) = p. Hence, G/H contains an order of element p. Let K’ := (y), which is

a normal subgroup of G/H since y commutes with the elements of G/H (indeed, z, and
thus y, belongs to Z(G/H)). Consider the canonical surjective homomorphism

g :G— G/H, g+~ gH

and let K := 7, (K'). Since K’ > eq/u and Kermg = H, it is immediate that H < K.
By the correspondence theorem, we also know that K <1 G. We now need only show that
[K : H] = p. By the first isomorphism theorem'

K/Kerry = K/H 2 K'

IRather, we view 7wy as the map g : K — G/H given by k — kH. Obviously, this is again a homomorphism of
groups to which we can apply the first isomorphism theorem.
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whence [K : H| = p, as was required. For the second part, we let Hy := {e} and note
that Hy is a proper subgroup of G. By the first part, we may choose a subgroup H; < G,
strictly containing Hy, with [Hy : Hy] = p. If H; = G then we are done. Otherwise, H;
is a proper normal subgroup of G' and therefore we may choose a subgroup Hs <1 G with
Hy > Hj such that [Hy : Hi] = p. If Hy = G then we shut off the proof. Proceeding in
this way, we construct a sequence of normal subsets of G as in (3.1). Notice that |[H1| = p
whence it follows by induction that

|Hy,| = [Hy : Hy—y] - |Hp—1| = p-pF 1 = p.
O

The second part of this theorem we will important in future sections. It will relate
p-groups to what we will shortly call solvable groups.

We may further refine the statement of this theorem, as is shown in the following
proposition.
PROPOSITION 3.3. Let G be a p-group and H a proper subgroup of G. There exists a subgroup
H* of Gwith HY O H and [H" : H] = p. Moreover, if H # {e}, there exists a subgroup
H~ C H such that [H : H™| = p.

PROOF. We shall argue by induction on the order of G. If |G| = p then the statement
is obvious. Suppose now that the claim holds up to p” and let G be of order p"*!. By
applying the previous theorem to the normal subgroup {e}, we may extract a normal
subgroup J of G whose order is precisely p. We now distinguish two possible cases.
If J ¢ H then we define HT := JH; this is a subgroup of G since J < G. It now
suffices to compute
Jl-1H]
|JNH|

|| JlH]|.
Thatis, [H : H] = p.

Suppose now that J C H. We consider the quotient group G/J which has order p".
Noting that H/J is a proper subgroup of G/J, we may apply our induction hypothesis
to obtain a subgroup K of G/J that contains H/J. We may choose this K such that
[K : H/J] = p. Consider the canonical projection

my:G—GJ/J, g~ glJ.

Let HY := 7, (K) (thus HT D H) and observe that

(/1] _ K]
[HT : H] = = =p
(= /1] [H/ ]
If H # {e} then we need only make use of the second part of the previous theorem. [

LEMMA 3.4. Let G be a group and suppose H < Z(G). If G/H is cyclic, then G is Abelian.
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PROOF. We pause for a moment and make sure that the statement makes sense. For G/H
to have a group structure, we need H <1 G. If g € G and h € H then ghg™! = h since h
commutes with all elements of G. More generally, any subgroup of Z(G) is normal in G.

Let us now assume that G/H is a cyclic group. More precisely, there exists an element
xH in G/H such that G/H = (xH). Let g1, g2 € G be given. Then g; € 2'H and g, € 2/ H,
for some i,j € N, since G is the disjoint union of (left)-cosets. It then follows that g; =
x'hy and go = 27 hy for hy, hy € H. Since H C Z(G):

9192 = (2'h1) (27 hg) = (hea!)(Ma") = gag1.

This shows that G is Abelian. O

We now prove Cauchy’s theorem for Abelian groups. The result for general groups is
not very useful and the proof is incredibly tedious. In the case where G is Abelian, there
exists an elegant proof for the theorem.

DEFINITION 9. Let G be a finite group and N a proper normal subgroup of G. We say N

is a maximal normal subgroup if the only normal subgroup of G strictly containing N is
G itself.

THEOREM 3.5 (Cauchy’s Theorem). Let G be a finite Abelian group and p a prime dividing
the order of G. There exists an element in G of order p.

PROOE. The proof is by way of induction on |G|. In the case |G| = 2 there is nothing to
show since G has prime order and is therefore cyclic. Assume that the statement holds
up to (and including) n — 1 where n = |G|. Let us now fix a maximal (proper) normal
subgroup N of G.

If p divides |N| we need only apply our induction hypothesis to obtain the desired
element of G. Hence, we handle only the case where p does not divide |N|. Choose
x € G\ N and let B = (z). Since G is Abelian, B <1 G. Note now that BN is then a normal
subgroup of G strictly containing N. Hence BN = G and

|B| - [N
P
IBAN|
which implies that p divides |B|. In particular, p | ord(z). Write ord(xz) = r = pt and then
note that

ord(z") Pt ] =p.

- ged(pt, t
This concludes the proof. O

REMARK 3.1. We would like to point out that, in the proof, we only made use of the fact
that G is Abelian to conclude that B <1 G.
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2. Sylow’s Theorems

This section is devoted to Sylow’s theorems which study the p-subgroups of finite groups.
Throughout this section G' will denote a group of order n, where n = p"m for a prime
p and r,m € N with ged(p,m) = 1. Given a subgroup H of G, we also recall that the
normalizer of H is defined by

Ng(H) :={9€G:9H = Hg}.

Note also that H <t Ng(H).
THEOREM 3.6. There exists a subgroup of order p" in G.

PROOF. We now proceed by induction on the order of G. If |G| = 2 then the result is clear
as G must be cyclic (isomorphic to Z/2Z). Now let |G| = n = p"m and suppose the claim
holds for all groups of order strictly less than n. There are now two cases to distinguish.

Suppose that p divides |Z(G)|, which we know to be Abelian. We invoke Theorem 3.5
to obtain an element x € Z(G) of order p. Consider the normal subgroup N = (z) < G
which has order p. The quotient group G/N will then have order p"~'m. Applying the
induction hypothesis to p"~!m, one can extract a subgroup K’ < G/N of order p" L.
Consider the canonical projection

v : G — G/N, g~ gN.

This is a surjective homomorphism of groups whose kernel is N. We now define K :=
75 (K') which certainly contains N. Also, by the first isomorphism theorem

K/N =K'
which shows that |K| = |K'| - [N| =p".

Suppose instead that p does not divide the order of |Z(G)|. By equation (2.5) there
exists ¢ Z(G) such that p does not divide

|G|
C()
where C(z) is a proper subgroup of G since x ¢ Z(G). It follows that p" divides the order
of C(x). Applying the induction hypothesis to C(x), the proof is complete. O

This theorem is often referred to as the existence part of Sylow’s theorems.

LEMMA 3.7. Let P be a maximal p-subgroup of G and Q any p-subgroup. Then,
PNQ=QnNNg(P).

PROOEF. If m = 1 then the result is clear. Otherwise, note that PN Q C @ N Ng(P). For
the reverse inclusion, define A = Ng(P) N @Q and note that A is a subgroup of Ng(P) that
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is itself a p-group. Since P < Ng(P) it follows that AP is a subgroup of N¢(P). Hence,

Al | P]
AP| =
4P| |[AN P|
which shows that AP is itself a p-group which contains A. Hence, AP = P which implies
that AC PNQ. O

THEOREM 3.8. Every maximal p-subgroup of G has order p" (and such a subgroup exists). Let
n, denote the number of maximal p-subgroups in G. Then,

(1) np, =1 (mod p),

(2) np | m.

Maximal p-subgroups of G are then called p-Sylow subgroups.

PROOF. Let P be a p-Sylow subgroup of order p" in G (such a subgroup certainly exists
by our previous theorem). Let

S:={P.,Py,..., P}

where P; := P and Pj are conjugate to S. Since conjugation is an isomorphism, it follows
that each element of S is a maximal p-subgroup of G as well. We now consider the action

GxS— S, (9,P)— gPig "
Note that

Q= _ e G

so that a | m (since Ng(Py) D P; which has order p™). Let now @) be a maximal p-subgroup
of G and consider the action determined by

QxS — S, (q,P)—qPq "

For j we have that

@ _ 1@l
Stab(P;)] ~ 1Q N Na(P))]

|Orb(P))| =
Let now Q = P; whence for each j

ab(P;)|  |PLNNg(Pj)| |PiNPF
Since the P;’s are distinct sets of the same order, |Orb(P;)| = 1if j = 1 and is a positive
power of p otherwise, Since S is the disjoint union of orbits, it follows that a = 1 4 ¢p for
somet € Z,i.e. a =1 (mod p).

We now claim every maximal p-subgroup of G is conjugate to P whence it will follow
that n, = a. To see this, suppose there exists a maximal p-subgroup @ that does not
belong to S. Then for each j

Orb(B)] = 2

QNP




2. Sylow’s Theorems 37

which is always a proper power of p (since P; N @ is never equal to Q). This contradicts
the fact that a = 1 (mod p). This concludes the proof. O

From Sylow’s theorem we may deduce Cauchy’s theorem for general groups.

COROLLARY 3.9 (Cauchy). Let G be a group of order n > 2. If p is a prime dividing |G|, there
exists an element of G having order p.

PROOF. Let P be a p-Sylow subgroup. Since P is a p-group, the center of P is non-trivial.
The proof is complete once we apply Cauchy’s theorem for Abelian groups (Theorem 3.5)
to Z(P). O

2.1. Consequences of Sylow’s Theorems: Groups of Order pg. We now explore a curi-
ous consequence of Sylow’s theorems. Let p,q > 0 be primes with p < ¢ and assume that
p 1 (g —1). We claim that if G is a group of order pq then G is Abelian. To this end, we
require the following lemma.

LEMMA 3.10. Let G be a finite group and d a divisor of |G|. Suppose there exists a unique
subgroup H of order din G. Then H < G.

PROOF. It suffices to check that gHg~* = H for all g € G. First, note that given g € G the
collection

gHg™ ' = {ghg_1 the H}
is a subgroup of G. Clearly, it contains e and
(gh1g™") - (gh2g') = g(hiha)g™".
Also, (ghg™1)™1 = gh~'g=L. Since H is the unique subgroup of order d, if we can show

that gHg”! = d then it will follow that gHg~! = H. Define a map
f:H—gHg™ ', hw~ ghg™".
Then the above is clearly a bijection which completes the proof. O

We are now prepared to prove that G must be Abelian. The number of p-Sylow sub-
groups of G is given by n,, and must satisfy

np, =1 (modp), nplq.
Likewise, if n, denotes the number of ¢g-Sylow subgroups of G then
ng=1 (modq), ng|p.

Write ng = 1 + kq for k € Ny and note that p < ¢ implies (by virtue of ng | p) that ny < q.
Hence, ny = 1. Now, n,, | ¢ implies (since ¢ is prime) that n, = 1 or n, = q. If n, = g then

g=1 (mod p)

which is a contradiction. Thus, n, = n, = 1. In particular, the Sylow subgroups of
G (which exist) are unique. By the previous lemma, the p-Sylow subgroup and g¢-Sylow
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subgroup, which we denote by P and () respectively, are normal in G. Hence, PQ is a
subgroup of G and

Pl QI _  pg

PaQl  [PNQI

The intersection P N @ must be trivial since it is a subgroup of order dividing both p and
q. Hence, PQ) = G. Now, P = Z/pZ and @ = Z/qZ which shows that both P and @ are

Abelian. If x € P and y € Q we must show that zy = yx. For this, it suffices to check that
zyx~ly~! = e. Indeed,

|PQ| =

zyzly Tt =[ayz ]yt €@
——
€Q
and
zyz ly =1 [yaflyfl] S
P
€

Thus, zyzly~t € PNQ = {e}.

