Selected Solutions to Problems in Abstract Algebra

Edward Chernysh

This document is a compilation of curious/instructive problems relating to rings, mod-
ules, fields and Galois theory. Almost all problems come from the assignments of Math
456, a course given at McGill University in Winter 2018. A strong background in linear
algebra and group theory is all that is required for these problems. The selected exer-
cises are those I suspect will best prepare one for an examination relating to the afore-
mentioned topics. For the most part, these solutions focus on ideas rather than blind
computations.

1 Rings and Domains

PrROBLEM 1.1. Let R be a commutative ring and let P(R) denote the ring of formal power
series with coefficients in R. Prove that

P(R)* = {Z:’—o anx" :ag € RX} .

Deduce from this that all ideals in P(C) are principal.

Proof. First, suppose that f(x) = 37 a,x" is a unit in P(R) with multiplicative inverse
g(x) = 2.0 bux". Then, we have

1= f(x)g(x) = i Zn: agbp_ix"
n=0 k=0

whence 1 = ayby so that ay € R* by definition. Conversely, suppose that f(x) = ,° a,x"
with ag a unit. Let by := ao_1 and define for n > 1:



We claim that the formal power series g(x) := };° b,x" is the multiplicative inverse
of f(x). We will only prove that f(x)g(x) = 1 as a symmetric argument establishes
g(x) f(x) = 1. First, notice that

n

fx)g(x) = i D akbux" = agho + i D by ix"

n=0 k=0 n=1 k=0
n

It therefore suffices to check that 37} axb,—x = 0 for all n > 1. This is indeed the case
since if n > 1 there holds

n n

Z arb,_r = agb, + i apb,_ = — Z apb,_r + i arb,_ = 0.

k=0 k=1 k=1 k=1

This proves the first part. Now, we argue that P(C) has only principal ideals. Let I # {0}
be a two-sided ideal of P(C). Every element of f € I may be formally written as

(o)

flx) = Z anx"

n=0

and since I # {0} there exists at least one f(x) € I with some a, # 0. Let now N € Nj be
the minimal N for which there exists f(x) € I with ay # 0 and fix such a formal power
series f. Now, we may factor this f(x) as follows:

fx) =xNf(x),

where f (x) € P(C) is a polynomial whose tail coefficient is non-zero. Since C is a field,
we see from the first part that f(x) will be a unit in P(C) and hence

fe) [fe™] ="

will also live in I. Hence, (xN ) C I. Conversely, let g(x) € I be given and suppose without
loss of generality that g(x) # 0. By the minimality of N, we see that

g(x) = Z b,x", b,eC

n>N

and hence g(x) is a xV-multiple of another power series in P(C). In any case, this means
that g(x) € (xN ) which gives I = (xN ) as was required. O
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PROBLEM 1.2. Let R and S be two rings and denote by R® S the ring obtained via assigning
coordinate-wise operations to the product R X S. Prove that every left ideal in R® S is of the
form I x J wherel < R and J < S. Describe a subring of Z & Z which is not of this form.

Proof. Let T < R@® S be a left ideal and without loss of generality assume that T # {0}.
We define two sets:

I:={reR:3seSst. (r,s)eT},
J={seS:AreRst (r,s) eT}.

First, it is easy to see that 0 € I. Similarly, if r, 7" € I then one can find s,s” € S such that
(r,s) and (r’,s”) belong to T. Then r + r’ € I since

(r+r',s+s)=(r,s)+(r,s') eT.

Also, if a € R then
(ar,0) = (a,0) - (r,s) €T

whence ar € I. This implies that I is a (left) ideal of R. Likewise, one can easily show that
J is a (left) ideal of the ring S. Clearly, T C I X J. Conversely, suppose that (r,s) € I X J.
There exists s; € S and r; € R such that

(r,s1) €T and (ry,s)eT.

This implies that
(r,s) =(1,0) - (r,s1) + (0,1) - (r;,s) € T

which gives T = I X J. For the last part of the problem, consider the subring of Z @& Z
given by the set
{(x,x) : x €Z}.

This set is not an ideal and hence is not of this form. m]

PrOBLEM 1.3. Let R be a commutative ring and let a,b € R\ {0} be co-prime’. Prove that if
al bc, thenal c.

Proof. Assume a | bc. Let x, y € R be such that
1 =ax = by.

This gives ¢ = cax + bcy whence a | c. O

'If R is a commutative ring and a, b # 0, we say that a and b are co-prime provided (a) + (b) = R.



PROBLEM 1.4. Recall thatZ[i] is a Euclidean domain when equipped with the norm-function
N(:) = |-|?, where || is the usual norm on C. Suppose v € Z[i] is irreducible. Prove that

Z[i]/(w) is a finite field.

Proof. Since w is irreducible and Z[i] is also a PID, the ideal (w) is maximal and hence
Z[i]/(w) is a field.

We now prove that this field is also finite. For this, we need only show that every
class in Z[i]/(2 + 3i) has a representative whose norm is no larger than N(w). Fix an
element of Z[i]/(w) and write it as

a+ ().

We may as well assume that a ¢ (v). Performing Euclidean division, we get
a=Pfow+y

where y = 0 or N(y) < N(w). Now, @ = y modulo (w), and therefore we have found a
desirable representative. This completes the proof. O

PROBLEM 1.5. Prove that Z[i]/(2 + 3i) is a field and show that Z[i]/(5) is not a field.

Proof. The quotient ring Z[i]/(2 + 3i) is a field if and only if (2 + 3i) is a maximal ideal in
Z[i]. As this is also a principal ideal domain, this is equivalent to (2 + 3i) being a prime
ideal. In turn, this is equivalent to 2 + 3i being a prime element. Hence, the claim is
actually that 2 + 3i is irreducible in Z[i]. Clearly, 2 + 3i is not a unit as |2 + 3i|* # 1.
Suppose now that 2 + 3i = « -  for some «, f € Z[i] \ {0}. From the norm, we see that

13 = 2+ 3i]° = |a]® - | BI°.

