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1. DEFINITIONS AND ORTHOGONALITY

We shall begin by giving the definition of a complex Hilbert space. Recall that a complex
vector space is a non-empty set V endowed with two operations:
+:VxV-=>V, (uv)—u+tvwv
©:VxC—=>V, (u,{)—~C u

so that V is an Abelian group with respect to both operations. We may extend this further to

a “nicer” class of spaces: inner-product space.

Definition 1. A complex inner-product space is a complex vector space V equipped with an extra
mapping:
(%) : VxV—=C, (u,v)— (u,v) (1)
that satisfies each of the following for all u,v,w € V and ¢ € C:
(i) Conjugate symmetry: (u,v) = (v, u).
(i) Linearity in the first argument: (u+ Cw,v) = (u,v) + {(w,v).
(iii) Positive definiteness: (u,u) > 0 and (u,u) = 0 if and only if u = 0.

REMARK. Note that above in (3) we require (u, u) to be real for all u € V.

Observe that any inner-product induces a norm on the complex space V. Certainly, this norm
arises by letting ||-|| := +/(-, ). It is an easy consequence that any inner-product as above satisfies
the Cauchy-Schwarz inequality:

[(w, )] < lull o], Vu,v eV (2)

and that the triangle inequality holds: ||u + v|| < |lu||+||v]| for all u,v € V. This tells us that any
complex inner product space is a complex, normed vector space. Note that the inner-product
may map to $z # 0 but that the norm maps into the reals.

Definition 2. A complex Hilbert space H is a complex inner-product space which is a separable
Banach space with respect to the induced norm.

Date: March 19, 2017.



BRIEF NOTE ON COMPLEX HILBERT SPACES WITH HERMITIAN INNER-PRODUCTS 2

It should be evident from the very definition of the inner-product that (-, ) is anti-linear in the
second argument. Recall that a metric space (X, d) is separable provided it has a countable dense
subset. Given two vectors f, g € H we shall say that f and g are orthogonal (or perpendicular),
written f L g, whenever (f,g) = 0. Our first result is a generalization of the Pythagorean
theorem to these spaces:

Lemma 1.1. Let H be a complex Hilbert space and f,g € H with f L g. Then ||f—|-g||2 =
LA+ llgll*.

Proof. To see this we write:
IF+gl>=(f+g.f+9) = f+9) + (9. ] +9)
= LN+ e+ 9,1+ (9,9
= I£I* + (£2 9) + (g, ) + lgll”
Now, since f L g we get (f,g) = (g, f) = 0 which concludes the proof.

O

Corollary 1.2 (Pythagorean Theorem). Let H be a complex Hilbert space and assume {f;},
is a family of pairwise orthogonal vectors in H. Then,

I o] =S ®

j=1
Proof. We argue by induction on N. The case N = 2 is clear from the previous lemma, now
assume holds for N, we show the case N + 1 follows. Certainly, if {f; }j\’: 451 is pairwise

orthogonal then so is {f;}¥
Whence we find:

]

Jj=1-
N+1 N+1
(XL 6Tl )

<Z] ) j,ZNH >+<fN+17 jvtlfj>

N+1
:<Z fp >+ ij7fN+1 +<fN+1,Zj_1 fj>
(¥ Nz By+ <fN+1, S )
HZ“ o fonn) o+ (fvon 5 )

- sz_lfj Tl

Moreover, it is obvious that (Z;\le fi, fn+1) = 0 by linearity.

as was to be shown.

O

Let H be a complex Hilbert space and {ej }ren be a countable subset of H. This set is said
to be orthonormal provided for all indices (k, ¢) € N? one has:

(eree) = {1 k=1

0 else
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This same set is called a Hilbert basis for H if their linear combinations are dense in H.
These are sometimes called orthonormal bases. We shall now give a complete characterization
of these bases for a Hilbert space H (over C). First, we introduce notation. In the next theorem

we shall write & := (f,ex) € C and set Sy(f) := Z]kvzl Epey for f e H.