2.2. Consequences of Sylow’s Theorems: Groups of Order p? and Unique p-Sylow Sub-
groups. In this subsection we study some structural properties that arise as a conse-
quence of Sylow’s theorems. We begin with groups of order p?.

2.2.1. Groups of Order p? are Abelian. Let p be a prime and G a group of order p?. We
know from our theory on p-groups that Z(G) is non-trivial. Thus, | Z(G)| is either p or p?.
If |Z(G)| = p* we are done (then G = Z(G)). We thus assume that | Z(G)| = p. Now, the
center of G is normal in G. This gives us a well defined quotient group G/Z(G) which
has order p. Thus, G/Z(G) = Z/pZ and is therefore cyclic. An application of Lemma 3.4
shows that G is Abelian.

2.2.2. The case of n, = 1 and elements of order p'. Here we consider a finite group G whose
order is p"m for a prime p, r > 1 and m co-prime to p. Let g € G and suppose ord(z) = p'
for some [ € N. Clearly, [ < r. Let us also assume that n, = 1, i.e. there exists a unique
p-Sylow subgroup, say P, in G. Can we guarantee that g € P? The answer is pes.

Suppose that g ¢ P and recall that P must be a normal subgroup of G (it is the unique
p-Sylow subgroup). The subgroup @ := (g) is then a subgroup of G different from P (in
the sense that Q € P) whose order is precisely p'. However, the product PQ is a subgroup
of G with order precisely

1Pl-1Q]

[PNa)
This means that PQ is also a p-subgroup of G that strictly contains P. Hence, we have
attained a contradiction.
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3. Solvable Groups and The Jordan-Ho6lder Theorem

In this section we consider the composition of finite groups from a “new” perspective.
Instead of studying subgroups of prime order, we consider subgroups of G that form
“nice quotients”.

DEFINITION 10. Let G be a group of finite order. A normal series in G is a strictly decreas-
ing collection {G;})i = 0™ of subgroups of G such that

G=G1>G2\>"-I>G()={e}.

A composition series for G is a normal series {G;}I"_; such that for each i the quotient group
G;_1/G; is a non-trivial” simple group.

Given a composition series for G, we shall call the quotients G;_1/G;, considered up
to isomorphism and with multiplicity, the composition factors of G. A finite group G is
called solvable if it has a composition series where each composition factor is Abelian.
LEMMA 3.11. Let G be a finite group and {G;}}, be a normal series for G. This can be refined

into a composition series for G. Moreover, if the G;_1/G; are Abelian then so are the quotients
of the refinement. In this case, there exists a prime p such that

Gifl/Gi = Z/pZ

for all Gi_1, G; present in the refinement.

PROOF. Since G is a set of finite cardinality, the length of a normal series is bounded above
by some positive natural number. Hence, it suffices to show that any normal series that
is not a composition series can be extended. To this end, suppose that we have a normal
series for G
G=Gy> G > > G, ={e}

and let 7 be some index for which the quotient G;_1/G; is not simple. Thus, there exists a
subgroup {e} C H' C G;_1/G; that is normal in G;_1/G;. We now recall the existence of
a surjective homomorphism

mi:Gio1 — Gi_1/Gi, g gGi.
We also know that Ker m; = G;. If we define H := 7, ' (H') is follows that H is a subgroup
of G;_; containing Ker m; = G;. By the correspondence theorem, it follows that
G;=Kerm < H<Gi_q.

Also, since ; is surjective and H' € G;_1/G;, one has H # G; and H # G;_;. Let us
now suppose that the quotients G;_1/G; were Abelian. It suffices to check that G;_;/H
and H/G; are also Abelian. For the former, it is a consequence of the Correspondence
Theorem that

Gi—1/H = mi(Gi) /mi(H) = (Gi—1/Gy) /H'

These quotients are always non-trivial since we assumed that the G; decrease strictly.
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which is certainly Abelian. Thus, G;_1/H is Abelian. The first isomorphism theorem also
yields

I{/G'Z g71'Z'(I{) < Gi—l/Gi

which shows that H/G; is Abelian. We will be done the proof if we can show that finite
simple Abelian groups are isomorphic to Z/pZ for some prime p. Let A be a finite sim-
ple Abelian group and choose a prime p dividing |A|. By Cauchy’s theorem for Abelian
groups, there exists an element € A whose order is p. Consider N = (x), which is a
normal subgroup of A. Thus, N = A since A is simple and N D {e}. O

We now state a technical lemma which will be central in the proof of Jordan’s theorem.
The proof is this lemma is painful and unenlightening, and as such we shall not give the
proof.

LEMMA 3.12 (Zassenhaus). Let A < A* and B <@ B* be subgroups of a group G. Then
A(A*NB) < A(A*NB*), B(B*NA)1B(B"NA"),
and
A(A*NB*) , B(B*NA")
A(A*NB)  B(B*NA)’
Using this result, we will establish the following theorem:

THEOREM 3.13 (Jordan). Let G be a finite group. Any two composition series for G have the
same composition factors (considered with multiplicity).

Let us first establish the following elementary result.

LEMMA 3.14. Let C be a finite group and A < C such that C'/A is non-trivial simple group.
There does not exist a subgroup B such that AC BC Cand A< B < C.

PROOF. The proof of this lemma is by contradiction. Assume we have such a normal
subgroup B of C' and consider the map

ma:C — C/A, ¢ cA

We have already shown that 74 is a surjective homomorphism of groups whose kernel is
A. Now, since B contains the A, which is the kernel of 74, it follows from the Correspon-
dence Theorem that m4(B) < C/A. Since C'/A is a simple group, either m4(B) = {A} or
wA(B) = C/A. In the former, it would follows that w4(b) = A for all b € B, which is to
say that A = B. If instead m4(B) = C/A then, by the first isomorphism theorem,

C/A = WA(B) = B/A.

Since C'is a finite group, it follows that |B| = |C| whence B = C. In either case, we obtain
a contradiction. O
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PROOF OF THEOREM 3.13. By Lemma 3.14, it suffices to show that any two normal series

for a group G share a common refinement, since a composition series cannot be further
refined.

To this end, suppose we have two families
G=Go>Gi > > G, ={e}, (3.2)
G=Hy>H > > Hp={e}
for a pair (n,m) € N x N. For some fixed index i let us now define
Gij = Gi1(GiN Hj)

which is certainly contains G4 and is contained in G;. Hence, since G;41 is normal in
G;, it follows that G ; is a subgroup of G;. Furthermore,

G@O = Gi+1(Gi N H()) = Gi+1(Gi N G) =G;
and
Gim = Gip1(GiN{e}) = Giqr.
It is also clear that G; ; > G j41. Asin Lemma 3.12, let A = G411, A" = G, B = Hj 4
and B* = H;. By this same lemma:
Gi,j+1 = Gi+1(Gi N HjJrl) = A(A* N B) < A(A* N B*) = Gprl(Gi N Hj)
=G .

This allows us to “fill in” the gaps in the normal series (3.2). We hence obtain a new
normal series for G given by {G; ;} ;. Likewise for the series in (3.3), we define

H;j= Hj1(H;NG))
which will yield, by Lemma 3.12, an analogous refinement of (3.3). In this refinement one
will have
Hj = H()J' > Hl’j > B Hn,j = Hj+1-
Now, lemma 3.12 then gives that
Gi,j B A(A* ﬂB*) ~ B(B* ﬂA*) - Hj+1(Hj ﬂGz) . Hjﬁ'
Gijt1  A(A*NB)  B(B*NA)  Hyp(H;NGiy1)  Hjipr

g

3.1. On Solvable Groups. Recall that a finite group G is called solvable if it has a com-
position series in which every composition factor is Abelian. There are several classes of
groups which we would like to examine.
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3.1.1. Groups of order pq. Suppose that G'is a group of order pg, where p and ¢ are distinct
primes with p < ¢. Let ny denote the number of g-Sylow subgroups of G. We know that
ng | pso that ng = 1 or ng = p. By Sylow’s theorems, it is also known that n, = 1 (mod g).
If ng = p then n, > 1 so0 that

p=ng=1+kqg, keN.

But then, p > kq > g which is absurd. Therefore G contains a unique ¢-Sylow subgroup,
say, ). But then @ is normal in G and G/N has order p. It follows that G/N is cyclic
which shows that G is solvable.

3.1.2. p-Groups are Solvable. Suppose that p is a prime and G is a group of order p" for
some r € N. Then G is solvable. Indeed, this is trivial if » = 1. If » > 1 we need only apply
the second part of Theorem 3.2 to obtain a normal series

G:HOI>H1I>"'I>Hn:{€}
where [Hy, : Hy_1] = p for every k. This means that each quotient Hy,/Hj_1 is isomorphic

to Z/pZ and, in particular, Abelian.

3.1.3. Subgroups of Solvable Groups are Solvable. Let G be a solvable finite group and K a
subgroup of G. We claim that K is also solvable. Indeed, since G is solvable, there exists
a composition series

G=Gy>Gi>---> G, ={e}

such that each quotient G;_1/G; is Abelian. We must now only construct such a series for
K. First, note that

K:(KOGQ)D(KﬂGl)D"'D(KﬂGn):{e}.

This may not be a composition series, but if we can show the quotients are Abelian we will
be done since our refinement procedure guarantees that the induced composition series
will have Abelian quotients. By composition, we obtain a group homomorphism

KNGi-1 — Gio1 — Gi1 /G, g gG;
whose kernel is K N G;. By the first isomorphism theorem,

KNG
KNG,

is isomorphic to a subgroup of G;_1/G;, which is Abelian. This concludes the proof.

We conclude this section by characterizing the automorphisms of cyclic groups. This
covers, in particular, all groups of prime order.

PROPOSITION 3.15. Let Q) be a cyclic group of order q. Then Aut(Q) = (Z/qZ)*.
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PROOF. Let x € @ be a generator of @), i.e. ord(z) = ¢. It follows that every element g € @
has a representation as = for some a € N. Furthermore, this a is uniquely determined
modulo ¢. Let f : G — G be a homomorphism. If f(z) generates the group G then
ord(f(x)) = q. Then, f must be injective since

fa?) = f(2") = f(@)" = f2)’ <= fla) " =e
However, f(x)*~? = e if and only if ¢ | (a — b), which is to say that
a=b (mod q).
Thus, f is an automorphism if f(z) generates Q). Conversely, let f € Aut(Q). Then, by
Proposition 1.26, it follows that f(x) has order ¢ which implies that @ = (f(x)). Thus,
a homomorphism f : Q@ — @ is an automorphism if and only if f(z) generates G. This
gives exactly ¢(q) possible automorphisms, where ¢ is the Euler totient function.