But, 13 is prime whence either |a|* = 1 or |#|? = 1. That is, one of « or f is a unit. This
implies that 2 + 3i is irreducible, as was required.

Now, to prove that Z[i]/(5) is not a field it suffices to check that Z[i]/(5) is not an
integral domain. To achieve this, consider the two elements

(1:=1+2i+(5) and & :=1-2i+(5)
in Z[i]/(5). Since |1 + 2i|* = 5 and |5|? = 25, it is clear that {; ; # 0. However,
015 =5+(5)=0
which yields the desired result. O

PROBLEM 1.6. Let F be any one of the fields Q,R or C. Prove that the ideal (x,y) is not
principal in F[x, y].



Proof. First, notice that (x, y) < F[x, y] is given by the family

{a(x,y)x + b(x,y)x : a(x,y), b(x,y) € F[x,y]}.

Suppose now that one can find f = f(x,y) € F[x, y] such that (f) = (x,y). Then, x € (f)
implies that

x = f()a(x,y), alx,y) € Flx,y].
In any case, 0 = deg, (x) = deg, (f) + deg, (a) whence deg,(f) = 0. Similarly, since y €
(f), one can show that deg,(f) = 0 as well. Thus, we see that f € F. Since (x,y) = (f)
is non-zero, we cannot have f = 0 which implies that f € F\ {0}. But, f € (x,y) means
that for some a, b € F[x, y] we may write

f=alx,y)x+b(x,y)y;
taking x = y = 0 implies that f = 0, which is a contradiction. m|

ProBLEM 1.7. Using the Euclidean algorithm, find a generator for the ideal (1 + 3i,2) in
Z[i]. Show that Z[i]/(1 + 2i) is a field and determine the inverse of [2 + 3i] in it.2

Proof. First, we know that a generator for (1 + 3i, 2) will be a gcd of the two elements.
Since ged are unique up to multiplication by units, any gcd will generate the ideal. Now,
we write

1+3i=2(1+i)+(i—-1),
2=(>G-1)(-1-1i).

Thus, (1 + 3i,2) = (i — 1). Now, let us prove that Z[i]/(1 + 2i) is a field. This follows the
same argument as in Problem 1.5 since |1 + 2i|? = 5 which is also prime, and so we will
skip this part.

We now calculate ged(1 + 2i, 2 + 3i) in Z[i]. Clearly,

2+ 3i = 2(1 + 2i) + (—i)
implies that (2 + 3i) — 2(1 + 2i) = —i. Multiplying through by i, we find
(2 + 3i)i — 2i(1 + 2i) = 1.

Hence, [i] is the inverse of [2 + 3i] in Z[i]/(1 + 2i). O

2For a general £ € Z[i], we denote by [£] it reduction in Z[i]/(1 + 2i).



ProBLEM 1.8. Let R be a PID and fix two a,b € R\ {0}. Suppose that d = gcd(a,b) and
m = lem(a, b). Prove that

(d) =(a) +(b) and (m)=(a)n (b).

Proof. Since greatest common divisors are unique up to multiplication by units, we need
only show that a generator of (a) + () is a gcd of a and b. To this end, let

(e) = (a) + (b)
and notice that a,b € (e) sothate | a,b. If f | aand f | b, then a,b € (f) which gives

(e) = (a) + (b) < (f)

whence f | e. Since e ~ d, we have (d) = (a) + (b). For the second part, we make use of
a similar argument. Suppose that y # 0 is such that

(1) = (a) N (b).

Then, y is clearly a multiple of both a and b. Furthermore, if » = ax = by then n €
(a) N (b) = (p) so that n is a multiple of y. This makes y a lcm of a and b. Again, these
are unique up to multiplication by units and it follows that

(m) = () = (a) N (b).

O
PrROBLEM 1.9. Write the following ideals in Z[i] as principal ideals:
e (14+1i,1-1);
o (5,7 + 4i).
Solution. Since Z[i] is an integral domain, we have
(1+i)c@+i,1—i0)=014+1i)+(1-1i).
However, 1 —i = —i(1 + i) whence (1 — i) C (1 + i). From the above, we obtain
1+ Cc@+i,1—-1i)C(1+1i)
so that (1 +i,1—1i) = (1 +i). For the second part, we compute a gcd. WRite
7+4i =5(1+1)+(2-10),
5=(2-i)(2+1i).
Thus, 2 — i is a generator. ]



2 Modules

PrOBLEM 2.1. Let M be a finitely generated module over an integral domain R. Prove that
if M is free, then M has finite rank.

Proof. Let {x1,...,x,}be afinite set of generators for M and let I be an index set such that
M = R®. Thus, M has a maximally linearly independent subset having cardinality |I|.
Now, let {b;};cr be such a family. Every x; can be written as a finite linear combination
of the b;. Hence, M is spanned by a finite subset of the family {b;};,c;. Obviously, this
finite subset will also be linearly independent. Let J be an index set for this finite subset
of {b;}ie;. Then {b;}jc; will be a finite basis for M over R in the sense that M = R/,
However, since R®' = R®/ we have that |I| = |J| < co. Therefore, I was finite to begin
with! Finally, since M = R®!, every linearly independent subset of M has cardinality at
most |I| < co. This means that Rk(M) < |I| < oo. O

PROBLEM 2.2. Let F be a field and K/F a field extension. Let A € M, (F) and let R be its
rational canonical form over E. Prove that R is also the rational canonical form of A over K.

Proof. We know that R is the direct sum of companion matrices over F, and hence over
K. Now, this means that R satisfies all the criteria of a rational canonical form for A over
K 2 F. From the uniqueness, we see that R is the rational canonical form of A computed
over K. m

PrOBLEM 2.3. Let F be a field and K/F a field extension. Let A,B € M,(F). Show that if
A ~ BoverK, then A ~ B overF.

Proof. Assume that A ~ B over K. Then, A and B share the same rational canonical form
over K. But, by the previous problem, this rational canonical form will be the rational
canonical form of both A and B over F. Thus, A and B share a rational canonical form
over F whence A ~ B over F. m|

PROBLEM 2.4. Let n < 3 and suppose F denotes a field. Let A, B € M, (F). Prove that A ~ B
if and only if both A and B share the same minimal and characteristic polynomials.

