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In these notes we state and prove theorems that are of fundamental importance to
abstract measure and integration theory. This compilation grew out of preparation
for a midterm examination in a graduate course at McGill university. The theorems
proven in this text are those that I think could appear on the exam.

We begin by studying abstract measure spaces and derive fundamental proper-
ties for these. We also present various methods for the construction of measures
and, in doing-so, define Lebesgue-Stieltjes measures on R and study their regular-
ity.

Later, we develop an abstract theory of integration. This involves convergence
theorems, L1(X)-spaces and modes of convergence. We conclude with an explo-
ration of signed measures.

1 Measure Spaces

Throughout this sectionX will denote a non-empty set. We shall denote the power-
set of X by P(X). If A ⊆ P(X), we say that A is an algebra on X if each of the
following hold true:

1. X ∈ A,

2. A is closed under complements,

3. A is closed under finite unions.

This same family A is called a σ-algebra on X if the third property holds up to
countable unions. σ-algebras will be the fundamental building blocks for our mea-
sure spaces. If X is a set andM a σ-algebra on X then we call the space (X,M) a
measurable space.

1.1 Elementary Sets and Algebras

There is a structure that, although considerably weaker than algebras, is of par-
ticular interest. A collection of subsets E ⊆ P(X) is called an elementary family
if

1. ∅ ∈ E ,

2. E,F ∈ E implies E ∩ F ∈ E ,

3. If E ∈ E then EC can be expressed as the disjoint union of finitely many
elements of E .

As we will see below, these elementary families “induce” algebras.

PROPOSITION 1.1. Let E be an elementary family and denote by A the collection of
all finite disjoint unions of elements in E . Then A is an algebra.

Proof. Clearly, ∅ ∈ A. We first show that A is closed under finite unions. For this,
it suffices to show that any finite union of elements in A belongs to A. If A,B ∈ E
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then we can write A∪B = At (B ∩AC) where the notation ‘t’ states that the union
is disjoint. Since A ∈ E we can write

B ∩ A =
k⊔
j=1

(B ∩ Ej), Ej ∈ E .

This shows that A ∪ B belongs to A by definition. Assume that (n − 1)-unions of
elements in E belong to A and let {Ej}nj=1 be a sub-collection of E . By assumption,
we may assume that E1, E2, . . . , En−1 are disjoint. Let us write

n⋃
j=1

Ej = En t
n−1⊔
j=1

Ej \ En.

Now, Ej \En = Ej ∩EC
n =

⊔m
`=1Ej ∩F`, where F` ∈ E . This is possible since En ∈ E .

Using this with the above, we obtain

n⋃
j=1

Ej = En t
n⊔
j=1

m⊔
`=1

Ej ∩ F`

which clearly belongs to A. It remains only to show that A is closed under comple-
ments. If A ∈ A then we can write A =

⊔n
j=1Ej for Ej ∈ E so that

AC =
n⋂
j=1

EC
j =

n⋂
j=1

mj⊔
`=1

Fj,`

where Fj,` ∈ E . Since E is closed under intersections and A is closed under finite
unions (by the above) it follows that AC ∈ A.

Hence, we know how to construct an algebra from an elementary set. We follow
this up with a similar result for σ-algebras.

PROPOSITION 1.2. Let A be an algebra on a non-empty set X . Then A is a σ-algebra
if and only if A is closed under countable disjoint unions.

Proof. One direction is completely trivial. For the converse suppose that A is an
algebra closed under countable disjoint unions. We need only check thatA is closed
under countably infinite unions. Let {Aj}∞j=1 be a sub-collection of A Define

B1 := A1, Bj := Aj \
j−1⋃
k=1

Aj.

SinceA is an algebra, we clearly haveBj ∈ A for all j. Note also that by construction
the Bj are pairwise disjoint. Hence,

⋃∞
j=1Aj =

⋃∞
j=1 Bj ∈ A.

PROPOSITION 1.3. Let I be an index family and supposeMi is a σ-algebra on X for
all i ∈ I . Then

⋂
i∈IMi is again a σ-algebra on X .
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The proof is straightforward and left as an exercise to the reader. Nonetheless,
this is crucial notion. It allows to define a “minimal” σ-algebra on any family F ⊆
P(X). Certainly, if F is a collection of subsets of X we define

M(F) :=
⋂
M⊇F

M, whereM is a σ-algebra on F .

This intersection is non-empty since P(X) is always a σ-algebra containing F . We
call M(F) the σ-algebra generated by F .

DEFINITION 1. Let (X, T ) be a topological space. The Borel algebra, denoted BX ,
is the σ-algebra generated by T .

PROPOSITION 1.4. Let BR be the σ-algebra on R generated by the usual topology.
This is also generated by either of the following families:

F1 := {(a, b) : a, b ∈ R, a < b} ; F2 := {(−∞, a) : a ∈ R} ;

F3 := {(a,∞) : a ∈ R} ; F4 := {[a, b] : a < b, a, b ∈ R} .