We now construct an explicit isomorphism I' : Aut(Q) — (Z/qZ)*. Define this I" by
Aut(Q)> fr—a

where f(z) = x%, and a is taken modulo ¢. Since f is an automorphism, G = (z) so that
ged(a,n) = 1 by earlier results. This is a surjection since one can define an automorphism
by letting f(x) = 2 for any a € (Z/qZ)*. This map is injective because an automorphism
is determined completely and uniquely by how it its value at z. That is, if I'(f) = I'(g)
then
f(z) = g(x)

so that f = g. Finally, I is a group homomorphism. If I'(f) = a and I'(g) = b then there
holds

(fog)(z) = f(g(z)) = f(a") = f(a)" = ™.
This means that I'(f o g) = ab. This concludes the proof of this proposition. O

4. Semidirect Products

Let G and H be groups. There is a natural group structure one can impose on the Carte-
sian product G x H. Certainly, we define

(91, h1) © (g2, h2) := (9192, h1h2).

From the group structures of both G and H, it is clear this makes G x H into a group. We
then call G x H (together with the above operation) the direct product of G and H.

Let us now take a step back and suppose we are given a group G and two subgroups
H, K of G. Let us also assume that H <t G and K <1 G. From earlier results, we know that
HG is a subgroup of G. If we also assume that H N K = {e}, we can conclude something
special about the elements of G.
LEMMA 3.16. Let G be a group and suppose H, K <1 G are such that G = HK and HN K =
{e}. Every g € G has a unique representation as g = hk for some h € H and k € K.
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PROOF. The existence of h and k, for a given g, is clear. Let g € G, h,h' € H and k, k' € K
be such that

g=hk="n'k.
This implies that h"*h'k’ = k € K. Thus, h='h/ € K N H so that h~'h’ = e. This implies
that h = h’/. A symmetric argument gives k = k. Thus, we have the uniqueness. O

We now give the subsequent result, which is our first stepping stone in to the notion
of a semidirect product of groups.

PROPOSITION 3.17. Let G be a group and H, K < G. Suppose
(1) G =HK,
(2) HN K = {e}.
Then G = H x K.
PROOF. By Lemma 3.16, every element ¢ € G may be uniquely expressed as hk, where
(h,k) € H x K. Let us now define a map
Yv:G— HXxK
by taking g € G to this unique pair (h, k). Obviously, by uniqueness, this is a well defined
map. Suppose g1 = hi1k; and g2 = hoks are elements of G. Note then that
9192 = hikihaks = hihohy 'kihoky kiks = (hihe) by 'kihoky ™t (kika) . (3.4)
Note now that
hy'kiho k7' € K and  hytkihoky' e H
—— ~—
eK €eH
whence hy'kihok;! € HN K = {e}. Using (3.4), we then conclude that ¢ is a homomor-
phism of groups. Also,
Kery ={g=hk:h=e, k=e} ={e}

which shows that 1) is injective. Since 1 is clearly a surjection, it follows that G is isomor-
phicto H x K. O

The conditions in the statement of Proposition 3.17 are precisely those that we wish to
generalize. By relaxing one of these conditions, we will obtain the notion of a semi-direct
product.

DEFINITION 11. Let G be a group and H, K subgroups of G. Suppose
(1) H <G,
(2) HN K = {e},
(3) G=HK.
Then we say G is the semidirect product of H and K, written G = H x K.
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This notion is simple enough, but there is an important distinction to be made. Given
a semidirect product H x K one cannot fully recover the structure of G. The “missing”
piece of information is a homomorphism of groups

¢: K — Aut(H),

where Aut(H) is the group of automorphisms of H. We will show that, the semidirect
products are determined by this ¢. Before, let us introduce some notation. For each
k € K the map ¢(k) is an automorphism of H. It will be more convenient to write ¢(k) as
¢k, since ¢(k) takes h € H as an argument.

LEMMA 3.18. Let G = H x K. For k € K define
én:H— H, hw~— khk '

For each k the map ¢y, is an automorphism of H and the association k — ¢y, is a group homo-
morphism.

PROOF. First, ¢y, is well defined since H <1 G. Indeed, by the normality of H, khk~! € H
forevery h € H and k € K. Let k1, k2 € K and note that for h € H

Dkrky (h) = (k1ka)h(kike) ™" = kikohky 'kt = gy (¢, (R)) = (0k, © Pky) (h).

g

REMARK 3.2. Let G = H x K and ¢ : K — Aut(H) be as in the proof of the above above.
Then for any hiki, hoks € HK there holds

hiki1hoks = hq k1h2k1_1 kike = k1¢g, (ha)h1hs. (3.5)
———
=¢p, (h2)

Conversely, we wish to determine whether any such homomorphism ¢ induces a
semidirect product. As we shall see, this is done by defining an operation according the
the right hand side of (3.5).

THEOREM 3.19. Suppose H and K are groups and that ¢ : K — Aut(H) is a group homo-
morphism. There exists a semidirect product “based on the information in ¢”. This group will
be denoted H x4 K.

PROOF. The idea is to construct an operation on H x K involving ¢. Given (h, k), (b, k") €
H x K we define

(ha k)(hla k/) = (h¢k(h/)7 kk’)
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Before we proceed, we show that this defines a valid group operation on H x K. Let
(h1,k1), (he, k2) and (hs, k) be elements of H x K and observe that

[(h1, k1) (ha, k2)] (R, k3) = (R1¢k, (ha), kikz)(hs, k3)
= (h19, (h2) Pryky (h3), k1koks)
= (h1¢w, (h2¢r,(h3)) , k1kaks)
= (h1, k1) (haor, (h3), kaks)
= (h1, k1) [(h2, k2))(hs, k3)] -

This verifies associativity. There is an obvious candidate for the inverse:
e:= (em,ex).
If (h,k) € G x K then
(h,k)(em,ex) = (hor(en), kex) = (hem, k) = (h, k)
and likewise
(em,ex)(h, k) = (eg e, (h),exk) = (emh, k) = (h, k).

Finally, we fix (h, k) € H x K and show that is has an inverse in H x K. Certainly, consider
the element

(h, k)™t = (g1 (h1),k7Y) € H x K.

A direct calculation gives

(h, k) (k)™ = (hpgr—1 (1), k™) = (hbere (W), ex) = (hh ™" ec) = e
and

(h, k)" (hyk) = (G2 (B71), k71) (ho k) = (S-1 (K1) p-1(h), exc)
= (¢y-1(en), ex)
= €.

What is important is to note that we have the natural associations

H={(h,ex) :he H} and K ={(emy,k):ke K}.

Under these associations, it is indeed true that H x K = HK. Also, itis clear that HNK =
e = (em,ex). It remains only to check that, under this identification, H < H x K. This is
easy, if (h,k) € H x K and (h,ex) € H then

(hv k)(ﬁv eK)(hv k)_l = (h’ k)(ﬁa 6K)(¢k—1 (h_l)’ k_l) = (hv k) (5%—1 (h_l)’ k_l)
= (Mg, (kb1 (h71)) ek )

where

by, (M1 (™)) = hpy(R)h ™.
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Having established this method of constructing semidirect products, we wish to show
that all semidirect products arise in this way from a homomorphism ¢.

THEOREM 3.20. Let G = H x K. There exists a homomorphism ¢ : K — Aut(H ) such that
G=H A K.

PROOF. Let k +— ¢ be as in Lemma 3.18. We will show that H x4 K = H x K. Consider
the map
I' Hxy K — HxK, (hk)— hk.

From Lemma 3.16 we know that I" is a bijective map. It therefore remains only to check
that I" is a homomorphism of groups. Let (h, k) and (k/, k') be elements of H x4 K. Note
that
(h,k)(R', k') = (hor(W), kk') = (hkW k™1, kE) L hkR'K .
Furthermore,
L(h,k)-T(W,K) = (hk)- (W'K') = hkh'K .
U

PROPOSITION 3.21. Let H and K be groups. Then H x K = H x4 K if and only if ¢ is the
trivial homomorphism.

PROOF. Suppose that ¢ is the trivial homomorphism, i.e. ¢ is simply the identity map
H — H. Then, given any two pairs (h, k), (h/, k") in H x K one has
(h,k)(W',K') = (hop(R), kK') = (hh', kEK).
Conversely, assume H x K = H x4 K. We will show that ¢, = 15 for fixed k € K. Indeed,
if k € K is fixed and h,h’ € H are given,
(hor(R), k) = (h, k) (R ex) = (hh', k).

This implies that hog(h') = hh' so that ¢i(h') = h'. Since I/ was arbitrary, it follows that
or =1g. O

4.1. Application: Groups of Order pq. Let us once again revisit a group G of order pg,
where p, ¢ are distinct primes with p < ¢. In §2.1 of Chapter 3, we saw that G must be
Abelian if p 1 (¢ — 1). We now consider the case where p | ¢ — 1. Let @ be a ¢-Sylow
subgroup of G. By Sylow’s theorems,

ng|p and ng=1+mgq

for some m € Ny. If ny # 1 then ny = p so that p = 1 + mgq for some m > 1. This would
imply that p > ¢, which is a contradiction. Hence, n, = 1 so that G contains a single
g-Sylow subgroup. Hence, @ is normal in G. If P is p-Sylow subgroup then Q N P = {e}
so that QP = G. This means that G = @ x P. We already know that Q = Z/qZ and
P = 7, /pZ. We therefore, without loss of generality, take

Q=7Z/qZ, P=17Z/pZ and G =17Z/qZ xZ]pZ.
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Recall that Aut(Z/qZ) = (Z/qZ)*. Since p | g — 1, there exists an element h € (Z/qZ)* of
order p. We now define a map which takes

where ¢1 : Z/qZ — 7/qZis given by ¢1(x) = hx. It is easy to check that ¢1 € Aut(Z/qZ).
Since 1 generates Z/pZ, this association generates a homomorphism of groups Z/pZ —
Aut(Z/qZ). We shall now show that the semidirect product

2/qZ x4 L/ pZ

is non-Abelian. Consider the elements (a,0) and (0,b) in this semidirect product. We
directly compute (recalling that Z/nZ is considered as a group with respect to addition!)

(a’ O)(O’ b) = (a¢0(0)a b) = (av b)

and

(O’ b) (a’ O) = (¢b(a)’ b)

If Z/qZ x4 Z/pZ were Abelian, then ¢p(a) = a for all @ € Z/qZ and all b € Z/pZ. That
is, if ¢p = 1 for all b € Z/pZ. On the other hand, ¢; = f, which is non-constant by
construction. This means that Z/qZ x4 Z/pZ is non-Abelian.

We now claim that any other non-Abelian semidirect product Z/qZ x, Z/pZ is iso-
morphic to Z/qZ x4 Z/pZ. Consider the map 1, which is an automorphism of Z/qZ. By
Proposition 1.17, ord(¢1) < p. Note that #; cannot be the trivial automorphism of Z/qZ.
Indeed, 1 generates the group Z/pZ, and thus 1 is completely determined by . Since i1
is not the identity we must have ord(¢1) = p.

By Proposition 3.15, we know that Aut(Z/qZ) is cyclic. Proposition 1.9 then guaran-
tees the existence of a unique subgroup of order p in Aut(Z/qZ). This subgroup must
be precisely (¢1), which must then contain ¢);. This means that we may choose a natural
number r co-prime to p such that ¢; = ¢] = ¢,.

Define
Z[qL ¥y LpL — L/qL Xy /DL, (a,b) v (a,7b).
This map is injective since (a,rb) = (a’,7b’) if and only if @ = @’ and b = ¥'. Since it
is an injective map between two sets of the same cardinality (the underlying set of both

groups is Z/qZ x Z/pZ). it follows that the function is a bijection. We now show that this
association is in fact a homomorphism of groups.