Proof. Suppose first that A ~ B. Then, since A and B share the same rational canoni-
cal form, they share the same invariant factors. This means that A and B possess the
same minimal and characteristic polynomials. For the converse, we consider two distinct
cases. First, let us denote by m(x) the minimal polynomial of A and B and by A(x) their
characteristic polynomial.



1. We first handle the case of n = 2. If degm(x) = 1 then there will be two invariant
factors, both being m(x), whose product is equal to A(x). This means that both
A and B will have to share the same canonical form (and hence be conjugate). If
deg m(x) = 2, then in both cases we have m(x) = A(x). That is, both A and B have a
single invariant factor given by A(x). Again, A ~ B as they have the same rational
canonical form over F.

2. We once again argue based on the degree of m(x). If deg m(x) = 1then in both cases
we must have 3 invariant factors, each equal to m(x) whence A ~ B by the same
arguments as above. One dispenses of the case degm(x) = 3 similarly. Suppose
now that deg m(x) = 2. Let a(x) := A(x)/m(x) so that deg a(x) = 1. Then, in both
cases, a(x) | m(x) so that a(x) is the first invariant factor. This leaves us with only
one rational canonical form for both A and B whence A ~ B over F.

O

PrOBLEM 2.5. Let f : Z" — Z" be a group homomorphism and represent f as a matrix
M € My (Z). Supposing that det(M) # 0, prove that

1Z"/ f(Z")] = |det(M)].

Proof. We first assume that M is diagonal. Let (m;;) be the entries (in Z) of the matrix M.
Notice that the restriction det(M) # 0 gives m;; # 0 foralli = 1,..., n. Now, it is easy to
see that

n
f(Z" = MZ" = @ miZ
i=1

whence, by the first isomorphism theorem,
n
z"f (" = D z/miz.
i=1

In this case, we see that |Z"/f(Z")| = |[]] miul = |det(M)| as was required. Let us now
relax the assumption that M is diagonal. Invoking the Smith Normal Form for a principal
ideal domain, one may find digaonalizable matrices P and Q in M,(Z) such that

M = PDQ

where D € M,(Z) is diagonal and det(M) = det(D). Then, MZ" = DZ" so that, by the
first part,
12"/ f(Z")| = |2"/DZ"| = |det(D)| = |det(M)|

which completes the proof. O



PROBLEM 2.6. Let A € My(Q) satisfy the polynomial equation A> = I where A # 1. Deter-
mine the rational and Jordan canonical forms of A over Q and C, respectively,

Solution. Let m(x) € Q[x] be the minimal polynomial of the matrix A. Clearly, we have
that m(x) | (x —1)(x* + x + 1). Now, m(x) also divides the characteristic polynomial of A,
which has degree 2. Hence deg m(x) < 2. Also, A # I. Decomposing m(x) into irreducible
factors in Q[x], it becomes clear that minimal polynomial divides x% + x + 1. Since this is
irreducible, we have m(x) = x?> + x + 1. Hence, we have exactly one companion matrix
so that the rational canonical form is equal to

0 -1

1, -1
Now, m(x) has degree 2 which gives A(x) = m(x) = x* + x + 1, where A(x) is the
characteristic polynomial of A. This is easily seen to be a separable polynomial and thus

A is diagonalizable over Q. Letting w; ; be the distinct complex roots of A(x), the Jordan
normal form is equal to

1 0

( 0 a)z)

PrROBLEM 2.7. Let F be a field and suppose A € M, (F). Explain why A is conjugate to its
transpose AT,

O

Solution. Carrying out Smith’s algorithm on A, we arrive at a diagonal matrix whose non-
trivial entries are the invariant factors of A in the “correct order”. Now, interchanging
row operations for column operations and vice-versa, we can arrive to the same matrix
starting from AT, But, these will also be the invariant factors of AT. This means that A
and AT share the same rational canonical form over F, and are hence conjugate. m]

PrROBLEM 2.8. Let M be a module over an integral domain R. Prove each of the following
general facts.

1. M has rank 0 if and only if M = Tor(M).3
2. The rank of M is precisely that of M/ Tor(M).

3. If N is a submodule of M, then Rk(N) < Rk(M).

3Let M be a module over a ring R. Then Tor(M) is defined to be the set of all m € M such that there
exists r # 0 with r - m = 0.




Proof. The last point is immediate: if £ is a linearly independent family in N, then it is
linearly independent in M over R. This means that Rk(N) < Rk(M).

Let {m;+Tor(M), ..., my+Tor(M)} be a finite linearly independent family in M/ Tor(M).
Here, the m; € M are arbitrary representatives. We will now show that {m, ..., my} is
a linearly independent in M. Suppose we have coefficients r; € R for which

j=1
Then,
N N
er-mj+Tor Z T mJ+TorM)]:0
j=1 j=1
in M/ Tor(M). By the linear independence over R, we see then that r; = 0 for all in-
dices j. This means that {my, ..., my} is linearly independent in M. Conversely, let
{mi,...,myx} € M be linearly independent over R and suppose that
N N
0= Z [rj -mj + Tor(M)] = Z rj - mj + Tor(M).
j=1 j=1

This gives ij\il rj - m; € Tor(M). Hence, there exists & € R\ {0} such that

N
0= rm =

Jj=1 J

a'rj-mj

‘MZ

Il
—

whence ar; = 0 for all indices j. Since R is an integral domain, we see that r; is equal to
zero, for all indices. This proves that

{my + Tor(M), . ..,myn + Tor(M)}

is linearly independent in M/ Tor(M). We have therefore exhibited a correspondence
between the finite linearly independent subsets of M and those of M/ Tor(M). It follows
that M and M/ Tor(M) have the same rank.