Proof. Since BR clearly containsF1 it is immediate that BR ⊇ M(F1). For the reverse
inclusion, note that any open set O in Rmay be expressed as the countable disjoint
union of open intervals. Thus, O ∈ M(F1) which shows that BR = M(F1).

If a, b ∈ R with a < b then

(a, b) = (−∞, b) \ (−∞, a)

which shows that F1 ⊆ M(F2) whence M(F1) ⊆ M(F2). For the reverse inclusion, it
suffices to observe that any interval (−∞, a) is the countable disjoint union of open
intervals. One may proceed in similar ways for the remaining families.

1.2 Measures

Given a measurable space (X,M, µ), a non-negative set function on the space is a
function

τ :M −! [0,∞].

We of course use the convention 0 · ∞ = 0.

DEFINITION 2. Let (X,M) be a measurable space and µ a non-negative set func-
tion on the space. We say that µ is a measure on (X,M) whenever

1. µ(∅) = 0,

2. If {Ej}j is a countable disjoint sub-collection ofM

µ

(⋃
j

Ej

)
=
∑
j

µ(Ej).

The triple (X,M, µ) is then called a measure space.
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As we shall soon see, measures have some nice continuity and regularity, as well
as some expectedly intuitive properties. The results that follow should convince
the reader that measures are suitable generalizations of volume in Rn. Before pro-
ceeding to these continuity results, we give a useful formula.

LEMMA 1.5. Let (X,M, µ) be a measure space and E,F ∈ M with µ(E) < ∞. If
F ⊆ E then

µ(E \ F ) = µ(E)− µ(F ).

Proof. Write E = (E∩F )t(E \F ) = F t(E \F ) so that µ(E) = µ(F )+µ(E \F ).

THEOREM 1.6. Let (X,M, µ) be a measure space.

1. If E,F ∈M are such that E ⊆ F then µ(E) ≤ µ(F ).

2. If {Ej}j is a countable family inM then µ(
⋃
j Ej) ≤

∑
j Ej .

3. If {Ej}j ⊆M is a countable family such that E1 ⊆ E2 ⊆ . . . then

µ(
∞⋃
j=1

E) = lim
n!∞

µ(En).

4. If {Fj}j ⊆M is a countable family such that µ(F1) <∞ and F1 ⊇ F2 ⊇ . . . then

µ

(
∞⋂
j=1

Fj

)
= lim

n!∞
µ(Fn).

Proof. For (1) we write F = E t (F \ E) such that µ(F ) = µ(E) + µ(F \ E) ≥ µ(F ).
Similarly, for (2) we define A1 := E1 and An := En \

⋃n−1
j=1 Ej . Clearly An ∈ M for

all n and

µ

(
∞⋃
j=1

Ej

)
= µ

(
∞⋃
n=1

Fj

)
=
∞∑
n=1

µ(Fn)

where we have used that the Fn’s are disjoint and their union is
⋃∞
j=1Ej . By the first

part we have µ(Fn) ≤ µ(En) which yields (2).
To prove (3) let E1 := F1 and Fn := En \ En−1 for n > 1. Since the En’s

are increasing, we find that {Fn}n is a countable disjoint family in M such that⋃∞
j=1 Ej =

⊔∞
n=1 Fn. Thus,

µ

(
∞⋃
j=1

Ej

)
=
∞∑
n=1

µ(Fn) = lim
N!∞

N∑
n=1

µ(Fn).

By observing that EN =
⊔N
n=1 Fn we obtain from the above that

µ

(
∞⋃
j=1

Ej

)
= lim

N!∞
µ(EN).
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For the final point, define Fj := E1\Ej for all j. Then {Fj}j is a countable increasing
family inM so that, after applying (3),

µ

(
∞⋃
j=1

Fj

)
= lim

n!∞
µ(Fj) = µ(E1)− lim

n!∞
µ(En)

where µ(En) tends to a real number as n ! ∞ since it is monotone decreasing
sequence of real numbers. It is not difficult to see that

∞⋃
j=1

Fj = E1 \
∞⋂
j=1

Ej.

Since
⋂∞
j=1Ej ⊆ E1 we obtain that µ

(⋃∞
j=1 Fj

)
= µ(E1)− µ

(⋂∞
j=1Ej

)
. Therefore,

µ(E1)− µ

(
∞⋂
j=1

Ej

)
= µ(E1)− lim

n!∞
µ(En).

Since µ(E1) <∞ we can subtract

Having established preliminaries we should introduce notation and convention.
The σ-algebraM is called the collection of measurable sets and any set E ∈ M is
called measurable. A measurable set E is said to be a null set if µ(E) = 0. The mea-
sure space (X,M, µ) is called complete if all subsets of null sets are measurable.
The space is called finite if µ(X) < ∞. Similarly, (X,M, µ) is said to be σ-finite is
there exists a countable collection {Xj}j inM with µ(Xj) <∞ and X =

⋃∞
j=1Xj .

