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1 Hilbert Spaces

We strive to provide a unified theory of Hilbert spaces from an analytic per-
spective. Hilbert spaces arise in many natural contexts, both in physics and
in mathematics. A Hilbert space may be approached in one of two ways: as a
vector space over the complex numbers C or over R. In our case, we begin this
chapter with a rigorous definition of Hilbert spaces over a field K= Ror K = C.

We shall study the properties of general Hilbert spaces and construct a
Hilbert space that is of particular interest. Afterwards, we shall introduce lin-
ear transformations, compact operators and isomorphisms of Hilbert spaces. At
the end of this chapter, we prove the Spectral Theorem for Compact Operators.

1.1 Definition and Orthogonality

Definition. Let K be R or C, and H be an inner-product space over K. We shall
say that H is a Hilbert space if and only if it is a separable Banach space with
respect to the norm induced by the inner product (-, *) : H x H — K.

Of course, this definition resembles that of a vector space since H is itself a
vector space. The difference is mainly the point of view that we adopt. In the
study of linear algebra, we look instead towards the representation properties
of the vector space. Instead, we shall be mostly concerned with the limiting
properties the space carries.

It should be evident from the very definition of the inner-product that (-, *)
is anti-linear in the second argument. Recall that a metric space (X, d) is sepa-
rable provided it has a countable dense subset. Given two vectors f,g € H we
shall say that f and g are orthogonal (or perpendicular), written f L g, when-
ever (f,g) = 0. Our first result is a generalization of the Pythagorean theorem
to these spaces:

Lemma 1.1. Let ‘H be a complex Hilbert space and f,g € H with f L g. Then
2 2 2
1f+gl” = 1A17 =+ llgll™

PROOF. To see this we write:

If+gllP={+g.f+9)={(ff+g) +{g.f+g)
=(f,./)+{f,9) + (g f)+{9,9)
=IfIIP+{f.9) + (9. f) + llg|I”

Now, since f L g we get (f,g) = (g, f) = 0 which concludes the proof. O
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Corollary 1.2 (Pythagorean Theorem). Let H be a complex Hilbert space and as-
sume { f;}I_, is a family of pairwise orthogonal vectors in H. Then,

17 s 2:§V;Hfju2 )

PROOF. We argue by induction on N. The case N = 2 is clear from the previous
lemma, now assume (1) holds for NV, we show the case NV + 1 follows. Certainly,
if {f;})21" is pairwise orthogonal then so is {f;}}_,. Moreover, it is obvious that
(Zjvzl fjs fnv+1) = 0 by linearity. Whence we find:

DSOS Dy
KON DI R O S
= B <ij,fN+1>+<fN+l>Zj:fﬂ'>
-3 fj,z EORRCED DN
S 8]+ v b + (v 5
=20 5]+ her?

as was to be shown. O

Let H be a complex Hilbert space and {ey}reny be a countable subset of H.
This set is said to be orthonormal provided for all indices (k, ¢) € N? one has:

(o0 = {1 k=1

0 else

Note that we may indeed assume the above set to be countable since H is sepa-
rable. This same set is called a Hilbert basis for H if their linear combinations
are dense in H. These are sometimes called orthonormal bases. We shall now
give a complete characterization of these bases for a Hilbert space ‘H (over C).
First, we introduce notation. In the next theorem we shall write { := (f,ex) € C
and set Sy(f) :== fo:l &ey for f € H.

Theorem 1.3 (Characterization of Hilbert Bases). Let H be a complex Hilbert



space and {ey }ren an orthonormal subset of H. The following statements are equiv-
alent:

(i) {ex}ren is a Hilbert basis for H.
(ii) If f € H satisfies (f,e;) =0 forall j € Nthen f = 0.
(iii) For all f € H the combination Sy(f) — fas N — oc.

(iv) Parseval’s identity holds true for all f € H:

LA =D 16l (%P)

keN

PROOF OF THEOREM. (i = ii) Assume that (f,e;) = 0 for all j. Let ¢ posi-
tive be given; select a vector g. € H where g. = S~ | Crep with || f — g.|| < e.
Observe that by assumption on f one has by linearity of the Hermitian inner-
product: (f, g.) = 0. Therefore,

||f - ga||2 = <f7 fv> - <fa ga> - <ga7f> +<g€796> = ||f||2 + ||ga||2 < e’
=0 =0

It follows that || f||* < &2 and since € > 0 was arbitrary we find that || f| = 0.
(i = ii) Assume that (f,e;) = 0 for all j. Let ¢ positive be given; select
a vector g. € H where g. = 21]::1 Crer with || f — ge]| < e. Observe that by

assumption on f one has by linearity of the Hermitian inner-product: (f,g.) =
0. Therefore,

HfH2:<f7f7>:<f7f_gs+ga>:<fvg€>+<f7f_gs>:<f7f_gs>
——

=0

Now, using Cauchy-Schwarz we find that || f||*> < ||f||||f — gc]|. Suppose now
that || f|| # 0, then we get || f|| < ||f — ¢:|| < e. Since € > 0 was arbitrary we find
that || ]| = 0.

(ii == iii) There are some preliminary “calculations” to be made. Fix a
vector f € H and define Sy(f) as in (iii). We claim first that f — Sy (f) L Sn(f)
for all N sufficiently large. Indeed, to see this we write by the Pythagorean
theorem (the {ej }ren are orthonormal)

(f = SN () Sn(f)) = (. SN = 1SN D7 = (f.Sn() = D l&f*



But now

s = (130 ey =D Gll e =3 [6f

which proves that f — Sy(f) L Sn(f) as was asserted. Therefore, applying the
Pythagorean theorem proven in Corollary 1 we obtain that'

N N
LAIZ = 1Lf = Sn(HIP+ DIl =D 1al®. (2)
k=1 k=1

Now, passing to the limit in NV — oo in the righthand side of the equation above
gives Bessel’s Identity:
dolal < If1 (3)
keN
We now make the bold claim that {Sy(f)}nen is Cauchy in H. Certainly, from
(3) we know that 37, |&|° < oo and so for all N, M € N, taking without harm
M > N:

M
ISv(f) = Su(H < D7 lal” 2= 0.

k=N+1

Since H is also a Banach space, there is a point, say, ¢ € H so that Sy(f) — g
in norm as N — oo. We claim now that f = ¢. Indeed, it suffices by our
assumption in (ii) to prove that (f — g,e;) = 0 for arbitrary j. Fix j and let
N > j be an integer. We note that, for N large,

N
(f = Snlf)es) = (Fre) = (3 Gueres) = (fres) = (F.e5) = 0.
Which implies the desired result. Indeed, we have

[(f =g, el < = Sn(f) el + 1(Sn(f) — 9. €))]

< [{f = Sn(f), el +115x = gll-
Thus, passing to the limit in [(f — g,¢;)| < ||Sy — ¢|| we find that f — ¢ L e; for
all j whence f = g as vectors.

(ii == iv) We refer again to (2). As per our assumption we know that
Sn(f) — finnorm as N — oo. Thus, taking the limit in (2) we get Parseval’s
identity in (13).

(iv. == 1). To see this, we assume that Parseval’s identity holds true. Now,

'Keep this equation in mind as it will be a central component of the remainder of the proof.
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referring to (2) we find that ||f — Sy|| — 0 as N — oo. Since Sy are linear
combinations we have (i).

The theorem has now been proven.
O

We conclude this section with the observation that any Hilbert space H over
C has a Hilbert basis. Indeed, since H is a vector space we may select a basis,
say, B. Now, to construct an orthonormal subset one needs only follow Gram-
Schmidt.