Assume now that Rk(M) = 0. If {m} € M then {m} cannot be linearly independent
over R. Thus, m € Tor(M) by definition. Conversely, if M = Tor(M) then for every m € M
one can find a # 0 with « - m = 0. This is the statement that Rk(M) = 0. O

PrROBLEM 2.9. Construct a torsion free module that is not free.
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Solution. As Q is a field containing the integral domain Z, we are free to view Q as a
Z-module with respect to the obvious notions of multiplication and “vector” addition.
Since Q is itself an integral domain containing Z, it is immediate that Tor(M) = {0}. We
now show that Q is not free. Suppose, by way of contradiction, that Q = Z®! for some
index set I. If we fix any two non-zero elements of Q

a Y
E and 3
for a, B,y,6 € Z\ {0}, then
a Yy
1)~ (@)% =0,

This means that the largest linearly independent family in Q has cardinality 1. This means
that Q = Z as Z-modules. This isomorphism of modules certainly includes an isomor-
phism of groups whence (Q, +) = (Z, +). Since Q is not cyclic with respect to addition,
we have attained a contradiction. This means that Q is not free as a Z-module. O

PROBLEM 2.10. Construct a torsion module whose annihilator* is trivial.

Solution. We consider M := @meN Z/2™Z as a Z-module with the obvious coordinate-
wise operations. First, we claim that Tor(M) = M. Let m € M be given and write it
as

m= (4 +ZZ,...,al+ZlZ), aj € Z.

Then, clearly, 2l m = 0. This gives Tor(M) = M. It remains to show that Ann(M) = {0}.
Let r € Ann(M) be given and suppose without harm that » > 0. Choose N € N such that
r < 2N Then,

r-0,...,0,1+2NZ,0...,0)=0

whence 2V | r. Since 0 < r < 2N, we see that r = 0. This implies that Ann(M) = {0}, as
was required. ]

3 Fields

PrROBLEM 3.1. Let K/F be a field extension and suppose that « € K is algebraic over F.
Supposing that [F(a) : F] is odd, prove that F(a®) = F(a).

4If M is a module over a ring R, we define the annihilator of M to be the set of all r € R such that
r-m=0forallme M.

11



Proof. It is immediate that F(a?) C F(a). By way of contradiction, suppose that F(a?) #
F(a). In particular, we have® [F(a) : F(a?)] > 1. We may always write

[K : F] = [F() : F(a?)] - [F(a?) : F].

Now, « is algebraic over F(a?) since it satisfies the polynomial x? — & over F(a?). By
the assumption that F(a?) # F(a), we cannot® have a € F(a?). This implies that x? — a?
is irreducible over F(a?), and is therefore the minimal polynomial of & over F(a?). From
this, we see that

F(a) = F(a®)(a) = F(e))[x]/(x* - &)

whence [F(«) : F(a?)] = 2. Combined with the expression for [K : F] above, it follows
that [K : F] is even which is impossible. This contradiction gives F(a) = F(a?). O

PROBLEM 3.2. Let p be a prime and let n > 1 be an integer. Construct a field having p"-
elements. Prove that such a field is unique up to isomorphism. This field is then to be denoted
by Ppn .

Solution. Let IF, be the finite field Z/pZ. We first prove the uniqueness. Let F be a fi-
nite field having p" and notice that it must have characteristic p.” Hence, F contains an
isomorphic copy of IF,. We can therefore consider the polynomial

flx) =x"" —x

over F, € F. Now, this has at most p"-roots in any field. Since the group of units

F* = F \ {0} would have order p" — 1, one easily sees that
xP" = x

for all x € F. Thus, F is the splitting field of x*" — x over IF,. The uniqueness of splitting
fields then implies that F is unique up to isomorphism.

All of this hinges upon the existence of a field having p"-elements, which we now
establish. Consider the field of p-elements F, and define

fx):=x" -x¢€ F,[x].

SIf [K : F] = 1then {1} C F is a basis for K over F. This would imply that K = F.

If « € F(a?), then F(a?) 2 F(a) by the very definition of F(a). Of course, this contradicts the assump-
tion that F(a) # F(a?).

7 As a finite field, it will have non-zero characteristic, and we know that this will be a prime q. Therefore,
F contains an isomorphic copy of some Z/qZ. But, F can be viewed as a vector space over Z/qZ whence
we see that |F| = g™ for some m > 1. From the uniqueness of factorization, m = n and q = p.
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Let E denote the family of all roots to the polynomial f(x) (considered in some algebraic
closure). Computing the algebraic derivative of f and using the Ch(F,) = p, we have

flx)=p"xP" ' —1=-1.

Thus, ged(f, f’) = 1 so that f is a separable polynomial. This means that E consists of
precisely p"-elements. It is easy to see that {0, 1} C E. Moreover, if x € E and x # 0, then
it is obvious that x™! € E. Also, for x;, € E we see that
() = 1 = xix
which means that E is closed under multiplication. To see closure under addition, recall
that the “Freshman’s dream” holds true in characteristic p. That is,
(x1 +x2)pn = an +X§n = X1 + X9.

From this, it is easy to see that E is a field which guarantees the existence. This completes
the proof. O

PROBLEM 3.3. Letn € N andp > 2 a prime. Prove that there exists an irreducible polynomial
of degree n over F,,.

Proof. Let F,» be the field containing p"-elements and recall that it contains F, as a sub-
field (this is by construction). Now, the group of units F, is cyclic and thus has a gener-
ator 0. In this case, we must have F,» = FF,,(0). Since F,n is finite, the extension Fyn /F,, is
also finite and therefore algebraic. Let then m(x) € F,[x] be the minimal polynomial of
0 and observe that

Fpr = F,p(0) = Bylx]/(m(x)).

From this, one has n = [Fyn : F,] = deg m(x). Since m(x) is irreducible, we have found
our desired polynomial. O

ProBLEM 3.4. Let K/F be a finite extension of fields. Prove that K is a splitting field over F
if and only if every irreducible polynomial in F[x] having a root in K splits over K.