1.3 Outer-Measures and Premeasures

An outer-measure is a non-negative set function µ∗ on the measurable space (X,P(X))
that satisfies:

1. µ∗(∅) = 0,

2. µ∗(E) ≤ µ∗(F ) whenever E ⊆ F ,

3. µ∗(
⋃
j Ej) ≤

∑
j µ
∗(Ej) for any countable family {Ej}j of subsets in X .

An outer-measure is defined for all subset of X but, unfortunately, is not typically a
measure. Nonetheless, outer-measures are of tremendous use in the construction of
measures. Moreover, any outer-measure can be restricted to a particular σ-algebra
upon which it is a complete measure. This is what the following theorem estab-
lishes.

THEOREM 1.7 (Carathéodory). Let µ∗ be an outer-measure on (X,P(X)). We say a
set A ⊆ X is µ∗-measurable if

µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ AC), ∀E ⊆ X.

LetM be the collection of all µ∗-measurable sets. Then (X,M, µ∗) is a complete measure
space.
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Proof. We first note that M is non-empty since ∅ ∈ M by definition of an outer-
measure. Moreover, it is clear by the definition thatM is closed under complements
since A is µ∗-measurable if and only if AC is. Let now A,B ∈M be given. If E ⊆ X
we may write

µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ AC)

= µ∗(E ∩ A ∩B) + µ∗(E ∩ A ∩BC) + µ∗(AC ∩B) + µ∗(E ∩ (A ∪B)C).

Note that A ∪B ⊆ (A ∩B) ∪ (AC ∩B) ∪ (A ∩BC) whence, by monotonicity of µ∗:

µ∗(E) ≥ µ∗(E ∩ (A ∪B)) + µ∗(E ∩ (A ∪B)C).

Since the reverse inequality is always true (sub-additivity of µ∗ together with the
identity E = (E ∩A)t (E ∩AC)); we find that A∪B belongs toM. ThereforeM is
closed under finite unions and is therefore an algebra onX . By virtue of Proposition
1.2 it suffices to check that M is closed under countable disjoint unions to prove
thatM is a σ-algebra.

Let {Aj}∞j=1 be a countable disjoint family in M; for n ∈ N we define Bn :=⋃
j≤nAj and B :=

⋃∞
j=1Aj . Then Bn ↗ B as n ! ∞. Since An is µ∗-measurable for

each n one clearly has for each E ⊆ X

µ∗(E ∩Bn) = µ∗(E ∩Bn ∩ An) + µ∗(E ∩Bn ∩ AC
n)

= µ∗(E ∩ An) + µ∗(E ∩Bn−1)

where we have used the fact that the Aj are disjoint so that Aj ⊆ AC
n for j < n.

Simple induction then gives

µ∗(E ∩Bn) =
n∑
j=1

µ∗(E ∩ Aj).

By sub-additivity we have µ∗(E) ≤ µ∗(E ∩B) +µ∗(E ∩BC) and thus it only remains
to show the reverse inequality. SinceM is known to be an algebra, one has Bn ∈M
and

µ∗(E) = µ∗(E ∩Bn) + µ∗(E ∩BC
n ) ≥

n∑
j=1

µ∗(E ∩ An) + µ∗(E ∩BC).

Letting n!∞ we obtain

µ∗(E) ≥
∞∑
j=1

µ∗(E ∩ Aj) + µ∗(E ∩BC) ≥ µ∗ (E ∩B) + µ∗(E ∩BC).

This shows that B is µ∗-measurable so thatM is a σ-algebra. To check that µ∗ is a
measure when restricted toM we take E = B in the above to obtain:

µ∗(E) = µ∗(E) + µ∗(∅).

As for completeness of (X,M, µ∗) suppose that µ∗(N) = 0. Then for all E ⊆ X :

µ∗(E) ≤ µ∗(E ∩N) + µ∗(E ∩NC) ≤ µ∗(E ∩NC) ≤ µ∗(E).

The proof is now complete.
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In light of the theorem, we discussing an outer-measure, we will write µ instead
of µ∗ when it is restricted toM.

DEFINITION 3. A premeasure on an algebraA is a map µ0 : A −! [0,∞] adhering
to the following

1. µ(∅) = 0,

2. If {Aj}j is a countable family of sets in A such that A =
⋃∞
j=1 Aj ∈ A then

µ0(A) =
∑
j

µ0(Aj).

Before proceeding further we would like to relate premeasures to outer-measures.
In fact, any premeasure induces an outer-measure on (X,P(X)) (and thus a mea-
sure!). Define for E ⊆ X :

µ∗(E) := inf

{∑
j∈J

µ0(Aj) : E ⊆
⋃
j∈J

Aj, Aj ∈ A and J countable

}
. (1)

PROPOSITION 1.8. µ∗ is indeed an outer-measure on (X,P(X)).