1.2 Minimizers and Orthogonal Subspaces

The previous section was more algebraic than analytic. We defined the notion of
a Hilbert space over a particular field K and developed the concept of a Hilbert
basis for H. We concluded this section by arguing for the existence of a basis
(orthonormal) for this space H.

Instead, this section is devoted to the decomposition theory of Hilbert spaces.
For this section we fix a Hilbert space H over a field K. In the like of the theory
of vector spaces, we also wish to study linear operators and linear transforma-
tions between Hilbert spaces. For this reason, the following definition arises
naturally:

Definition (Linear Transformation). Let H;, H, be Hilbert spaces over K. We
say a mapping L : H; — Hq is a linear operator provided:

L(f+ag)=L(f)+al(g), VaeK, f,geH,

There are some remarks to be made about this definition. Primarily, we
observe that any linear operator L fixes the zero vector. Indeed, to see this it
suffices to write

L(0) = L(0+ 0) = L(0) + L(0)

In other-terms, a linear operator L : H; — H5 is merely a homomorphism of
vector spaces, where both vector spaces are Hilbert spaces. Naturally, we wish
to extend this notion of a “homomorphism” to a “isomorphism”.” This leads us
unto the following definition:

Definition. A mapping U : H; — H, between Hilbert spaces is said to be
unitary if it is a linear operator, bijective and for all f € #H; one has

UM, = [1F 13,

2One of our goals is to take linear algebra and reformulate it in analytic terms.




Namely, in the above we require that unitary mappings be norm preserving.
These are the analytic analogues for isomorphisms of vector spaces. Note that
much of what holds for linear transformations between vector spaces must also
hold for linear operators. For instance, let L : H; — H, be a linear operator be-
tween vector spaces over a field K. Then, ker L = {0} if and only if L is injective.
Certainly, if L is injective, since 0 — 0 we find ker L = {0}. Conversely suppose
that ker L = {0}. If L(f) = L(g) then L(f — ¢g) = 0 so that f — g € ker L whence

f=g

In the likes of vector spaces, we consider subspaces of Hilbert spaces H.
Indeed, if H is a Hilbert space over K and & C H is a vector subspace of H, we
shall write § < H to say that § is a vector subspace of H. Yet again, in the hopes
of preserving properties of # we are led to giving the following definition:

Definition. If H is a Hilbert space over Kand § < H, we shall say S is a closed
subspace of H provided S is topologically closed’ in H. In this case, we shall
write § < H.

Some theorems are now in order. It will turn out that the above defini-
tion gives us the necessary language to discuss the most powerful theorems of
Hilbert space theory. We now give the following identity:

Proposition 1.4. If H is a Hilbert space over K we have the parallelogram law:

1f +all” + 1f =gl =2 (IF1° + lgll”) (4)

PROOF. Let us now proceed by direct calculation. Write:

If+al>+1f—al*>=(+g.f+9)+{f—9.f—g)
= (L, )+, f)+{f,9) + (9,9 +(f. [)
—(f,9) — (9, ) + (9,9

which concludes this proof. O

Theorem 1.5 (Existence of Minimizers). Let ‘H be a Hilbert space over a field K
and S < H. For each f € H there exists gy € S such that

IF = goll = inL [1f = gl

and (f —go) L S.*

3By topologicaly closed we mean closed in the topology of H. Namely S is a closed subspace
of H if and only if it contains all of its limit points in H.
“By this we mean that (f — go, g) = 0 for all vectors g € S.
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PROOF. Let d = inf cs||f — g||. We construct a sequence {g, }ren € S such that
|f — gnl| = das ntends to infinity. First we want to show that the sequence con-
verges to gy € S. To do show, we show that the sequence is Cauchy. Thence the
completeness of H implies that the sequence converges and the some gy which
isin S as it is a topologically closed subspace. Indeed, by the parallelogram law
we have

||(f - gn) + (f - gm)||2 + ”(f - gn) - (f - gm)l|2
= |12f — (9n +gm)||2 + [lgn — gm||2

Rearranging the terms, we have
2 2 2 2
lgn = gmll” = 2(Ilf = gull” + 11 = gllI”) = 112 = (90 + gun)
2
9n t Gm
(1 = gl + 1 = gm) =4 |7 - 252

2
<2(I1f = gall* +1f = gul*) — 4d®

By construction, we have that || f — g,|| and ||f — gm|| tend to d, hence the right
hand side tends to 0. We can thereby conclude that the sequence is indeed
Cauchy.

We have therefore shown that there exists some gg € S such that || f — go| =
inf es || f — g]|. We now conclude the proof by proving that f—gy L S. Letg € S,
we show that R((f — go,9)) = 0, the imaginary part can be done similarly. For
any € € R, we have

I1f = (g0 — ) = I f — goll”

Then after expanding the left hand side, we obtain

2eR((f — 90.9)) + €2 gl = 0

Suppose R({f — go,9)) > 0, then we can find ¢ < 0 such that the above equation
is negative. Similarly, if R({f — go,9)) < 0, then we can find € > 0 such that the
above equation is negative. We can therefore conclude that R({f — go,9)) = 0.
For the imaginary part, taking ¢ instead of ¢ yields the desired result. [

Perhaps the most important result of the above result is that we may decom-
pose a Hilbert space H into closed subspaces. Certainly, let H be a Hilbert space



over a field K and suppose S is a closed subspace of H. We shall now define:
Sti={feH:(fg)=0vgeS}

to be the orthogonal component in H to §. We now claim that S* is a closed
subspace of H whenever S is. Certainly, let (f,) be a subsequence in St con-
verging to f € H. We must show f L g forall ¢ € S. Indeed, for all n large
consider:

<fn;g> =0

therefore, in the limit we find that for each n:

[(F 9 =1 9) = (fus @) = {F = fas9) < lgll 1 = ol

which of course tends to 0 as n — oco. Therefore, we have found that S+ < H.
The truly powerful result is the following:

Theorem 1.6. Let S < H, where H is a Hilbert space over K. Then, H = S & S*.

PROOF. Let f € H be given. By Theorem 1.5 there exists some g € § such that
(f —g) L S. Therefore, we may of course write out f = (f — ¢g) + g, which is of
the form S + 8. Therefore, each vector in H has a representation as the sum of
elements in S and S*. Now, it remains only to prove that this representation is
unique.

Suppose that gy + hg = g1 + hy where g; € S and h; € St forj =0,1. It
follows that (go—g1) = (h1—ho). The proof will now be complete if we can show
that S N S+ = {0} for then gy — g1 = 0 and h; — hy = 0. To see this, note that
as vector subspaces we immediately have S NSt D {0} since 0 is an element of
each and every vector space. To see the reverse inclusion, let f € SN S*. Then,
since f € St and f € S one has trivially

{(f: 1) =0

whence f L f sothat f = 0. This proves the theorem. We then know H =
So S+ O

We shall later see that S is also a Hilbert space in its own right, provided
it is a closed subspace of H. Completeness is more or less immediate, but its
separability is an issue. Of course, if (f,,) is a Cauchy sequence in § it is again
Cauchy in H, where it must converge to f € H.” Since S is topologically closed
it follows that f € S and hence S is complete.

>Since H is complete.



The issue with separability lies in the following. Let H be a Hilbert space
over a field K and suppose S < H is a closed Hilbert subspace of . However,
if Q is a countable dense subset of A there is no-guarantee that 9 NS # @.
We shall return to this problem once we have defined the notion of a projection
mapping onto a closed subspace S < H.

1.3 Linear Operators and Functionals

Although we had introduced linear operators in the previous section, in this
section we shall distinguish them from the linear transformations you have all
seen in linear algebra. In this section we look at these operators from a perspec-
tive that is truly analytic.

