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In these notes we state and prove theorems that are of fundamental importance to
abstract measure and integration theory. This compilation grew out of preparation
for a midterm examination in a graduate course at McGill university. The theorems
proven in this text are those that I think could appear on the exam.

We begin by studying abstract measure spaces and derive fundamental proper-
ties for these. We also present various methods for the construction of measures
and, in doing-so, define Lebesgue-Stieltjes measures on R and study their regular-
ity.

Later, we develop an abstract theory of integration. This involves convergence
theorems, L'(X)-spaces and modes of convergence. We conclude with an explo-
ration of signed measures.

1 Measure Spaces

Throughout this section X will denote a non-empty set. We shall denote the power-
set of X by P(X). If A C P(X), we say that A is an algebra on X if each of the
following hold true:

1. X e A,
2. Ais closed under complements,
3. Ais closed under finite unions.

This same family A is called a o-algebra on X if the third property holds up to
countable unions. o-algebras will be the fundamental building blocks for our mea-
sure spaces. If X is a set and M a g-algebra on X then we call the space (X, M) a
measurable space.

1.1 Elementary Sets and Algebras

There is a structure that, although considerably weaker than algebras, is of par-
ticular interest. A collection of subsets & C P(X) is called an elementary family
if

1. g€é,

2. E,F € £implies ENF €€,

3. If E € & then E° can be expressed as the disjoint union of finitely many
elements of £.

As we will see below, these elementary families “induce” algebras.

PROPOSITION 1.1. Let &€ be an elementary family and denote by A the collection of
all finite disjoint unions of elements in €. Then A is an algebra.

Proof. Clearly, @ € A. We first show that A is closed under finite unions. For this,
it suffices to show that any finite union of elements in A belongs to A. If A, B € £



then we can write AU B = AU (BN A®) where the notation ‘L)’ states that the union
is disjoint. Since A € £ we can write

k
BnA=||(BNE;), E;€&.

=1

This shows that A U B belongs to A by definition. Assume that (n — 1)-unions of
elements in £ belong to A and let { £;}7_, be a sub-collection of £. By assumption,
we may assume that £y, Es, ..., E,_; are disjoint. Let us write

n n—1
UJE =E.u| |E\E,.
j=1 i=1

Now, E;\ E,, = E; N ES = LI~ E; N Fy, where F, € €. This is possible since E, € .
Using this with the above, we obtain

O@:&umﬁ@mm
j=1

j=1¢=1

which clearly belongs to A. It remains only to show that A is closed under comple-
ments. If A € A then we can write A = | []_, Ej for E; € £ so that

n n mj

AC= (N E7 =L e

j=1 j=1¢=1

where Fj, € £. Since £ is closed under intersections and A is closed under finite
unions (by the above) it follows that A¢ € A. O

Hence, we know how to construct an algebra from an elementary set. We follow
this up with a similar result for o-algebras.

PROPOSITION 1.2. Let A be an algebra on a non-empty set X. Then A is a o-algebra
if and only if A is closed under countable disjoint unions.

Proof. One direction is completely trivial. For the converse suppose that A is an
algebra closed under countable disjoint unions. We need only check that A is closed
under countably infinite unions. Let {A;}32, be a sub-collection of A Define

7j—1
B1 = Al, Bj = AJ\UAJ
k=1

Since Ais an algebra, we clearly have B; € Afor all j. Note also that by construction
the Bj are pairwise disjoint. Hence, J;2, A; = U2, B; € A. O

PROPOSITION 1.3. Let I be an index family and suppose M, is a o-algebra on X for
all i € I. Then (\,c; M; is again a o-algebra on X.



The proof is straightforward and left as an exercise to the reader. Nonetheless,
this is crucial notion. It allows to define a “minimal” o-algebra on any family F C
P(X). Certainly, if F is a collection of subsets of X we define

M(F) = ﬂ M, where M is a o-algebra on F.
MOF

This intersection is non-empty since (X) is always a o-algebra containing F. We
call M(F) the o-algebra generated by F.

DEFINITION 1. Let (X, 7) be a topological space. The Borel algebra, denoted By,
is the o-algebra generated by 7.

PROPOSITION 1.4. Let Bg be the o-algebra on R generated by the usual topology.
This is also generated by either of the following families:

Fr={(a,b) :a,be R, a<b}; Fy:={(—00,a):acR};
Fs3:={(a,00) :a € R}; Fy:=A{la,b] :a<b,abecR}.

Proof. Since By clearly contains F it is immediate that Bg O M(F;). For the reverse
inclusion, note that any open set O in R may be expressed as the countable disjoint
union of open intervals. Thus, O € M(F;) which shows that Bg = M(F).

If a,b € R with a < bthen

(a7 b) = (_OO’ b) \ (_OO’ a)

which shows that 7, C M(F;) whence M(F;) C M(F3). For the reverse inclusion, it
suffices to observe that any interval (—oo, a) is the countable disjoint union of open
intervals. One may proceed in similar ways for the remaining families. ]

1.2 Measures

Given a measurable space (X, M, 1), a non-negative set function on the space is a
function
7: M —[0,00].

We of course use the convention 0 - co = 0.

DEFINITION 2. Let (X, M) be a measurable space and p a non-negative set func-
tion on the space. We say that u is a measure on (X, M) whenever

1. u(@) =0,

2. If {E;}; is a countable disjoint sub-collection of M
p (U Ej) = u(Ey).
J J

The triple (X, M, p) is then called a measure space.



As we shall soon see, measures have some nice continuity and regularity, as well
as some expectedly intuitive properties. The results that follow should convince
the reader that measures are suitable generalizations of volume in R". Before pro-
ceeding to these continuity results, we give a useful formula.

LEMMA 1.5. Let (X, M, ) be a measure space and E, F € M with p(E) < oo. If
F C E then

EN\F) = p(E) — p(F).
Proof. Write E = (ENF)U(E\F) = FU(E\F)sothat u(E) = u(F)+u(E\F). O
THEOREM 1.6. Let (X, M, ) be a measure space.
1. IfE,F € M are such that E C F then u(E) < u(F).
2. If{E;}; is a countable family in M then p(U; E;) < >, Ej.
3. If {E;}; € M is a countable family such that £y C Ey C ... then

U = lim u(E,).
4. If{F;}; € M is a countable family such that pu(Fy) < coand Fy 2 F, D ... then
1 (ﬂ F}) = lim_ p(F,).
j=1

Proof. For (1) we write ' = E U (F'\ E) such that u(F) = u(E) + p(F\ E) > u(F).
Similarly, for (2) we define A; := F; and 4, := E, \ U;:ll E;. Clearly A, € M for

all n and .
f (U Ej) = (U Fj) = uH
j=1 n=1 n=1

where we have used that the F},’s are disjoint and their union is [J;Z, Ej. By the first
part we have u(F,) < p(F,) which yields (2).

To prove (3) let £y := F, and F,, := E, \ E,_; for n > 1. Since the E,’s
are increasing, we find that {F,}, is a countable disjoint family in M such that
Uiz, 5 = U2, £ Thus,

00 00 N
(UB) - w0 = g St
J=1 n=1 > n=1
By observing that Ey = |_|f1V:1 F,, we obtain from the above that

[ (U Ej) = lim pu(Ey).



For the final point, define Fj := E;\ E; for all j. Then {F}}; is a countable increasing
family in M so that, after applying (3),

n—oo n—oo

MOJE>=Hmu@D=u@ﬁ—Hmu@m

j=1

where p(E,) tends to a real number as n — oo since it is monotone decreasing
sequence of real numbers. It is not difficult to see that

Ur=Ee\)E:
j=1 j=1

Since (1,2, E; C E we obtain that u (U;; Fj) = u(Fy) — p (ﬂ;’il E]->. Therefore,

n—oo

MEO—#OW@)=#@U—hmM@M-

Since p(FEy) < oo we can subtract O

Having established preliminaries we should introduce notation and convention.
The o-algebra M is called the collection of measurable sets and any set £ € M is
called measurable. A measurable set F is said to be a null set if u(E) = 0. The mea-
sure space (X, M, u) is called complete if all subsets of null sets are measurable.
The space is called finite if u(X) < oco. Similarly, (X, M, u) is said to be o-finite is
there exists a countable collection {X;}; in M with u(X;) < ocoand X =2, X;.

1.3 Outer-Measures and Premeasures

An outer-measure is a non-negative set function p* on the measurable space (X, P (X))
that satisfies:

1. p*(@) =0,
2. p*(E) < p*(F) whenever £ C F,
3. w(U, Ej) <52, 17 (E;) for any countable family {E;}; of subsets in X.

An outer-measure is defined for all subset of X but, unfortunately, is not typically a
measure. Nonetheless, outer-measures are of tremendous use in the construction of
measures. Moreover, any outer-measure can be restricted to a particular o-algebra
upon which it is a complete measure. This is what the following theorem estab-
lishes.

THEOREM 1.7 (Carathéodory). Let u* be an outer-measure on (X, P(X)). We say a
set A C X is u*-measurable if

p(E) = (ENA) 4+ p(ENAS), VECX.

Let M be the collection of all u*-measurable sets. Then (X, M, u*) is a complete measure
space.



Proof. We first note that M is non-empty since & € M by definition of an outer-
measure. Moreover, it is clear by the definition that M is closed under complements
since A is p*-measurable if and only if A® is. Let now A, B € M be given. If E C X
we may write
pH(E) = p*(ENA) + p* (BN A
= (ENANB)+ i (ENANBY) + p* (AN B) + u*(EN (AU B)°).
Note that AU B C (AN B) U (AN B) U (AN B¢) whence, by monotonicity of u*:
W' (E) > 5 (BN (AUB)) + ' (BN (AU BY),

Since the reverse inequality is always true (sub-additivity of p* together with the
identity E = (ENA) U (E N A%)); we find that AU B belongs to M. Therefore M is
closed under finite unions and is therefore an algebra on X. By virtue of Proposition
1.2 it suffices to check that M is closed under countable disjoint unions to prove
that M is a o-algebra.