Proof. Clearly, µ∗(∅) = 0. If E ⊆ F then any cover of F is again a cover of E so
that µ∗(E) ≤ µ∗(F ) as required. Suppose that {Ej}j is a countable family of sets in
X . Letting ε > 0 be arbitrary, for each j we select a countable covering {Aj,k}k of
elements in A such that

Ej ⊆
⋃
k

Aj,k and
∑
k

µ0(Aj,k) ≤ µ∗(Ej) +
ε

2j
.

If we define E =
⋃
j Ej then E ⊆

⋃
j,k Aj,k so that, by definition

µ∗(E) ≤
∑
j,k

µ0(Aj,k) ≤
∑
j

(
µ0(Ej) +

ε

2j

)
≤ ε+

∑
j

µ0(Ej).

Since ε > 0 was arbitrary, we may let ε ! 0+ to obtain µ∗(E) ≤
∑

j µ
∗(Ej). This

shows that µ∗ is indeed a well defined outer-measure.

Hence, premeasures give rise to outer-measures on (X,P(X)). It it therefore nat-
ural to study its refinement into a measure (which we know to exist by Carathéodory’s
theorem). However, this structure is not worth much if the σ-algebra of µ∗-measurable
sets does not contain our original algebra A. This is precisely the question we an-
swer below.

PROPOSITION 1.9. Let µ∗ be the outer-measure generated by a premeasure µ0 on an
algebra A. Then each of the following hold

1. µ0(A) = µ∗(A) for all A ∈ A,

2. Every A ∈ A is µ∗-measurable.
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Proof. Fix A ∈ A and note that {A} is a covering of A by elements of A. It follows
that µ∗(A) ≤ µ0(A). For the reverse inequality we fix ε > 0 and choose a countable
cover {Aj}j of elements in A such that

A ⊆
⋃
j

Aj and
∑
j

µ0(Aj) ≤ µ∗(A) + ε (2)

Claim. Let Q,R ∈ A be such that Q ⊆ R. Then µ0(Q) ≤ µ0(R).

Proof of Claim. WriteR = Qt(R\Q) whereR\Q ∈ A by closure under complement
and finite intersections1. Applying additivity, µ0(R) = µ0(Q) + µ0(R \Q) ≥ µ0(Q).

Claim. If {Qj}j is a countable sub-collection of A and Q =
⋃
j Qj ∈ A then

µ0(Q) ≤
∑
j

µ0(Qj).

Proof of Claim. Define R1 := Q1 and Rj = Qj \
⋃j−1
l=1 Qj for all suitable j and observe

that the Rj are pairwise disjoint elements of A (A is closed under complement and
finite union) such that

⋃
j Qj =

⋃
j Rj which shows that

⋃
j Rj ∈ A. Hence,

µ0

(⋃
j

Qj

)
= µ0

(⋃
j

Rj

)
=
∑
j

µ0(Rj) ≤
∑
j

µ0(Qj).

Applying these claims to (2) we obtain

µ0

(
A ∩

⋂
j

Aj

)
≤
∑
j

µ0(A ∩ Aj) ≤
∑
j

µ0(Aj) ≤ µ∗(A) + ε.

Thus, µ0(A) ≤ µ∗(A) + ε. Letting ε ! 0 shows that µ∗(A) = µ0(A). We now show
that A is µ∗-measurable. By sub-additivity, if E ⊆ X

µ∗(E) ≤ µ∗(E ∩ A) + µ∗(E ∩ AC).

For the reverse inequality, we fix ε > 0 and choose a family {Aj}j in A such that
E ⊆

⋃
j Aj with

∑
j µ0(Aj) ≤ µ∗(E) + ε. We then infer from our previous claims

µ∗(E) + ε ≥
∑
j

µ0(Aj) =
∑
j

µ0(Aj ∩ A) +
∑
j

µ0(Aj ∩ AC)

where we have used the fact thatAj = (A∩Aj)t(Aj∩AC). SinceA∩E ⊆
⋃
j(Aj∩A)

and AC ∩ E ⊆
⋃
j(Aj ∩ AC) this yields

ε+ µ∗(E) ≥ µ∗(E ∩ A) + µ∗(E ∩ AC).

Letting ε! 0 concludes the proof.

1LetA,B ∈ A and note that (A∩B)C = AC∪BC which belongs toA by closure under complements.
Hence, A ∪B ∈ A.
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Combining all of these results will yield an important theorem.

THEOREM 1.10. LetA be an algebra onX and µ0 a premeasure onA. Denote by µ∗ the
outer-measure it induces and letM be the σ-algebra generated by A. Then (X,M, µ∗)
is a measure space and if ν is any measure defined onM agreeing with µ0 on A

ν(E) ≤ µ∗(E), ∀E ∈M

with equality when µ∗(E) <∞. If (X,M, µ) is σ-finite then µ∗ ≡ ν onM.