We shall say that a linear operator L : H; — Hs is bounded provided there
exists some M > 0, independent of f € H,, such that [[L(f)[,, < M |[[f],,- In
the future we shall omit these subscripts on the norm, when the context and
space cannot cause confusion.

We shall call a linear operator L : H; — H, continuous provided it satisfies
the sequential criterion for continuity®: for each sequence in H (f,) — f, with
f € H one has

lim L(fn) = L(f)

n—oo

Note that these definitions did not use the properties of H; or H that distin-
guish it from traditional normed vector spaces, say, Banach spaces.Thence we
see that these definitions remain equally valid over Banach spaces. The more
surprising result is that these concepts are equivalent.

Theorem 1.7. Let By, By be Banach spaces over a field F,” a linear operator L : By —
B, is continuous if and only if it is bounded.

PROOF. Suppose that L is continuous, but not bounded. In the negation of our
definition of a bounded linear operator we find that for each n € N there is
some f, € By such that ||L(f,)|| > n| f.||- Observe that none of the f, are zero,
and it makes sense to define an auxiliary sequence of vectors in B; by setting
forn e N:

yoe
tonllfall
By a calculation we subsequently discover that
L)l = L > o Ll = 1
gn )|l = ’ n N Inll =
n | full n | full

®This corresponds to the £ — § definition in metric spaces, but is easier to work with.
"Here we do not require that F =R or F = C
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therefore
lim L(g,) # 0
n—oo
On the other-hand, it is clear that g, — 0 as n — oo, since all these g, have norm
L. This contradicts the continuity of L at 0.
Conversely, suppose that L is a bounded linear operator. By definition, L

then satisfies a “Lipschitz-like” condition, and must be continuous. Indeed, let
(fn) be a sequence in B, converging to f € B;. We then write:

IL(fa) = TOI = 1L = DI < M (| fu = [ =0

which proves this theorem. ]

The above theorem is often called the characterization of continuity theorem.
We now return mostly to intrinsic properties of Hilbert spaces. Again, we con-
sider Hilbert spaces H over K, either the real or complex numbers. We recall
the notion of a dual space. If H is a Hilbert space it is necessarily a vector space,
and therefore has a dual space: ‘H* consisting of all linear functionals over H.
That is,

H*:={l:H — K, {alinear map} (5)

These ¢ are called linear functionals. In other-terms, ¢ is said to be a linear
functional over H if it is a linear operator:

(:H—-K

Some examples are in order. Clearly, if we fix a vector g € H then one can
define a linear functional ¢(-) := (-, g). By Cauchy-Schwarz, this is a bounded
linear functional and hence a continuous linear operator.® The truly astounding
result is the Riesz Representation Theorem, which states that there are no other
bounded linear functionals:

Theorem 1.8 (Riesz Representation Theorem). Let ‘H be a Hilbert space over K
and suppose { : H — K is a continuous (or bounded) linear functional. There exists
a unique vector g € ‘H such that

(f)=1(f9, VfeH (6)

PROOF. This is a proof by construction. We consider now the null-space of ¢,
denoted below by
N:={geH:lg) =0}

8A linear functional / is clear a linear operator in its own right.
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We claim that N' < H. Clearly, by linearity of ¢ it is clear that N < H, i.e. N is
a vector subspace of H. To see now that N is topologically closed as well, pick
a convergent sequence (f,) in N with some limit point in #, but not known to
be in V. Then, for all n one has

whence ¢(f) = 0; by continuity of ¢. Therefore, N' < H as was required. Now,
there must exist an orthogonal complement A'* such that

H=NaoN*t

If ¢ =0, we set g = 0 and we are done. Else, N'* we may select a unit vector

h € N*t. Then, define g := ¢(h)h # 0. Now, define for each f € H some
associated u := £(h)f — he(f); clearly u € N. Therefore, u L h and therefore we
find that

0= (u,h) = (fl(h) = L(f)h, h) = £(h) (f, h) = £(f) (b, 1)
=L(h) (f,h) —L(f) (h is a unit vector)

whence, ((f) = {(h) (f,h) = <f, E(_h)h> = (f,g). It now only remains to show

uniqueness of this g. Suppose both g, h € H satisfy the claim: i.e. /(f) = (f,g) =
(f,h) for all f € H. In particular, one has (f,g — h) = 0 for all f € #H, and thus

<g_haf>:0> VfGH

let {e;},en be an orthonormal basis for #, since we have (¢ — h, e;) = 0 for each
j it follows from Theorem 1.3 that g is identical to h. [

We are now ready to study special analogues to operators over Hilbert spaces.
First, we should like to extend our notion of norm to the set of all linear opera-
tors between two Hilbert spaces. For our purposes, it will suffice to extend |||
to endomorphisms.”

Definition. If L : 4 — 7 be a bounded endomorphism of a Hilbert space H
over K we may define the norm of L, denoted ||L||, to be the infimum of all
M > 0 such that [|[L(f)|| < M ||f]| for all f € H. In symbolic terms:

ILI[ = inf {M >0 [LOAHI < M[fI, Vf € H} (7)

This is in practice not a useful definition, but is by far the easiest to consider

Linear operators from a Hilbert space into itself, i.e. L : H — H.
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and motivate. We shall give an alternative characterization of this quantity
below, and it shall be of greater use but it will become self evident why it makes
for a rather poor definition. We remark that the definition above makes sense
whenever L is a bounded linear operator, for the set of all such M is non-empty.

Proposition 1.9. Let L be a bounded endomorphism of a Hilbert space H. Then,

L= sup [L(f),9)l (8)
f.9eH
IflI=llgll=1

PROOF. Note that since L is a bounded linear operator this supremum, say, S,
exists and is finite. We shall show that S is admissible as a “bound” on L as in
the definition and also that S < M for all admissible M.

Let M > 0 be admissible, i.e. assume ||L(f)|| < M ||f|| for all f € H and let
f, g € H be unit vectors. Then, by Cauchy-Schwarz we obtain the following:

(L), )| < ILOHIF < M| f[| = M

Taking the infimum over all such M we obtain that [(L(f), g)| < ||L||, and taking
the supremum over all such pairs of unit vectors (f,g) one obtains the first
inequality: S < ||L]|. We must now show that S is a bound on L. Let f € H be
given, if f = 0 or L(f) = 0 then we trivially have ||L(f)|| < S| f|| since linear
transformations must preserve the zero-vector. Else, we safely define:

- Ly
=T =m0

Since g is then a unit vector, we know [(L(g), g)| < S. More precisely,

WT];!) ||£82||>‘ =5

noting that

<L(f) L(/) > _ IO
LA LA /1l
we find that |L|| < S, which proves the proposition. O

For the remainder of this section let us fix a bounded endomorphism L :
‘H — H. We wish to construct its adjoint operator. Namely, we claim there is a
unique associated endomorphism L* : H — #, also bounded that satisfies

(L(f),9) = (f,L7(9)) (9)

13



for all f,g € H. Certainly, such a linear operator exists by the Riesz repre-
sentation theorem we have given previously. Fix g € H and let f € H vary. We
note that one can view this inner product as a mapping

C:H = H, S (L, g

Since g is fixed, this is a bounded linear functional, and is hence continuous.
There must therefore exist some unique vector h € H such that ¢(f) = (f, h) for
all f € H. Hence, we may define a mapping:

L' H—H, g5h

We now see clearly that under this definition we have satisfied equation (9).
Since the vector given to us by the Riesz representation theorem is unique, this
is a well-defined linear transformation/operator. To see that this mapping is
unique, let 7" be any endomoprhism satisfying (9). Let {e;};en be an orthonor-
mal basis for H. Fix g € H, it then follows from the linearity of the inner-
product that

(e;,L*(g) = T(9)) =0, VjeN

whence by Theorem 1.3 we once again observe that L*(g) = T'(¢g), and therefore
L* = T since g was arbitrary.