(a,0)(@, V) = (a+ (@), b+ ¥) = (a+ (), 1(b+ 1),
On the other hand,
(a,b) = (a,rb), (a',V) — (d',7V)
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so that
(a,rd)(a’,rb') = (a+ drp(a’),r(b+ b)) = (a+ ¢y(a), r(b+ 1))
= (a+p(a’),r(b+1)).

We have established the following;:
THEOREM 3.22. Let p, q be distinct primes with p < q. There exists a non-Abelian group of
order pq. Moreover, this group is unique up to isomorphism.

4.1.1. Does there exist a non-Abelian group of order 165 containing a subgroup isomorphic to
Z]5572

5. Exercises

This section comprises of exercises related to the topics explored in this chapter. The
reader is advised to solve the questions on their own, and should only consult the solu-
tions at the end of this book as a last resort.

EXERCISE 3.1. Recall that a group B is called a boolean group provided b* = e for every
b € 8. In Exercise 1.3 we showed that every boolean group is Abelian. Prove that ®B has
order 2" for some n > 1.

EXERCISE 3.2. Let G be a finite p-group and H a subgroup of G with H # {e}.
(1) Give a class equation for H.
(2) Prove, using (1), that H N Z(G) 2 {e}.

EXERCISE 3.3. Let G be a finite p-group and H # {e} a subgroup of G. Prove that there
exists a normal subgroup H~ of G such that

H CH and [H:H |=p.
EXERCISE 3.4. Prove that if G is a group of order pgr, where p < ¢ < r are primes, then G
has a normal Sylow subgroup.

EXERCISE 3.5. Let G be a finite group and H a normal subgroup of G. Let P be a p-Sylow
subgroup for some prime p dividing |G|. Show that P N H is a maximal p-subgroup of H
(where we, exceptionally, allow the case {e}). Furthermore, show that HP/H is a p-Sylow
subgroup of G/H.

EXERCISE 3.6. Find two isomorphic finite groups, sharing the same composition factors,
where exactly one of the two groups is Abelian.

EXERCISE 3.7. Let n > 1 be an integer and define for a € (Z/nZ)* the map
fa:2/07 — Z/nZ, zx— ax.

Prove that f, € Aut(Z/nZ).

EXERCISE 3.8. Let n € N. Prove that Aut(Z/nZ) = (Z/nZ)*.
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EXERCISE 3.9. Let G = N x4 B. Show that G'is Abelian if and only if N and B are Abelian
and ¢ is the trivial homomorphism.

EXERCISE 3.10. Let G be a group of order 231 = 3 - 7 - 11. Prove that the center of G is
non-trivial. More generally, show that Z(G) contains the 11-Sylow subgroup of G.

EXERCISE 3.11. Let G be a group of order 385.
(1) Show that the 7 and 11 Sylow subgroups are normal in G.
(2) Show that the 7-Sylow subgroup is contained in the center of G.

EXERCISE 3.12. Does there exist a non-Abelian group G of order 165 containing a sub-
group isomorphic to Z/55Z?

EXERCISE 3.13. Let G be a group of order pgr, where p, ¢ and r are distinct primes. Show
that G is solvable.



Chapter 4

Rudiments of
Representation Theory

In this chapter we study a very special way of representing groups. More precisely, we
will view the elements of finite groups as automorphisms of finite dimensional vector
spaces. This point of view embodies group theory with the richness of linear algebra.

1. The Setup

Let V be a finite dimensional vector space over C, which we will either call a C-vector
space or a complex vector space. An automorphism of V' is a bijective linear map V. — V;
the collection of all automorphisms of V' will be denoted by Aut(V). It is easy to see that
Aut(V) forms a group under composition.

DEFINITION 12. Let G be a finite group. A finite dimensional linear representation of G is a
pair (p, V'), where V is a finite dimensional C-vector space and

p:G— Aut(V)
is a homomorphism of groups. For the sake of simplicity, we shall say that (p,V) is a
representation of G.

Given two representations (p, V') and (7, W) of a group G, a morphism of representa-
tions is a linear map 7" : V. — W such that

Top(g)=7(9)eT, Vgeq.

An isomorphism of representations is simply a bijective morphism of representations. We
shall write p & 7 to say that there exists a bijective morphism of representations for (p, V')
and (7, W). Note that p = 7 implies that V' = W, in the sense of vector spaces.
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Given such representations, it is common to denote by Hom(V, W) the collection of
all linear maps V' — W. We use the notation Homg(V, W) to denote the collection of all
morphisms of representations. Then, Homg(V, W) C Hom(V, W).

DEFINITION 13. Let (p, V') be a representation of a finite group G. A sub-representation of
G is a vector subspace W C V such that

p(g)(W)C W, Vged.
In this case, we denote by (p, W) this sub-representation.

The notation (p, W) is no mistake. Since p(g) is a bijection V' — V for all g, it follows
from p(g)(W) C W that, in fact, p(g)(W) = W. Hence, p(g) also gives an automorphism
of W.

DEFINITION 14. A representation (p, V') of a group G is called irreducible if the only sub-
representations (p, W) are such that W = {0} or W = V.

Let now (p, V) and (7, W) be two representations of a group G. Recall that V & W is
a C-vector space, of dimension dim(V') + dim(W/), in its own right. Define now

(@ 7)(9) = (p(9);:7(9))

which is an automorphism of V@ W, when applied in the natural way. The representation
(peeT, V@& W)is called the direct sum of the representations (p, V) and (7, W). Of course,
given a finite family (p1, V1),..., (pn, V) of representations of G, one can construct in an
analogous way the representation @iv pj on @{V Vj.

PROPOSITION 4.1. Let (p, V') and (7, W) be representations of a finite group G and let T :
V. — W be a morphism of representations. Then KerT is a sub-representation of V and
Im(T') is a sub-representation of W.

PROOE. We begin by showing that (p, Ker T') is a sub-representation, i.e. that p(g)(KerT') C
KerT for all g € G. Let v € Ker T, then since 7(g) is an automorphism of W for each g

(T p(g9))(v) = (7(g) o T)(v) = 7(9)(Ow) = Ow .

This establishes the fact that p(g) € KerT. Now, we claim that (7,Im(7")) is a sub-
representation. This is to say that 7(¢g)(w) € Im(T) for each w € Im(7). To see that
this is so, note that w = T'(v) for some v € V whence

7(9)(w) = (7(g) o T)(v) = (T 0 p(g))(v) = T(v'),
where v' = p(g)(v) € V. Hence, 7(g)(w) € Im(t) as was required. O
DEFINITION 15. If G is a group and (p, V') is a representation of G, we define
VG .={veV:plgv=uvVYgeG}.

V& is called the space of g-invariant vectors.
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Since p(g) is a linear map for all g, it is clear that V' is itself a vector space over C and
a subspace of V. Note that if v € V then

plglv=v eV

so that (p, V) is a sub-representation of (p, V).

2. Preliminary Results and Canonical Representations

We now study basic results concerning representations and introduce two important rep-
resentations: the standard and regular representations.

LEMMA 4.2. Let (p, V') be an irreducible representation of a finite group G. Then either VC =
{0} or V.= VY. In this last case, V is a one dimensional vector space.

PROOF. Clearly, V& =V or V¢ = {0}. Suppose that V& = V and let v € V be a non-zero
vector. Define S = Spanc(v), which is a vector subspace of V. We now claim that (p, S) is
a sub-representation. If g € G and w € §,

p(g)(w) = w
whence W = V¢ =V, O

2.1. Standard Representation. Let n € N and consider S;,, the permutation group on
n-letters. Then, each o € S;, is merely a bijection

{1,...,n} — {1,...,n}.

We will now construct a representation (p*, C") which we will call the standard repre-
sentation (of S,,). Fix now a permutation ¢ € S,, and let p*'(c) be the linear map C* — C"
defined by

€; — eo’(i) ’

where the family {e;}? , is the standard basis of C™. Of course, it follows that p**(o) is an
injective endomorphism of C", and thus is an automorphism of C".

Two important subspaces are the following:

U() = {(1:1,.1:2,...,.7,’”):Zyzlxj:()}, (4.1)

Uy := Spanc({(1,1,...,1)}). (4.2)

PROPOSITION 4.3. Let n > 2. Then Uy is an irreducible n — 1 dimensional sub-representation
of Sp,.

PROOE. Itis clear that dim(Uy) = n—1. If n = 2 then the claim is clear as Uy has dimension
1. Assume n > 2 and let U' C Uj be a non-trivial sub-representation.
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First suppose U’ contains a vector with exactly two non-zero coordinates. After rescal-
ing by a complex number, we may assume that

z=(0,...,1,...,—1,...,0).

Since U’ is closed under the action of p*'(0) for o € S,,, every vector of the form e; — ¢;
(where i # j) belongs to U’. Since such vectors span Uy, it follows that Uy = U".

By this argument, it is clear that it suffices to check that U’ contains a vector with
exactly two non-zero terms. Without loss of generality, let x € U’ and assume x contains
(at least) 3 non-zero entries. We can write

n
x=(1,z2,23,...,Tp), E zj = 0.
7j=1

We may also assume that x5 ¢ {0,1} and z3 # 0. Consider

1

y:g(fﬂQ,l,xf},.--,l’n)

and notice that

1 T
Usz—y= (O,azg—,azg—?’,...,>.
Z2 Z2
Clearly, x — y has more non-zero terms than z. However, the third coordinate is non-zero
(and thus « — y has at least two non-zero terms). Repeating this procedure until we reach
a vector with exactly two non-zero coordinates, the proof is complete. g

2.2. The Regular Representation. The regular representation applies to finite groups,
unlike the standard representation which is used when considering the permutation group
on n-letters. Let G be a finite group of order n. Cayley’s theorem yields an embedding’

G —S,,.

Now, the standard representation p* of S,, attaches to each permutation o an automor-
phism of C" via a group homomorphism. By composition, we obtain a group homomor-
phism

G — Aut(C") = GL,(C).

The homomorphism described above will be labeled p™8. The homomorphism described
by Cayley’s theorem is obtained by left multiplication. Thus, the permutation of the basis
elements will fix an e; if and only if o is the identity map.

1n the context of groups, this means an injective homomorphism of groups!
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3. Character Groups

This brief section explores the notion of the character group accompanying some group
G. Let us fix a group G; the character group of G, which we denote G*, is the collection
of all homomorphisms p : G — C*. Recall that C* is a group under multiplication that
consists of all non-zero complex numbers. Therefore,

G* := Hom(G,C*).

We endow G* with multiplication in C*. That is, for p,7 € G* we define a p7 to be the
map

(p7)(g) = p(g) - 7(g) € C*.
We must now make sure that this new map p7 is a homomorphism G — C*. Indeed, if
g,h € G then

(pT)(gh) = p(gh) - (gh) = p(g) - p(h) - 7(g) - (k) = p(g) - 7(g) - p(h) - T(h)
= (p7)(9) - (p7)(h).