Proof. Let M be the σ-algebra consisting of all µ∗ measurable sets in X . We know
that this is a σ-algebra containing A (by earlier results) and thus M ⊆ M. This
shows that (X,M, µ∗) is a measure space when µ∗ is restricted to M. Hence, we
write only µ to mean µ∗.

Now suppose ν is another measure on (X,M) agreeing with µ0 on A. If E ∈ M
then for every countable family {Aj}j of elements in A such that E ⊆

⋃
j Aj

ν(E) ≤
∑
j

ν(Aj) =
∑
j

µ0(Aj)

whence ν(E) ≤ µ(E). If in addition µ(E) <∞ we can choose the Aj such that∑
j

µ0(Aj) ≤ µ(E) + ε.

Therefore, defining A =
⋃
j Aj we find

µ(E) ≤ µ (A) = ν(A) = ν(E) + ν(A \ E) ≤ ν(E) + µ(A \ E)

where we have used that
⋃
j≤nAj ↗ A as n!∞ to conclude that

µ(A) = lim
n!∞

µ

(⋃
j≤n

Aj

)
= lim

n!∞
ν

(⋃
j≤n

Aj

)
= ν(A).

Note that µ(A) ≤
∑

j µ0(Aj) ≤ µ(E) + ε. Since µ(E) <∞ we obtain

µ(A \ E) = µ(E)− µ(A) ≤ ε.

This finally yields
µ(E) ≤ ν(E) + ε;

where we now take ε ! 0+. Suppose now that (X,M, µ) is σ-finite. There exists
a family {Xj}j of measurable sets such that X =

⋃
j Xj and µ(Xj) < ∞. We may

assume, by our usual procedure, that this family is disjoint. For every E ∈M

µ(E) = µ

(
E ∩

⋃
j

Xj

)
=
∑
j

µ(E ∩Xj) =
∑
j

ν(E ∩Xj) = ν(E).
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1.4 Lebesgue-Stieltjes Measures on R

For what remains of this section we shall develop useful measures on R. Suppose
we are given a function F : R −! R that is monotone increasing and right contin-
uous. An h-interval is an interval of the form (a, b] where −∞ ≤ a < b ∈ R. Clearly,
the intersection of two h-intervals is again an h-interval. Furthermore, R \ (a, b]
is always a finite disjoint union of h-intervals. Thus, the collection of h-intervals
together with ∅ is an elementary family on R.

By previous results, the collection A of finite disjoint unions of elements in E is
an algebra on R. It obvious that the σ-algebra generated by A is BR. We define a
premeasure on A by letting

µ

(
k⊔
j=1

(aj, bj]

)
:=

k∑
j=1

[F (bj)− F (aj)] .

It is left to the reader to verify that this is indeed a well defined premeasure on A.
By previous results, this will extend to a measure µ◦ on BR. We let (X,M, µ) be the
completion (see the exercises) of this measure space. In the special case, F (x) = x,
this is the Lebesgue measure. In general, these are called Lebesgue-Stieltjes measures
on R generated by F .

LEMMA 1.11. Let (X,M, µ) be a Lebesgue-Stieltjes measure space generated by F .
Then, for all E ∈M

µ(E) = inf

{∑
j

µ((aj, bj)) : E ⊆
⋃
j

(aj, bj)

}
where these collections are countable.

Proof. We denote the quantity on the right hand side by η(E). First let {(aj, bj)}j be
a countable cover of E by open intervals in R. For each j we may write (aj, bj) =⊔
k(c

k
j , c

k+1
j ] as a countable disjoint union of h-intervals. Therefore,E ⊆

⋃
j,k(c

k
j , c

k+1
j ]

whence we obtain

µ(E) ≤
∑
j,k

µ((ckj , c
k+1
j ]) =

∑
j

µ((aj, bj))

which implies that µ(E) ≤ η(E). To obtain equality, let ε > 0 and choose a collection
countable {(aj, bj]}j such that E ⊆

⋃
j(aj, bj] and∑

j

µ((aj, bj]) ≤ µ(E) + ε.

For each j there exists δj > 0 such that F (bj + δj) − F (bj) < ε/2j . Since E ⊆⋃
j(aj, b+ δj) we obtain

η(E) ≤
∑
j

µ((aj, bj + δ]) =
∑
j

[F (bj + δ)− F (bj) + F (bj)− F (aj)]

≤ ε+
∑
j

µ((aj, bj])

≤ 2ε+ µ(E).

Letting ε! 0+ concludes the proof.
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Having this lemma, one can establish the following “regularity results” for Lebsegue-
Stieltjes measures on R.

THEOREM 1.12. Let (X,M, µ) be a Lebesgue-Stieltjes measure space. For all E ∈M

µ(E) = inf {µ(O) : O ⊇ E, O open}
= sup {µ(K) : K ⊆ E, K compact} .