We end this section with some definitions that allow us to construct special
classes of endomorphisms on a Hilbert space H over K. We shall call a linear
operator L : H — H hermitian'’ provided L* = L.

A linear operator L : H — #H is said to be compact if and only if for each
bounded sequence (f,,) in #H there is a subsequence (f,, ) such that L (f,,, ) con-
verges. We shall always assume that these L are bounded (and therefore con-
tinuous).

1.4 The Spectral Theorem for Compact Operators

In this section we shall attempt to generalize to infinite dimensional spaces the
results from linear algebra regarding hermitian matrices. Namely, we would
like to answer the following question: if L : H — H is a bounded, compact, her-
mitian operator does there exist an orthonormal basis {¢;}, of  and associated
Aj € Ksuch that

L{vj) = Aigs

As we shall see by the end of this section, the answer to this question is yes.

19Often this is called symmetric or self-adjoint.
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This may be summarized in the following theorem:

Theorem 1.10 (Spectral Theorem). Let H be a Hilbert space over Kand L : H — H
a bounded, hermitian compact operator. There exists an orthonormal basis {;}; and
Aj € Ksuch that

L(gs) = Ajepsr Vi (10)
Moreover, I\; = 0 and if dim(H) = oo the \; = 0as j — oo.

In the above the vectors ¢ are called eigenvectors and the A are eigenvalues.
Note that by definition, since they form an orthonormal basis, no eigenvector
can be zero.

We do not yet have the tools to prove this theorem, and we shall build up
results in this section to prove this theorem. In fact, we shall prove this theorem

in several steps instead. For the remainder of this section we shall assume that
L is a bounded, compact and hermitian endomorphism on H.

Lemma 1.11. If A is an eigenvalue for some eigenvector ¢, then A € R. Moreover, if
A # Ag are two eigenvalues with eigenvectors gy, o respectively, then ¢y L ps.

PROOF. For the first claim one needs only write:

M, o) = (Ap, 0) = (L, p) = (¢, Ly) = (¢, \p)
= X <907 ‘p>

This implies that A [|¢||> = X ||¢||*, and since ¢ # 0 we get A = X whence X € R.
For the second claim, we wish to show that {1, ) = 0. To see this, let us
calculate:

AL (@1, 92) = (A1, ) = (L(01), 2) = (@1, Aagpa)
= X2 (01, p2) (A2 € R)

Now, as A\; # Ay we find that (p1, o) = 0 whence ¢1 L ©s. O

Note that in the above we did not require boundedness nor compactness:
only that L is hermitian. Our next lemma is more intricate, and actually relies
on continuity and compactness of the endomorphism L.

Lemma 1.12. For L : H — H compact, hermitian and continuous one has:

(1) Foreach X\ # 0 the null space of L — A\ has finite dimension.

(2) If (An)nen is a sequence of pairwise distinct eigenvalues then

lim A\, =0 (11)

n—oo
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(3) There are at-most countably many eigenvalues for L.

PROOF.

(1)

Let A # 0 be given, and real. Define 7\ := L — Al. Since L, I are bounded
linear operators, it follows that 73 is bounded as well, and therefore by the
argument used in the Riesz representation theorem we know that kerT)
is a closed subspace of H. It therefore inherits a Hilbert space structure.
Suppose by way of contradiction that dim (ker 7)) = co. Then, we may select
an orthogonal set {¢;, }nen in ker 7).

For each such n one has T)\(¢,) = 0 and therefore L(¢,) = Ap,. Since these
are orthogonal, we may assume without harm that they are unit vectors as
well. Therefore, we have found a bounded sequence. Since L is compact,
there is a subsequence ¢ such that L(yy) is convergent. In particular, the
sequence (L(¢x))gey is Cauchy in H. On the other-hand, for all £ # m in N
one has

IL(r) = L) I” = Mg = Aomll” = Al — omll” = A*  (Prop. 1)
which contradicts that (L(yx)),cy is Cauchy since A # 0

Assume now that we have collected infinitely many eigenvalues. We claim
that for each € > 0 there are finitely many A, with |A,| > . Of course,
we argue by contradiction. Otherwise, there exists e, > 0 and a countably
infinite family of distinct eigenvalues {\;}x such that |A\x| > £o. Now, let ¢y
be an eigenvector associated to \; for each k£ € N. By our previous lemma,
these ¢, must be orthogonal and therefore we may assume without harm
that they are orthonormal. Indeed, this follows from the fact that for C' # 0:

1

L(5) =gt =25

Therefore, a non-zero constant multiple of an eigenvector is again an eigen-
vector (for the same eigenvalue). Hence, we again have a bounded sequence
in H whence by compactness of our endomorphism L we may assume L(yy,)
is convergent; otherwise passing to a subsequence. However, it follows that
(L(px))r must be Cauchy which would contradict:

IL(pk) = Llem)lI* = A&+ A%, > 265
for all k& # m.

Let A be the set of all eigenvalues for L, save possibly A = 0 (if 0 is an
eigenvalue of L). Clearly, there are at most-countably many eigenvalues for
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L if and only if \ is countable. Observe now that one may write:

1
/\ = U {)\ A > —isan eigenvalue}
n

neN
By (2) each of these sets is finite, and therefore /\ is countable.
O

Now comes the time to prove that the point of all this is not moot; namely
that an operator L : H — H that is compact, hermitian and bounded does have
eigenvalues and eigenvectors. First consider the case L = 0. Clearly, this is
hermitian, compact and bounded. We observe that 0 is an eigenvalue for L with
eigenvector 1. Now, for the more general case:

Lemma 1.13. Let L # 0 be a compact, hermitian and bounded endomorphism on H.
Then, ||L|| is an eigenvalue of L with at least one eigenvector.

PROOF. Note first that ||L|| > 0, for otherwise one would have L = 0. Observe
that it follows from Proposition 1.9 together with the hermitian property: L =
L* that we have''

ILI| = sup [(L(f), f)]

f unit

In particular, we have exactly one of the two cases below:

IL[l = sup (L(f),f) ~ or  [IL|l = — inf (L(f), [) (12)

f unit f unit

We handle only the first case here, the second follows easily by a symmetric
argument, or arguing for —L instead of L. In the first case, observe that by
definition of the supremum we may select a sequence of unit vectors (f,,) in H
such that

Tin (L(F). 4) = L]

By compactness of the endomorphism L we may presume without harm to the
proof that L(f,,) — g € #; passing to a subsequence in the case where this does
not hold. Ultimately, we claim that A := ||L|| is an eigenvalue for the vector g;
i.e. that L(g) = A\g and g # 0.