The obvious identity of the group is the map 1¢(g) = 1. The inverse to p € G* is simply
the homomorphism

P (g) = (p(9) "
The same argument as above shows that p~! € G* whenever p is.
Some interesting properties now in order. First, note that although G may not be

Abelian, its character group G* is. Certainly, let p,7 € G* and fix g € G. Then

(p7)(9) = p(g) - 7(9) = 7(9) - p(9) = (TP)(9)-
That is, p7 = 7p.
PROPOSITION 4.4. Let G and H be groups. Then (G x H)* = G* x H*.
PROOE. Let us identify G with G x {egy} and H with {eg} x H. Then, every element
f € G*is a homomorphism G x H — C*. Let us define

F:(GXH)*%G*XH*v fH(f\Gvf]H)
We check that this is well defined, i.e. that I'(f) € G* x H*. By symmetry, it suffices to
check that fig € G*if f € (G x H)*. If g € G, we associate it to (g, 1) so that

fielg) = f(g,1) € C*.

Also, if g1, g2 € G then

fia(9192) = f(9192,1) = f(91,1) - f(92,1) = fia(91) - fic(g2)-

Now, we check that I"is an isomorphism of groups. Since it is clearly a homomorphism, it
remains only to make sure that I is bijective. Given (f, f') € G* x H* we can reconstruct
an element of (G x H)* by defining

F(g,h) = f(g) - f'(h).
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Conversely, if I'(f) = T'(f’) then
fa = f"G and fig = f"H.
Since f(g,h) = ficfiu, it follows that I is injective. O

4. Characters of Representations

Let (p, V') be a representation of some finite group G. The character of (p, V') is defined as
Xp: G—C, g~ Tr(p(g))

This certainly makes sense as p(g) is an automorphism of V' and hence can be represented
by a matrix in some basis of V. Moreover, the trace is independent of choice of basis
which shows that the above is well defined.

THEOREM 4.5. The character function x, depends only on p up to isomorphism. If g,h € G
then

Xp(9) = Xp(hgh_l)- (4.3)
Furthermore, if (1, W) is another representative of G,
Xpor = Xp + Xrs Xp(e) =dim(V) and  x,(97") = x,(9)-
PROOE. Suppose that p = 7 for some representation (7, V') of G. The definition then states
that there exists some invertible matrix M such that
Mp(g)M ™' =7(g), Vg€ G,

In the above we are viewing p(g) and 7(g) as elements of GL,(C). Thus, since M is a
change of basis matrix, it follows by invariance of the trace that

X-(9) = Tr(7(9)) = Te(Mp(g)M ") = Ta(p(g)) = xo(9)-
In fact, it is precisely this invariance argument that yields property (4.3). Certainly, if
g,h € G then

Xp(hgh™") = Tr(p(hgh™")) = Te(p(h)p(g)p(h~")) = Tx(p(h)p(9)p(h) )
where p(h) may be viewed as an element of GL, (C). This implies that
Xp(hgh™) = x,(9).
Let us fix another representation (7, W) of G and let p@7 be the direct sum representation.

Then, for each g € G
_(rlg) O
(p@7)(9) = ( 0 T(g))
is an automorphism of V& W whence
Xpar(9) = Tr((p @ 7)(9) = Tr(p(g) +7(9)) = Xp(9) + X7 (9)

by additivity of the trace. Now, x,(e) = Tr(p(e)) where e is the identity element of the
group G. Since p is a homomorphism G — Aut(V), it must take the identity of G to the
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identity of Aut(V'). Thus, p(e) is the identity map, i.e. the identity matrix V' — V. Thus,
Xp(e) = Tr(I) = dim(V).

Fix g € G and let k € N be the order of g in G (i.e. let k := ord(g)). Since p is an
automorphism of groups,

p(9)* = p(g") = plec) = eany(v)-

It follows that the minimal polynomial of p(g), viewed as a matrix in GL,(C), solves the
polynomial 2¥ — 1 = 0. Over C, this polynomial factors into distinct linear factors whose
zeros are roots of unity. Hence, p(g) is diagonalizable. There thus exists a basis A of V" and
a collection of complex numbers Aq, ..., Ay, such that

[p(g)]a = diag(A1, ..., Am)-
Now, since p(g)* =T it follows that |\;| = 1 for each index j. Hence, Aj_l = ), so that

[p(9) " ]a = diag (ATY, ... ML)

The result now follows by invariance of the trace. O

We are now interested in the decomposition of representations and their characters.
This is a long and arduous procedure and is, unfortunately, quite technical. Let (p, V') be
a representation of a finite group G. The first step involves showing that there exists a
G-invariant inner product on G.

LEMMA 4.6. Let G be a finite group and (p, V') a representation of G. There exists an inner
product (-, ) on V that is G-invariant, i.e.

(u, vy = (p(h)u, p(h)v), ¥Y(u,v) €V xV, heQG.

PROOE. Define a function (-, %) : V' x V' — C by letting
(u,v) = @l Z
geG

where (-, ) is some fixed inner product on V. We first check that this is a G-invariant
map. Certainly, if » € G then

(p(h)u, p(h Z p(g)p(h)v)

gGG

’G‘Z p(gh)u, p(gh)v)

geG

e Z

geG
= (u,v).
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Here we have used the fact that gh ranges over G whenever g also ranges over G. It now
only remains to check that (-, %) is indeed an inner product on V. Obviously, the linearity
of (-,*) in the first variable follows from its definition as a finite sum of inner-products
on V together with the fact that p(g) is, for each ¢ € G, an endomorphism of V. If
(u,v) € V xV then

1 1

(v,u) = mg;;(ﬂ(g)wﬂ(g)u) = mg;(f)(g)u, p(g)v) = (u,v).
Furthermore,
(u,u) = éz (p(g9)u, p(g)u) >0
geG

since each term in the sum is real and non-negative (every summand is an inner-product).
In particular, (u, u) € R foreachu € V. Notice that (u,u) = 0if and only if (p(g)u, p(g)u) =
0 for each g € G. Hence, (u,u) = 0 if and only if w = 0y. This concludes the proof of the
lemma. g

We now come to the main result of this section which one could call our “first repre-
sentation theorem”.

THEOREM 4.7. Let G be a finite group and (p, V') a representation of G. Then (p,V') is the
(finite) direct sum of irreducible representations.

PROOF. We prove this theorem by induction on the dimension of V. If V' is one-dimensional
then the result is trivial (since V' is clearly irreducible). By way of induction, suppose the
claim holds up ton € N and let (p, V') be a representation of dimension dim(V) =n + 1.

Let (-, %) be a G-invariant inner product on V' (we know such an inner product exists,
by the previous lemma). Suppose without loss of generality that (p, V') is reducible, else
we are done. Let U C V' be a non-trivial sub-representation and define

Ut :={veV:(vu=0YuecU}.
It is known from linear algebra that V = U @ U+ and that
dim(V) = dim(U) 4 dim(U™).

By our induction hypothesis, it suffices to show that (p, U1) is a sub-representation of V.
To see that this is so, we fix g € G and v € U~; we must show that p(g)v € U+. Certainly,
if u € U then

(p(g)v,u) = (v, plg) " u) = (v, plg™")u) =0

since p(g~!)u € U by the property that (p, U) is a sub-representation of V. This concludes
the proof. O
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5. Fundamental Results of Representation Theory

In this section we give results that are of crucial importance in the theory of represen-
tation. We will rely on four main theorems, which will be proven only in the following
section. The proofs of these results are to be considered “optional”, in the sense that they
are difficult and messy. Throughout this section, we instead focus on consequences of
these four results.

Given a representation (p, V') and a natural number a we shall use the notation p® and
V' to denote, respectively, @7 p and @7 V. Our first fundamental result is the following:

THEOREM 1. Let (p, V') be a representation of a finite group G. There exist irreducible non-
isomorphic representations (p1, Vi), ..., (pt, Vi) and {a1,...,a;} C Nsuch that p = @;:1 p?j.
Furthermore, up to isomorphism, these p; are uniquely determined and so are the {a;}.

We also recall the following definition.

DEFINITION 16. Let G be a group. A map f: G — Cis called a class function on G if

f(hgh™") = f(g), V(g,h) € G xG.

The number of conjugacy classes in G is called the class number. We often denote the class
number of G by h. The collection of all class functions forms a vector space of dimension
h over C, which we shall denote by Class(G). In fact, every character is a class function.

We now construct an inner-product on Class(G) that will be of importance soon. Let
¢, be two class functions on G and define

1 -
(¢, 9) == @ Z ?(9)¥(9)-
geG
It is left as a simple exercise to verify that this C-mapping is indeed an inner product on
Class(G). This inner product induces a notion of orthogonality that allows us to state the
following two results.

THEOREM II. Let (p, V') and (1, W) be representations of a finite group G. If x,, and xr denote

their respective characters,
1, ifp=m,
<XP7XT> = {

0, otherwise.

THEOREM III. The characters of irreducible representations of G, considered up to isomor-
phism, form an orthonormal basis for Class(G). More precisely, there are precisely h(G) = h
representative classes for these representations. If p1,--- , pn are representatives of these rep-
resentations, and x1i, ..., Xn their induced characters, then any representation (p,V') may be
expressed as

I

p

h
oI
1
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where aj = (xp, X;) IS a non-negative integer.
These three theorems have interesting consequences that we shall explore in what
remains of this section.

COROLLARY 4.8. Let G be a finite group and (p, V') a representation of V.. Then (p,V) is
irreducible if and only if||XpH2 =12

PROOE. Since (p, V) is a representation of G, by Theorem II-III we may choose non-
isomorphic irreducible representations pi, - - - , pp so that

h
Xo =D a;X;,
1

where a; = (x,, x;) € N. Once again, using the fact that the x; are orthogonal, it follows

that
h h
2 2
ol = lajxsli? = a2
1 1

The statement now follows from the above identity. O

DEFINITION 17. Let G be a finite group. The trivial representation of G is the map
p:G— Aut(C), g~ f(z2) =z
It is trivial to check that this is indeed a representation.

LEMMA 4.9. Let G be a finite group and (p, C) the trivial representation of G. Then (p,C) is
irreducible.

PROOF. Let x : G — C be the associated character. Then, x(g) = Tr(p(g)) = 1 for each g
so that

1 —
x| = @l > xlo)x(g) =1.
geG
The result now follows from Corollary 4.8. O

LEMMA 4.10. Let G be finite group and (p, V') an irreducible trivial representation of G. If
(p1, C) denotes the trivial representation, then p = p;.

PROOE. The fact that (p, V) is a trivial representation is precisely the statement that p(g)
is the identity map V' — V, for each ¢ € G. This is to say that p(g)v = v for each
g € Gand V € V. Hence, V¥ = V and dim(V) = 1. This means that there exists an
isomorphism of vector spaces T': V. — C.

Fix g € G and let u € V be given. Then,
T(p(g)v) = T(v) = p1(g)(T).

ZHere Xp denotes the character of p and ||-|| is the norm induced by the inner product we introduced on Class(G). To
be more precise, [[xplI% = (xp» Xp)-
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We conclude that p = p; as representations. O

COROLLARY 4.11. Let (p, V) be a representation of a finite group G. Then dim(V ) is given
by (x1,X,) where x1 is the character induced by the trivial representation of G (over V, the
character of the identity map on V). Especially,

G
dim(V ]G\ pr
geG

PROOF. By Theorem III we may choose non-isomorphic irreducible representations (p;, V;)
such that x, = > a;x; for some natural numbers a;. Lemma 4.9 shows that, after possibly
letting a; = 0, we may assume Y is the character of the trivial representation. Obviously,
by orthogonality of the characters,

a1 = {x1,Xp) = (Xps X1) = pr
geG

It thus only remains to check that a; = dim(VG). Ifv =6 Vjaj then clearly one must

have
Ve @ (E).
Now, we may assume each Vj is irreducible. Thus, VjG =Vjor VjG = {0}. In the former

case, p;(g) is the trivial map for each g € G which contradicts the assumption that p; is
the trivial character. Thus, VG {0} for each j > 1. Hence, the result follows:

dim(VY) =
as was required. O

COROLLARY 4.12. Let G be a finite group and (p"€,C™) the regular representation of G. Let

p1,-- ., pn be representatives for the irreducible non-isomorphic representations of G. Then,
h
preg — p;lim(l)j)
j=1
where we define dim(7) = dim (W) for a representation (1, W).