Let {A;}32, be a countable disjoint family in M; for n € IN we define B, :=
U<, 4j and B := J;Z, A;. Then B,, / B asn — co. Since 4, is y*-measurable for
each n one clearly has for each £ C X

p(ENB,) =p(ENB,N A+ p(ENB, N AS)
= p (ENA,) +p (BN Byoa)
where we have used the fact that the A; are disjoint so that A; C Ag for j < n.
Simple induction then gives

p(ENB,) =) u(ENA,)).
j=1

By sub-additivity we have u*(E) < p*(EN B) + p*(EN B¢) and thus it only remains
to show the reverse inequality. Since M is known to be an algebra, one has B,, € M
and

pH(E) = (ENBy) +p (ENBY) > Y p'(ENA,) + 47 (EN BS).
j=1
Letting n — oo we obtain
p(E) > p(ENAy) +p*(ENBY) > p* (ENB) + p*(EN B°).
j=1

This shows that B is p*-measurable so that M is a o-algebra. To check that p* is a
measure when restricted to M we take F = B in the above to obtain:

W (B) = i (B) + " ().
As for completeness of (X, M, p*) suppose that g*(N) = 0. Then for all £ C X:
pH(E) < p (ENN)+p (ENNC) < p*(ENNS) < p*(E).

The proof is now complete. O



In light of the theorem, we discussing an outer-measure, we will write p instead
of u* when it is restricted to M.

DEFINITION 3. A premeasure on an algebra A is a map puo : A — [0, oo] adhering
to the following

L (@) =0,

2. Tf {A;}; is a countable family of sets in A such that A = (J;Z, 4; € A then

MO(A) = Z No(Aj)‘

Before proceeding further we would like to relate premeasures to outer-measures.
In fact, any premeasure induces an outer-measure on (X, (X)) (and thus a mea-
sure!). Define for £ C X:

@ (E) = inf {ZMO(AJ.) tEC|JA; A€ Aand J countable} : (1)

jeJ jeJ
PROPOSITION 1.8. u* is indeed an outer-measure on (X, P(X)).

Proof. Clearly, u*(@) = 0. If E C F then any cover of F' is again a cover of E so
that p*(F) < p*(F) as required. Suppose that {E;}; is a countable family of sets in
X. Letting ¢ > 0 be arbitrary, for each j we select a countable covering {A;;} of
elements in A such that

. £
E; €A and ) po(Aje) < pi(E;) + R
k k

If we define £/ = | J; £ then £ C |J;, Ajx so that, by definition
§ €
W(E) <D no(Aw) 7 (1ol By) + o) e+ D nol ).
Jk J J

Since € > 0 was arbitrary, we may let ¢ — 07 to obtain p*(E) < >, u*(E;). This
shows that p* is indeed a well defined outer-measure. Il

Hence, premeasures give rise to outer-measures on (X, P(X)). It it therefore nat-
ural to study its refinement into a measure (which we know to exist by Carathéodory’s
theorem). However, this structure is not worth much if the o-algebra of p*-measurable
sets does not contain our original algebra A. This is precisely the question we an-
swer below.

PROPOSITION 1.9. Let p* be the outer-measure generated by a premeasure p, on an
algebra A. Then each of the following hold

1. po(A) = p*(A) forall A€ A,

2. Every A € Ais p*-measurable.



Proof. Fix A € A and note that {A} is a covering of A by elements of A. It follows
that u*(A) < uo(A). For the reverse inequality we fix € > 0 and choose a countable
cover {A;}; of elements in A such that

Acl 4 and D> (4 < pr(A) +e (2)

CLAIM. Let @, R € Abe such that @ C R. Then pu(Q) < po(R).

Proof of Claim. Write R = QU(R\ Q) where R\ @ € Aby closure under complement
and finite intersections'. Applying additivity, ug(R) = po(Q) + uo(R\ Q) > 1o(Q).

CLAIM. If {Q;}; is a countable sub-collection of Aand @ = |J; Q; € A then

1o(Q) < Z 1o(Q;).

Proof of Claim. Define Ry := )y and R; = Q; \ Uf;ll Q; for all suitable j and observe
that the R; are pairwise disjoint elements of A (A is closed under complement and
finite union) such that |J; @; = U, R; which shows that | J; R; € A. Hence,

[o (U Qj) = o <U Rj) = ZMO(RJ‘) < ZMO(QJ')-

Applying these claims to (2) we obtain

J J J
Thus, po(A) < p*(A) + e. Letting € — 0 shows that u*(A) = po(A). We now show
that A is p*-measurable. By sub-additivity, if £ C X
p(E) < p*(ENA)+p (BN A).

For the reverse inequality, we fix ¢ > 0 and choose a family {A4,}; in A such that
ECU; Ajwith 37, uo(A;) < p*(E) + e. We then infer from our previous claims

p(E)+e=> ZNO(AJ') = Z,UO(AJ' NA)+ Zuo(Aj N A°)

J

where we have used the fact that A; = (ANA;)L(A;NAC). Since ANE C |J,(A4;NA)
and AN E C U;(4; 0 AC) this yields

e+ p(B) > p (ENA) + u*(EnA).

Letting € — 0 concludes the proof. O

'Let A, B € Aand note that (ANB)¢ = ACUB® which belongs to .A by closure under complements.
Hence, AUB € A.

10



Combining all of these results will yield an important theorem.

THEOREM 1.10. Let A be an algebra on X and g a premeasure on A. Denote by p* the
outer-measure it induces and let M be the o-algebra generated by A. Then (X, M, u*)
is a measure space and if v is any measure defined on M agreeing with py on A

v(E) < p'(E), VEeM
with equality when p*(E) < oo. If (X, M, p) is o-finite then ©* = v on M.

Proof. Let 91 be the o-algebra consisting of all ;* measurable sets in X. We know
that this is a o-algebra containing A (by earlier results) and thus M C 9. This
shows that (X, M, u*) is a measure space when p* is restricted to M. Hence, we
write only p to mean p*.

Now suppose v is another measure on (X, M) agreeing with po on A. If £ € M
then for every countable family {A;}; of elements in A such that £ C J; A;

W(E) <Y v(A) =) nol4y)
J J
whence v(E) < p(E). If in addition p(E) < co we can choose the A; such that
S mo(A) < ulE) + =
J

Therefore, defining A = J; A; we find
W(E) < 1 (4) = v(A) = w(E) + v(A\ E) < v(E) + u(A\ E)

where we have used that | J.. A; / Aasn — oo to conclude that

J<n
u(A) = lim p (U Aj) = lim v (U Aj> =v(A).
Jj<n Jjsn

Note that u(A) < > po(A4;) < p(E) + e. Since pu(E) < oo we obtain

1A\ E) = p(E) — p(A) <e.
This finally yields
u(B) < W(E) + &

where we now take ¢ — 07. Suppose now that (X, M, u) is o-finite. There exists
a family {X;}; of measurable sets such that X = [J; X; and u(X;) < co. We may
assume, by our usual procedure, that this family is disjoint. For every £ € M

J

n(E) = p (Eﬂ UXJ) = ZM(EﬂXj) =Y v(ENX;) =v(E).

11



1.4 Lebesgue-Stieltjes Measures on R

For what remains of this section we shall develop useful measures on R. Suppose
we are given a function F' : R — R that is monotone increasing and right contin-
uous. An h-interval is an interval of the form (a, ] where —oco < a < b € R. Clearly,
the intersection of two h-intervals is again an h-interval. Furthermore, R \ (a, 0]
is always a finite disjoint union of h-intervals. Thus, the collection of h-intervals
together with @ is an elementary family on R.

By previous results, the collection A of finite disjoint unions of elements in & is
an algebra on R. It obvious that the o-algebra generated by A is Br. We define a
premeasure on A by letting

M<L|aj, ) — S S(FG) - Fla).

It is left to the reader to verify that this is indeed a well defined premeasure on A.
By previous results, this will extend to a measure u° on Bg. We let (X, M, 1) be the
completion (see the exercises) of this measure space. In the special case, F'(z) = z,
this is the Lebesgue measure. In general, these are called Lebesgue-Stieltjes measures
on R generated by F.

LEMMA 1.11. Let (X, M, p) be a Lebesgue-Stieltjes measure space generated by F.
Then, for all E € M

= inf {Z ,U((Clj,bj)) B C U(&J"bj)}

where these collections are countable.

Proof. We denote the quantity on the right hand side by n(E). First let {(a;,b;)}, be

a countable cover of E by open intervals in R. For each 7 we may write (a], bj) =

| |,.(c¥, "] as a countable disjoint union of h-intervals. Therefore, £ C U] Lk,

)€ () = e )

whence we obtain
which implies that p(£) < 77(E) To obtain equality, let ¢ > 0 and choose a collection
countable {(a;, b;]}; such that & C | J;(a;,b;] and

ZM((% bj]) < w(E) +e.

For each j there exists §; > 0 such that F(b; + 0;) — F(b;) < ¢/27. Since E C
U;(a;j,b + d;) we obtain

<Zu (aj,b; +0]) = Z[ (b +8) — F(b;) + F(b;) — F(ay)]
<€—|—Z,u a;, b;

<2+ M(E>
Letting ¢ — 0" concludes the proof. O

12



Having this lemma, one can establish the following “regularity results” for Lebsegue-
Stieltjes measures on R.

THEOREM 1.12. Let (X, M, i) be a Lebesgue-Stieltjes measure space. For all E € M

u(E) =inf {u(O) : O D E, O open}
=sup{u(K): K C E, K compact} .

Proof. If O O Eis open then p(F) < p(O) by monotonicity so that u(E) < info u(O).
For the reverse inequality, fix ¢ > 0 and choose a countable collection {(a;,b;)};
whose union contains F such that

Z p((az, ;) < p(E) +e.

Then O = |J;(aj,b;) is an open set containing £ so that

Juf 1(0) < p(E) +e.

Letting ¢ — 07 gives that u(F) = infosg u(O). We shall now show that the measur-
able sets can be approximated from the “inside” by compact sets. For this, we first
suppose that F is bounded. Then, p(E) < oco. If E is closed it is also compact; in
this case equality is obvious.
Otherwise, let E denote the closure of E and let ¢ > 0. Choose an open set
U D E\ E such that
w(U) < w(E\ E) +e.