Proof. We will first establish the “ &= ” direction as it is shorter. Since K/F is finite, we
may choose algebraic elements a, ..., a, such that K = F(ay,...,a,). For each j, let
mj(x) € F[x] be the minimal polynomial of «;. Since these polynomials have a root in K
(the ¢;’s), they must split over K by hypothesis. Thus, []] m;(x) splits over K. If L 2 F is
a field over which []] m;(x) splits, then L contains {1, ..., a,} whence L 2 K. Hence, K
is the splitting field of []] m;(x) over F.
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Conversely, let K be the splitting field of f(x) € F[x] over F. Let p(x) € F[x] be an
irreducible polynomial having a root a € K. By passing to an algebraic closure of K, let
B be any other root of p(x). The claim amounts to showing that f € K. Now, let us first
extend the identity automorphism 1 : F — F to an isomorphism F(a) — F(f):

o: F(a) —=F(p)

1r: F F

Now, K(«) is the splitting field of f(x) over F(a). Certainly, f(x) splits over K(a) 2 K.
Moreover, if f(x) splits over a field L 2 F(«) then L 2 K and K 5> a whence L 2 K(«).
Similarly, K(p) is the splitting field of f(x) over F(f). Since o fixes F, we may extend it
further to an isomorphism K(a) — K(f) in the fashion of

¢ K(‘Of)—>K(‘ﬁ)
o:  F(a)—=F(p)
1r: 1‘3—>J‘"

However, K(a) = K since « € K. The above then shows that K = K(a) = K(f) as
F-vector spaces (since ¢ is an isomorphism fixing F). Now, we write

[K: F] = [K(a) : F] = [K(f) : F] = [K(p) : K][K : F]

so that [K(f) : K] = 1. This yields K = K(f), i.e. f € K. We conclude that p(x) splits
over K as was asserted. |

PROBLEM 3.5. Let K/F be an extension of fields and let K, » be fields with F C K;, C K.
Suppose additionally that both Ky and K, are splitting fields over F. Prove that K1K, and
Ki N K3 are both splitting fields over F.

Proof. By hypothesis, K; is the splitting field of a polynomial f;(x) € F[x] and likewise
K is that of some f,(x) € F[x]. Clearly, f(x) f2(x) splits over K;Kj. If it splits over any
field L 2 F, then both f; and f; will split over L. This implies that L 2 K; U K; whence
L 2 K;K,. We conclude that K; K} is a splitting field over F.

To show that K; N K; is a splitting field we will invoke the previous problem. Let
p(x) € F[x] be irreducible and suppose that it has a root in K; N K;. Then, p(x) has a root
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in both K; and K. As these are splitting fields over F, the previous problem implies that
p(x) splits over both K; and K,, and therefore over K;K;. Using the previous problem
once more, we infer that K; N K3 is a splitting field over F. ]

PrROBLEM 3.6. Let F be a field and let F be the algebraic closure of F. Assume L is a field
with F C L C F. Prove that F is an algebraic closure of L.

Proof. Recall that F is algebraically closed. Since L is a subfield of F, we see that every
polynomial with coefficients in L splits over F. It remains only to check that F/L is alge-
braic. However, this is immediate from the fact that F/F is algebraic as every element of
F solves a polynomial with coefficients in F, and hence L. O

PrROBLEM 3.7. Let K/F be a finite and separable®. Prove that there exist finitely many sub-
fields F C E C K.

Proof. The claim is clear if K = F and thus we assume K D F. We first show that there
exists a field L 2 K such that L/F is Galois. Since K/F is finite, we can choose distinct
algebraic elements ;, ..., @, in K \ F such that K = F(ay, ..., a,). For each j let m;(x)
be the separable minimal polynomial of a; over F. Denote by K; the splitting field of m;
over F and note that K;/F is Galois. Thus, the composite []] K] is also Galois over F. As
[1] K| contains every «; and F, it also contains K.

We now know that there exists a field L 2 K such that L/F is Galois. The Galois group
Gal(L/F) is by definition finite and, moreover, if F C E C K then

FCECL.

By the fundamental theorem of Galois theory, such subfields are in correspondence with
the subgroups of Gal(L/F). Since there are only finitely many such subgroups, only
finitely many subfields F C E C K can exist. O

PrROBLEM 3.8. Let F be a field and K/F a field extension. Let f(x),g(x) be non-constant
polynomials and suppose that r(x) = ged(f(x), g(x)) in F[x]. Show that r(x) is again the

ged of f(x) and g(x) in K[x].

Proof. First, notice that r(x) certainly divides both f(x) and g(x) in K[x]. Let w(x) be
the ged of f(x) and g(x) in the extension K[x]. Since r(x) divides f(x) and g(x), we have
r(x) | w(x) in K[x]. However, in F[x], we have

r(x) = a(x) f(x) + b(x)g(x)

8The extension K/F is called separable if K/F is algebraic and the minimal polynomial of each a € K is
a separable polynomial in F[x].
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for polynomials a(x),b(x) € F[x] € K[x]. Therefore, w(x) | r(x) in K[x] whence it
follows that w(x) = r(x). O

ProBLEM 3.9. Prove two statements:

1. If f(x) € Fy[x] is a non-zero polynomial with deg f = r, then f is irreducible if and
only if forall1 < n < r/2 one has

ged (f(x),xpn — x) =1
2. Let f(x) € F,[x]. Then f(x) has a root in F, if and only if gcd(f (x), x¥ — x) # 1.
Proof. We will begin by proving (1). First, assume that for some 1 < n < r/2

ged (f(x).x*" —x) # 1.

' —x = 1_[ g(x).

Fp[x]>g monic
irred.
deggln

But, we know that

Thus, there exists a polynomial p(x) of degree
1sdegp3ns%<r:degf
with p(x) | f(x). Hence, f(x) is reducible. Conversely, suppose that

ged (f(x). 2" —x) =1, V1i<n<

NSl ]

Assume for a contradiction that f is reducible and choose a polynomial p(x) dividing
f(x) with deg p(x) > 1. Obviously, we may assume that deg p(x) < r/2 and that p(x) is
monic. Decomposing p(x) into irreducible factors, we are left with an irreducible monic
divisor of the polynomial f(x). Hence, we might as well assume that p(x) is irreducible.