PROOF. As usual, we may write x,< = ) a;X,, where the p; are the irreducible repre-
sentations and a; > 0. However,

Xpree <€)Xp-(e)
a;j = (Xps; Xp, ) = G| Zxﬂ’eg 9xp;(9) = T!J
geG
= Xp; (6)
= dim(p;)
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From this we deduce the following theorem.

THEOREM IV. Let G be a finite group of order n and let (p™8, C™) be the reqular representation
of G. Adopting the notation from the other theorems,

h
Gl = dim(p;)®.
j=1
PROOF. This is an immediate consequence of the following calculation

h
|G| = n = dim(C") = dim(p"8) =) _ dim(p;)*.
j=1

6. Fundamental Results of Representation Theory: Some Proofs’

The title of this section is quite self-explanatory. We devote this part of these notes to the
proving the 3 main results stated in §5 of this chapter. Our exploration begins with an
important lemma due to Schur.

LEMMA 4.13 (Schur’s Lemma). Let (p, V') and (1, W) be two irreducible representations of a
finite group G. Then,

C, ifp=r,

H V,W) =
oma( ) {{O}, otherwise.

In the above we view C as a group under addition. Clearly, {0} is itself the trivial
group under addition and thus may identified with {e}.

PROOF OF LEMMA 4.13. Suppose first that there exists ' € Homg(V, W) that is not the
zero map v — Oyy. We know from Proposition 4.1 that (p, KerT') and (7,Im(7")) are sub-
representations of (p, V) and (7, W), respectively. Since V is irreducible, either Ker T =
{0y} or KerT' = V. Since T is not the zero map, the morphism 7" must be an embedding
V —— W. Likewise, either Im(7T") = {Ow } or Im(7") = W. Again, T is injective whence
Im(T) 2 {0}. That is, Im(7") = W so that

T:V—W

is an isomorphism of vector spaces. We may therefore identify V with W using this mor-
phism 7. It thus suffices to check that

Endg(V) = C.
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Let S € Endg(V) and let A € C be an eigenvalue of S. If V, is the corresponding (non-
zero) eigenspace, then

S(p(g)v) = p(g9)(Sv) = p(g)(Av) = Ap(g)v

which shows that p(g)v € V). Thus, V) is a sub-representation of V' so that V) = V. It
follows that V) = V. Consequently, S = A - I. Conversely, if A € Cand S = X - I then

S(p(g)v) = Ap(g)v = p(g)(Av) = p(g)(Sv).
This means that every element of Endg (V') is a scalar multiple of the identity. The natural

association then shows that Endg (V) = C. O

6.1. Uniqueness of Decomposition: The Proof of Theorem I.

PROOF OF THEOREM I. By Theorem 4.7, if (p, V) is a representation of G we may choose
irreducible subspaces V; such that

N
V%@Viai, a; € Ny
1

Since the above is up to isomorphism, we may assume that V; 2 V; for i # j. Otherwise,

join V; and Vj; and obtain Viaﬁaj in the above representation. In this case, we show that
the a;’s are uniquely determined. To this end, suppose that

N
Vo @vj’i, b; € No.
1

By allowing zero exponents in both representations, we may obviously assume that these
expressions contain the same number of elements and the same vector subspaces V;. It
then suffices to check that a; = b; for all i € {1,..., N}. By Schur’s lemma

dim(Homg(V;, V) = GNBdim(Hom(;(V;, Vi) = GNBdim(Hom(;(V;, Vi)%)
1 = dilm(HomG(% Vi))®.
A final application of Schur’s lemma yields,
dim(Homg(V;, V)) = dim(C*) = a;.
Repeating this procedure with our second representation will then give
dim(Homg (V;, V) = b;

so that a; = b;. O
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7. Exercises

We are rather limited in the problems we can ask here, as we have only scratched the
surface of representation theory. This is no big deal; the problems here will simply ensure
the reader has understood and digested the definitions of the chapter.

EXERCISE 4.1. Let (p, V') be an irreducible representation of a group G. Using the argu-
ment in the proof of Schur’s lemma, prove that if ' € Endg(V') then there exists A € C
such that 7" = X - I, where I is the identity map. Conclude that Endg (V) = C (as vector
spaces) .

EXERCISE 4.2. Let G be a finite group and z € Z(G). If (p, V) is an irreducible represen-
tation of G, show that p(z) : V.— V is a scalar multiple of the identity matrix.

EXERCISE 4.3. Classify all bijective C-linear transformations C — C. Conclude that the
group Aut(C) = C*, where C is considered as a complex vector space.

EXERCISE 4.4 (Character Column Orthogonality). Let G be a finite group having class
number h. Let {x; }2:1 be the orthogonal characters of G. Prove that

{|C(g)| , if gand h are conjugate, (4.4)

0, otherwise.

h
> xilg)x;(h) =
j=1

EXERCISE 4.5. Let G be a finite Abelian group of order n. Prove that there are exactly n
characters of irreducible representations (up to isomorphism) and that any such repre-
sentation is one dimensional. Deduce that the character is a homomorphism G — C*.

EXERCISE 4.6. Construct a character table for Z/3Z.

EXERCISE 4.7. Show that the sum of entries in the non-trivial columns of a character
table evaluates to zero. More precisely, let {x;} be an enumeration of the orthonormal
characters of irreducible non-isomorphic representations for a group G and fix g € G\ {e}.

Prove that
> xi(g) =0.
Xj

EXERCISE 4.8. Find the decomposition of the representation p : Z/4Z — Aut(C?) via
the homomorphism
s = 3)
' -1 0

where a is considered modulo 4.
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Solutions to Exercises

Throughout this final part of the text, we provide detailed solutions to the exercises pre-
sented at the end of the chapters. We stress the importance of trying out the exercises
yourself. The exercises themselves are more theoretic than computational, and the num-
ber of given exercises reflects this fact. It is therefore crucial that one understands the
solution entirely when studying the subject.

1. Solutions to Problems in Chapter 1

SOLUTION TO EXERCISE 1.1. This is not too difficult to solve. First, note that every bijec-
tion o is invertible in the sense that there exists c~! such that 0 o 0~} loo = 1.
Hence, if we let 1, the identity map, be the identity element of S,,, it is clear that S,, is a
group under composition of functions. Note that |S,,| = nl. O

:0’7

SOLUTION TO EXERCISE 1.2. We now verify that Z(G) is a subgroup of G. Clearly, e €
Z(@G). Now, if g € Z(G) it follows that gz = xg for every x € G. In particular,

e gt =gl

Letting x range over G, it follows that g~! € Z(G) if and only if g € Z(G). Finally, if
91,92 € Z(G) and z € G:

(9192)z = g1(922) = g1(zg2) = (912)92 = x(9192)-
This shows that Z(G) < G. O

SOLUTION TO EXERCISE 1.3. We show that every boolean group B is Abelian. First, if
g € B then g = e which implies that g~! = g, by uniqueness of the inverse. Therefore, if

65
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x,y € B we find
(zy) = (xy) ' =y a7 = ya.

This completes the proof. O

SOLUTION TO EXERCISE 1.4.

(1) For the first part, we note that K forms a vector space over F, indeed this is
immediate from the field axioms. Since K is finite, it is finite dimensional when
considered over F. Let {b1, ..., b, } be a basis for K and note that any vector u € K
has a unique representation

n
U= Zozjbj, aj € F.
j=1

Conversely, any such u determines a vector in K. Since there are exactly ¢" pos-
sibilities for the n-tuples (a1, ..., ay), it follows that |K| = ¢". This establishes
(1).

(2) For the second part, we need only consider a € F*. Since F*, as a group, has
order ¢ — 1, it follows that a?~! = 1 for every a € F*. This establishes (2).

(3) For the final part, we need only handle the case a« € K* since FNK D {0}.
Noticing that K* has order ¢" — 1, it becomes clear that (¢ — 1) divides the order
of K*. Recall that both F* and K* are cyclic groups. Now, if a?~! = 1 then
ord(a) | (g —1) | (¢" — 1). By Lagrange’s theorem, (x) is the unique subgroup
of K* having order ord(a). But, there also exists a cyclic subgroup of F* C K*
having order precisely ord(a). By uniqueness in K*, we conclude that (a) C F*.

g

SOLUTION TO EXERCISE 1.5. By way of contradiction, suppose f : G — H is a non-
trivial homomorphism of groups. Then, Ker f # G so that the quotient group G/Ker f is
non-trivial. However, the first isomorphism statements yields

G/Ker f = f(G) < H.
By Lagrange’s theorem, this means that [G : Ker f] is a non-trivial divisor of both |H| and

|G|, which is a contradiction. O

SOLUTION TO EXERCISE 1.6. Fix x € G and let 7, : G — G be given by 7,.(g9) = xgxz~* for
g € G. By closure under the group operation, this is a well defined map. For each fixed z,
the function 7, is injective since x (and x~!) are invertible. 7, is also surjective since

Te(z 7 lgz) = xx gz = ege =g, Vg€ G.

Note that here it would have been enough to check that 7, is either injective or surjective.
It remains only to ensure that 7, is a homomorphism. To this end, let g,h € G be given
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and notice that
Tz(gh) = azghx_l = :ng_lz:hx_l = 72(9)72(h).
|

SOLUTION TO EXERCISE 1.7. If G is a group, then the identity map 15 : G — G given
by g — ¢ is a bijective homomorphism of groups (and thus an automorphism of G). This
means that Aut(G) # @. We first show that Aut(G) is closed under composition. Let
o,7 € Aut(G) and consider o o 7, which is again a bijective function G — G. If g,h € G
then

(0 07)(gh) = a(7(gh)) = o(7(g)7(h)) = a(7(9))a(7(h)) = (o 0 T)(g)(c o T)(h).
Therefore, o o 7 is a homomorphism and belongs to Aut(G). This means that Aut(G)

is closed under composition. The identity map 1 described above is clearly a perfect
candidate for the identity element of Aut(G) since

colg=1goo =0, VoecAut(G).

Finally, let 0 € Aut(G). Since o is a bijection G — G, it admits an inverse function
o7l :G — G. It is clear that

00071507100510

and as such it only remains to check that 0! is a homomorphism in its own right. Fix
g,h € G and choose z,y € G such that g = o(z) and h = o(y). Then,

o~ (gh) = o (o(x)o(y)) = o (o(ay)) = zy =0~ (g)o ' (h).