Theorem 1.3 (Characterization of Hilbert Bases). Let H be a complex Hilbert space and {ey }ken
an orthonormal subset of H. The following statements are equivalent:
(i) {ex}tren is a Hilbert basis for H.
(i1) If f € H satisfies (f,e;) =0 for all j € N then f = 0.
(iii) For all f € H the combination Sn(f) = f as N — oo.
(iv) Parseval’s identity holds true for all f € H:

2 2
IFI1% =" 1l (B)
keN
Proof of Theorem. (i = ii) Assume that (f,e;) = 0 for all j. Let ¢ positive be given; select a

vector g. € H where g. = Zivzl Crex with ||f — ge|| < e. Observe that by assumption on f one
has by linearity of the Hermitian inner-product: (f,g.) = 0. Therefore,

A2 = (Fo ) = (o f = ge + 9y = (f,9e) +(F, f = 92) = (. f — ge)
=0

Now, using Cauchy-Schwarz we find that || f||> < ||f]| ||/ — g<||. Suppose now that || f|| # 0, then
we get || fI] < ||f — ge|| < e. Since € > 0 was arbitrary we find that || f]] = 0.

(ii = iii) There are some preliminary “calculations” to be made. Fix a vector f € H and
define Sy(f) as in (iii). We claim first that f — Sy(f) L Sy (f) for all N sufficiently large.
Indeed, to see this we write by the Pythagorean theorem (the {e}ren are orthonormal)

N
(f = Sn(), SN () = (1, S8 () = 1SN (NIP = (£ Sn () = Y €k
k=1

But now

N N N
(f,5n(f)) = <f,zk_1§k61(> = Glfren) = >l
h=1 k=1

which proves that f — Sy(f) L Snv(f) as was asserted. Therefore, applying the Pythagorean
theorem proven in Corollary [3| we obtain that

N N
IFI* = 11F = Sn (DI + D 16l* = Y 1él? (4)
k=1 k=1

Now, passing to the limit in N — oo in the righthand side of the equation above gives Bessel’s
Identity:
2 2
Sl < 1) (5)
keN
We now make the bold claim that {Sx(f)}nven is Cauchy in H. Certainly, from we know
that >, |€e|” < 0o and so for all N, M € N, taking without harm M > N:

M

ISx () = Su(Hl < 3 fal? 220

k=N+1
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Since H is also a Banach space, there is a point, say, g € H so that Sy (f) — ¢ in norm as
N — oo. We claim now that f = g. Indeed, it suffices by our assumption in (ii) to prove that
(f — g,ej) =0 for arbitrary j. Fix j and let N > j be an integer. We note that

[(f = grenl <[{f = Sn(f) el + [{Sn(f) — g, e <I(F = Sn(f) el +[1Sn =gl

Therefore this boils down to showing that [(f — Sy (f),e;)| — 0 as N — oo. Certainly, for N
is large

(= Su(D)e) = (s} = ( Xy Guerees ) = (fes) = (fes) =0

Thus passing to the limit in |(f — g,e;)| < [|[Sy — g|| we find that f — g L e; for all j whence
f = g as vectors.

(iii = iv) We refer again to (). As per our assumption we know that Sy(f) — f in norm
as N — oo. Thus, taking the limit in we get Parseval’s identity in (@[)

(iv. = 1). To see this, we assume that Parseval’s identity holds true. Now, referring to
we find that ||f — Sy|| = 0 as N — oo. Since Sy are linear combinations we have (i).

The theorem has now been proven.

O

We conclude this section with the observation that any Hilbert space H over C has a Hilbert
basis. Indeed, since H is a vector space we may select a basis, say, 5. Now, to construct an
orthonormal subset one needs only follow Gram-Schmidt.

2. ORTHOGONAL SUBSPACES AND LINEAR OPERATORS

For this section we fix a Hilbert space H over C. A subspace S of H (written & < H) is
a vector subspace of H, viewed as a vector space. We shall say that S is a closed subspace,
denoted & < H provided it is topologically closed in H.

Proposition 2.1. Let S < H. Then S < H if and only if for every sequence (f,,) in S converging
to f € H one has f € S

The above proposition is a consequence of the characterization of closed setsﬂ in metric spaces
(X,d).