Consider the compact set K := E\U = ENUC. Note also that K C EQ(ECUE) =F.
Now, we have

u(E) = p(K) + p(E\ K)
where F'\ K = ENU. Hence,
pE) = W B) — (ENU) = p(E) — p(U) + n(U\ E)

(E)
(E)

>
>
Now, suppose E is unbounded, for n € IN define

E, = EN[-n,n]

so that E,, /" E. It follows that u(E,) /" u(E) asn — oco. If u(E) = oo then for each
n there exists a compact K,, C F,, C F such that

u(Kn) > p(E,) — 1.

As n — oo we have that u(K,) — oo. That is, there is a sequence of compact sets
contained in E of unbounded measures. If instead p(E) < oo then given € > 0 there
exists N so large that

u(Ex) > u(E) —c.

13



For this Ey, there is a compact set K C Ey C E such that
H(EN) — & < p(K).

Thus,
p(K) > u(E) — 2¢.

]

LEMMA 1.13. Let E be Lebesgue-Stieltjes measurable. For each € > 0, there exists an
open set O D E such that u(E\ O) < e.

Proof. Let ¢ > 0 and define for k € Z the set Ey, := E N (k,k + 1]. Clearly, we may
write I = | |, .4 Ex. From earlier results, we may choose for each k an open set
U, O Ej, such that

£
1(Ux) < p(Ex) + > o’

Since Uy 2 Ej and u(Ey) < oo, it follows from the above that

3

Ui\ Ex) < o

Define now O := (J,o4, Ur and note that O O E. It is easy to see that

O\NE=JU\ |JE: S |J Wi\ Ep).

kEZ keZ kez

Hence, .
= —|kl —
HONE) <Y U\ E) < 5> 2 M= e
kez kez

]

We recall some intermittent convention. A set A C R is called a F, set provided
it is the countable union of closed sets. In like, we say A is a G; set if it can be
written as the countable union of open sets. One can interpret a Lebesgue-Stieltjes
measurable subset of R as Borel sets “modulo” a null set. This is what the final
result of this section suggests.

THEOREM 1.14. Let (X, M, u) be a Lebesgue-Stieltjes measure space and fix E C R.
The following are equivalent:

1. EeM,
2. There exists a Gg set G and a null set N such that E = G\ N.
3. There exists a F, set F' and a null set N such that E = F U N.

Proof. Since (X, M, u) is complete, it is obvious that the last two statements imply
the first. Suppose that £ € M and let u(E) < oo. By the previous proposition, to
each k£ € IN we can associate a compact set K,, C E and an open set U, 2 E such
that

p(U) ~ < p(B) < () +

14



Define G := (), U, and F := |J | K,,. Note that G O E and F C E. Therefore,
w(E) < p(G) and pu(F) < p(E). Foreachn € N

1

p(G) < u(U) < W(E) + -, w(B) —+ < (K, < pF).

Letting k — oo gives u(G) = u(E) = u(F) which implies that
G=FEU(G\E), E=FU(E\F)

where G\ F and E'\ F have measure zero. We now extend the argument to the case
u(E) = oco. For fixed k € Z we define the restriction Ej := E N (k, k + 1] and note
that &' = J, .4, Ek. For each k there exists a I, set H;, C I, with

By = Hy UN;

where Ny, is some null set. Taking the union over the k we obtain

where p(Upez Ni) < D pez 2 (Ni) = 0. Since countable unions of F, sets is again
F,, we have our representation of £. Let n € IN be given, by the previous lemma
there exists an open set U,, O E such that (U, \ E) < 1/n. ThenG:=(),—, 0, 2 FE
is a Gs-set and

G\ E) < p(O,\ E) <

SRS

for all n € IN. Taking n — oo concludes the proof. [

2 Integration Theory

In elementary real analysis one often encounters a rather primitive theory of inte-
gration. This theory masquerades as a refined and powerful theory. Indeed, the
definitions are more robust and precise than those from calculus (where one is,
typically, first introduced to integration). Nonetheless, despite the abstract con-
structions from elementary analysis, the Riemann integral is lacking in many areas.
There are no satisfying convergence theorems; and limits of Riemann integrable
functions need not be Riemann integrable.

The goal of this section is to develop a stronger theory of integration that does
not rely heavily on the structure of the real line. This new theory will make heavy
use of abstract measure theory and will apply to any measure space.

2.1 Measurable Functions

Let us fix two measure spaces (X, M, u) and (Y, N, v). What does it mean for a map
f: X — Y to preserve the structure of both spaces?

DEFINITION 4. A function f : X — Y is called measurable if f~'(B) € M for
all B € N. That is, a measurable function is a map such that the pre-image of every
measurable set is measurable.
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Such functions are of crucial importance as they will be the foundation of our the-
ory of integration. Unfortunately it is often quite difficult to check directly whether
a function is measurable. In the case where N has a generating set £, this task
becomes simpler.

PROPOSITION 2.1. Suppose N is the o-algebra generated by E. Then a function f :
X — Y is measurable if and only if f~1(E) € M forall E € £.

Proof. One direction is trivial. Suppose that f~!(E) € M for all £ 5 E. Consider
N:={NeN:[f(N)eM};

then £ C 91. It is easy to show that 91 is a o-algebra on Y. Since 9 contains &, it
follows that 91 2> M(&) = N. O

We will mostly be dealing with function that are either real or complex valued.
However, what does it mean for a function f : X — C to be measurable? There
is a subtle question here: which c-algebra is it natural to endow R and C with?
Both R and C are equipped with a very special topology and it would be wise to
take advantage of this fact. That is, we want all “nice sets” to be measurable in the
target space.

As mentioned in the previous section, there exists a o-algebra on any topological
space that includes all open (and thus closed) sets. It is these algebras that we shall
endow our target spaces with.

DEFINITION 5. Given a measurable space (X, M) we say a function f : X — R is
measurable provided f~(B) € M for all B € Bg. We say g : X — C is measurable
if Rf and §f are measurable as real valued functions.

In simpler more concise terms, when the target set is R or C, we view these as the
measurable spaces (R, Bgr) and (C, Bg) respectively.’

It will be convenient to allow functions to take extended real valued, i.e. for
functions to take on the valued 4-cc. Recalling the convention R := [—o0, 00], it is
important to associate a o-algebra to R. We define

Bg :=M({(a,0] : a € R}).

Note that Bg D Br. We also expect measurable functions to behave nicely under
basic algebraic manipulations.

PROPOSITION 2.2. Let f,g : X — R be measurable and let « € R. Then f + g, fg
and o f are measurable.

Proof. Since intervals (a, c0) generate By it suffices to check that
{f+g>a}={zeX:fz)+g(x)>a}
is measurable for a € R. Certainly, fix @ € R and observe that by density of Q in R

{(f+g>ay={f>a-gt=J{f>rtn{r>a-g}

reQ

= JUsrnigsa-r)

reQ

2This will not be the case when the domain is R or C, as we shall see later on.

16



where {f > r},{g >a—r} € Mforeachr € Q. Thus, {f >r}Nn{g>a—r} eM
which proves that f + g is measurable (since Q is countable and M is closed under
countable unions). Now, if « = 0 then af = 0 which is clearly measurable. If
instead a < 0 then

{af>a}:{f<§}€./\/l

and if a > a then

{af>a}:{f>g}e/\/l.

We show that f? is measurable whenever f is. It suffices to check that {f > a} is
measurable whenever a > 0. In this case,

{fza}={fza}u{f<—a}

which are both measurable. Thus, to see that fg is measurable we need only write

(f+9)?—=(f—g)?
. .

Jg=

]

Note that the above remain true whenever f,g are either R valued or complex
valued, provided we take care in defining f(z) — g(x) when f(z) = g(z) = co. It is
left as an exercise (see solutions at the end) to verify that f + ¢g is R measurable if
we let

o if f(x) = o0, g(x) = —o0,
(f +9)(=) {f(x) + g(z), otherwise.

The following properties are incredibly useful in practice.

PROPOSITION 2.3. Let {f,}, be an R valued sequence of functions defined on a mea-
surable space (X, M). Define

g1(w) = sup fu(),  go(w) := Inf fu()

and

g3(x) :=limsup fn(x), gs(z) :=liminf f,(x).

n—oo n—oo

Then g1 2,34 are R-measurable on X.

Proof. We show only that g; and g3 are R-measurable; a similar argument applies
to go and g4. It is not hard to see from the definition that By is generated by rays of
the form (a, co] or [—00, a). Now, for each a € R

{or >a} = U{fn > a}
n=1
which shows that g; is measurable. Note also that

g3(x) = inf sup fn(2)
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and so it suffices to check that go(z) = inf,en f.(x) is measurable to obtain that g;
is measurable. This is clear from the observation that

{92 <a} = U{fn <a}.

]

COROLLARY 2.4. Let {f,}, be a sequence of functions mapping to either R or C. If
fn(z) — f(x) on X then f is measurable.

Proof. If f, and f are R-valued then this follows from the fact that
lim fo(z) = f(z) = limsup fo(z).

n—od

If f, and f are C-valued then apply the above argument to both f and 3 f since
fn— fifand onlyif ®f, — Rf and Sf, — Sf. O

2.2 Complete Measures and Approximation by Simple Functions

Before we introduce the very important simple functions, we would like to character-
ize measure spaces in terms of their measurable functions. Henceforth, we assume
that all functions are either R or complex valued, unless stated otherwise.

PROPOSITION 2.5. Throughout this proposition all functions are real valued. Let
(X, M, ) be a measure space. The following are equivalent to saying that (X, M, u) is
complete:

1. If f is measurable and g = f almost everywhere then g is measurable.
2. If {fu}n is a sequence of measurable functions converging almost everywhere to a
function f then f is measurable.

Proof. We prove (1). If (X, M, u1) is complete then for alla € R
{g>a} ={g>a}n{f=gtU{g>a}n{g# [}

where {g > a} N {g # f} is a null set and thus measurable. By closure under
complements, {g = f} is measurable so that g is also measurable. Conversely,
assume (1) holds true. If N € M is a null set let £ C N; define f = 1xn(x) and
g = 1g(z) so that f(z) = g(z) =0 for x ¢ N. Thus, f = g almost everywhere. Then
g is measurable whence

E={g>1}u{g<1})eM.
Now suppose (X, M, u) is complete and let { f,}, and f be as in (2). Then
f(x) = limsup f,(x)

n—oo

and the measurability of f follows by (1). If (2) holds true fix a null set N and let
E C N be given. For n € N define

ful@) = 1In(z),  f(2):=1p(@).