"This is not immediate. For a short proof, we refer the reader to [1, page 184]
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First, write out:

IL(fa) = Mall® = (L(fa) = Mfas L(fa) — M)
= ILUfIP 4+ N fall = ALCfa)s fa) = A{fa), L(f0))
= [[IL(f)lI* + A2 = 2X (L(fa), fu)

where in this last step we have used that L is hermitian and the f,’s are unit
vectors. Hence,

IL(fa) = Ml S NI Fall” + 2% = 20 (L(f), fo)
- 2)‘2 —2A <L(fn)7 fn>

where this last term vanishes as n — oo since A (L(f,), fn) — A. Now, this tells
us mostly that Af,, = g as n — oo. Now, by continuity we obtain then:
L(g) = lim L(Afo) = A lim L(f,) = Ag

The proof will then be complete if we can show that ¢ # 0. Suppose for a
contradiction that g = 0, then by continuity we have:

Tim L(f,) =0
However, we have shown that ||L(f,) — Af,|| tends to 0 as n — oo, with A # 0 by
hypothesis. But, for all n € N one has [|Af,|| = |A\] > 0 which is a contradiction.
[

Having established all of these lemmata we are now ready to prove the Spec-
tral Theorem:

PROOF OF THEOREM 1.10. Consider the pre-space & consisting of the vectors
in H spanned by the eigenvectors of the endomorphism L. Note that by the pre-
vious lemma together with the remark preceding it, we know & is non-empty.
The main idea here is to let S be the topological closure of & in H.

By construction, S < H. Note by construction that the collection of eigen-
vectors, say, {¢n}» are orthogonal by a previous lemma, and therefore we may
“normalize” these vectors. By construction, this family {¢,}, is hence an or-
thonormal basis for S.'* We may therefore define an orthogonal complement to
S:

H=SoS"

2Any element in the closure of a metric subspace may be approximated by elements in the
original set.
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The goal here is to show that S+ = {0}, whence H = S. First we need to show
that L. maps S back into itself and S* back into itself. Certainly, let f € S, then
we may write:

f:ZCnSOM €K

where this sum is countable by a previous lemma; here we have used the fact
that {¢,} is an orthonormal basis for S. If this family of ¢, is finite, then clearly
L(f) = >, ¢.L(yy,) by linearity. If {¢,}, is countably infinite we know that
Y nen Cnpn = fas N — oo and therefore by continuity of L one finds:

- n<N n

where we have set &, := (,\,. Hence, L(S) C S. We also claimed that L (SL) C
S*. If 8+ = {0} there is nothing to show, otherwise pick g € S*. We claim
L(g) L f for all f € S. This follows mostly from the hermitian property that L
carries:

(f;Lg) = (L(f),9) =0

since L(f) € S. Therefore, we may consider restrictions of L to both S and S*,
since L is an endomorphism on each of these closed subspaces: and thus Hilbert
spaces. Moreover, it is obvious that on these subspaces L is compact, continuous
and hermitian. Suppose by way of contradiction that there is a non-zero vector
g € St If the restriction of L on 8t is identically zero, take A = 0, then g is an
eigenvalue of L. If instead ||L|| > 0 on S*, we have by the previous lemma the
existence of an eigenvector with eigenvalue S*. In any case we have reached a
contradiction since S contains all eigenvectors of L.

The spectral theorem is now proven. [

2 Fourier Analysis

In this chapter we study the Fourier transform from a rigorous point of view.
Let us recall from the measure theory text the space of square integrable func-
tions:

L*(RY) = {f € M(RY) : g |f(x)]? dz < oo} (13)

where M(R?) is the space of all measurable functions f : R? — C. Of all L?
spaces, L? is the only one that is a Hilbert space, where the inner-product on

19


http://cs.mcgill.ca/~echern2/repo/measureDoc.pdf

L*(RY) is defined by:

() = [ Fa)ga)ds (14

The purpose of this chapter is to develop a Fourier transform that takes
advantage of the generality intrinsic to the Lebesgue integral. The strategy is to
develop the Fourier transform for a “smaller” space of “nicer” functions, which
we shall show to be dense in L?*(R?) and extend this uniquely to all of L*(R?).

2.1 Schwartz Space and the Fourier Transform

In this section we define and study basic properties of the Fourier transform on
a smaller space of functions called Schwartz functions. Without harm we shall
consider the case where d = 1, for simplicity. The same arguments carry over
nicely to higher dimensions, with the aid of Fubini’s theorem. The Schwartz
class of functions is defined below:

Definition (Schwartz Space). The Schwartz space, denoted S = S(R) is defined

as the subspace of LP(R) for all p > 1:
d\?
« _ <
T <d:L‘) f ~ Ca’g}

Loosely speaking, S consists of all smooth functions decaying faster at in-
finity, along with its derivatives, than any rational function. In the hopes of
avoiding confusion, despite having used S to denote the Schwartz space, the
reader should not assume that S is a closed subspace of LP. Certainly, note that,
given p, by choosing a appropriately with 5 = 0 we find S(R) € LP(R). To see
that this inclusion is strict, consider the Dirichlet function:

S = {f € C*(R) : Yo, B € Ny, 3C, s > 0 with

0:R—=R, z~ 1g(z).

Since 11(Q) = 0 we note that d = 0 almost everywhere and therefore [, [0(x)[" dz
0 for all p > 1. However, ? is discontinuous everywhere and is certainly not an
element of S.

Moreover we have that S cannot be a closed subspace of LP. Indeed, we
shall later see that S is dense in LP(R?) for all p > 1, and then it follows from
the following proposition that S cannot be a closed subspace of LP(R):

13We write here Ny := {0, 1,...}.
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Proposition 2.1. Let (X, d) be a metric space and Q C X a closed dense subspace of
X. Then, QQ = X. Namely, the only closed dense subspace of X is X itself.

PROOF. Given = € X choose a sequence (g,) approximating z, i.e. (g,) — x as
n — o0. Since Q) is closed, x € ) and we have Q O X. O

With these preliminary concerns out of the way, we are prepared to consider
the Fourier transform.

Definition (Fourier Transform). For any f € & = S(R) we define the Fourier
transform of f, denoted f or F[f], to be the function f : R — C defined by the
integral:

FIAE) = f(€) = / fla)e 5 da (15)

We shall alternate between the notations above, when one is more conve-
nient than the other. We claim that the above is well defined, i.e. that for
all ¢ the integrand f(z)e 2™ is integrable. Certainly, by our earlier obser-
vations f € S implies f € L'(R), and since |f(z)e ?™*¢| = |f(x)| we have
f(z)e?™¢ ¢ LY(R).

Before we proceed further, we require a further result on the decay of such
integrands.

Theorem 2.2 (Riemann-Lebesgue Lemma). Let f € L'(R). Then,

lim / f(z)e ™ dxy = 0 (16)
§|—00 JRr

PROOF. We begin by arguing for the characteristic functions of intervals. Con-
sider now f(z) = 1j44(x) for some compact interval [a,b] in R. Then, it is easy
to verify now by direct calculation that for all £ € R:

b
/ 6—27ria:§ dx
a

—2mizg |b

2mi€

/ f(x)e_%mf dz
R

€
a

1
2m [¢]
1

2m [¢]

|€—27rzb§ o 6—27rm§

<

vanishing in the limit as |§| — oo.
Now, for the general case we recall that step functions are dense in L*(R).
Let f € L'R) be given and fix ¢ > 0. There exists a step function ¢ =
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25:1 a,1y, (z), where each I, is an interval of the form [a,, b,] with || f — ¢| ;. <
€. Now, we write:

/ f(.il?)e_%-mé dz
R

[ 0@ - ptepem ars [ o a

R

bn ,
/ e—27rwc§ dz
an

By the argument above, letting || be very large we can guarantee the inequality

bn
/ e—2mr§ dz
Qn

N
<f =l + D lanl
n=1

N

>l

n=1

<e.

Putting all this together, we find

lim < 2e

§|—o00

/f(m)e—Qm‘mf dz
R

since £ > 0 was arbitrary, the proof is complete. O

We shall now prove one more lemma, which will be of great use for calcula-
tion purposes:

Lemma 2.3. Let f € S(R) be given. Then,

d -~ N
(1) 3 /(O = (=2mi)zf(©)
(2) FIf)(€) = 2mie f(€).
PROOF.