Corollary 2.2. If S <H then S is a Hilbert space.
Proposition 2.3 (Parallelogram Law). For all vectors A, B € ‘H the parallelogram law holds:
|4+ BI* + 4= BI* =2 (Al + |BI°) (6)
Proof. This is a straightforward calculation. We write |4 + B||® = (A+ B, A+ B) and similarly
for |A — B||®. This gives us
|A+B|>+||A-B|>=(A+B,A+B)+ (A— B,A— B) = 2(A, A) + 2(B, B)
O

Theorem 2.4 (Existence and Uniqueness of Perpendicular Minimizers). Let H be a complex
Hilbert space with S < H. For all f € H there exists a unique go € S such that ||f — go| =

inf [|f —gl| and (f — go) L S[}

1n a metric space a subspace S is closed if and only if it contains all of its limit points.
2By this we mean that (f —go) Lgforallge S
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Proof of Theorem. For existence we shall use an argument that is frequently used in the deriva-
tion of maximum principles for elliptic differential operators. Note that if f € S then we may
simply let gg := f and this obviously satisfies the claim. Hence, we may presume without harm
to the proof that f ¢ S. Then, since S < H one has

inf ||f —gll=d>0
if [|If - gl

for otherwise we would have f € S. By definition of the infimum we may select a sequence (g;,)
living in S so that lim || f — g,|| =d > 0. Weset A= f — g, and B = f — g,, in () and glean

12 = (90 + gm)I + llgm — 9all” =2 (I = gall* + 1 = gulI*)

Since S < H is also a vector subspace we note that g""'% € S and therefore we get

2 2 2 n,m—00
lgm = gull® <2 (I1F = gall® + IS = gml*) — 42 27225 0

This proves that (g,) as constructed above is Cauchy in S. Hence, there is a limit point, say,
go € S of (gy). Passing to the limit and using the continuity of norms we get || f — go|| = d.

We shall now prove that (f — gg) L g for all g € S. Let ¢ € R be small in absolute value and
consider a perturbation set by g — go — 9. Again, since S is a vector subspace of H we know
that go —eg € S so that

If = goll” + €2 lg]1* + 2eR(f — g0, 9) = |If — (90 — 9)|I> > ||f — 9ol

Whence 2eR(f — go,9) + €2 |lgl|> > 0. If R > 0 we take £ < 0 small in norm and vice-versa
for a contradiction. Similarly one shows the imaginary part of this inner-product is 0 and hence
obtain that (f —go) L g for all g € S.

As for uniqueness, suppose g, h are minimizers in S. Then, we know that g — h € S since S
is closed and thence (f — g) L h so that by the Pythagorean theorem:

If=nl>=1f —g+g—hl*=f—gl* +llg — hll*
which gives ||g — h|* = 0.
O

An important consequence of this theorem is that we may decompose a Hilbert space H into
the direct-sunﬁ of two of its subspaces. Certainly, suppose S < H and let St consist of the
subspace perpendicular to S:

Sti={feH:(f.g)=0,YgeS}

We make the claim that H = S @ S*. First, however, we note some properties regarding the
space St. We wish to show that St < H. Of course, by the (anti)-linearity of the Hermitian
inner-product that # is equipped with it follows that S* < H (i.e. S* is a vector subspace).
To see that S* is topologically closed, pick a sequence (f,) in S* with limit point f € H.
For all indices n € N we know that (f,,g) = 0, where g € S is fixed. Then observe that by
Cauchy-Schwarz

1,901 = [(F,9) = Fus )l = (f = Fr @)l < I = Fullllg] =0

Proving that (f,g) = 0 for all ¢ € S whence f € S*+. Moreover, note that SN S+ = {0}.
Certainly, let f € SNS*, so that (f, f) = ||f||2 =0 since f L f.

We may now prove the aforementioned claim.

Proposition 2.5. Let S <H. Then, H=S & S+.

3By this we mean that every vector in A has a unique representation g + h where g € S and h € S+.
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Proof. We shall first prove existence of representation. Fix f € H. By the previous theorem
we may find go € S so that (f — go) L g for all ¢ € S. Especially, (f — go) L go. However,
f=(f—g0)+goandso (f —go) €St but go € S. This gives us our representation.

