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In this document, we prove the following famous result from the theory of C*-algebras.
All C*-algebras are assumed to have a unit, which we denote by 1.

Theorem (Gelfand-Naimark-Segal). Let U be a C*-algebra with unit 1 and suppose that ©
is a state on A. There exists a cyclic representation (£, m, Q) of A, where Q is a unit vector,
such that

w(A) =(Q, 1(A)Q), VYAeU.

Furthermore, such a representation of U is unique (up to unitary equivalence).

The proof we give follows that given in Math 595 (Topics in Analysis) at McGill uni-
versity during the winter of 2018.

We first provide an easy lemma.

Lemma 1. Let A be a C*-algebra with unit 1 and assume w : A — C is a positive linear
functional. Then,

o ((AB)*AB) < ||All* w(B*B), V(A,B) € A x A.
Proof. Fix A, B € U; we begin by considering the linear functional n on U given by
n(C) := w(B*CB) for C € .
First, we verify that f is linear. For a, f € C and C, D € U there holds

n(aC + D) = w (B*(aC + pD)B) = w(aB*CB + B*DB)
aw(B*CB) + fw(B*DB)
an(C) + pn(D).

Now, 7 is positive since

n(C*C) = w (B*C*CB) = w ((CB)*(CB)) > 0.



From these last two facts we see that 7 is a positive linear function whence it follows that
1 is bounded with norm ||5|| = (1). From this, we obtain

0 < w((AB)"AB) = w (B"A"AB) = n(A"A) < |InllIA"All = n(1) IAII°.
The statement of the lemma follows at once since 7(1) = w(B*B). O
We are now ready to prove the main theorem of this note. Once again, we will de-

compose the proof of this result into multiple steps.

1.1 Building up the Hilbert space $

We will first construct a prototype inner-product space U, and we will then deem its
completion (a Hilbert space) to be $. Let now J be the subset of the algebra 2 consisting
of

J:={AeU:w(A"A) =0}.

We now claim that J is an ideal in A. To establish this, we begin by proving that J is
closed under left multiplication. Let A € A and B € J, then from Lemma 1 we obtain

»((AB)"(AB)) < |IAlI” ©(B*B) = 0.

Thus, AB € 3 whenever B € 3. Now, we prove that J is a vector subspace of . Suppose
A € 3 or B € J, then the Cauchy-Schwarz inequality implies that

|w(A*B)|* < w(A*A)w(B*B) =0 (1)
so that A*B € 3. Hence, if A € 3 and B € J one has

w((A+ B)*(A+ B)) = w((A" + B")(A+ B))
= w(A*A) + w(B*A) + w(A*B) + w(B*B)
= w(B*A) + w(A*B)

where we have used that A, B € J in this last step. But, we see from (1) that,
w(B*A) = w(A*"B) =0
and it follows that A + B € 3. Finally, let { € C and A € J; it is clear that

w(({A)*(LA) = 1] w(A*A) = 0



whence 3J is an ideal and vector subspace of 2. This last property allows us to define a
quotient vector space over C:

U:=A/I={pa: A
where, of course, ¢4 denotes the equivalence class containing A:
pa=A+3={BeUA:B-Ac3}.
It is known that U inherits operations
Pa+ ¢ := ParB,  (Pa = Pra

which make U into a C vector space. We now turn towards making U into an inner-
product space. To this end, consider the “inner-product” given by

(Pa, P5) = w(A*B), ¢a,dp € U.

We must show that this is well defined, i.e. independent of representation. Suppose that
da = ¢4 and ¢p = ¢p. This is to say that

A=A+]; and B =B+ ),
for Ji, J» € 3. Then,

(Do ¢p) = 0 (A)(B) = (A" + J7) (B+ J2))
= w(A"B) + w(J;B) + w(A"J2) + w(Ji J2).

Using what we have proven in (1), it follows that
w(J{B) + (A" J2) + w(JiJ2) = 0

which implies that
(Pa, ¢5) = @(A"B) = (Pa, ¢5) -

Being positive, we see that 0 < w(A*A) = (P4, pa) for all A € A. By definition of I, we
then see that

(Pa, Pa) =0 &= w(A'A) =0 & AeJI & ¢4 =0inll.
From class, we know that

(Pa, pB) = @(A*B) = w(B*A) = (P, Pa), YA,Be .




Finally, fix ¢4, ¢, pc € U and let {, & € C be given. We see that

($a, (B + EPc) = w (A" [{B + £C]) = {w(A™B) + Ew(A™C)
= {{Pa, ¢B) + £{(Pa. pc) -

This verifies that (-, ) is an inner product on . Let now $ be the Hilbert space obtained
through the completion of . We know then that !l will be a dense subspace of this
Hilbert space $.