(1) Since f € S implies that f is smooth we may pass to limits of Riemann
integrals, where we may “differentiate under the integral sign”. Therefore,
we may calculate:

— = — x)e T dy = x) - —e % da
= / f(z) - (=2mix)e 2™ dg
R
= (—27ri)/f(x)e_2m$5 dz
R
whence we have proven the first claim.
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(2) For the second, we pass to a similar argument together with integration by
parts to discover that F [f'(z)] (§) is given by

/f —27rza:§ dr = —27rza:£|_oo /f 2’71'25 —2mix€ dr

Since f € S it vanishes quickly at infinity, and we are left with (2mi€) [, f(2)e "¢ dx
which is precisely the quantity

2mie f(€)

This implies the following:

Corollary 2.4. The linear operator F[-] is an endomorphism of S.

PROOF. We must show that given f € S the image point fisin S(R). Leta >0
be an integer. We note that the previous lemma together with simple induction
implies:

7 = —L_ e = L
B -~ (2mi)e

\/f(oe)(x)e—%rizg dx
R

since f decays fast at infinity we may invoke the Riemann Lebesgue lemma
as |¢] — oo to deduce that §af(§) vanishes at infinity. Since this function is
continuous in &, it follows that we may bound 50‘]?(5) uniformly, as is required.

Now assume > 0is an integer. Again, by induction on the previous lemma
we note that

B fi .
(i) F(&) = (—2mi)° F [xﬁf] (&) = <_271)54$5f(x)62”1$5 a

dg
By definition of S, it follows that 2 f(x) is again in S and therefore is of class
L', an application of Riemann-Lebesgue proves the corollary. ]

We now show that F|-] behaves somewhat like the convolution operator, in
the sense that we may “exchange” the the transform under the integral.

Proposition 2.5. Let f,g € S, then

/R f(@)g(z) dz = / F)i) dy (17)
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PROOF. We pass unto Fubini-Tonelli:

oy | )

fW)g(x)e ™" da dy

RxR
/f (/ —2mizy dx) dy
= / fw)aly) d
R
as was to be shown. O]

There are other algebraic identities that are of particular use in the practice.
For a € R let us define f,(z) := f(z + a). Then,

Z/f($—|—a)e_2’”’”£ dz 2= /f e il gy
R

whence we find

fa€) = ™ f(€) |, where fu(z) = f(z +a) (18)

In a similar vein, for f,(z) := f (%), where a # 0, we calculate:

AGE /R f(E) et an 2= g /R Flu)e2mEE gy

a

therefore, for f,(z) = f(z/a) we obtain

Jul€) = af(ag) |, where fu(@) = £ (%) (19)

2.2 The Fourier Inversion Theorem

In this section we consider the recovery problem, i.e. how to recover f from f
First, we shall need to calculate a particular Fourier transform. Thankfully, this
provides us with an example of a Fourier transform being used in practice!
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Fourier Transform of Gaussian

Consider the function f : R — R defined by f(z) := e ™. We wish to calculate
F [f] (£). First, we note that by direct calculation one has

f'(w) = =27 f(z)
implying that F [f] (§) = —2nF[zf](§) = 10:F[f](£) by Lemma 2.3. In a similar

g

vein, by this very same lemma one easily finds:

F () = 2miF [f](€)
Moreover, by direct calculation we have:
FIlO)= [ e™ do =1
A0 = [ a

Putting all of this data togther, we obtain the following IVP:

OFIf] = —2meFIAI(E) inR
{ Fi (20)

This differential equation has solution F[f](£) = Ce ™, for some C' € R. Using
that F[f](0) = 1 we find C' = 1 and therefore;

Fl© =

Proof of The Fourier Inversion Formula

Theorem 2.6 (Fourier Inversion Formula). Let f € S, we know ]? € S. One can
recover f by calcuating:

/R (&) de = f(a) (21)

2
PROOF. Consider the smooth map for a > 0 defined by g(&) := e . We have
by equation (17) that

/R F(©)g(e) de = / f(@)§(x) da.

. . . . . I
By our calculations in the previous subsection for the Fourier transform of e™™",
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together with (19) we note that this implies

/Rf@ﬁ@) d¢ = /Rf(ac)ae_”(m)Q dz.

Letting now u := azx we find that:

/R FE7(€) de = /R F(5) e

On one hand, the left hand side as a tends to infinity is equivalent to:

-~

lim [ F©)g(€) de = lim [ fle)e ™ de = / 7le) de
a—ro0 R R

a—o0 R

by dominated convergence. However, in the right-hand side we find instead:

lin | (g) e ™ du = £(0) /R e ™ du = £(0)

a— 00

by dominated convergence. Whence,

f<0>:/Rf/<E> aé

Now we are almost done. For any z € R define a function h(z) := f(x + 2) =
f-(z). We may repeat the above procedure to discover in this case that:

f(2) = h(0) = /R h(e) e = /R T (6 de (eqn (18))

which proves the theorem. ]

The formula is “nice”, but what we really have been seeking is the subse-
quent corollary:

Corollary 2.7. The Fourier transform F|-| is an automorphism of S.

3 The Plancherel Identities

In this section we develop some useful algebraic identities using the Fourier
transform. First consider any f € S; we have seen that f € S as well. We begin
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with the calculation:

T = [ emfie) ag = [ = E ¢ = 7 [F7] (@)
We are now prepared to evaluate:
112 = [ $@F@ do = [ 1) [FT] ()] da
- [ FUI@FT) do = |17

The above is called Plancherel’s First Identity. As for the second, let  denote
the Dirac-d measure. Then, we claim for f,g € S:

frass (o) o =<o)
//Rsf e @S qg dy de
//Rsf e 2t de dy da
- [ 1@t - ) dyao
_ /R f(@)g(@) da

The above marks Plancherel’s Second Identity.

3.1 Extending F to L*(R)

Here we shall accept without proof a fact from mollifier theory; although it is
easy to believe. We already know that continuous functions of compact sup-
port are dense in L? for p > 1. In a similar vein, it can be shown that C§°(R),
the smooth functions of compact support are dense in LP(R). This is typically
achieved by “smoothing-out” these functions. In any case, this implies that & is
a dense subspace of L*(R).

We now show that the bounded linear operator on a dense subspace of a
Banach space B may be extended to the entire space. First, we claim that F is a
bounded operator in §. Indeed, let f € §; we compute:

IF N e = N1l 2
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by Plancherel’s first identity. Therefore, it suffices to prove the following theo-
rem:

Theorem 3.1. Let By, By be Banach spaces and S a dense subspace of By. If L : § —
By is a bounded linear operator there exists a unique bounded extension of L to Bj.