Then for all x ¢ N we have f,(x) = f(z) = 0. Thus, f, — f outside N (a null
set). By assumption f is measurable which implies (by our previous argument) that
EeM. O
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We now turn towards simple functions, which are the “atoms” of integration
theory. These will play a fundamental role in the definition of the integral. Given
a measure space (X, M, pu) a function f : X — C is called a simple function
provided it is of the form

fl@)=> ajlg(z), o €C, EeM.
j=1

In particular, simple functions cannot take on infinite values. It is trivial to show
that simple functions are measurable. If the a;’s are distinct and the £}’s are disjoint
we say f is in canonical form. Since simple functions have finite image it is clear
that all simple functions have a unique canonical form. Indeed, if f is simple then

Im(f) ={C, G, ..., () is finite; then

k

> GG

j=1

is the canonical form of f (as is easy to show). What is fundamental to the theory
of measurable functions it the approximation theorem that we give below.

THEOREM 2.6. Let (X, M) be a measurable space. If f : X — [0, 00| is measurable,
there exists a sequence {n }new of simple functions so that

0<pr<pp<-- < <--- < f
such that lim,_.., o,(x) = f(z).

We shall not prove this theorem since the proof is extremely technical and not
particularly enlightening. Furthermore, almost every graduate real analysis text
will give the proof and it is therefore easy for the interested reader to look up a
proof.

We are now capable of defining the integral of a non-negative function, which is
the topic of the following subsection.

2.3 Integration of Non-Negative Measurable Functions

Let (X, M, i) be a measure space, which we fix for the remainder of this subsection.
We denote by L*(X) the collection all measurable functions f : X — [0, oc]. This
set contains non-negative, real valued, simple functions as well.

DEFINITION 6. Let f € L*(X) be asimple function and write f(x) = >_7_, a1, ()
in its (unique) canonical form. The integral of f over X is defined as

/ fla)dp =" a;p(E;).
X P
If A € M then one can define

[ 1@ [ @@ an = S a0 4),
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We shall sometimes write [, f instead of [, f(z)du when the context is clear. This
is well defined since ; > 0 for all j (f is not allowed to be negative).One should not
lose track of the purpose of this definition. Despite the abstractness of our work,
it is still our ultimate goal to generalize the classical Riemann integral and, as such,
there are certain properties we should verify.

THEOREM 2.7. Let ¢, € L' (X) be simple functions. The following hold true
1. Forall ¢ > 0one has [, co =c [, ¢.
2. [x(0+ ) =[x o+ [y ¢
3. If g <wpthen [ ¢ < [ 1.
4. The map
A [ ot )
is a measure on (X, M).

Proof. (1) is clear from the definition. Write ¢ and % in their canonical form
o@) = ajlp, v(z)=) Bile(2).
j=1 k=1

Note that X = (Jj_, Ej = U;_, Fi. Furthermore,
/ ¢(z)dp + / Y(a)dp = aiu(Ey) + Y Bup(Fr)
X X j=1 k=1

=SS B N F) + YD BBy 0 F)
j=1 k=1 k=1 j=1

n,m

= (aj + Br)u(E; N Fy)
j=1,k=1

where all the F; N Fj, are disjoint. By grouping these based on whether or not the
(oj + Bx) are repeated, one finds that this is precisely [, (¢ + ).
Now suppose that ¢ <. We have

/ch(w) dp = au(B;) =Y > au(E; N Fy).
j=1 7j=1 k=1
If E; N Fy, # @ then a; < B, so that
JRECIIED 3 S VERISED 3D NN
X j=1 k=1 k=1 j=1
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where this last line is precisely > | 3;u(F)) = [y ¢. It only remains to check that
the mapping defined by (3) is a measure. Clearly, @ +— 0 as required. If {A,},is a
countable family of disjoint sets in M we let A :=| |, A, and observe that

A au(E;nA) = Z > (BN A) =) ayu(E;n Ay

J=1 ¢ j=1
=> [ oé(z)du
¢ A

The proof is now complete. O

Keeping these properties in mind, we extend our integral to all of L*(X). This is
done by “approximating” f € LT (X) with simple functions (we know this can be
done by our approximation theorem).

DEFINITION 7. Let f : X — [0, oo] be measurable. Then we define

/f(ar)du 1= sup{/ ¢($)du:0§¢§f,qbsimple}.
X X

If A € M then
/ f(z)dp = / La(z)f(x)dp.
A X

We verify once again that some fundamental properties hold true.

PROPOSITION 2.8. Let f,g € L'(X)and ¢ > 0. Then [ cf =c [y fand [ f < [, g
whenever f < g.

Proof. If ¢ = 0 then the claim is obvious (since ¢ - f is simple). Otherwise, note that
| eft@yan=su { | o@dnio<os<ero simple}
—sup{ [ cote)aus 026 < 1. 6 simple
— csup {/qu@z) du:0<6<f, ¢ simple}
. / F(z)dz.
X

Assume f < g and let ¢ be a simple function such that 0 < ¢ < f. Since f < ¢
we obtain ¢ < g so that [, ¢ < [, g by definition of [, g. Since ¢ was arbitrary, it
follows that [, f < [, g. O

Having established these essential properties of the integral on L (X) we move
on to study how the integral behaves under limiting procedures.
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2.4 Convergence Theorems

A useful tool is proving that the integral on L™ (X) is additive is the so-called mono-
tone convergence theorem, which is also powerful in applications.

THEOREM 2.9 (Monotone Convergence). Let { f,}, be a sequence in L*(X) converg-
ing pointwise to a function f such that

h<h< << <

Then f is measurable and

i [ ) dn= [ r)de

n—oo

Proof. Since [y f, is an increasing sequence of real numbers we know that it has a
limit as n — oo (possibly o). Noting that f,, < fimplies [, f, < [, f we obtain

lim n(r)du < z)du.
Xf()u<Lf()u

n—oo

To prove the reverse inequality we let ¢ be a simple function with 0 < ¢ < f and
fix & € (0,1). For n € IN we define

E, ={zeX: f,>ad}

which is measurable. Note that X = |J,~ | E,, for otherwise there would exist z ¢ E,,
for all n which would imply that for some x f,(z) < a¢(z). Letting n — oo would
yield

f(x) < ag(z) < f(z)

which is absurd. Thus, X = UZ‘; E,. Therefore, for eachn € IN

/an(q;) dp > /En fo(z)dp > oz/En é(x) dp.

Since E,, C E, 1, for all n it follows that F,, ,* X. Thus, by Theorem 2.7 we are free
to take n — oo from which we obtain

i [ fle)deza [ odn

n—o0

We may now let o " 1 to obtain

as was required. O
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An important consequence of monotone convergence is the corollary that follows.

COROLLARY 2.10. Let {f,}n be a countable sequence in L*(X) and define f(x) =
>y fa(x). Then f € L (X) and

/X Foan=3 /X ful) dp.

Proof. We know already that f is measurable, we must only show that the integral
is countably additive over this family. We first prove it for finite sums, and for this

is suffices to check that [, (fi + f2) = [ fi + [x fo:

Let {én}n, {tn}n be sequences of simple functions in L*(X) such that ¢,, / fi
and ¢, /" fo pointwise on X. Then, (¢, + 1) " (fi + f2) so that, by monotone
convergence,

[ (@) + @)= tim [ @ufe) + ()

= lim [ ¢p(z)dp+ lim [ oy (z)dp
X X

n—oo n—oo

:/)(fl(x)dﬂ+/)(f2(x)dﬂ-

Now, if { f,} is a finite family we are done. Thus we may assume that it is countably
infinite. For N € IN we now define gy(X) := .| f.(z) and note that g5 / f as
N — oo. By monotone convergence,

A;f"(@d“:]\}iﬂo/xan(a:)d“:,}i_{%oZ/an(I)du

n<N n<N

Zzn:/xfn(l’) dp.

O

LEMMA 2.11. Let f be measurable and non-negative almost everywhere. Then fx f=0
if and only if f = 0 almost everywhere.

Proof. Assume first f = 0 almost everywhere and let {¢,}, be a sequence of non-
negative simple functions increasing to f pointwise. Then ¢, vanishes almost ev-
erywhere so that by monotone convergence

/ f(z)dz = lim [ ¢,(x)du=0.
X X

n—oo

Conversely, suppose [, f = 0. For n € N we define
En::{xEX:f(x)>%}
and observe that | J -, E, = {f > 0} = {f # 0}. However,
0= /X s@an> [ i (B

which shows p(E,) = 0 for all n. Thus, p({f #0}) <>, w(E,) =0. O
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We may now present the stronger form of monotone convergence.

COROLLARY 2.12. Let {fn}n be an increasing sequence in L*(X) converging point-
wise almost everywhere to a measurable function f. Then

i [ f(o)dp = /X f(z) du.

n—oo

Proof. There exists a set £ € M such that u(E¢) = 0 and f,(z) / f(z) forz € E.
Since (f — 1gf) > 0 and equal to zero almost everywhere

@ an= [ @@ n = lim [ 1p@@ a0 tin [ @)

n—oo X n—0o0

by the previous lemma. ]

2.5 The Integration of Complex Valued Functions

Here we finish the construction of the integral. We focus first on R-valued measur-
able functions on a measure space (X, M, ). If f: X — R is measurable (in the
sense of Br) we define

fH(x) :==max{f(x),0} and [~ (z):=max(0,—f(x)).

Then f* are measurable and f = f* — f~. Furthermore, f™ + f~ = | f|. We say that
f is integrable provided

5@l < .

This is equivalent to saying that f* and f~ are both integrable. In this case, we

define
/X f(@) dp = /X JH (@) du - /X /(@) di

which is a well defined real number. If f is C-valued, we say f is integrable if and
only if Rf and S f are integrable’and define

[ f@an= [ we@dnsi [ Srdu

X X X

It is left to the reader to check that the integral is linear over integrable functions.
This is a purely mechanical and messy procedure.

DEFINITION 8. If £ € C we define

0, if & =0,

>gni) = {s/ €, ife£0

We note that £€Sgn(&) = [£| if € # 0.

