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In this text we shall consider the development of the Fourier transform for square-
integrable functions f : R — C. We shall develop most of the theory for the Schwartz
space S, and extend the Fourier transform F : § — S to a (unique) mapping

F:L*(R) — L%(R)
by showing that S is a dense subspace of L?(R).

1. THE FOURIER TRANSFORM ON S

Here we develop the theory of Fourier analysis for the “smaller” space S. Recall that
the Schwartz Space, denoted S = S(IR), consists of all smooth functions vanishing faster
than any inverse power of x at infinity; along with all of its derivatives. That is,

o d ﬁ

“ (&) 1

Clearly, any smooth function of compact support f : R — IR belongs to the Schwartz
space, and so it is easy to come up with examples of such functions. Our first observation
is that S is a vector space when endowed with the obvious notions of scalar multiplication
and addition. Certainly, this is ultimately a consequence of the triangle inequality. More-
over, this same observation tells us that if f € S then for each f € Ny and any polynomial
p(x) € CJ[x] there is an associated constant C > 0 such that

‘P(x) (i)ﬁfLSC

U

S = {f € C*(R) : Va, B € No, Jcyp > 0 such that S Cw,ﬁ} @
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Here we write Ny to denote the set {0,1,2,...}.
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as is immediate from the triangle inequality. This allows us to deduce the following:
Proposition 1.1. The Schwartz space is a subspace of L'(R).

Proof. Let f € S be given. Then, for N € IN large we consider the polynomial p(x) =
(1+ x?)N. By our remarks above, we may find a constant C independent of x such that

|a+2)Vf| <c

whence we obtain (1 + x2)N |f(x)| < C for all x € R. Especially, this yields

C

) < g VER

implying that /]R |f(x)] dx < oo and that f € L(R).

Corollary 1.2. S(R) is a subspace of LP(R) for each 1 < p < o0.

It is now time to determine the Fourier transform on S(RR).

Definition 1. Forany f € S = S(R) we define the Fourier transform of f, denoted for F(f),
to be the function f : R — C defined by

F) = [ f)e v el

This is well defined. Certainly, by the previous proposition we know that f € L!(R).
Therefore, for all y € R one has easily:

F)| < [ |fee|ax = [ 1fG)] e ]ar= [ |f()]dx

where this last term is precisely the quantity [|f{| 1) < o°.

We first claim that if f € S then f € S. This is more-or-less a two-step process.
Theorem 1.3 (Riemann-Lebesgue Lemma). Let f € L}(IR). Then,

lim / f(x)e ™dx =0
R

Yy—r00

Proof. We first establish it for the characteristic function of a compact interval [, b] in R.
To see that this claim holds, we observe now that for each y # 0:

b -1 .1b
/ e*ldex 'ely.'X:|
a

1y
whence ‘ Jr T 5 ( x)e—ixydx’ < % which vanishes at infinity.

— 1 ‘efiyb . efiya

y

'/ 1) (x)e ™dx
R

a
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Now, we recall that step functions are dense in L!(R). Let ¢ > 0 be given. Then, there
exists a step function ¢, = Y, 1, 1,1 (x) in L'(R) such that || f — Pell 1) < & Now,

we may now Compute:
= ‘ [ (50 = g e x4 [ gulx)e vy

= /]R £ (x) = pe(x)] dx +n§1 |y /Rl[an,bn](x)e*iy"dx

However, we have that || f — ¢,|| < € and taking y large-enough we can make each term
of the summation arbitrarily small. Now, it follows from this that for y sufficiently large
we have | [, f(x)e”*dx| < ¢ and the proof is complete.

ldex

O

We now prove one more lemma:
Lemma 1.4. Let f € S(R). Then, the following are satisfied:
1) £fy) = —ixf(y).
@ ) = ivf(y)
Proof.