PROOE. Our first job is to define L(f) for a general vectorf € B;. Let (f,) be a
sequence in S such that (f,) — f as n — oo. Especially, (f,,) is Cauchy in B;
and as a bounded linear operator we note that (L(f,)) is Cauchy in B, which
we know to be complete. There exists then a limit point g such that

Jim L(f) =g
We then define L(f) := g. We claim that this is well defined and independent
of choice of sequence (f,,). Indeed, if (g,) is another sequence approximating f
then we have especially that

n—00

Whence, ||L(f,) — L(gn)|| = [|L(fn —gn)|l = 0 as n — oo by continuity of L
at 0.'"* We claim that this resulting operator is bounded. On S we know that
IL()|| < M |-||. For each f € By let (f,) be a sequence in S converging to f.
Then, by definition:

L(f) = lim L(f,) < lim M £, = M | ]

by continuity of the norm. Now, to show uniqueness assume there are two ex-
tensions, say, L, 7. Then, they must agree on S. For any f € B; pick a sequence
(fn) in S approximating f. Then, by continuity we have both:

L(f) = lim L(f,), T(f) = lim T(f,).

n—oo n—00

Since L(f,) = T(f,) for each n we have T' = L. O

We apply the above procedure to F[:], whence we obtain a Fourier transform
F[-] on L*(R). By this we mean, that if (f,) C S is a sequence approximating
f € L? we define:

lim F[f.] =: F[f]

n—oo

Note that the above limit is defined in the L? sense. We claim now that
Plancherel’s first identity survives this extension. Surely, let f € L*(R) and

4Note that the zero vector lies in any subspace of B;.
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pick a sequence (f,) in S such that || f, — f||;2 — 0 as n — oo. Then, since any
norm ||-|| is continuous

IFA = tim |FLL = Y (£l = (7]

We may repeat the above process to extend the inverse transform: F~! to
L?; we wish to show that F o F~! = F~' o F = 1. This is clear from the fact
that the composition of two bounded operators is again bounded (and hence
continuous). Thence, if f € L?(R) and (f,) is a sequence in S with (f,,) — fin
L?(R) we find by continuity of composition

(FoF ) (f) = lim F(F'(fn) = lim fu=f

and an identical argument proves the case for F~'oF. Therefore, this extension
is an automorphism of L?(R), and moreover, is a unitary mapping.

4 Solved Problems

These problems are taken from [1] Chapters 1-2. We shall omit portions of the
problems involving Cantor sets C.

Problem 1. Let F C R? be a measurable set and define

1
O, = {x cR:d(z,FE) < ﬁ} :
Prove that:
(1) If E'is compact then p(E) = lim, o0 it (On).
(2) If E is merely closed but unbounded then (1) may not hold true.
SOLUTION.

(1) To prove this first statement we observe that since d(x, F) = 0forallz € E
one has immediately £ C ﬂneN O,.. Now, we observe that O0,,; C O, for
all n € N. Indeed, clearly d(z, E) < =5 < 1. Therefore, if E is compact
then the O,, are uniformly bounded whence

p (ﬂ On) = lim 1(0,)

neN
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It therefore suffices to show that £ = [, On. To see the reverse inclu-
sion, let x € [,y On, then d(x, E) < 1/n for all n implies that d(z, E)) = 0.
Therefore, by definition of d(x, F) there exists a sequence (y,) in E such

that )
0< |y, —z| < —
n

passing to the limit we observe that y,, — x; since E is closed (it is com-
pact) z € E and we are done.

(2) A simple counter example is N. This is a closed subspace of R, since one
may write:

N¢ = (—o0,1) U G(k,k+1)

which is clearly open as the union of open sets. However, N is unbounded
and since it is discrete we have p(N) = 0. On the other-hand, for each

n € N one has: . .
O, = (k—ﬁ,mﬁ)

keN

whence, 11 (0,) = Y ,cn 2 = oo for all n; clearly not identical to u(N).
[

Problem 2. Let F be a measurable subset of R% with finite measure. Then, if
§ € R4 is a vector with positive components then the set §E is also measurable
and carries Lebesgue measure p(0E) = |0| u(E).

SOLUTION. We first show JE is measurable. Let ¢ > 0 be given, since £ €
M(R?) we may find an open set O 2O F with (O \ E) < e. It is clear that the
dilation of an open ball is again an open ball, and therefore it follows that 60O
is an open set containing 0 £. Now, we may select a cubic covering {Q; };en for
O \ E such that

D 1@ < u(O\e) +¢

jEN
by definition of the infimum. Clearly, {dQ;}; is then a family of cubes covering
00 \ 0E. Whence, by monotonicity it follows that

PEON\SE) <> 10Q;| =6 Qs < 6u(O\ E) + be
JEN jEN

<ed+¢ed =20

Proving that 60 € M(R?).
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Now, let {@;};jen be a collection of cubes covering E. It is clear that {JQ;};
covers 0 F and therefore;

pOE) <> 1611Q; = 161> Q]

jeN jeN

Taking the infimum over all such cubes we find u(0E) < |§| u(E). This argu-
ment is symmetric with respect to 1/ || and therefore we achieve the desired
equality: 0| u(E) = p(0E). O

Problem 3. Prove the Borel-Cantelli Lemma:

“Let { £ }ren be a sequence of measurable sets, with >, u(Ey) < oo. Let £
denote the set of all points lying in infinitely many of the Ej. Then, £ is a null
set;i.e. u(€) =0

PROOF. The key is to observe that:

e-NU"

neN k>n

Clearly, £ € (,,en Upsn Er- Conversely, if v € (), ey Ugs,, £r then for eachn € N
there is at least one Ejy, with £ > n and x € Ej; i.e. x belongs to infinitely many
Ey.

Now, since ), . #(E)) < oo the series converges absolutely and it follows
that the tail of this sequence converges to zero. Let ¢ > 0, then there is some
N € N such that Y, . u(Er) < e. Now, by monotonicity of the Lebsegue
measure on R? one has

5gﬂEk

k>N
whence
p(E) <Y By <e
k>N
since € > 0 was arbitrary we find u(€) = 0. O

Problem 4. Let { f,} be a sequence of measurable functions on [0, 1] with | f,,(x)| <
oo for almost all x and all n € N. There exists a sequence of ¢, > 0 such that

lim —fn (z)
n—oo  Cp

for almost all = € [0, 1].
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SOLUTION. We show that for each n € N there is some ¢, > 0 such that

(- <o

Indeed, for m € N let us define:

By e dp @I R
{ bemm

m n

We claim that ())-_, E,, is a null set. Indeed, note that if x € () ._, E,, then:

AG]

m—oo M

>

S|

implying that f,(z) = £oo. Therefore, it follows that z ([
thermore, note that £,,,; C F,, since

L@ @,

m+1—~ m

Em) = 0. Fur-

meN

Therefore, lim,,, o p(F,,) = 0 whence there is ¢, € N such that:

u(Em)zu({ Ifnci)l n})<2 n

Therefore, taking { F;, } to be collection of such E,, we observe that ) u(F;,) <
oo. Now we note that if

fal@) /4 0asn — oo
Cn
one must have x € (), cy Uy, Fi for otherwise f"( L for all sufficiently large
n. Therefore, by Borel-Cantelli the set of all such'« has measure 0. ]

Problem 5. There is no continuous function ¢ : R — R equal to 1j,4(x) almost
everywhere.

SOLUTION. By way of contradiction assume ¢ : R — R is continuous almost
and equal to 1j,4(x) almost everywhere. We note that ¢(a) = 1 for otherwise
we have either ¢(a) < 1 or ¢(a) > 1. In either case, there is an interval about a,
say, (a — 0,a + ) where ¢ > 1 or ¢ < 1, respectively. In either-case, there is a set
of positive measure where ¢ disagrees with 1, ().

We claim that ¢(a) = 0 as well. Otherwise, by continuity there is a neigh-
bourhood (a —¢,a+¢) where ¢ # 0. However, then ¢ # 1j,4 on (a — ¢, a], which
has positive measure. []
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Problem 6. Let A, B C R be measurable sets with u(B) < oo and p(A) = u(B).
If AC E C Bthen E is measurable and u(F) = u(B).

SOLUTION. We begin by proving that E is measurable. We may write B =
AU (B\ A). That is, we have u(B) = pu(A) + u(B \ A) whence u(B\ A). By
monotonicity together with the fact that £\ A C B\ A we conclude that E\ Ais a
null-set and is therefore measurable. Now, we may write £ = AU(E\ A), whence
E is measurable and the result follows from additivity of u over M(R). ]

Problem 7. Let f : R — R be a continuous function, the curve of f in the plane
R? is defined by

I {(2, f(z)) : 2 € R}
Show that u(T') = 0 in R2.