3This is again equivalent to saying that |f| integrable!
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PROPOSITION 2.13. Let f be integrable. Then

) du‘ < [ 15 de

Proof. If f > 0 the result is immediate. If f is real valued for all x € X then this

follows from the fact that
[r@an- [ 5@ du\ < [ 15w dn
X X X

where we have applied the identity to the non- negative functions f*. For the gen-
eral case we assume f is complex valued. If [, f(x)du = 0 we are done. Otherwise,

define
ai=sen ([ staas).

By our previous observations,

:U)du’ —a [ f@au= [ ar@a

In particular, « [, f(x)du = [ af(x) dp is real and non-negative. By our previous
steps,

x) du‘ =

l’)du‘ — R /X of () du — /X R(af(2)) du < /X af ()] d.

where |a| = 1 by definition. Hence, the proof is complete. O

PROPOSITION 2.14. Let f and g be integrable. Then [, f = [, g forall E € M if
and only if [ |f —g| =0.

Proof. One direction is trivial. Assume that [,(f —g) = 0 for all measurable sets E.
Without loss of generality assume f — g is real. If (f — ¢) # 0 almost everywhere
then there exists a set of positive measure, say, £ where (f — g) # 0. Without harm
assume u = (f — g)* is non-vanishing on E. Then,

[ 0@ @) i = [ a0

This is a contradiction. O]

We conclude this section with two major results in analysis, Fatou’s lemma and
the Dominated Convergence Theorem. There are some who go so far as to call the
latter the “fundamental theorem of analysis”. It is the most powerful result in the
theory of abstract integration.

LEMMA 2.15 (Fatou’s Lemma). Let {f,}, be a sequence of functions in L*(X). Then,

/liminffn( du<hm1nf/ falz
b

n—oo n—oo
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Proof. Let g(x) = liminf, . f.(z) and note that
gr(x) = inf f,(z) /" g(w), ask — oo.

By monotone convergence,

[ oo =t [ )
X k—oo Jx

Now, gi(z) < f;(z) for all j > k. Thus, for each j > k:

/X gr(x) dp < /X fi(x) di

/ z)dp < 1nf/ fix
Letting kK — oo we obtain

/ x)dp = hm / gr(x)dp < hmmf/ fi(x)dp
j—o0

Fatou’s lemma may be strengthened as follows.
COROLLARY 2.16. Let {f,}n be a sequence in L*(X) converging almost everywhere

to f € LT (X). Then
[ r@au<tmint [ g0 d
X n—oo X

Dominated convergence now readily follows.
THEOREM 2.17 (Dominated Convergence). Let {f,}, be a sequence of measurable
functions converging almost everywhere to a measurable function f. If there exists an
integrable function g such that | f,| < g for all n then

i [ fue)dp = [ fa)ds

n—oo

whence

Proof. We assume first that f, and f are real. By replacing f with liminf, . fn(2)
we may assume that f,, — f everywhere on X. Now, note that g+f > 0Oand g—f > 0
everywhere. By Fatou’s lemma;

/X (9(z) + f(x)) du < lim inf /X (9(2) + ful2)) du

n—oo

- / g(w) dp + lim inf £, (x) dp
X n—oo
Similarly,

[ 6@ = renan < [ gl - tmswp [ o

limsup f,,(z) dp < / flz)dp < liminf/ fol(z) dp
X nmee Jx

n—oo

We obtain

which concludes this step. If instead f, and f are complex valued we apply the
procedure above to both X f,, and 3 f,.. O
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The final result of this section is the following.

THEOREM 2.18. Let {f,}n be a sequence of integrable functions such that

> [ 1)l dn < oo,

Then there exists an integrable function f equal to ) f,(x) almost everywhere and

moreover,
Aﬂ@@zgéﬁ@w-

Proof. We define
f(z) = hNHi,loréf Z ful2);

n<N

then f is measurable and equal to ) f,(z) almost everywhere (this series is also
convergent at these points). Note that

> ful)

n<N

<Y | fal@)]

which we know to be integrable. Thus, the equality of integrals follows by domi-
nated convergence. O

2.6 Modes of Convergence

The previous topics give rise to different notions of what is means for a sequence of
functions to converge. Indeed, one can view the integral as a metric on sequences.
If {f.}n is a sequence of integrable functions and f is integrable, we say that f,
converges to f in L' (this notation will be justified later) if

lim [ |f.— f| du=0.
X

n—oo

We say measurable a sequence functions {f,}, converges to a measurable function
f in measure if for all € > 0

Jim g ({2 € X : [fule) — f(2)] > e}) =0,

Finally, a sequence of measurable functions { f,, }, is called Cauchy in measure if for
eache >0

n,m—00

B({x € X fal@) = fulo)] = }) 222 0,

PROPOSITION 2.19. Let { f,.}» be a sequence of integrable functions converging to an
integrable f in L'. Then, {f,} — [ in measure. Moreover, { f,,},, is Cauchy in measure.

Proof. We fix € > 0, note that

lim i |[fu(2) = f2)] dp = Tim [fu(z) = f(z)| dp

> e lim jo({o € X : [fula) = f(2)] 2 D) =0,
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For this same € > 0 there exists N € IN such that forn > N

/ |fn - |d“<§
Thus, if n,m > N

J 100 = @l < [ 1) = 1@ et [ 1) = )]

whence [, |f, — fm| <eforall n,m > N. So, if ¢ > 0 is given, for all n, m one has

/|fn - )Idu>/ Fo = fl di
{zeX:|fn(z)—fm(x)|>e}
> ep({a € X [fale) — )] > e}).

Letting n,m — oo we can make the right-hand side arbitrarily small which yields
the desired conclusion. O

It is well known that pointwise convergence is weak, and certainly does not imply
uniform convergence. However, the following result does tell us that, on finite
measure spaces, pointwise convergence implies “mostly uniform” convergence. We
give a precise meaning to this statement below.

THEOREM 2.20 (Egoroff). Let (X, M, u) be a finite* measure space and {f,}, a se-
quence of measurable functions converging pointwise almost-everywhere to a measurable
function f. For each € > 0 there exists a measurable set E C X with mu(FE) < ¢ such
that f,, — f uniformly on EC.

Proof. Let ¢ > 0 be given; we may assume without loss of generality that f, — f
pointwise on X (neglecting a set of measure zero otherwise). Fix a pair (k,n) €
IN x IN and define

1
Ex(n) := U {x € X :|fi(x)— f(x)] > E}
j=n
For fixed k, we note that Ex(n) O Ex(n + 1) and that Ex(n) / @ as n — oo since
fn — fon X. Since u(X) < oo, for each k € N there is ny such that

(B (i) <

this is immediate from the fact that 0 = lim,, o, u(Ex(n)) for each k. Now, we define
k=1

whence by sub-additivity we obtain u(E) < > ,2,e/2F = . Let v > 0 and take
k € N such that 1/k <. If z ¢ E then x ¢ Ey(ny) so that

[fi(z) = fl2)l <7, V5=
Thus, f, — f uniformly on E€. O

“Recall that this means u(X) < oo.
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We conclude this section with the following technical result.

THEOREM 2.21. Let {f,}, be a sequence of measurable functions that is Cauchy in
measure. There exists a measurable function f and a subsequence { f,, }x converging to
[ almost everywhere. Furthermore, { f,}» — [ in measure.

Proof. Since {f,}, is Cauchy in measure we may extract a subsequence {g;}; such
that ‘
u(Ej) <277
where we define '
Ej={z € X ]g;(x) = gjn(x)| =277 }.
For k € IN we define Fy, = |, Ej and note that u(Fy) < 3°.., 277 = 2%, Now, if
x & Fy for k € N note that for ¢ > j > k:

2) ~ @) < 3 g () — gula)] < 2 g

It follows that {g;}; is pointwise Cauchy in C for x ¢ Fj,. We define F' = (), £k so
that u(F) < 2'7% for all k. That is, u(F) = 0. If z ¢ F then {g;}, is Cauchy in C and
thus has a limit. If we define

g(x) = liminf g;(x)

J—00

then g is measurable and convergent for almost all z. We shall now show that g; — ¢
in measure. Note that by letting ¢« — oo in (4) we obtain

l9(z) = g;(2)] < 2!, x ¢ Fy.
Let e > 0 be given; if k € IN is fixed and 7 > k we have
{z:]9(2) = gj(2)| = e} € {z: |g(z) — g;(x)| > 2"}
where this latter set is contained in F}, for all j > k. Hence,

limsup pu ({x : |g(x) — g;(z)| > €}) < p(Fy) <217

J—00

Since k was arbitrary, we conclude that g; — g in measure. It remains only to prove
that f,, — g in measure as well. For this, we note that

{2 1fale) = 9(@)] 2 2} € {|fal@) = g;(@)| = 5 } U {lgs(a) = g(@)| = S}

By letting n and j be large, both these sets can be made arbitrarily small in measure.
This concludes the proof. ]

3 The Fubini-Tonelli Theorems

In practice it is often convenient to “interchange the order of integration”. For those
well grounded in calculus, this is the procedure that allows one to say

[ semar= [ ([ senac) o= [ ([ )

Under which conditions is the above true? This is precisely the question that the
Fubini-Tonelli theorems answer. In this section, we establish sufficient conditions
for the above to hold on arbitrary measure spaces.
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3.1 LY(X) Space

The time has come to give an algebraic structure to the set of all integrable func-
tions, or almost. We know that the collection of all integrable functions over a
measure space (X, M, u) is a vector space over C. We wish to equip this space with
a suitable norm. A suitable choice is

1l x) = /ny(x)| du.

Indeed, it satisfies all the properties of a norm except for || f{| 1y, = 0 if and only if
f = 0. Here this “norm” vanishes whenever f = 0 almost everywhere. We reconcile
this by introducing an equivalence relation on the collection of integrable functions.

If f and g are two integrable functions, we write f ~ ¢ if (f — ¢g) = 0 almost
everywhere. It is easy to check that this is a well defined equivalence relation on the
space of integrable functions. We then define L!(X) to be the space of equivalence
classes under this relation. If [f],[g] € L*(X) and «, 8 € C we define

alfl+ Blgl = [af + Bg].

We know from earlier results that this is well defined. Hence, L'(X) is a vector
space over C. Given [f] € L'(X) we define the L'-norm.