1.2 Construction of cyclic representation for 2

We now construct the tuple (9, 7, Q) at hand. We will begin by defining a “prototype”
function 7 using U and we will extend this to $. Fix now A € A and consider the map

T(A)(): U > U, g Pap.

Once again, we must show this to be well defined. Assume that we have two represen-
tatives B, B" € U for the same equivalence class, i.e. g = ¢p'. Then,

B =B+ J;
for a choice of J; € 3. Now, since J is a left-ideal of U, there holds
AB' = AB+ AJ;
——
€l

whence ¢ = ¢ap. This means that 7(A)(-) is well defined for each A and therefore we
may consider a function 7 defined on 2. Notice also that, by definition,

I7(A)¢slI° = ($as. pas) =  (AB)*AB) < ||A|l* w(B"B)
= AN {$p., f5)
= ||AlI% ||l

where we have made use of Lemma 1. This means that 7(A) is a bounded operator I — U
for every fixed A € A. Furthermore, for ¢, € C

T(A) ({¢pp + EPc) = 1(A) (¢g3+§c) = QACB)+AEC) = PLAB+EAC
= {¢ap + Edac
= {7 (A)(#B) + ET(A)(dc).



It follows that 7(A) € B(U) for every A € A. Thus, 7 is a map A — BQ2l). Now, if
AB,CeUand(,Ee€C

T({A+ EB)(¢c) = drarenyc = {Pac + Eppe = {T(A)(dc) + ET(B)(dc)-

Since ¢¢ was arbitrary, we conclude that

T({A+ &B) = (1(A) + £1(B)

and hence that 7 is linear over . Similarly,

7(AB)(¢c) = dasc = 7(A)(¢5c) = (7(A)7(B))(fc)

whence 7 is multiplicative. An interesting fact is that 7(A) will always have an adjoint
in B(U) (remember, U is not always a Hilbert space). Certainly, fix ¢p and ¢¢ in U and
consider

o (B*A*C)
(¢B> Pa-c)
= (¢, 7(A")pc) .

(r(A)¢B, ¢c) = (paB, pc) = w ((AB)*C)

Hence, 7(A) has an adjoint operator, and it is given by
((A))" = 7(A").

Let us now fix A € A; we have shown that 7(A) is a bounded linear operator I — 1.
Since U is a dense subspace of §, we are free to (uniquely) extend 7(A) to a bounded linear
operator

7(A):H —> 9.
This association grants us amap 7 : A — B(H) via A — 7(A). We now claim that (9, )

is a representation of . The first step is to check that r is linear. Let A,B € Wand ¢ € H.
Let (¢n),en be a sequence in U converging to ¥ in . Then, for all {, &£ € C one has

n(CA+EB)(Y) = lim 7(CA + EB)(¢n) = lim 7(CA + EB)(¢n)
= ¢ lim 7(A)(gn) + ¢ lim 7(B)(dn)
= {n(A) (W) + Ex(B)(¥).
This shows that 7 respects linearity. Similarly,
T(AB)(Y) = lim 7(AB)(¢n) = lim £(AB)(¢,) = lim (A)z(B)(¢n)
= lim 7(A)7(B) (¢n).



Now, we know that
7(B)(¢n) —— 7(B)(¥)

and so, by composition, we will have
lim 7(A)(B)($n) = 7(A)(B)(§).

This shows that 7 respects the multiplicative structure of . Let now ¢, €  and choose
sequences (Pn)nen, (Vn)nen in U such that

¢on— ¢ and ¢, - V.
Then, notice that
(T, P) = Tim Gr(A ), Ya) = Tim (2(A ), ) = Tim (B, 7(A))
= nlgl;lo <¢n’ ﬂ(A)¢n>
= (¢, T (A)Y).

Since ¢ and ¢ were arbitrary, we conclude that 7(A*) = 7 (A)*. It follows that 7 is a
s-morphism and therefore (9, r) must be a representation. Now, let us construct the
candidate Q. This is simply done via

Qi=¢r el C$H.
This is a unit vector since
11 = (2. Q) = ($1.¢1) = w(1°1) = w(1) = 1.
Now,
((AQ:AeU) = (1(A)($1) : AW} = (ga: A

is precisely the subspace U, which is dense in $ by construction. Notice also that for
A € U one has

(Q,m(A)Q) = (p1. (A1) = (¢1. pa) = w(1"A) = w(A).

We have therefore proven the existence of a cyclic representation (9, 7, Q).



1.3 Establishing the Uniqueness of this Representation

We have proven that a cyclic representation exists, and we now prove uniqueness up to
unitary maps. Suppose now that ($’, 7', Q') is another cyclic representation as in the
statement of the theorem:

(Y, ' (A)Q) = w(A).