(1) We use that f is smooth here to differentiate under the integral. Here, the integrand is
most certainly smooth and therefore:

— dy/f lyxdx—/f _’yxdx—/f (—ix)e ¥*dx
= —i/]Rxf(x)e’lyxdx
= —ixf(y)

(2) Here we integrate by parts and use the property that f(x) vanishes at infinity to de-
duce the following:

a?wIAfMeszﬂ )™~ [ f) e

T /]Rf (x)(—zy)e*ly"dx = (zy) ()

Corollary 1.5. The Fourier map - takes elements of S into S. Namely, F : S — S.



THE FOURIER TRANSFORM 4

Proof. Clearly, ]?is smooth by the simple property that f(x)e~* is smooth in y. Now, we
let o, B > 0 be given. By the Riemann-Lebesgue lemma we need only consider the cases
where «, B > 0. Then, we write:

d\? . _ _ —
v (5) F) =9 (P57 ) = (<37 ) = (=i PR F()
However, this last line is:
C/]RDx(xﬁf(x))e_iyxdx

Now, by the product integral together with the fact that f € S(IR) the result follows again
from the Riemann-Lebesgue lemma.

O

We now show that we may “exchange” the transform operator under the integral sign:

Proposition 1.6. Let f,g € S. Then, [, f(y)g(y)dy = [ f(x)g(x)dx.

Proof. By Fubini’s theorem we may write:

JFstidy = [ ([ foevan) sdn = [ Frgtu)e vy
= [ [ F@swe mayds = [ 50 ( [ st ay) ds
= [ f0g)ax

as was asserted.

O

We shall use the notation f,(x) = f(a + x) for any a € R. In this case, we have instead
that f,(y) = ¢ f(y). To see this, we simply calculate:

y) = /IRfu(x)e—ixydx _ /IRf(x + a)e—iyxd z—x+a / £(2)
= [ fe)e ez = e f(y) (®)
If instead we let f,(x) := f (x /a) then we find that:

/ f(E)emar 20 a [ fl)e ¥ dx = af(ay)

2. THE FOURIER INVERSION THEOREM

The main result of this section (the Fourier Inversion Formula) makes use of a special
calculation.
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2.0.1. Simple Differential Equation. We consider the function f : R — R defined by the

mapping f(x) = e~ 7. Clearly, this is a smooth function on R that is of Schwarz class. We

wish to determine the Fourier transform F(f) = f To do this, we first observe that we
have the relation ,

f(x) = —xe” = —xf(x)
This yields J?’ = —;]\‘ . We now employ Lemma to see that —xf = 1 4 £(y). That is, we

obtain q
. — 1d ~
I — -
Jr=—xf =, fw)

However, another application of Lemma (1.4 yields f’ = % = iyf. Putting all this to-
gether gives us an ordinary differential equation:

~

d .
@f = -yf 3)

Namely, integration gives us:

2

Inf = —%Jrc, CeR

~

2
Especially, upon exponentiation we find that f(y) = e~z for some constant y € R. To

~

determine this 7, we note finally that f(0) = 7 and that this may be computed directly
via the Gaussian integral:

f(0) = /Rf(x)e‘iy‘odx = /Oo e dx = Vor

—00

That is,

F [e_.ﬂ (y) = \/ﬂe_é (¢)

2.0.2. Proof of the Fourier Inversion Theorem. We state and prove the Fourier inversion for-
mula here:

Theorem 2.1 (Fourier Inversion Theorem). The operator F|-| : S — S is a bijection, and for
all f € S such that ¢ = f we may recover f via

f) = 5= [ Fevay ?)

2
Proof. We begin by considering the function g(y) = e 22 fora > 0, By our earlier calcu-
lations together with our earlier remarks on g,(-), we may deduce that

(ax)?