Al = [ £ dn

It is left as an exercise to the reader to check that L'(X) together with {1 is @
normed vector space. Typically, it is not usually practical to view L'(X) as a space

of equivalence classes; more often than not we shall think of it as a function space
whilst keeping in mind that equality in the norm holds up to measure zero.

3.1.1 Applications of Convergence Theorems

Let m be the Lebesgue measure on R and denote by £ the o-algebra of Lebesgue
measurable sets. In these notes it is proven that continuous functions of compact
support are dense in L'(R) (with respect to the L'-norm). Using the previous facts,
it is possible to show that measurable functions are, in a sense, mostly continuous.

LEMMA 3.1. Let (X, M, u) be a finite measure space and f : X — C measurable. For
each € > 0, there exists a subset E C X, with N(EC) < ¢, upon which f is bounded.

Proof. For fixed n € IN we define
F,={ze X :|f(x)] <n}.

Note that F;,, C F,,.4 for all n and that F,, / X as n — oo. Thus, we know that
limy, 00 1(Fy) = p(X) < 00. Choose N so large that

0 < p(X) — pu(Fy) < ¢

Then, if we set E = Fy it follows that u(E¢) = u(X \ Fy) = u(X) — u(Fy) <e. O
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We are now prepared to prove Lusin’s theorem, which makes heavy use of Ego-
roff’s theorem.

THEOREM 3.2 (Lusin). Let p be the restriction of the Lebesgue measure to [a,b] and fix
a measurable function f : X — C. For each € > 0, there exists a measurable E C [a, b]
with p(EC) < e such that f |g is continuous.

Proof. Since fis complex valued, it does not take infinite values. Hence, by the pre-
vious lemma, there exists a set A C X, with [L(AC) < g, upon which f is bounded.
Defining g(z) = f(x)14(x), it follows that g € L'([a,b]) so that there exists a se-
quence {¢,}, of compactly supported continuous functions that convergence to g
in the L'-norm. By passing to a suitable subsequence, we may assume these con-
verge almost everywhere to g on [a, b].

By Egorov’s theorem, there exists F' C [a,b] with u(F) < e such that ¢, — g
uniformly only F€. Choose now a compact set E C F© N A with

p(FCNA)\E) <e

Since £ is compact, it follows that g is continuous (as the uniform limit of continu-
ous functions) when restricted to E. Thus, f |g is continuous since £ C A. It now
remains only to note that

PES) = u(X) = u(B) = p(X) = p(FC N A) + p((FC N A) \ E)
<e+u(X)—u(FCnA)
=c+u(FUAS)
< e+ u(F) + p(A)
< 3e.

3.2 Product Measure Spaces

We fix two measure spaces (X, M, p) and (Y, NV, v). We want to know what it means
to integrate over X x Y? How can this be defined in a way that preserves the
structures of both (X, M, u) and (Y, N, v)?

DEFINITION 9. A rectangle in X x Y is a set of the form E x F where £ € M and
F € N. We denote the collection of all rectangles in X x Y be fA.

We wish to show that R is an elementary family on X x Y. Indeed, @ € K. If
Ay = By x Iy and Ay = By X Fy are rectangles in X x Y, note that

ANAy=(EiNEy) x (FLNE) and AS = (X x FO)U (ES x Fy)

Therefore, by Proposition 1.1, if A is the collection of finite disjoint unions of ele-
ments in R, then A is an algebra on X x Y. Clearly, A D 9R. We denote by M @ N/
the o-algebra generated by A. The pair (X x Y, M ® N) is then called the product
space of (X, M) and (Y, N).
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We now wish to extend our measures ;o and v to this new space. This is done
by constructing a premeasure on A, which will then induce an outer-measure on
X x Y. Define

uxv:A—[0,00], ExFw— u(E)(F).

Suppose that £/ x F' can be expressed as the disjoint union of rectangles |J;_, (E; x
F;). Notice that

1g(x)lp(y) = Llpxr(z,y) = Z Lgxr(7,y) = Z 1g;(2)1E(y).
7j=1 7j=1
Integrating with x fixed gives
Lp(@)v(F) =Y g (z)v(F)
j=1

as well as p(E)v(F) = > 77 p(E;)v(F;). This shows that p x v is well defined on
rectangles. This argument extends easily to show that p x v is well defined on any
element A € A. In particular, this shows that ;1 X v is a premeasure on A.

Therefore, by previous results, (¢ x v) induces an outer-measure that is a mea-
sure when restricted to the o-algebra generated by A, i.e. M ® N. We denote this
restriction by u x v. It follows that (X x Y, M ® N, u X v) is a measure space in its
own right.

Before we proceed, we introduce some notation. If £ € M®AN and (z,y) € X xY
we set

E,={yeY :(z,y) € E}, E'={reX:(z,y) €FE}.

Likewise, if f is defined on X x Y
foy) = flzy),  fU(x) = f(=z,y).
PROPOSITION 3.3. Let (X, M, u) and (Y,N,v) be measure spaces. Then
1. Forall E € M ® N one has E, € N and EY € M foreachx € X andy €Y.

2. If fis M ® N-measurable then f, is N'-measurable and fY is M-measurable for
all (z,y) € X x Y.

Proof. Suppose first that £ is a rectangle of the form £ = A x B for A € M and
B x N. If z is given then E, is either & or B (and likewise for E¥). Thus, (1) holds
for rectangles. Let R be the collection of sets in M ® N such that (1) holds true.
This contains all disjoint finite unions of rectangles since

U E;| =JE).

e
We shall now show that R is a o-algebra. By the above identity, it follows that R is
closed under countable unions. Similarly,

(Ec>z - (Ex)c

and likewise for y-sections. This shows that R O M ® N by symmetry. O
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Before we proceed with the proofs of the Fubini-Tonelli theorems, we require a
preliminary technical result linking monotone classes and o-algebras. A collection of
subsets M is called a monotone class provided it is closed under countable increas-
ing unions and under countable decreasing intersections. It is not hard to show
that arbitrary intersections of monotone classes is again a monotone class. Further-
more, o-algebras are monotone classes. It thus makes sense to discuss a minimal
monotone class containing a family of sets F, whenever F is given. This “smallest”
monotone class containing F is called the monotone class generated by F.

LEMMA 3.4 (Monotone Class Lemma). Let A be an algebra on a set and denote by €
the monotone class it generates. Then € = M(A).

Proof. Since M(.A) is also a monotone class containing A we immediately have
M(A) D €; we shall show that € is a o-algebra to establish their equality. For £ € &
we define

C(E)={FeC:E\F,F\E,andENF € ¢}.

It is purely mechanical to verify that C'(F) is itself a monotone class. Since A is an
algebra, it is closed under finite intersections and complements, so that A C C(E)
whenever £ € A. In this case, we obtain € C C(F). If F € € then ' € C(F)
which is equivalent to saying £ € C(F). As E € Awas arbitrary, A C C(F) whence
€ C O(F) for all F € €. Therefore, £ € C(X) for E € € which implies that E€ € €.
Similarly, ENF € €if E, F' € €. This shows that € is closed under complement and
finite intersections. If C,Cy, ..., C, are elements of € then

c n
j j=1

Thus, € is an algebra. By closure under countable increasing unions, we obtain that
¢ is a o-algebra which completes the proof. ]

3.2.1 Product Algebras

Here we wish to generalize the notion of a product o-algebra, which is sometimes
useful when considering variants of Fubini-Tonelli in higher dimensions. This, of
course, requires us to generalize the notion of a cartesian product of sets, as the
usual coordinate notation is only feasible when dealing with products of countably
many sets.

DEFINITION 10. Let A be an index set’ and {X)} ea a family of sets indexed by
A. We define their cartesian product as

HX)\I:{fZA—> UX)\|f<)\)EX>\}

AEA AEA

In the case where A is finite, one can view the elements of the cartesian prod-
ucts as n-tuples. As frequently encountered in abstract algebra (think of vector

5This index set need not be countable!
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subspaces), this definition naturally gives rise to the notion of a projection map
To HXj — Xao, [ fla)
AEA

where o € A is fixed. Now, suppose we are given an associated family of o-algebras
on the family {X,} ca. More precisely, assume we have an indexed family of mea-
surable spaces {(Xy, Mx)},cn- Which structure should we endow [, , X with?
To this end, we give the following definition.

DEFINITION 11. Given an indexed family of measurable spaces {(Xx, M)} cas
we define the product o-algebra on [[,., X, to be

QM =M ({7 (Ea) ia €A, Eq € M,}) .
AeA
We conclude this short digression with some basic properties of these general
product algebras.

PROPOSITION 3.5. Suppose that each M) is generated by some family Ex. If A is
countable, then @, M is generated by

{HEA:EAEM,\}.

AEA

Proof. Let 9 denote the o-algebra generated by {[[,., Ex : Ex € M, } and fix an
element of the form 7' (E,). This may, equivalently, be written as

Y (Ey) = {f:A—> U Xa 1 fOV) € X, flo) € Ea} =[] Ex

AEA AEA

where E) = X for A # «a. This shows that ®/\6A M, C M. For the reverse inclu-
sion, note that if £, € M, then

HE,\—{f:A—> UE,\:f()\)EE)\}— ﬂw;l(Ea).

AEA AEA a€EA
Therefore, H/\GA E, € ®/\€AMA since A is assumed to be countable. Therefore,
Mmc ®,\eA M. 0

PROPOSITION 3.6. Suppose that each My is generated by Ex. Then @Q,.p My is
generated by F, where

F = {Wa_l(Ea) E, €&, ac A} .
If A is countable and X € &, for all X € A then Q). M is generated by

{HEA:EAEEA}.

AEA
Proof. We shall first show that F generates &), ., M. Since each &, is contained in
M, it is clear that M(F) C @, M. To see the reverse inclusion, we need only
note that the family
{EFC X, 7, (E) e M(F)}
is itself a o-algebra containing &, (and thus M,). Hence, 7 !(E) C M(F) for all
E € M,. This shows that, @), ., Mx € M(F). O

34



3.3 The Fubini-Tonelli Theorems: Proof

We begin by giving the following simple case of Fubini-Tonelli.