But, for all n
X —x = n g(x).

Fp[x]>g monic
irred.

deggln

Clearly, p(x) will appear in the product on the right for n = deg p(x) < r/2, which would
contradict the assumption about the ged; namely that

gcd(f(x),xpn —x) =1, VY1<n<

[NCH ]
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This proves (1).

Let us now establish (2). From Theorem 7.1.2 in the course notes, we see that

p
w-x= || g0=]]c-a
j=1

Fp[x]>g monic
irred.
degg=1
where {a1, ..., ap}, with a; = 0, is an enumeration of F,. Of course, every (x — aj) is
irreducible in F,[x]. Now, suppose that f(f) = 0 for some 8 € IF; then (x — ) | f(x) in
IFp[x] whence we see that

ged(f(x),xf —x) # 1. (%)

Conversely, assume the equation (x) holds. Then let p(x) be a common divisor of both
f(x) and x? — x with degp > 1. Obviously f then has a root since any non-unit divisor
of x — x is a product of linear terms. O

PROBLEM 3.10. Suppose that a and b are constructible lengths. Prove that a/b is also a
constructible length.

Proof. We will work in the xy-plane. First, 1 is constructible and so we may draw a
line from (0,0) to (1,0). About (0,0) we draw a circle of radius a and mark where it
intersects the positive y-axis; this is the point (0, a). Similarly since b is constructible, we
may identify the point (b, 0) on the positive x-axis. Draw a line, y;, connecting (0, a) and
(b,0). This line is parametrized by

yl(t):—%t+a, 0<t<b.

Now, we draw a line passing through (1, 0) that is parallel to y;; let us label this curve by
Y2. It is also easy to identify the parametrization of y,:

(t) = 2% o0<i<1
U= T TR
Then, y; intersects the positive y-axis at the point (0, a/b). Drawing a line from (0, 0) to
(0, a/b), we see that a/b is constructible. O

4 Galois Theory

PrOBLEM 4.1. Let f(x) € Q[x] be an irreducible polynomial of degree 4 having a root € R
and let K denote the splitting field of f(x) over Q. Notice that f(x) must be separable and
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assume that Gal(K/Q) = S,. Show that there exists a subfield E with F C E C K, containing
no quadratic Q-subfields, such that [E : F] = 4.

Proof. By hypothesis, « € R is algebraic over Q with minimal polynomial f(x). This
implies that

E =Q(a) = Q[x]/(f(x))

and that [E : Q] = deg f(x) = 4. We now claim that E contains no quadratic subfields.
Let H be the field associated to E in Gal(K/F) under the Fundamental Theorem of Galois

theory and notice that
24

_ .gE| = . —

T (G HF| = [E:Q] =4

which gives |[HE| = 6. As a subgroup of Sy, the only possibility is HE = S;. Assume for
a contradiction that one can find a quadratic subfield Q C Q C E, then [Q : Q] = 2. If H?

denotes the associated subfield, then the Fundamental Theorem again yields

24
_—= o) M Q -_— M =

0] (€ H9| =[0:Q] =2
whence |H9| = 12. Since H? is a subgroup of &, inspection tells us that H? = 9.
However, Q C E implies that HE C H? which yields S5 € U4 which we know to be
impossible. O

PROBLEM 4.2. Let p be a prime and let f (x) € Q[x] be an irreducible polynomial of degree
p- Assume that f (x) has exactly two roots in C\ R. IfK is the splitting field of f (x) over Q,
prove that K/Q is Galois with Galois group Gal(K/Q) = S,,.

Proof. First, being irreducible over a field of characteristic 0, it is indeed true that f(x) is
separable. Thus, K/F is Galois. Now, we will always have an embedding

Gal(K/Q) — S,.

Let {1, € C\Rberoots of f(x); the conjugate root theorem states that {, = ;. Inany case,
we can define an automorphism of K fixing F which takes {; +— {; and {; — {;. Hence,
one can always find a permutation in Gal(K/Q) that can be viewed as a 2-cycle. Now,
f (x) is the minimal polynomial of all of its roots. It then follows from the multiplicativity
of degrees that p divides [K : F] = |Gal(K/Q)|. By Cauchy’s theorem, we can choose
an element of order p. Since Gal(K/Q) already “contains” a 2-cycle, this means that
Gal(K/Q) is the whole of S,,. O
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PrROBLEM 4.3. Let K/F be a Galois extension and assume that K = F(a) for some a € K.
Let H be a subgroup of Gal(K/F) and subsequently put

fux) = | | (x - o(@)) € K[x].

oceH

If K denotes the fixed field of H in K, prove that fi(x) € K[x] and show that K is the
splitting field of fi(x) over K. Finally, prove that K is generated over F by the coefficients

of fu(x).

Proof. First, let 7 € H be given and extend it to a ring isomorphism
7 : K[x] = K[x]

obtained by fixing the free-variables x and acting upon the coefficients in K. Then, it is
clear that
tfux) = | [ x=2(0(@) = [ | (x-s(@))
o€H ceEH

whence it follows that 7 fixes the coefficients of fy(x). Since 7 € H < Gal(K/F) was
arbitrary, we see that fy(x) € KH[x]. Since ¢ is an automorphism of K, it is evident from
the very definition that fi(x) splits over K. It it splits over any subfield containing K%,
then it must contain « as H contains the identity automorphism. Since K = F(«), we see
that this field will contain K as well. We infer that K is the splitting field of fy(x) over
the field K.

Letay, ..., a, denote the coefficients of fy(x) in K" we claim that K¥ = F(ay, ..., ap).
Clearly, one already has that F(ay,...,a,) C K™ For the reverse inclusion, we will in-
voke the Fundamental Theorem of Galois theory. Let 7 € Gal(K/F(ay,...,a,)) and ob-
serve that 7 fi(x) = fr(x). Since 7 is an automorphism of K, it permutes the family of
points {o(a)}, i.e.