To see uniqueness, suppose that f = g+ h = ¢’ +h’ where g, ¢’ € S and h,h’ € S*+. Then we
have that (g —¢') = (b — h). Since SNS+ consists only of the O-vector we must have g — g’ = 0
and b/ —h = 0.

O

Of course there is a natural projection from H — S defined by
Ps:H—S, So&St>(f,9)—f (7)
This mapping is clearly linear and ||Ps(f)|| < ||f|| for all f € H.

Definition 3. For complex Hilbert spaces Hi,Hs a linear mapping L : Hi — Ho is called a
linear operator. This operator L is said to be bounded if there is M > 0 so that

IL( g, < M fllyy, > VF€Ma
Define ||T|| to be the infimum of all such M.

Observe that by linearity all linear operators fix the origin: L(0) = 0. We shall call L
continuous provided for all convergent sequences in H: f, — f one has L(f,) — L(f). A
surprising characterization of continuity follows:

Theorem 2.6 (Characterization of Continuity). Let L : Hy — Ha be a linear operator. L is
continuous if and only if it is bounded.

Proof of Theorem. ( <= ) Suppose that L is bounded, and let M > 0 be so that ||L(f)| < M || f||
for all f € H. If we take a sequence (f,) in H so that f,, — f then we consider

IL(fn) = LN = IL(fo = DI < M |[fr = [l

proving that L is continuous.

(=) If L is continuous, then L is continuous at 0 € H. Assume for a contradiction that f is
not-bounded, hence for all n € N we may find f,, € H so that ||L(f»)|| > n||fn||. Now we define
a point

fn
H S gn =
" | full
so that ||gn|| = 1/n and so it is clear that limg, = 0. By continuity of L. at 0, we must have

limL(g,) =0 and so
|E(gn)|l = 0, n— o0

On the other-hand, we note that

1 nifall _

L(f)l > =
Az = =

[E(gn)ll =

which is a contradiction.
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3. FUNCTIONALS AND THE RIESZ REPRESENTATION THEOREM

Given a complex Hilbert space H a linear functional £ is an element of the dual space H*. In
other-words, a linear functional is a linear mapping ¢ : H — C. Observe that ¢ must also fix the
origin: for £(0) = ¢(0 + 0) = 2¢(0).

Perhaps the simplest example of a linear functional from H < C is that induced by the map
f = (f,g) where g € H is fixed. The most surprising result, however, is that all continuous
elements of H* arise in this way.

Theorem 3.1 (Riesz Representation Theorem). Let ¢ : H — C be a continuous linear functional.
There exists a unique g € H so that £(f) = (f,g) for all f € H.

Proof of Theorem. We begin by defining a subspace of H called the null-space:
S:={feHH:Lf)=0} (8)
We claim that & < H. Obviously, by linearity of ¢ one sees S < H. To see that S is closed,
pick a sequence (f,) in S and assume that f,, — f € H in norm. Then for all n € N we have
£(fn) = 0. Now, it follows by continuity that lim £(f,) = £(f) = 0. Hence, S < H.
By our decomposition theorem we may write H = S @ S+. There are two cases to distinguish
here:

(1) St = @. Pick g =0. Then £(f) = (f,g) = 0 for all f € H and we are done.
(2) Else S # @ and thus we may select a non-trivial vector h € S* with ||| = 1. To see

that this is possible, let h # 0 be a vector in ‘H and let h := TL/HEH which must lie in S+
for S* is a vector subspace of H. Now we shall define our candidate g € H as follows:

g :=4L(h)h

Now consider the vector = := £(f)h — fl(h) for arbitrary f € H. Then, x € S since
L(x) = L(f)e(h) —L(f)£(h) = 0. This tells us that (u,h) = 0. On the other hand,

0= (u,h) = (((f)h — fe(h), k) = L(f)(h, h) — €(h){f, )
Since [|h||” =1 we get ((f) = ((h){f,h) = (f,L(R)h) = (f,g).

It now only remains to prove uniqueness of this vector ¢ € H. Assume g,h € H are two
vectors so that £(f) = (f,g) = (f,h) for all f € H. Then we get

O:<f7g_h> — <g_h>f>:O

Taking an orthonormal basis {e;}jen we find (g — h,e;) = 0 for all j and thus g = h by our
previous theorem.

O
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