The proof is now complete. O

2. Solutions to Problems in Chapter 2

SOLUTION TO EXERCISE 2.1. We argue that H is normal in G. Consider the collection of
left cosets of H in GG, denoted G/H. This may or may not be a group, but it makes sense
as a collection of sets! We define an action of G upon S by taking

(9,2H) = g * (zH) = (g)H.
It is easy to check that this is a well defined action on G/H. This induces a clear homo-
morphism of groups
V:G—S,
since |G/H| = [G : H|] = p. Let N := Kert which is normal in G. We also note that
N C H. To see this, suppose that n € N. Then ¥(n) is the identity permutation which
means that
nx*(xH)=xH, VzeGaG.

Especially, nH = H which is possible if and only if n € H. Now, the first isomorphism
theorem states that G/N is isomorphic to a subgroup of S,. This means that [G : N]
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divides |G| and p!l. Since p is the least prime dividing the order of G, it follows that
[G:N]=1or[G:N]=p.Since N C H and H is a proper subgroup of G, it follows that
N # G whence [G : N| = p. But then,

Gl _l6] |H]

[G:N|=+—==—" 1= =p[H:NJ.

[Nl [H] [N
This implies that [H : N] = 1 whence H = N. As the kernel of a group homomorphism,
N is normal in G which completes the proof. O

SOLUTION TO EXERCISE 2.2. We define an action of G upon the family of left cosets G/A.
This is done by letting

(9,7A) — gz A

as in the previous exercise. Note that this action is transitive because Orb(A) = G/A.
Also, since A is a proper subgroup of G, there exists an element x € G with no fixed
points. We now claim that = ¢ ¢ gAg~L.

Assume for a contradiction that 2 € gAg~!.

g € G. But then,

Then z = gag~! for some a € A and

(z,9H) — zgH = (gag 'g)H = gH

which contradicts the choice of z. O

SOLUTION TO EXERCISE 2.3. Since s1 € Orb(s) there exists g € G such that s; = g*s. We
will show that

Stab(s;) = g Stab(s)g™'.
If z € gStab(s)g~! then x = gng~! where n € Stab(s). Then,

zxs1=(gng VD xs; = (gn)x (g xs1)=(gn)xs=g*s=si.

Therefore, Stab(s1) 2 gStab(s)g~!. To see the reverse inclusion, let z € Stab(s;). Then,
g lzg € Stab(s) since

(g7 leg)xs= (g ') xs1 =g ' xs1=s.
But this means that z € g Stab(s)g~! whence the statement follows. O

SOLUTION TO EXERCISE 2.4. We define an action of G upon the set G/H x G/K, which is
finite since both H and K have finite index in G. This action is prescribed as follows:

g (xH,yK) := (gaH, gaY).

It is easy to check that this is a well defined action. We consider now the stabilizer
Stab((H, K)) in G. We have already shown that there exists a bijection

G/ Stab((H, K)) < Orb((H, K)).
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Noticing that Orb((H, K)) C G/H x G/K, it follows that G/ Stab((H, K)) is a finite set.
On the other hand,

Stab((H,K)) ={g€ G :(¢gH,9K)=(H,K)} =HNK.
This shows that H N K has finite index in G. O
SOLUTION TO EXERCISE 2.5. The collection G/H contains more than one element by hy-
pothesis. Let us define an action of G upon G/H by letting
g (xH):= (gx)H.

This induces a homomorphism ¢ : G — Sj whose kernel is normal in G. Suppose first
that Kerty) = G. Then g(zH) = zH for every z € G and g € G whence gH = H for every
g € G which implies that H = G. Therefore, by the simplicity of G, ¥ must be injective.
This implies that k! > n. O

SOLUTION TO EXERCISE 2.6. We shall prove the contrapositive. Let G be a group of odd
order. We know that we may express G as the disjoint union of conjugacy classes, where
the order of any conjugacy class divides the order of G.

Let z1,...,x) be representatives for these classes so that
k
G = |_| Conj(z;).
=1

Now, since |Conj(z;)| divides |G| for each j, any conjugacy class will have odd cardinality.
Since any even sum of odd numbers is even, the number of conjugacy classes must be odd
(otherwise |G| is even). O

3. Solutions to Problems in Chapter 3

SOLUTION TO EXERCISE 3.1. This is an easy consequence of Cauchy’s theorem (see The-
orem 3.5). Let N denote the order of ‘B; by the fundamental theorem of arithmetic it
suffices to check that the only prime divisor of N is 2. Let p be a prime dividing %8|, by
Cauchy’s theorem we may extract an element b having order precisely p. Since b% = ¢, we
must have p < 2. O

SOLUTION TO EXERCISE 3.2. We left G' act upon H by conjugation:

(g,h) — ghg™".

Then, H is the disjoint union of conjugacy classes (where any representative must live in
H). If z € Z(G) N H then Conj(z) = {x} since z commutes with the elements of G. This
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implies that
G
moz@nms Y L

h € H repr.
¢ Z(G)NH
Now, for every h ¢ Z(G) the subgroup C(h) is a proper subgroup of G. This means that
|Z(G) N H| =0 (mod p) which implies that |Z(G) N H| > p. O

SOLUTION TO EXERCISE 3.3. We will argue by induction on the order of |G|. If |G| = p
then the result is clear since the only option is H = G and H~ = {e}. Assume now the
claim holds for groups up to order p"~! and let |G| = p". By the previous problem, we
may choose an element x € H N Z(G) with ord(x) = p and define K := (z) which is a
normal subgroup of G. If K = H, then we need only choose H~ = {e}.

If K # H, we appeal to the quotient group G/K which has order p"~!. Recall the
canonical map

g :G— G/K, g~ gK.
Define H' := m,(H) which must be normal in G/K by the correspondence theorem.
Applying the induction hypothesis, we recover a subgroup A’, normal in G/K, with
[H': A’') = p. Let H~ := 7, ' (A) which contains K and is therefore normal in G. Then, by
the third isomorphism theorem,
H/H- = H'/A

which completes the proof. O

SOLUTION TO EXERCISE 3.4. It suffices to show that one of ng,ny,,n, are 1. To this end,
suppose ngrp > 1. By Sylow’s theorems, we find that n, | pg and
n.=1+kr, k>1.

Since p < ¢ < r, it follows that n, > pg. Now, another application of Sylow’s theorems
yield ng | pr and
ng=1+kq, k>1
This means n, € {p,r,pg}. If n; = pthen we have a contradiction. This implies that ny, > r
and, likewise, n, > ¢. Groups of order p,q and r intersect only at the trivial element e.
Furthermore, distinct groups of order p (or g or r) intersect only at e. This implies that
pgr =G| Zpg(r = 1) +r(g—=1) +q(p—1) =pqr+rq—r—q
> pqr.

This is a contradiction. O

SOLUTION TO EXERCISE 3.5. We shall first argue that H N P is a maximal p-subgroup of
G. Obviously, H N P is a p-subgroup of H. Now, let H O K D H N P be a maximal
p-subgroup and let K’ be a maximal p-subgroup of G with K’ O K. Then,

P = gK'g_1
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for some g € G. This implies that
HNP=HN[gK'g"'] 2HN[gKg '] = (gHg ") N (gKg")
=g(HNK)g™'
=gKg !

This implies that [P N H| > |K| whence PN H = K. It now remains only to check that
HP/H is a p-Sylow subgroup of G/H. Suppose that |G| = p"m with ged(p,m) = 1 and
|H| = p®n where ged(p,n) = 1. Then,

‘s
[G:H]:’;);Z:p“ad, d=m/n€N.
On the other hand,
[H|-|P/|[H P 1P| P
HP H ey g = — = 4 CL.
] ] OV
The proof is now complete. 0

SOLUTION TO EXERCISE 3.6. Consider S¢ and Z/6Z. Only the latter is Abelian and the
composition factors of each group are cyclic groups of prime order (and therefore are
isomorphic). O

SOLUTION TO EXERCISE 3.7. We first check that f, is a group homomorphism (remember
that Z/nZ is a group under addition). Certainly, if x,y € Z/nZ then

fa(z +y) = alz +y) = ax + ay = fa(2) + fa(y)-

This verifies that f € Hom(Z/nZ,Z/nZ). Now, since Z/nZ is finite and f is an endo-
morphism, f is bijective if and only if f is injective. It therefore suffices to check that
ar = ay if and only if © = y. This is immediate from the fact that (Z/nZ)* are precisely
the elements (modulo n) that are invertible. O

SOLUTION TO EXERCISE 3.8. We claim here that Aut(Z/nZ) = (Z/nZ)*. Let now f be an
automorphism of Z/nZ. Observe that, if x € Z/nZ, one has

fl@)=fQt1+- 4D =FD)+ 1) +---+f(1) = zf(1).

x times  times

Let now a := f(1); we claim a € (Z/nZ)*. Recalling that 1 generates Z/nZ and using 1¢
to denote 1+ 1+ ---+ 1, we obtain
ord(a) = ord(1%) =

n
ged(a,n)’

Since isomorphisms (and therefore automorphisms) preserve the order of elements, we
conclude that ged(a,n) = 1. It follows that every automorphism of Z/nZ is of the form
f(z) = ax for a € Z/nZ. Conversely, the previous problem shows that any such function
yields an automorphism of Z/nZ.
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Adopting the notation of the previous exercise, we consider the map
I': (Z/nZ)* — AW(Z/nZ), aw fq,.
By the argument above, this is a surjection. To see that I" is injective, suppose f, = f3
for a,b € (Z/nZ)*. This clearly implies that f,(1) = a = b = fp(1). Now, I is a group
homomorphism since
I'(ab) = fab = fa o fo-

This concludes the proof of this result. O

SOLUTION TO EXERCISE 3.9. Suppose that IV and B are Abelian and that G = N x4 B,
where ¢ : B — Aut(N) is the trivial homomorphism. We show that G is Abelian.
Indeed, if (n1,b1), (n2,b2) € B x4 N. Then,
(n1,01)(n2,b2) = (n1¢p, (n2), b1b2) = (nin2,biby) = (ngna, baby)
= (nagp, (n1), bab1)
= (ng,b2)(n1,b1).
Conversely, suppose that N x4 B is Abelian. We first argue that N and B are Abelian.
Certainly, if (n1,b1), (n2,b2) € B x4 N then we calculate
(n1,b1)(n2, ba) = (m1dp, (n2), biba) = (nadp, (n1), babr) = (2, b2)(n1, b1).

This means that bjby = bab; whence it follows that B is Abelian. Also, for every b1,by € B
and nq,ny € N there holds

n1Pp, (n2) = nagp, (n1). (A1)
Taking by = by = ep we recover the trivial homomorphism ¢.. But this means that

ning = nony.

Hence, N is an Abelian group. It now only remains to check that ¢ is the trivial homo-
morphism. This amounts to proving that ¢, is the identity map N — N for every b € B.
However, this follows by taking ns = ex in (A.1). The proof is now complete and we have
characterized all Abelian semidirect products. O

SOLUTION TO EXERCISE 3.10. Let ny; denote the number of 11-Sylow subgroups of G.
Thenni; =1 (mod 11) and ny; | 3-7 = 21. Since neither 3, 7 or 21 reduce to 1 modulo 11,
we must have n1; = 1. Hence, there is a unique 11-Sylow subgroup of G, say, R. It follows
that R < G and R = Z/11Z. In particular, R is Abelian.