3(x) = av2me 2
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Therefore, by our result in Proposition[I.6|we find that

| Fwisdy = [ Fngax
Whence,

/]Rf(y)e_zyjzdy = a\/Z?/Rf(x)e’ Cia dx
Now, we make the substitution x — ax to recover:
V21 /IR Flx)e S dx 2= Van / °; £() e % du
All this put together yields:

/Rf(y)egjzdy = \/27t/jof () e~ du (4)

We now wish to pass to the limit as a — co. We first consider the left-hand-side of equa-

tion @ We observe that by integrability of ]?we may apply the dominated convergence
theorem to deduce

lim/]lj(y)e_zy;dyZ/Rf(y)c}ggoe_zy;dyZ/Rf(y)dy

a—oo

The same argument implies moreover that in the limit of the right-hand-side of one
has by continuity of f:

li_r>n \/27‘[/ f (g) e du = \/27‘[/ f(O)e*§du = \/27‘[f(0)/ e~ 7du
a—»co — 00 —00

— 27f(0)
This with the equality in () implies that

zlﬂ/]Rf(y)dy = £(0)

We are now almost done. For z € R we consider the mapping h(x) := f(x +z) = fz(x).
Now, from our result directly above, we know that

£2) =h(0) = o [ Rdy = [ Feay

7T

where in the last equality we have used (&). This concludes the proof of the Fourier Inver-
sion Formula.

O
The final result of this section is of course the following:

Theorem 2.2 (Plancherel’s Theorem). Let f € S. Then, 27t ||f||* = || F(f) || where F denotes
the Fourier transform and ||-|| is the norm in L2(R).
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Proof. We first derive an expression for f(x) with x € R. This is ultimately a consequence
of the Fourier inversion formula:

o [ FUwey
Thence, f(x) = 5= [x F[f](y)e~*¥dy. In other-words;

27
7o) = 5 F [FI7] ©

Using this, we obtain

IFIF = [ ffeds = o [ 7 [FI7] dx @ o [ FIAFRx

where the equality denoted (%) follows from Proposition This last equation is clearly
1 2 .
3= |F(f)||” and the proof is complete.

O

3. THE FOURIER TRANSFORM ON L?(RR)

Of course, the Schwartz Space S(R) is far too restrictive: we wish to extend the notion
of the Fourier transform so that it utilizes the generality of the Lebesgue integral. Of
course, the natural setting for this is the space L?(RR).

We begin with an observation that will serve us well:

Theorem 3.1 (Dense-Subspace Extension Theorem). Let By, By be Banach spaces over some
field K and S is some dense subspace of B1. If T : S — B, is a bounded linear transformation,
there exists a unique linear transformation Ty : By — By agreeing with T on S.

Proof. We shall first assume existence and show uniqueness. This is a consequence of the
density of S in By. Let f € By and let (f,) — f be a sequence in S. Clearly, by continuity
of Ty, T; (recall that a linear operator is continuous iff bounded) we have

To(f) = lim To(f) = lim T4(f,) = Ta()

establishing uniqueness. We now show existence. Let f € B and pick a sequence (f) in
S converging to f. Then, we claim that the sequence (T(f,)) is Cauchy in B,. To see this,
we simply use the boundedness of T to discover

IT(n) = T(bw)l| 5, < M |02 = bullg,, M >0

Since (fy) is a convergent sequence, it must Cauchy and therefore we have found that
(T(by))n is again Cauchy in B,. Since B; is a Banach space, there is a limit to this sequence
in B; and the limit above makes sense. It remains to show that this is well-defined. Suppose
that (g, ) is another sequence in S converging to f in B;. We must show that im T(g,) =
Hm T(fy).

To see this, write for n large:

n—00

IT(fu) = T(&)ll5, < M|l fu = gnllg, — 0
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O

This theorem tells us that we simply need to show that the Schwartz Space S = S(R)
is dense in L?(IR) to ensure the existence of a well defined extension to L?(R) of the map
F. We shall devote this next theorem to this result.

As mentioned previously, we wish to establish the density of S = S(R). The first
observation is that C§°(R) is a subspace of S. Certainly, at infinity these functions are
identical to zero and therefore the derivatives, as well as the function, vanish entirely. It
follows from this observation that it suffices to show that C{°(IR) is a dense subspace of
L*(R).
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