PROPOSITION 3.7. Let (X x Y,M @ N, u X v) be a o-finite product space. Then for
al Ee MQN

x)(B) = [ vlE) = [ n(En) v

Proof. We first argue when both (X, M, ) and (Y, NV, v) are finite spaces. Let R be
the collection of all sets in M ® N for which the statement holds true. If E = Ax B
is a rectangle then v(E,) = v(B)14(x) so that,

[ B = 4B = (1 x ) ).

Hence R is non-empty and contains all rectangles in M®N. By additivity, it follows
that R contains all finite disjoint unions of rectangles, i.e. A. By the monotone class
lemma, it suffices to check that R is a monotone class.

Let £y C By C--- C E, C ... be a countable increasing family in R and define
E =, E,. Clearly, E, /' E as n — oc. If y is fixed, note that

EYCE/C..-CE'C...

and that | J -, E¥ = EY, by earlier calculations. Therefore,

(uxv)(E)=lim(pxv)(E,) = lim [ w(EY)dv.
n—oo n—oo Y
For each fixed y, we have that u(EY) increases to EY, thus by monotone convergence
we find that
(X (E) = [ W(E" v
Yy

and likewise for E,. Suppose now that F; O [y D --- D F,, D is a decreasing family
in Rwith F,, \, F':= (" _, F,. We know

(uxv)(F) = lim (uxv)(F,) = lim [ p(FY)dv.
n—oo n—oo Y
Now, u(FY) N\, p(FY) as n — oo for each fixed y. By dominated convergence (note
that u(FY) < p(X) which is L'(v) by our assumptions that the spaces are finite) we
obtain the desired conclusion.
Now, assume that (X, M, v) and (Y, N, v) are o-finite spaces. We can then write
X x Y as the union of an increasing sequence of rectangles {X; x Y;},. Then,

(1% v)(E) = lim (u x V)(EN (X x Y))) = lim | p[(BY 0 (X x YY) dv

j—o0 J—o Jy

where p([EYN(X; xY;)Y]) = u(EYNX;)1y,(y). Thus a final application of monotone
convergence completes the proof, by symmetry. O

THEOREM 3.8 (Fubini-Tonelli). Let (X, M, u) and (Y, N ,v) be o-finite measure spaces.
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1. Let f € LY (X xY). Then g(x) = [, fo(y) dv and h(y) = [ f¥(x) du belong to
LT(X) and L*(Y') respectively. Moreover

[ Jeax) - t/(/fxydv ) ()
- [ ([ renann) ano

2. If f € LNX xY) then f, € LYY) for almost all x and f¥ € L'(X) for almost
all x € X and almost all y € Y. Furthermore, the almost everywhere defined

functions
:/fo(y)dl/(y), h(y)z/xfy(:v)du(x)

are in L'(u) and L*(v), respectively, and

[ Jeagn) - t/(/fxydv ) ()
- [ ([ renann) ano

Proof. We begin by proving the first point. By Proposition 3.7, we know that this
first claim holds for characteristics of rectangles. By additivity, this will also hold
for the characteristics of finite disjoint unions of rectangles. Hence, this first point
holds true for non-negative simple functions.

Now let {f,}. be sequence of functions in L*(X X Y) increasing to f as n — oc.
By virtue of monotone convergence,

:/fx( )dv = lim fn(x y) dv
Y

n—oo

where z +— [, fu(2,y) dv is measurable for each n. This shows that g, and h (by
symmetry) are measurable. Hence,

e x )= lim [ fuley)d(u x v) = lim (/fﬁxy )
XxY =0 JX XY n—oo

By monotone convergence,

/fn(x,y)dl///f(x,y)dy asn — oo
Y Y

which concludes the proof of this first point by symmetry with h. We now proceed
to prove the second point. Let f € L*T(X x Y). We may obviously suppose that f is
R-valued by breaking f into ®f and 7. Since f is integrable if and only if f* and
[~ are, we may assume by linearity of the integral that f > 0. By Tonelli,

[ f@adgexn) = (/(/fxydv ) (o)

which shows that [, f, dv < oo for almost all z. Likewise, [, f¥du < oo for almost
all y. By linearity of the integrals, we are done. O
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4 Signed Measures

In this section we explore generalization of measures to signed and complex mea-
sures. Let us fix a measurable space (X, M); a function v : M — [—o0, 00| is said
to be a signed measure (sometimes called a charge) on (X, M) provided it satisfies
each of the following:

1. v(@) =0,
2. v takes on at-most one of {o0, —c0} on M,

3. If {E}}; is a countable disjoint family in M and £ = | |; E;:

W(E) = Y v(E))

This last requirement is powerful. Note that if we relabel the E; via any permu-
tation then the sum }_; u(Ej;) is preserved. This implies that the series >, v(Ej)
must convergence absolutely. We say a measurable set E is positive if v(F) > 0 for
all measurable F' C E. Similarly, a set E € M is called null if v(F) = 0 for all
measurable /' C E. Finally, F is negative if v(F') < 0 for all measurable ' C F.

PROPOSITION 4.1. Let v be a signed measure on (X, M). If {E;}; is a family in
M increasing to E then v(E) = lim;_., v(E;). Likewise, if {E,}; decreases to E and
lv(E1)| < oo then v(E) = lim;_o v(E;).

Proof. Suppose E; /' E, then I € M and we can define F| = Ey, Fj, == Ex\U; ;. Ej.
These Fj, are disjoint and their union is £. Hence, by absolute convergence of the
series

v(E) = T}LI{)IOZV(E) = lim » (U F]> = lim v(E,).
j<n j<n

Arguing as in Theorem 1.6 one can obtain the other result. O

PROPOSITION 4.2. Let v be a signed measure on (X, M) and {P;}; a countable se-
quence of positive sets in M. Then P = J; P; is positive. Furthermore, any measurable
subset of a positive set is positive.

Proof. It is clear that a measurable subset of a positive set is again positive. Define
Q1 = Pyand Q; == P\ Uf;ll P, for k > 2. Then the {Q,}; are pairwise disjoint
elements of M whose union is P. If £ C P then E C |_|j Q; so that

v(E)=v <|_| [EN QJ]> = ZV(E NQ,).

J

J

By construction, ); C P; for all j which implies, by our first step, that @), is positive.
Hence, v(E N Q;) > 0 which implies that v(£) > 0. O

We shall now prove the Hahn Decomposition Theorem.
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THEOREM 4.3 (Hahn Decomposition). Let v be a signed measure on (X, M). There
exists a positive set P and a negative set N such that X = P U N. Furthermore, if
X = P'U N with P' positive and N' odd, PAP" and NAN' are null.

Proof. We may suppose without loss of generality that v < oo on M, replacing v
with —v otherwise. Define

p:=sup{v(P): P € M, P positive} .

By definition of the supremum, there exists a sequence of positive measurable sets
{Py}r such that v(FP;) — p as k — oo. Define P = |J, P; and note that P is positive
with respect to v. Thus, v(P) < p. To see that we also have equality, fix k£ and note
that

v(P)=v(P.) +v(P\ Py) > v(F)

“since P D P\ Py is positive. Letting k — oo we obtain v(P) > p. We now define
N := X\ P. Clearly, X = PUN.

STEP 1. N does not contain any non-null positive (measurable) subsets.

Proof of Step 1. Assume for a contradiction that N contains a non-null positive
subsets A. Without loss of generality assume v(A) > 0. Then PN A =@ and PUA
is positive. However,

v(PUA)=v(P)+v(A) >p

which is a contradiction.

STEP 2. If A C N is measurable and v(A) > 0, there exists a measurable B C A such
that v(B) > v(A).

Proof of Step 2. Let v(A) > 0. By step 1, this A is non-positive. Hence, there exists
some set C' C A with v(C) < 0. Since A = C' U (A \ C) we find that

0<v(A)=v(C)+rvA\C)<v(A\C) < .

It suffices to take B := C'\ A.
Suppose for a contradiction that NV is non-negative. Then, there exists a subset
A C N with v(A) > 0. Let n; € IN be the minimal natural number for which there

exists a subset B C N with .

B) > —
WB) > -
and let A; be any such subset. Then, v¥(A;) > 0. Let ny € N be the minimal integer
such that there exists B C A; with

v(B) > v(A;) + L

2
and let A, be any such B. In this way we proceed, constructing a sequence

A2 A 2D A2 ...
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together with an associated sequence of natural numbers {n;};. Let A = (;—, A
and observe that A C N. Now, v(A;) # +oo and A, \, A as k — oo. Thus,

() = o 40> i 3 Z—

i<k 1

In particular, > 7%, L < o0. It follows that nj, — co as k — oo. This also shows that
v(A) > 0. Now, there exists B C A such that

1
v(B) > v(A)+ —
n
for some minimal n € IN. By taking k sufficiently large, we can find an index such
that n < ng. Now, if j > k then

V(Aj) > V(Aj_l) > e > V(Ak>.

Letting j — oo gives v(A) > v(Ay). Therefore,
v(B) > v(Ay) + —

which is a contradiction. Thus, N is negative with respect to v. In other-words,
there exists a Hahn-Decomposition of (X, M,v). Let now P, N’ form another
Hahn-Decomposition of (X, M, v) with P’ being v-positive and N’ being v-negative.
We have that PN N’ = @ and

X=PUN=PUN.

Observe that P\ P’ C P and hence is positive. Furthermore, P\ P’ C N’ and thus
must be negative. In particular, P\ P’ is v-null. By symmetry, PAP’ is v-null. The
same argument shows that NAN’ is v-null as well. The proof is now complete. [

Equipped with this result, we can prove the Jordan Decomposition theorem for
signed measures. First, we require some notation. We say that two signed measures
i and v are independent if there exists £, FF € Mwith X = FUFand ENF =g
such that F'is p-null and F is v-null.

THEOREM 4.4 (Jordan Decomposition). Let (X, M,v) be a signed measure space.
There exist measures v and v~ on (X, M) such that v = vt — v~ and v™ L v~.
Furthermore, these measures are uniquely determined.

Proof. We shall first prove existence. We fix {P, N} be a Hahn decomposition of
(X, M, v) and define for £ € M

vi(E):=v(ENP), v (E):=-v(ENN).