Proof. IfO ⊇ E is open then µ(E) ≤ µ(O) by monotonicity so that µ(E) ≤ infO µ(O).
For the reverse inequality, fix ε > 0 and choose a countable collection {(aj, bj)}j
whose union contains E such that∑

j

µ((aj, bj)) ≤ µ(E) + ε.

Then O =
⋃
j(aj, bj) is an open set containing E so that

inf
O⊇E

µ(O) ≤ µ(E) + ε.

Letting ε! 0+ gives that µ(E) = infO⊇E µ(O). We shall now show that the measur-
able sets can be approximated from the “inside” by compact sets. For this, we first
suppose that E is bounded. Then, µ(E) < ∞. If E is closed it is also compact; in
this case equality is obvious.

Otherwise, let E denote the closure of E and let ε > 0. Choose an open set
U ⊇ E \ E such that

µ(U) < µ(E \ E) + ε.

Consider the compact setK := E\U = E∩UC. Note also thatK ⊆ E∩(E
C∪E) = E.

Now, we have
µ(E) = µ(K) + µ(E \K)

where E \K = E ∩ U . Hence,

µ(K) = µ(E)− µ(E ∩ U) = µ(E)− µ(U) + µ(U \ E)

≥ µ(E)− µ(U) + µ(E \ E)

≥ µ(E)− ε.

Now, suppose E is unbounded, for n ∈ N define

En := E ∩ [−n, n]

so that En ↗ E. It follows that µ(En)↗ µ(E) as n!∞. If µ(E) =∞ then for each
n there exists a compact Kn ⊆ En ⊆ E such that

µ(Kn) > µ(En)− 1.

As n ! ∞ we have that µ(Kn) ! ∞. That is, there is a sequence of compact sets
contained in E of unbounded measures. If instead µ(E) <∞ then given ε > 0 there
exists N so large that

µ(EN) > µ(E)− ε.

13



For this EN , there is a compact set K ⊆ EN ⊆ E such that

µ(EN)− ε < µ(K).

Thus,
µ(K) > µ(E)− 2ε.

LEMMA 1.13. Let E be Lebesgue-Stieltjes measurable. For each ε > 0, there exists an
open set O ⊇ E such that µ(E \O) ≤ ε.

Proof. Let ε > 0 and define for k ∈ Z the set Ek := E ∩ (k, k + 1]. Clearly, we may
write E =

⊔
k∈ZEk. From earlier results, we may choose for each k an open set

Uk ⊇ Ek such that
µ(Uk) < µ(Ek) +

ε

2 · 2|k|
.

Since Uk ⊇ Ek and µ(Ek) <∞, it follows from the above that

µ(Uk \ EK) <
ε

2 · 2|k|
.

Define now O :=
⋃
k∈Z Uk and note that O ⊇ E. It is easy to see that

O \ E =
⋃
k∈Z

Uk \
⋃
k∈Z

Ek ⊆
⋃
k∈Z

(Uk \ Ek).

Hence,
µ(O \ E) ≤

∑
k∈Z

µ(Uk \ Ek) ≤
ε

2

∑
k∈Z

2−|k| = ε.

We recall some intermittent convention. A set A ⊆ R is called a Fσ set provided
it is the countable union of closed sets. In like, we say A is a Gδ set if it can be
written as the countable union of open sets. One can interpret a Lebesgue-Stieltjes
measurable subset of R as Borel sets “modulo” a null set. This is what the final
result of this section suggests.

THEOREM 1.14. Let (X,M, µ) be a Lebesgue-Stieltjes measure space and fix E ⊆ R.
The following are equivalent:

1. E ∈M,

2. There exists a Gδ set G and a null set N such that E = G \N .

3. There exists a Fσ set F and a null set N such that E = F ∪N .

Proof. Since (X,M, µ) is complete, it is obvious that the last two statements imply
the first. Suppose that E ∈ M and let µ(E) < ∞. By the previous proposition, to
each k ∈ N we can associate a compact set Kn ⊆ E and an open set Un ⊇ E such
that

µ(Un)− 1

n
< µ(E) < µ(Kn) +

1

n
.

14



Define G :=
⋂∞
n=1 Un and F :=

⋃∞
n=1Kn. Note that G ⊇ E and F ⊆ E. Therefore,

µ(E) ≤ µ(G) and µ(F ) ≤ µ(E). For each n ∈ N

µ(G) ≤ µ(Un) ≤ µ(E) +
1

n
, µ(E)− 1

n
≤ µ(Kn) ≤ µ(F ).

