A CONVERGENCE CRITERION FOR BOUNDED
FAMILIES IN L’-SPACES

EDWARD CHERNYSH

In this note we establish an often overlooked, yet elementary, re-
sult from integration theory which can be thought of as a counter-
part to the famous dominated convergence theorem. Given a measure
space (X, 9, 1) and a sequence ( f,,) of measurable functions converging
pointwise a.e. to a measurable function f, the dominated convergence
theorem says that

tim [ |f— fldp=0
n—oo X

provided there exists g € L'(X, u) such that | f,| < g a.e. on X. for all
n € N. Although incredibly useful, there are many practical instances
in which we cannot find a dominating function g for this sequence (f;,).

Even in such cases, one can often make use of the Brézis-Lieb lemma
(see [1]), which we reiterate below for the sake of completeness.

Theorem A. Let (X, 9, 1) be a measure space and let 0 < p < o0o.
Assume that (f,,) is a bounded sequence in LP(X,u) and that f, — f
a.e. on X, where f is measurable. Then, f € LP(X, pu) and

Jim ( [ 1nan— [ Ifn—f\”du> - [ ran

Our goal here is to prove an alternative convergence criterion, which
becomes particularly powerful when coupled with Theorem A and the
dominated convergence theorem. More precisely, we shall establish the
following result:

Theorem 1. Let (X,9M, 1) be a measure space and fir 1 < p < co. Let
(fn) be a bounded sequence in LP(X, ) and assume that f, converges

pointwise a.e. to a measurable function f. Let p' € (1,00) satisfy
1 1
-+ —=1 1
p 7 @
Then,

lim [ |(fo— flgldu=0, Vge LF(X,p)

n—o0 X
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In particular,
lim [ frgdp =/ fgdu
n—oo X X
for every g € LP (X, p).
We take note of the following immediate corollary:

Corollary. Let (X, 1) be a measure space and fiz p € (1,00). As-
sume that f, — f in LP(X,u) and that f, — f pointwise a.e. on X.

Then,
lim / |(fo— fgldu=0
n—oo

for all g € LV (X, p).

Remark. Theorem 1 has remarkable consequences when the measure
space (X,9, u) is finite. In this case, the indicator function 1x of the
entire space X belongs to L” (X, i) and hence, by taking ¢ := 1x in
Theorem 1, we infer that

1= Prxldn= [ 1= fldn o

asn — oco. That is, f, — f strongly in L'(X, ). Put informally, when
the measure space is finite, one can do without the need for a domi-
nating function provided the sequence (f,,) is bounded in a ”higher”
LP-space. We formally highlight this phenomenon below.

Corollary. Let (X,9M, 1) be a finite measure space and let (f,) be a se-
quence of measurable functions converging pointwise almost everywhere
to a measurable function
f: X —=C
as n — oo. If (f,) is bounded in LP(X, ) for some p € (1,00), then
fn — f strongly in LP(X, 1) as n — oo.
Let us now prove the aforementioned theorem.

Proof of Theorem 1. By invoking Fatou’s lemma, we automatically have
ferr(X,p):

/ £ dp < timinf / ulf s < 50D £l < o0

Hence, we may assume without loss of generality that f = 0in LP(X, p).
Thus, it suffices to check that

limsup/ | fng| du < 0.
X

n—oo
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To this end, let us fix a constant @ > 0. For n € N, consider the
measurable set

By = {z € X :[fu(a)g@)| < alg(@)]” | .

From the dominated convergence theorem, it is clear that

im [ Ifule)o@)ldn = lim [ (@@ 15, @ de=0 2

n—oo

because | f,(2)g(x)| 1z, (z) < a|g(z)[” on X. Let M > 0 be such that
[ fallpo(x ) < M for every n > 1. Since

| fa(2)g(2)| > alg(z)]”

for each 2 € ES, an application of Holder’s inequality gives

1/p
[ 1000100 = Ul (/ o du)
EC EC

" 1/p'
<a ' anHLP(X,u) (/EC | fng] dM)

) /v
< Mo '/ (/ Ifngldﬂ) :
ES

So, for any n > 1, this implies

1/p 1-1/p/ /
(/ \fng!du) = (/ Ifngldu) < Ma~'/?
ES E¢

Or, rather, that

/ [fugldp < MPa™7 | ¥n € N.
EC
Combining this with (2), it follows that

lim sup / | fngl dp < limsup / | gl dpe < MPaP/,
B

n—00 n—00
Finally, sending o« — oo verifies the assertion. 0
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