{o(a): 0 e H} ={r(0o(a)) : 0 € H}.

Since H contains 1k, this means that 7(a) = o(«) for some ¢ € H. Notice that « generates
K over F. As o, are automorphisms K — K fixing F, we conclude that 7 = o whence
7 € H. This implies that

Gal(K/F(ay. ..., ay)) € Gal (K/K").

By the fundamental theorem, it follows that K" C F(ay,...,a,). We conclude that

F(ay,...,a;) = K, as was required. O
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PROBLEM 4.4. The purpose of this problem is to show that every finite group arises as the
Galois group of some Galois extension of fields. We proceed in two parts.

1. Let x1,...,x, be n-free variables and let K be the field of fractions associated to
Q[x1, ..., x,]. Show that there exists an embedding S, — Aut(K/Q).

2. Let G be a finite group of order n. Using Cayley’s theorem and the first part, show
that G is the Galois group of a Galois field extension.

Proof. Let o € S, be given, we may define an associated isomorphism of rings

Qx1,...,xn] = Qx1,...,%x4]

by fixing the coefficients in Q and sending x; to x4(;). This isomorphism may clearly be
extended to an automorphism of K, denoted 6, which fixes Q. This allows us to consider
the following function:

>: G, » Aut(K/Q) — Aut(K), o+ 0.

It is clear that this is a group homomorphism. We now claim that ¥ is injective. Assume
that 6 = ¢. Then, for every i € {1, ..., n} one would have x5(;y = x.(;) whence o = ¢. This
means that X is actually the desired embedding

3 G, & Aut(K/Q) — Aut(K).

This establishes the first part. For the second part, Cayley’s theorem gives an embedding
G — S, — Aut(K). Let now K¢ denote the fixed field of G in K. Since G is finite, we
know that K/K© is Galois with Galois group G which concludes the proof. O

PROBLEM 4.5. Calculate the Galois groups of the polynomials x* +3x + 1 over Q. Verify first
that they are separable polynomials!

Proof. Since we are working in characteristic 0, the polynomials above are separable if
they are irreducible. Let
fE(x) == x> +3x +1 € Q[x],

we will prove that f*(x) is irreducible using the rational root theorem.” From this the-
orem, we see that the only roots to f*(x) are +1. Direct computation shows that +1 are
not roots to f*(x) and thus we deem f*(x) to be irreducible over Q.

Let r(x) = ayx™ + - -+ + a;x + a be a polynomial in Z[x] and suppose that p/q € Q is a root of r(x),
with ged(p,q) = 1. Then p | ap and q | a,.
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Let K* be the splitting field of f*(x) over Q, then K*/F is Galois. Now, for a general
cubic polynomial of the form
X2+ ax? + bx? + ¢,

the discriminant looks like
9 = a*b* — 4b° — 4a’c — 27¢* + 18abc.
Let D* be the discriminant for f*(x). Then, in both cases a = 0 so that

Dt =—-4(3)* - 27 =-5.27,
D™ = —4(-3)* — 27 = 3%

Hence, D™ is a square but D™ is not. This implies that Gal(K~/Q) = 23 and Gal(K*/Q) =
S;. On the other hand, D* is clearly not a square, which makes Gal(K*/Q) the whole of
the permutation group Gs. O

PROBLEM 4.6. Calculate the Galois group of the polynomial x> — 5x + 1 over Q.

Proof. As before, this polynomial is easily seen to be irreducible, and hence separable
over Q. If K is its splitting field over Q, then K/Q is Galois. The discriminant is equal to

D = —4(-5)% — 27 = 4- 125 — 27 = 500 — 27 = 473.
Since 473 is not a square, we have Gal(K/Q) = Gs. i

PROBLEM 4.7. Determine the Galois group of (x* — 2)(x* — 3) over Q.

Proof. 1t is clear that the polynomial is separable over Q. If K denotes its splitting field
over Q, then K/Q is Galois. Now, it is clear that Q(v2) N Q(V3) = Q. Moreover,

Q(V2) = Q[x]/(x*-2) and Q(V3) = Q[x]/(x* -3).
Now, x? — 2 and x? — 3 are separable so that Q(\/E) /Q and Q(\/g) /Q. From the above,
Gal (Q(V2)/Q)| = 2

whence Gal (Q(\/E) / Q) = 7,/27Z. In a similar vein, one easily sees that Q(V/3)/Q is Galois
with Galois group isomorphic to Z/2Z. Also, the splitting field of (x* — 2)(x? — 3) is
obviously Q(V?2, V3) = Q(v2)Q(V/3). This certainly means that

Gal (K/Q) = Z/2Z x Z/2Z.
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5 Other Problems (from Dummit and Foote)

In this section we solve problems taken from Dummit and Foote that are straightforward
in the sense that the exercises do not introduce new definitions. This is mostly because
such problems cannot be asked during an exam.

5.1 Fields

PROBLEM 5.1. Prove that an algebraically closed field must be infinite.

Proof. Let F be a finite field having elements a4, . . ., @,. Consider the polynomial

f@) =1+ [x-a)
=1

J

which certainly has coefficients in F. However, f(a) = 1 for all @ € F which means that
f(x) has no roots in F. Hence, a finite field is never algebraically closed. O

ProBLEM 5.2. Let K/F be a field extension of degree p for some primep. IfF C E C K where
E is a field, prove thatE = F or E = K.

Proof. We write p = [K : F] = [K : E] - [E : F]; since p is prime one of these terms on the
right will be equal to 1. Thus, either K = E or F = E. ]

PrROBLEM 5.3. Let K/F be an algebraic extension of fields and suppose that R is a ring such
that F C R C K. Prove that R is in fact a field.