Letting k !∞ gives µ(G) = µ(E) = µ(F ) which implies that

G = E t (G \ E), E = F t (E \ F )

where G \E and E \F have measure zero. We now extend the argument to the case
µ(E) = ∞. For fixed k ∈ Z we define the restriction Ek := E ∩ (k, k + 1] and note
that E =

⋃
k∈ZEk. For each k there exists a Fσ set Hk ⊆ Ek with

Ek = Hk ∪Nk

where Nk is some null set. Taking the union over the k we obtain

E =
⋃
k∈Z

Hk ∪
⋃
k∈Z

Nk

where µ(
⋃
k∈ZNk) ≤

∑
k∈Z

∑
(Nk) = 0. Since countable unions of Fσ sets is again

Fσ, we have our representation of E. Let n ∈ N be given, by the previous lemma
there exists an open set Un ⊇ E such that µ(Un \E) ≤ 1/n. Then G :=

⋂∞
n=1On ⊇ E

is a Gδ-set and

µ(G \ E) ≤ µ(On \ E) ≤ 1

n

for all n ∈ N. Taking n!∞ concludes the proof.

2 Integration Theory

In elementary real analysis one often encounters a rather primitive theory of inte-
gration. This theory masquerades as a refined and powerful theory. Indeed, the
definitions are more robust and precise than those from calculus (where one is,
typically, first introduced to integration). Nonetheless, despite the abstract con-
structions from elementary analysis, the Riemann integral is lacking in many areas.
There are no satisfying convergence theorems; and limits of Riemann integrable
functions need not be Riemann integrable.

The goal of this section is to develop a stronger theory of integration that does
not rely heavily on the structure of the real line. This new theory will make heavy
use of abstract measure theory and will apply to any measure space.

2.1 Measurable Functions

Let us fix two measure spaces (X,M, µ) and (Y,N , ν). What does it mean for a map
f : X −! Y to preserve the structure of both spaces?

DEFINITION 4. A function f : X −! Y is called measurable if f−1(B) ∈ M for
all B ∈ N . That is, a measurable function is a map such that the pre-image of every
measurable set is measurable.

15



Such functions are of crucial importance as they will be the foundation of our the-
ory of integration. Unfortunately it is often quite difficult to check directly whether
a function is measurable. In the case where N has a generating set E , this task
becomes simpler.

PROPOSITION 2.1. Suppose N is the σ-algebra generated by E . Then a function f :
X −! Y is measurable if and only if f−1(E) ∈M for all E ∈ E .

Proof. One direction is trivial. Suppose that f−1(E) ∈M for all E 3 E. Consider

N :=
{
N ∈ N : f−1(N) ∈M

}
;

then E ⊆ N. It is easy to show that N is a σ-algebra on Y . Since N contains E , it
follows that N ⊇ M(E) = N .

We will mostly be dealing with function that are either real or complex valued.
However, what does it mean for a function f : X −! C to be measurable? There
is a subtle question here: which σ-algebra is it natural to endow R and C with?
Both R and C are equipped with a very special topology and it would be wise to
take advantage of this fact. That is, we want all “nice sets” to be measurable in the
target space.

As mentioned in the previous section, there exists a σ-algebra on any topological
space that includes all open (and thus closed) sets. It is these algebras that we shall
endow our target spaces with.

DEFINITION 5. Given a measurable space (X,M) we say a function f : X −! R is
measurable provided f−1(B) ∈M for allB ∈ BR. We say g : X −! C is measurable
if <f and =f are measurable as real valued functions.

In simpler more concise terms, when the target set isR or C, we view these as the
measurable spaces (R,BR) and (C,BC) respectively.2

It will be convenient to allow functions to take extended real valued, i.e. for
functions to take on the valued ±∞. Recalling the convention R := [−∞,∞], it is
important to associate a σ-algebra to R. We define

BR := M ({(a,∞] : a ∈ R}) .

Note that BR ⊃ BR. We also expect measurable functions to behave nicely under
basic algebraic manipulations.

PROPOSITION 2.2. Let f, g : X −! R be measurable and let α ∈ R. Then f + g, fg
and αf are measurable.

Proof. Since intervals (a,∞) generate BR it suffices to check that

{f + g > a} = {x ∈ X : f(x) + g(x) > a}

is measurable for a ∈ R. Certainly, fix a ∈ R and observe that by density of Q in R

{f + g > a} = {f > a− g} =
⋃
r∈Q

{f > r} ∩ {r > a− g}

=
⋃
r∈Q

{f > r} ∩ {g > a− r}

2This will not be the case when the domain is R or C, as we shall see later on.
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where {f > r}, {g > a− r} ∈ M for each r ∈ Q. Thus, {f > r} ∩ {g > a− r} ∈ M
which proves that f + g is measurable (since Q is countable andM is closed under
countable unions). Now, if α = 0 then αf ≡ 0 which is clearly measurable. If
instead α < 0 then

{αf > a} =
{
f <

a

α

}
∈M

and if α > a then
{αf > a} =

{
f >

a

α

}
∈M.