Then, v* are clearly measures such that v = v™ — v~. Furthermore, it is clear from
their construction that #* 1 v~. We now prove uniqueness of this decomposition.
Suppose that u* and p~ are two measures on (X, M) such that

v=pt—po, pt Ly
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Let E, F € M be two disjoint sets such that E U F = X, Fis y*-null and £ is
pu~-null. Observe then that £ U F' forms a Hahn decomposition of (X, M, v), thus
PAFEisv-null sois NAF. If A € M then

pH(A) = (AN E) + p (AN ES) = p"(ANE) = p* (AN E) — (AN E).
Thus, u*(A) = v(E N A). Note now that
ENA=(ANENP)U(ANENP)
so that u*(A) = v(AN EN P). In a similar vein,
ANP=(ANPNE)U(ANPNE")
sothat v(ANP) =v(AN PN E). Hence,
pt(A)=v(ANP)=v'(A).

This completes the proof by symmetry. ]

5 Exercises with Solutions

In this section we solve some exercises related to the material presented in these
notes. Many of the problems were selected from the assignments of Math 564 in
the year 2017.

PROBLEM 1. Let A be an infinite o-algebra on a non-empty set X. Prove that A is
uncountable.

Solution. We proceed by contradiction. Assume that A is countably infinite; then
X is also infinite. Construct a map

Since A is countable, this is well defined. Suppose that F'(z)NF(y) # @ for z,y € X.
We must have » € F(y) for otherwise v € F(z) \ F(y) & F(x) which contradicts
the construction of F (since F'(z) \ F(y) € A). This implies that F'(x) C F(y) and
F(y) C F(z) by symmetry. Consider the (countable) set

P:={F(z):ze€ X} C A

If £ € Athen E = | J,.p F'(x) which implies that P is countable infinite, for other-
wise A would be finite. indeed, every element of A is the union of elements in P
and A is not finite. We shall now construct an injection

©:P(P)— A, {F(z)hrex — | | Flan)

keK

where K must be a countable (possibly finite) index set. Since the elements of P
are disjoint, this is clearly an injection which contradicts the countability of A. [
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We recall that a probability space is a measure space (X, M, p) of finite measure
such that pu(X) = 1.

PROBLEM 2. Let (X, M, u) be a probability space. Let Ey, Es, ..., E, € M be such
that >y, p(Ey) > n — 1. Prove that p((,_, Ex) > 0.

Solution. Let E € M be given and observe that u(X) = u(E U E€) = u(E) + u(E°).
Thus, u(E) =1 — u(E). Taking E = |J;_, Ef, we obtain

M(QEk> =1—pu (UEk) >1—Z;¢Ek _1—2[1—p(Ek)].

k=1
Sincel—Y 7 [1—u(Ex)]=1—n+>,_, u(Ex) > 0 we are done. O

PROBLEM 3. Let yi* be an outer-measure on a non-empty set X and {A;};en a sequence
of disjoint p* measurable sets. Prove that for all E C X

(ENA) =) p(ENA)

JjeEN
where A = |72, A;
Solution. We claim that for all n € IN we have
[ﬁ (l?(]LJ_Aj> Eijz:ﬁﬁ(ﬁerAj)
j=1 j=1

The case n = 1 is trivial. Assume that the above holds up-to n — 1; we prove it for
n. Since U;L;ll Aj; is p*-measurable

n n n—1 n n—1
Ty (EDUA]) =i (EmUAjm UAJ) + (EHUAjﬂ ﬂA§>
j=1 j=1 J=1 J=1 J=1
n—1
— Iu* (Eﬂ U AJ> +M*(Eﬂ An)
j=1

For all n, up*(E N A) > u* (E NUj-, Aj> > Y W(ENA)). Letting n — oo we
obtain

(ENA) f: (ENAj)

We are done since the inequality ‘<’ is tr1v1ally true. ]

PROBLEM 4. Let m be the Lebesgue measure on R and let E C R be a set of positive
Lebesgue measure. Prove that for all a € (0, 1) there exists an open interval I such that

m(ENIT)>am(l). (5)
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Proof. We first assume that u(E) < oco. Let @ € (0,1) and take § = 1/a > 1. There
exists an open set O O E such that

m(0) < (8 = )m(E) + m(E) = ~m(E).

(07

That is, am(O) < m(E). We may write O = | |; I; as the countable disjoint union of
open intervals. We claim some j satisfies (5). Otherwise,

m(ENI;) <am(l;)
for all J;. This implies that
m(E)=m(ENO0) =Y m(ENI) <a) m(l;) =am(0)
J J

which contradicts the choice of O. If u(F) = oo there must exist an interval (n, n+1],
n € Z, such that E N (n,n + 1] has non-zero measure. Simply apply this procedure
to that set. O

PROBLEM 5. Let m be the Lebesgue measure on R and E C R such that m(E) > 0.
Prove that
E—-FE={x—y:z,y€FE}

contains an interval centered about 0.

Solution. Without loss of generality we let u(£) < co. Consider the function

f(x) = /R]IE(y)]lE(y —x)dy < co.

Note that f is continuous on R since for any sequence {z,}, such that z,, — z as
n — 0o:

uum—f@ns/dﬂwwuw—wm—nﬂy—wwm

R

which tends to zero as n — oo by dominated convergence. Note also that f(0) =
m(E) > 0. Hence, 0 € f71((0,00)) which is open by continuity. Hence, there exists
an interval (—4,6) C f71((0,00)). We claim now that (—§,6) C F — E. If this
inclusion does not hold, there exists z such that f(z) > 0 but z # y — x for all
y,x € E. In this case, y — z # x for all z € E whence f(z) = 0: contradiction. O

PROBLEM 6. Let (X, M, u) be a measure space and f € LT (X). For E € M let

mmzéﬂmw.

Show that n is a measure on (X, M) and that for all g € LT(X)

Am@m:éfmmmw.
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Solution. We first check that 7 is a measure on (X, M). By definition, v(&) = 0. If
{A;}, is a countable collection of disjoint measurable sets

: (UAj) = [ @ [ wr@dn= [ S t@ie

=3 [ @@
= ZU(AJ‘)-

Thus, (X, M, n) is a measure space and one can integrate “with respect to” . Sup-
pose g is a non-negative simple function of the form

N
g(x) = Zaj]lAj(a:), a; € C.
j=1

Then,

JRCLE i“" [ 1@ iammj) = éaj [ @

- [ r@ st @) e

_ / F()g(x) dp

Now let g € L*(X) be arbitrary and choose a sequence of simple functions {¢, },
increasing to g pointwise. Then by monotone convergence

[ o@an=tim [ eu@ran=tin [ )o@ di= [ fa)a

since f(z)pn(z) / f(x)g(x) as n — oo. O

PROBLEM 7. Deduce monotone convergence from Fatou’s lemma.

Solution. Let {f,}, be a sequence of measurable functions increasing pointwise to
f € L*(X). By Fatou’s lemma

limsup/ falz)dp < / f(x) d,ugliminf/ fu(z) dp.
b b b

n—00 n—00

]

PROBLEM 8 (Generalized Dominated Convergence). Let {f.}n, {gn}n, f,gbein L} (X)
with f, — fand g, — g. Assume each |f,| < gy and [y gn — [ g as n — oo. Show
that

i [ @) dn = [ s de
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Proof. We have both g, — f, > 0 and ¢,, + f,, > 0. Thus, by Fatou’s lemma

/){(9n+fn)duﬁligic>£lf (/Xgndu—l—/xfndu)
/X(gn_fn)dﬂﬁligi(gf(/)(gndp—l—/X—fndu>.

These two combined statements give

and

limsup/ folz)dp < / f(zx) d,ugliminf/ fol(z) dp.
b b be

n—oo n—oo

PROBLEM 9. Suppose f,, f € L'(X) and that f, — f. Prove that

lim fnd,u:/fd,u — lim/|fn—f|d,u:().
X X e Jx

n—oo

Proof. The <= implication is trivial. Suppose [, fodu — [ fduasn — oo.
Define

gn(@) = | fu()] + | f(2)]
and note that |f,, — f| < g.(z). Furthermore, g,,(z) — g(x) = 2| f(x)|. Clearly,

/ gn() dpr m>/ g(x)dp

b b

by assumption. Thus, an application of the previous problem gives the desired
result. O
PROBLEM 10. Let {r,}, be an enumeration of the rationals and define

fz) = %nmx»

Set

g(x) = Z 27" f(x —1y).

Prove that g is Lebesgue integrable on R, and that any function equal to g almost every-
where is discontinuous at all points and unbounded on any interval. Conclude that g* is
not locally integrable.

Solution. We first show that ¢ € L'(R) with respect to the Lebesgue measure m.
Since all summands are non-negative

/]Rg(x) dm = g/RZ”f(x — ) dm = gw/Rf(x) dm
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where we we have used translation invariance of the Lebesgue integral in this last
step. It thus suffices to check that [, f(z)dz is finite. Certainly, by monotone con-
vergence

"1 L 2
flx dm:/—dm:lim —dm = lim (2——)<oo.
/R (z) o vE TN N E TN TR

Now, let Z C R be a null-set and suppose h : R — [0, 00) is equal to g for z ¢ Z.
It suffices to check that A is unbounded on any interval, since then it is necessarily
discontinuous at all points.® Let I = (a, b) be a non-empty open interval and choose
r € QN I. This corresponds to some ry in our enumeration of ). Let 6 > 0 and note
that there exists a point « € (ry,ry + ¢) such that h(z) = g(z). Indeed, if this were
not the case then (ry,7n + 6) C Z which would contradict the fact that m(Z) = 0.
Hence, there exists a sequence {x;}; with x; > ry and z; — ry as j — oo such that
g(x;) = h(x;). Thus,

lim h(z;) = lim g(z;) > 27" lim f(z; —ry) = cc.

J—o0 Jj—oo J—0

Since g € L*(R) it follows that g < oo for almost all z. Hence, g> < oo for almost

every z. However, ¢*> ¢ L{ _(R) since for every non-empty open interval I = (a,b)

one can choose ry € Q N I. This implies that

1 |
/ g(x)*dm > / g(z)dm > / dm = / —dy (6)
R (rv,rn+1) (rnorn+1) ¥ TN o Y

which is unbounded. O]

®If h is continuous at z € R then for € = 1 there exists § > 0 such that | f(y) — f(x)| < € whenever
|z —y| < 6. Thus, for y € (z — §,x + ) one has that f(y) < f(z) + 1.
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