In the previous step, we have shown that
U={r(A)Q:AecU};
let now B denote the set
(T"(AQ :AeA} ==V CH.

We will once again study a prototype map U — B, and from there we will use a density
argument to extend it to a (unitary) map H — 9'.
Define
U:U->B, x(A)Q) - 1" (A)Q).

As a first step, we must show that U is well defined. Assume that 7(A)Q = 7(B)Q; we
must show that 7/(A)Q’" = 7/ (B)Q’. Certainly, using that 7’ is a *-morphism:

(7' (A- B)Y, (A= B)Q) = (@, [7(A- B)]" 7'(A- B)Y) (2)
=(Q, 7' (A- B)"(A- B)) ') (3)
= ((A-B)"(A-B)) (4)
=(Q,7((A-B)"(A-B)) Q) (5)
=(Q,n(A-B)*n(A- B)Q) (6)
= (r(A-B)Q,1(A—- B)Q) (7)
= Iz(A-B)Q|*. ®)

But, 7(A)Q = x(B)Q implies that 7(A — B)Q = 0 in . Therefore, it follows from this
chain of equations that 7'(A — B)Q2" = 0, i.e.

We see then that the mapping U is well defined. Assume that 7’'(A)Q" = 7’/(B)Q’ for
some A, B € U. Then,
7 (A-B)Q' =0



whence (7' (A — B)Q', 7’(A — B)Q’) = 0. But then, we see from (2)-(8) that
T(A-B)Q =0

whence 7(A)Q = 7(B)Q. This means that U is injective. By simple inspection, U is also
seen to be surjective. Hence, we have constructed a bijection U : I — 8. To see that U
“preserves the inner-product”, notice that for A, B € 2 there holds

(U(r(A)Q),U(r(B)Q)) = (#"(A)Q', 7'(B)Q') = (', n'(A") 7" (B)Q')
— (O, 7' (A*B)QY')
= w(A"B),

and a verbatim argument shows that w(A*B) = (1(A)Q, 7(B)Q2). We conclude that
(U(r(A)Q),U(r(B)Q)) = (r(A)Q, 7(B)Q) .

Thus, U preserves the inner-product. Notice that U is also bounded (since U preserves the

inner product, and hence the norm). Luckily, the linearity of U is an easy consequence
of the definition: for 7(A)Q, 7(B)Q € U and {, ¢ € C one has

U(rn(A)Q+ Ex(B)Q) =U (r({A+ EB)Q) = ' (A + EB)QY
= (' (A)Q' + én'(B)QY
= {U(x(A)Q) + EU(n(B)Q).

From all these facts, we see that U is “unitary” from A — 0. Using the density of 2/l in $
(and that of ¥ in "), we may uniquely extend U to a bounded linear operator L : $§ — H’.
We argue that L is a unitary equivalence.
We begin by checking that L is a surjection. Fix now ¥ € %’ and select a sequence
(®n) pery in B € 9’ such that
@, > ¥in %'

For every n € N, there exists unique ¢, € U such that

U(Q{’n) = L(¢n) = 0.

We then have that lim,_,c U(¢,) = ®,. This means that the sequence {U(¢n)},cp is
Cauchy in ©’. But, U is linear and preserves inner-product, and thus is an isometry. It
follows that

n,m— oo
lpn = $ml| —— 0.



This means that (¢,), ¢y is Cauchy in $ (which is complete) and thus converges to some
¥ € . But then,

L() = lim U(¢,) = lim @, = ¥.

We then conclude that L is surjective. Let ¢, € $ be given and select sequences (¢,),,ci
(n) 4 in U such that

im o= andJim o=y,
Then, we see that
(L)L) = lim (L($). L)) = lim (U(n). UG))
= nh_r){}o <¢n’ Ebn)
={$.¥).

Hence, L also preserves the inner product. Assume now that L(¢) = 0. Then,

0 = (L($).L()) = (4, $) = [I$II

whence ¢ = 0. Since L is linear, we see that L is also injective. This makes it clear that L
is a unitary extension of U. Let now 7’(B)Q’ be any element of ¥ and A € U be given.
We directly “evaluate”

[Lz(AL™] (' (B)Y) = [L(A)] (x(B)Q) = L (x(AB)(Q)
= 7'(AB)(Q)
=71'(A) [7'(B)Q] .

This series of equations shows that Lz (A)L™! and 7’(A) are equal on 8 C &', for any
A € U. The next step is clear: let ¥ € $’ and choose a sequence (P,),cy in B with
®,, —» V. Then,

[Lz(A)L™] (@) = lim [Lr(A)L™'| @, = lim 7/ (A)®, = 7' (A)®.
n—oo n—oo
All this together shows that, in fact,
Lr(A)L™ = 7'(A), VYAeU.

This completes the proof.
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