We construct a group homomorphism:
I' G/R— G — Aut(R), gR— g~ T4

where 7, : R — R s given by 74(z) = gzg~'. There is quite a lot to check here. First, we
wish to show that 7, is indeed an automorphism of R for every g € G. Indeed, since R is
normal in G, grg~! € R for every g € G and = € R. Since 7, is injective, it follows that 7
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is an automorphism of R. We now show that if g1R = goR then 74, = 74,. Here we will
use that R is Abelian. We may write go = g7, for some r € R. Therefore, if x € R

Tg () = goxgy ' = (q17)2(g1r) ™! = qrrar gyt = giwg

It is easy to verify that I', from G/R into Aut(R), is a group homomorphism. Since
Aut(R) = (Z/11Z)*, we know that Aut(R) has 10 elements. However, G/R has pre-
cisely 21 elements. Since ged(21,10) = 1 this homomorphism I" must be trivial (see the
exercises in the first section).

This means that I'(gR) is the identity map R — R. In other words, 7, is the identity
map R — R for every g € G. In this case, for every g € G and x € R one has that

To(x) =gag~ =

whence it follows that gz = zg for every z € R and g € G. It follows that R C Z(G).
O

SOLUTION TO EXERCISE 3.11. We proceed as in the previous problem. Notice that 385 =
5-7-11. Let ny denote the number of 7-Sylow subgroups of G. Sylow’s theorems guarantee
that ny | 55 and ny = 1 (mod 7). This last condition forces ny # 5 and ny # 11. Also,

55=64+49=6#1 (mod 7)

whence we must have n; = 1. This means that the 7-Sylow subgroup is unique, and
therefore normal in G. This argument can be repeated for n;;. Certainly, notice that
ni1 | 35 and ny; =1 (mod 11). Since

35=2+33=2 (mod 11)

there must hold n1; = 1 as before. This establishes (1). For the second part, we argue as
in the previous problem. Let @) denote the 7-Sylow subgroup of G. We know from the
first part that @ < G, and we may therefore speak of the quotient group G/Q which will
have order 55. We construct a chain homomorphism

G/Q — G — Aut(Q), ¢Qw— T4 (A.2)

where 74(z) = gxg™" is the map Q@ — Q. Since @ is normal, this 7, is an injective
homomorphism @ — @ whence it follows that 7, € Aut(Q) for every g € G. We must
only now check that 7, = 7, whenever gQ = hQ. In this case, g = hq for ¢ € Q. This
means that for every x € Q:

To(x) = gug~" = (hq)z(hq)~" = h(qzq ' )h™".
Notice now that ) = Z/7Z and is, in particular, Abelian. Since z, ¢ € @ it follows that
7y(z) = hah™! = 1,(2).
Therefore our homomorphism G/Q) — Aut(Q) is well defined. Now,
Aut(Q) = Aut(Z/TZ) = (Z)TZ)*

1



74 A. Solutions to Exercises

which has order 6. On the other hand, G/@ has order 55. Since ged(6,55) = 1, we conclude
that the homomorphism described in (A.2) is the trivial one which takes every coset gQ)
to the identity map @@ — Q. This implies that the map 7, is the identity automorphism
of @, for each g € G. That is, given any g € G, there holds grg~! = z for all x € Q. This is
precisely the statement that ) C Z(G) and we are done. O

SOLUTION TO EXERCISE 3.12. Let Q = Z/55Z be a subgroup of G. We first make the ob-
servation that 165 = 3-5-11 and therefore [G : Q] = 3, which is the minimal prime dividing
the order of G. Hence, @ < G. Let now R be a 3-Sylow subgroup of G. Then Q N R = {e}
and therefore G = Q x R. This semidirect product is induced by a homomorphism

¢: R — Aut(Q).

However, |R| = 3 and |[Aut(Q)| = |Aut(Z/55Z)| = |(Z/55Z)* | = ¢(55) = 40. This implies
that ¢ is the trivial homomorphism. Then, as the semidirect product of Abelian groups
(Q = 7Z/5Z and R = 7/3Z), it follows from a previous exercise that G is Abelian. O

SOLUTION TO EXERCISE 3.13. From Exercise 3.4 we know that G will contain a normal
subgroup of prime order, say, . Let IV be such a subgroup in G and consider the quotient
group G/N which will have order [G : N] = pg. Without loss of generality assume that
p < g and invoke Cauchy’s theorem to find an element x € G/N having order precisely g.
Define K := (z) and notice that K <t G/N since the index of K in G/N is p, the minimal
prime diving the order of the group.

We now recall the existence of a canonical surjective group homomorphism 7y which
takes G — G/N via g — gN. If we set K := 7' (K), then K will contain N = Kermy
and K < G (by the correspondence theorems). Also, by the first isomorphism theorem

K/N = K*
whence it follows that |K| = ¢r. This allows us to construct a normal series
{e} =Gy NaK<G

where each quotient has prime order, and is therefore Abelian. It follows from this that
G is solvable. O

4. Solutions to Problems in Chapter 4

SOLUTION TO EXERCISE 4.1. We repeat the “standard” argument used in the lemma. Note
first that Endg(V) is never empty, since if Z: V' — V is the zero-map:

Z(p(g)v) =0y = p(g)(Zv).

Let us now fix an endomorphism of representations 7' € Endg (V') and let A € C be an
eigenvalue of T'. If V) is the corresponding (non-zero) eigenspace, we claim that (p, V) is
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a sub-representation of G. Certainly, if g € G and u € V), observe that

T(p(g)u) = p(g9)(Tu) = p(g)(Au) = Ap(g)u.

Thus, p(g)(Vy) C Vy. Since V) is non-zero and (p, V) is irreducible, we conclude that
Va =V whence T'= X - I. Conversely, if T = AI for some A € C it is obvious by linearity
of pthat T o p(g) = p(g)oT on V.

We now define a mapping
I':C— Endg(V), (—(-1I.

First, this is surjective by what we have already checked. It is also clear that I"is injective.
Now, it must be a homomorphism of vector spaces since

FC+8=0C+8) - I=¢I1+&-1=T(0)+I(g)

We conclude that Endg (V) = C. O

SOLUTION TO EXERCISE 4.2. Note that z € Z(G) is precisely the statement that z com-
mutes with every element g of G. By virtue of the previous exercise, it suffices to check
that p(z) € Endg(V).

To this end, let g € G be given and fix v € V. We calculate

(p(2) 0 p(9))(v) = p(zg)(v) = p(gz)(v) = (p(g) ° p(2))(v).

This concludes the proof. O

SOLUTION TO EXERCISE 4.3. Let I' : C — C be an isomorphism of vector spaces. Notice
that I'(z) = 0 if and only if z = 0. Therefore, I'(1) = a € C*. Now, by linearity, if z € C
thenI'(z) =I'(2-1) = 2I'(1) = az. Therefore, the only automorphisms (as a vector space!)
of C is the linear map ¢ — a( for a € C*.

It is easy to check that Aut(C) forms a group under the composition of maps. We
now consider the association C* — Aut(C) where we take « to the map 'y (z) := az.

Obviously, this is a well defined bijection. Since it is clearly also a group homomorphism,
we conclude that Aut(C) = C*. O

SOLUTION TO EXERCISE 4.4. Let {g1,...,gn} be representatives for the h conjugacy classes
of G. Define for¢,j € N

mij =
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Invoking character orthogonality, we find that

dik = (Xi»> Xk) Z xi(9)xx(9)

h
Z Conj(g;)|xi(g5)xx(g5)
geG J=1

1 2
1< C(gj)> xi(95)xx(95)

mi;me;.

i
M- Q\

J

Il
.M:_

<
Il
-

This means that the matrix M = (m;;) is unitary. Therefore, the transpose of M is also
unitary whence it follows that

i = Oi = Zmﬂmgk Z ] m =000
The statement in (4.4) readily follows. g

SOLUTION TO EXERCISE 4.5. Since G is Abelian, for each € G we have {z} = Conj(z).
That is, there are n conjugacy classes in G whence h = n. Also, we know that

h
G| = dim(p;)”
j=1

where the p; are representatives for the irreducible representations. Hence,
n
: 2
n=3" dinpy)
=1

This implies that dim(p;) = 1 for every j. To complete this proof, it now suffices to
check that the character of a one dimensional representation (p, C) is a homomorphism
G — C*. To see this, let g € G and observe that

Xp(9) = Tr(p(g)) € C*

since an automorphism of C is a function f(z) = az for a # 0. This is precisely the matrix
[a] which has « as its trace. Furthermore, if 2,y € G then

Xp(7y) = Tr(p(zy)) = Tr(p(x)p(y))

which shows that x is a homomorphism (since the trace is multiplicative over vector
spaces of dimension 1). O
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SOLUTION TO EXERCISE 4.6. We start with Z/3Z. Since G is Abelian, its class number is
3 and we shall therefore have 3 characters to chart. We obtain the following skeleton for

the table of Z/3Z:

| Z/3Z |

0]1]2]
X1 1
1
1

X2
X3
We have used that every representations is one dimensional to fill out the first column.
Now, we know that 1 = y2(0) = x2(1 + 1 + 1) = x2(1)3. Therefore, it makes sense to
consider the option

x2(1) =es.

The purpose of the 2 will shortly become obvious. Now, since x2(2) = x1(1)? we obtain

\z/3z]o]1  [2 ]
X1 1|1 1
X2 1 627rz 3 e47ri 3
X3 17 ?

Likewise, we find that
| Z/3Z]0]1 2

X1 1|1

X2 1 e27ri 3 e47ri 3

X3 1 e—27ri 3 e—47ri 3

O
SOLUTION TO EXERCISE 4.7. The sum of entries in any given column will be of the form

> xi(9)

where g € G is fixed and the sum ranges over all orthonormal characters (considered up
to isomorphism of irreducible representations). By Exercise 4.4, we know that

> xi(9)x;(e) = 0.

Since x;(e) =1 we are done. O

SOLUTION TO EXERCISE 4.8. We first determine the character table of Z/47Z using the
same methods of the previous problem. Again, since Z/4Z, all irreducible non-isomorphic
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representations are one-dimensional. Thus, we wish to fill in the following skeleton for
our table of characters

| Z/AZ |

0

X1 1
X2 1
1

1

X3
X4

11213
11171
7177
7177
7177

The fact that x2 will be a homomorphism G — C* tells us that yo(1)* = 1. Therefore,

X2(1) — eowri/él

for some o € Z. We cannot have a = 0 (in this case we obtain the trivial representation)
and o = 1 will not satisfy y2(1)* = 1. Our first candidate is therefore yo(1) = e™/?
which will indeed generate a homomorphism (1 generates Z/4Z). Filling in this row gives

=1

| z/aZ]0]1]2 |3 |
X1 111 |1
X2 112 —1| —
X3 17
X4 1|7
For x3 we employ a similar argument and find that a suitable value of x3(1) is ™ = —1.
We may therefore add another row to our table:
| Z/AZ]0]1 [2 [3 ]
Y1 J1]1 |1 |1
X2 1)1 —1|—
s |L1|-1]1 | -1
X4 Lz | |

Using column orthogonality, we complete our table

| Z/aZ]0]1 [2 [3 ]
x1 |11 J1 1
xe |1]i [-1]—i
xs  |1[-1]1 [-1
X4 1| —2 | —1]z2
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and

Finally,

Adding this to our character table,

(z/az]0]1 ]2 [3 |
x1  J1[1 1 1
xe |1]i [-1]—i
xs  |1[-1[1 [-1
X4 1| —2 | =1|2

o [2]0 [-2]0 |
It is clear that x, = x2 + x4. Hence, p = p2 @ p4. O
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