SOLUTION. By monotonicity together with the fact that R may be covered with
countably many compact intervals of the form [a,b]. Hence, we would rather
show that the portion of the curve lying in the image of [a, b] has measure 0 in
R%. Since f is continuous and [a,b] is compact it follows that f is uniformly
continuous on [a, b].

Fix € > 0, there is some § > 0 such that for all pairs (z,y) € [a,b]* with
|z — y| < 6 one has |f(z) — f(y)| < e. We may cover this interval [a, b] by 3 (55¢)
intervals of length less than . Now, take an open rectangle of side ¢ and height,
say, 2e. We claim first that this collection covers I' N [a, b]. Indeed, for = € [a, b]
such that (z, f(x)) € T the point  must lie in (zo — /2,29 + §/2) for some .
Then,

[f(x) = flzo)| <€

proving that (z, f(z)) lies in the cube. Now, summing over the area of all such
cubes gives us

3(b—a)
)

w (T Nla,b]) < -0 =3(b—a)e

Proving the result. 0

Problem 8. The statement of this problem is quite long, and we refer the reader
to [1] for details.

SOLUTION.

(a) Let ¢ > 0 be given, since 6(y) = inf.cp |y — 2| there is some z € F such
that d(y) < |z —y| < d(y) + . By the triangle inequality we then have
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z)<|lz—z|<|rx—y|l+ |y — 2| <I(y) + e+ |xr —y| whence taking e — 0
we obtain:

0(z) <o(y) + |z —y| <= d(z) —d(y) <[z -y

Similarly, for such € > 0 there is w € F' such that §(z) < |z —w| < §(z) +¢.
Therefore,

0(y) <y —w| <fr—yl+ |z —w| <z —y[+0(z) +¢
again, we find then that §(y) — §(x) < |x — y| + € and taking € — 0 yields

0(x) = d(y) = — |z —yl
which concludes this part.

(b) Define I(x) = fm% dy. We claim that if x € F then I(z) = co. This

|z—y|

proof will be filled in later (I dislike this problem).
O

Problem 9. Let f : R — R be uniformly continuous. If f is integrable, then f(z)
vanishes at infinity.

SOLUTION. We argue by contradiction. Suppose not, that is suppose
(Ve > 0)(3IM > 0)(Jz| > M = |f(z)| <¢)

The above is logically equivalent the existence of some ¢y > 0 such that for all
M > 0 there is some |z| > M with |f(z)| > 2g. For such an ¢ there is some

d > 0 such that for all 2,y with |z — y| < § we are guaranteed |f(z) — f(y)| < <o.
There must then exist a sequence of (z,,) € R with |z,| — co with |f(z,)| > 2¢¢
for all indices n. Since we are guaranteed infinitely many such z, going to
infinity in norm, we are free to take them such that the intervals (x,, — , z,, + 0)
are disjoint for distinct n.

Note that for all z € (x,—9, z,4+0) we have |z — x,| < 20 and so | f(z,,) — f(z)] <

go and thus

|f (zn)| — €0 < |f ()]
implying |f(z)| > €o. Thus,

1 £1l 21 2/ |f ()] diE‘Z&J/ dr = o0
U, (xn—0,xn+95) Uy, (@n—0,xn+9)

which is a contradiction. O]

34



Problem 10. Let f € L'(R). Then, F(z) := [~ f(t) dt is uniformly continuous.

SOLUTION. Recall that for each ¢ > 0 thereisa § > 0 so that whenever u(E) < o
one has [, |f| < e. Let now |z —y| < & but suppose without loss of generality
that y < x. In the difference we find:

\ﬂ@—F@ﬂs/ﬂﬂdew

]

Problem 11 (Chebyshev’s Inequality). If f > 0 is integrable. Define for each
a>0aset B, :={z € RY: f(z) > a}. Then,

(0%

u@@éléﬂﬂm

SOLUTION. This follows essentially from monotonicity:

au(Ey) = / adr < f(z) dz < Hf”Ll(Rd)
o EOL

]

Problem 12. Let f € L'(R) and suppose that for each E € M(R?) one has
[ f(z) dz > 0. Then f > 0 almost everywhere. Similarly, if [ f(z) dz = 0 for
all E € M(RY) then f = 0 almost everywhere.

SOLUTION. Assume first [, f(z) dz > 0 for all E € M(R?). Define for n € N:

A, = {x cRY: f(x) < —%}

Clearly, 4, € M(R?) and {z € R?: f(z) <0} = U, oy An. We claim p(4,) =0
for all n, indeed write

0< [ f)de<—p(4,)

An

since u(A,) > 0 we conclude p(A,) = 0, as was required. For the second part, if
[ f(z) dz = 0 for all E € M(RR?) by the above argument we have f > 0 almost
everywhere. Let

B, - {xeRd:f(x)>%}
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so that {z € R?: f(z) > 0} = U,y Now, to see that u(B,) = 0 for all n note

that )
0= f(z) dz > Eu(Bn)

Bn

Now, the result follows from sub-additivity. O]

Problem 13. Define a function f : R — R by letting:

-1/
f(x)::{x 2 0<2 <1,

0 else.

Now fix an enumeration {r, },en of Q. Define now:
F(z) := Z 27" f(x —1y)
n=1

Then, F is integrable but F is unbounded on any interval."

SOLUTION. We first show that [, f(z) dz < oco. For k € N let us define a func-
tion:

“1/2 1
0 else

Clearly, fr(z) — f(x) for almost every x as k — oo and the f;’s are Riemann
integrable. We may then apply the fundamental theorem of calculus to deduce:

By monotone convergence,

f(z) dz = lim [ fi(x) dz = lim (2— 2 ) =2

Hence, f is integrable. Now, since all terms in the series are non-negative we

I5A singleton in not considered an interval here.
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write:

/R [Z 27" f(x — rn)] de =Y 27" /R fle—r,) dz

neN neN

= Z 2”/ f(z) dz (translation invariance)
R

neN

:222_”<oo

neN

Now, to see that f is unbounded on any interval note that it suffices to show
this for any open interval (a,b) C R. By the density of Q in R we may extract
some ry € (a,b). Now, for any M > 0 there exists > 0 small so that whenever
0 < x < none has

1
—>M
NG
because lim, ,o27'/2 = oco. Therefore, by approaching the point x = ry the
function f(x) can be made arbitrarily large. O

Problem 14. Let f : [0,1] — C be measurable and suppose |f(x)| < oo for all
€ [0,1]. If |f(z) — f(y)| is integrable on [0, 1] x [0,1] then f is integrable on
[0, 1].

SOLUTION. This is mostly an application of Fubini’s theorem. We write out:

1 1 1
[ i@l de < [ 5@ - s dot [ 1) do
0 0 0
1
= [15@) - 1w ae+ 1)
0
Now, |f(y)| < oo and by Fubini fol |f(z) = f(y)] < oo for almost all y. Taking y
such that this holds true we have that f is integrable on [0, 1]. O
These are problem(s) from assignments that did not appear in [1] or [2].

Problem 15. Let f : R — R be a monotone function, then f is measurable.

SOLUTION. Without loss of generality assume that f is increasing, replacing
f with —f otherwise. Let @ € R be given, we consider the pre-image {f >
a}. If this set is empty we are done. Otherwise, it is non-empty, and set a =
inf,er{f(x) > a}. If a = —oo then {f > a} = R by monotonicity, else a > —oo
and the pre-image {f > a} is either of the form (a, c0) or [a, 00). O
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