Proof. 1t suffices to check that every non-zero element of R has an inverse with respect
to multiplication. Let r € R\ {0} and notice that r € K, which is algebraic over F. Thus,
r is a root of its minimal polynomial

apx" +---+a;x+ay, aj€FCR

Now, since r # 0, we cannot have ay = 0. Thus, ag is invertible in F, and hence in R. We
get then that
apr" + -+ a;r = —qq

e
r|—ay’ ajr’ | =1.
Jj

€R
This means that R is a field. m]

whence

—_
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PROBLEM 5.4. Let f(x) be an irreducible polynomial of degree n over a field F and suppose
g(x) € F[x]. Prove that every irreducible factor of f(g(x)) has degree divisible by n.

Proof. Let p(x) | f(g(x)) be irreducible and let m := deg p(x). Let a be a root of p(x) in
some algebraic closure. Since « is a root of the irreducible polynomial p(x), we have

[F(a) : F] = degp(x) = m.
Now, p(x) divides f(g(x)) whence f(g(«)) = 0. As f(x) is also irreducible, we have that
[F(g(a)) : F] = deg f(x) = n.

Since g(x) is a polynomial with coefficients in F, we have g(a) € F(«) so that the inclusion
F(g(a)) € F(a) holds. This allows us to write

m = [F(a) : F] = [F(a) : F(¢9(2))] - [F(9(a)) : F]

whence n | m. |

ProBLEM 5.5. Let a1, ...,a, € C be such that (sz € Q for every index j. Let F denote the
field Q(ay, . . ., ay). Prove that V2 ¢F.

Proof. There are two cases to distinguish. First, if a; € Q for every index j, then F = Q.
In this case, it is known that V2 ¢ F. Otherwise, assume there is some aj which does not
belong to Q. Without harm, we assume that a; ¢ Q. The minimal polynomial of a; over
Q is then equal to x* — a? whence

[F: Q] = [F:Q(a1)] - [Q(a1) : Q].

Since the minimal polynomial of @; has degree 2 over Q, we see that [Q(«;) : Q] = 2 so
that [F : Q] is even. Actually,

[F:Q]=2-[F: Q)]

Now, the degree of each a; over a field extension of Q will never be larger than 2. Thus,
successive applications of the argument used above gives that

[F:Q]=2", m>1.
By way of contradiction, let us now suppose that /2 € F. Then, Q(\S/E) C F. However,
Q(V2) = Qlx)/(+* - 2)
which means that
[F:Q] = [F:Q(V2)]-[Q(V2) : Q] = [F: Q(V2)] - 3.
This means that 3 | [F : Q] = 2™. This contradiction gives V2 ¢ F. O
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5.2 Galois Theory

PROBLEM 5.6. Let K/F be a Galois extension of degree p" for a prime p and n > 1. Show
that there exist Galois extensions of F, contained in K, having degrees p and p"!.

Proof. First, the Galois group Gal(K/F) is a p-group. As a p-group, it center is non-trivial
and is therefore a p-group in its own right. By Cauchy’s theorem, we may chose an
element o € Z (Gal(K/F)) having order p. The subgroup (o) is then a normal subgroup
of Gal(K/F). If E‘“ is the field corresponding to (o), then E/F will be Galois. But then,

1 IGAK/E
[E7 F = = =

Similarly, we know from group theory that Gal(K/F) will have a normal subgroup H of
order p"~!. Therefore, if E*! is the corresponding field, then Ef /F is Galois with degree

|E - F| = [Gal(K/F) : H] = p.

This completes the proof. ]

PROBLEM 5.7. Show that Q(4/2 + V2)/Q is Galois with Galois group isomorphic to Z/4Z.

Proof. First, notice that

(\/2+\/§)3:(2+\/§)2:4+4\/§+2:6+4\/§.

(m)z =2+V2.

Also,

This means that
(m)4—4(m)2 =6+4V2-8-4V2=-2.

We conclude that /2 + V2 satisfies the polynomial

f(x) =x* —4x* + 2 € Q[x].
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By Eisenstein’s criterion!® with p = 2, we see that f(x) is irreducible over Q[x]. Since Q
has characteristic 0, f(x) is also a separable polynomial. Now, the roots of f(x) are real

and are given by
+y2+ V2 eR.

Consider the field Q(x/2 + V2). We claim that f(x) splits over this extension of Q. First

of all, we point out that V2 lives in this extension since

(\/2 + \/5)2 —24+V2 € Q(\2 + V2).

V24V N2- V2= V2) 2+ VD) =Vi-2=V2

which then yields the identity

Now,

z—f:i

\/2+\/§.

In particular, all roots of f(x) will live in the field extension Q(4/2 + V2). This clearly
implies that this extension is the splitting field of the separable polynomial f(x) and is

hence Galois. Actually, f(x) is the minimal polynomial of /2 + V2 over Q since it is

irreducible, and thus
[Q (\/2 + \/5) : Q] = deg f(x) = 4.

Let now G denote the Galois group of this extension, we know that G = 4. Consider the
automorphism ¢ € G obtained by fixing Q and mapping

\/2+\/§+—>\/2—\/§.

Then,

(0 0) (W) = 0( 2 x/E) . G(i/i\f)ﬁ) _ :/fz(i/?z

OTet a(x) = ayx™ +- - - + ayx + ag be a polynomial with integer coefficients. Assume there exists a prime
p dividing all coefficients other than a, (we need p 1 a,) such that p? t a,. Then a(x) is irreducible over Q.
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Since o fixes Q, we calculate further

2+a(\/§):o(m)2:2—\/§.

Of course, this means that o (\/5) = —V/2. Returning to the previous equation, we have

Thus, 0? # 1. That is, o has order larger than 2 and so (o) must be the whole of G. This
makes G a cyclic group of order 4, and the only such group is Z/47Z. O

This final fact was given as an exercise during the course, but the proof is long and
tedious. As such, we shall simply state it; perhaps one day it will be of use to the reader.

PROPOSITION. Let p and € be primes and consider the polynomial f(x) = xP — € over Q.
Clearly, this polynomial is irreducible'!. Let K be the splitting field of f(x) over Q. Then
K/Q is Galois with Galois group

Gal (K/Q) = F, = F.

In particular, |Gal(K/Q)| = ¢(p?).

UThis is a direct consequence of Eiseinstein’s criterion.

26