We show that f 2 is measurable whenever f is. It suffices to check that {f ≥ a} is
measurable whenever a ≥ 0. In this case,

{f ≥ a} = {f ≥ a} ∪ {f ≤ −a}

which are both measurable. Thus, to see that fg is measurable we need only write

fg =
(f + g)2 − (f − g)2

4
.

Note that the above remain true whenever f, g are either R valued or complex
valued, provided we take care in defining f(x) − g(x) when f(x) = g(x) = ∞. It is
left as an exercise (see solutions at the end) to verify that f + g is R measurable if
we let

(f + g)(x) =

{
0, if f(x) =∞, g(x) = −∞,
f(x) + g(x), otherwise.

The following properties are incredibly useful in practice.

PROPOSITION 2.3. Let {fn}n be an R valued sequence of functions defined on a mea-
surable space (X,M). Define

g1(x) := sup
n∈N

fn(x), g2(x) := inf
n∈N

fn(x)

and
g3(x) := lim sup

n!∞
fn(x), g4(x) := lim inf

n!∞
fn(x).

Then g1,2,3,4 are R-measurable on X .

Proof. We show only that g1 and g3 are R-measurable; a similar argument applies
to g2 and g4. It is not hard to see from the definition that BR is generated by rays of
the form (a,∞] or [−∞, a). Now, for each a ∈ R

{g1 > a} =
∞⋃
n=1

{fn > a}

which shows that g1 is measurable. Note also that

g3(x) = inf
k∈N

sup
n≥k

fn(x)
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and so it suffices to check that g2(x) = infn∈N fn(x) is measurable to obtain that g3

is measurable. This is clear from the observation that

{g2 < a} =
∞⋃
n=1

{fn < a}.

COROLLARY 2.4. Let {fn}n be a sequence of functions mapping to either R or C. If
fn(x)! f(x) on X then f is measurable.

Proof. If fn and f are R-valued then this follows from the fact that

lim
n!∞

fn(x) = f(x) = lim sup
n!∞

fn(x).

If fn and f are C-valued then apply the above argument to both <f and =f since
fn ! f if and only if <fn ! <f and =fn ! =f .

2.2 Complete Measures and Approximation by Simple Functions

Before we introduce the very important simple functions, we would like to character-
ize measure spaces in terms of their measurable functions. Henceforth, we assume
that all functions are either R or complex valued, unless stated otherwise.

PROPOSITION 2.5. Throughout this proposition all functions are real valued. Let
(X,M, µ) be a measure space. The following are equivalent to saying that (X,M, µ) is
complete:

1. If f is measurable and g = f almost everywhere then g is measurable.

2. If {fn}n is a sequence of measurable functions converging almost everywhere to a
function f then f is measurable.

Proof. We prove (1). If (X,M, µ) is complete then for all a ∈ R

{g > a} = {g > a} ∩ {f = g} ∪ {g > a} ∩ {g 6= f}

where {g > a} ∩ {g 6= f} is a null set and thus measurable. By closure under
complements, {g = f} is measurable so that g is also measurable. Conversely,
assume (1) holds true. If N ∈ M is a null set let E ⊆ N ; define f = 1N(x) and
g = 1E(x) so that f(x) = g(x) = 0 for x /∈ N . Thus, f = g almost everywhere. Then
g is measurable whence

E = ({g > 1} ∪ {g < 1})C ∈M.

Now suppose (X,M, µ) is complete and let {fn}n and f be as in (2). Then

f(x) = lim sup
n!∞

fn(x)

and the measurability of f follows by (1). If (2) holds true fix a null set N and let
E ⊆ N be given. For n ∈ N define

fn(x) = 1N(x), f(x) := 1E(x).

Then for all x /∈ N we have fn(x) = f(x) = 0. Thus, fn ! f outside N (a null
set). By assumption f is measurable which implies (by our previous argument) that
E ∈M.
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We now turn towards simple functions, which are the “atoms” of integration
theory. These will play a fundamental role in the definition of the integral. Given
a measure space (X,M, µ) a function f : X −! C is called a simple function
provided it is of the form

f(x) =
n∑
j=1

αj1Ej
(x), αj ∈ C, Ej ∈M.

In particular, simple functions cannot take on infinite values. It is trivial to show
that simple functions are measurable. If the αj’s are distinct and theEj’s are disjoint
we say f is in canonical form. Since simple functions have finite image it is clear
that all simple functions have a unique canonical form. Indeed, if f is simple then
Im(f) = {ζ1, ζ2, . . . , ζk} is finite; then

k∑
j=1

ζjf
−1({ζj})

is the canonical form of f (as is easy to show). What is fundamental to the theory
of measurable functions it the approximation theorem that we give below.

THEOREM 2.6. Let (X,M) be a measurable space. If f : X −! [0,∞] is measurable,
there exists a sequence {ϕn}n∈N of simple functions so that

0 ≤ ϕ1 ≤ ϕ2 ≤ · · · ≤ ϕn ≤ · · · ≤ f

such that limn!∞ ϕn(x) = f(x).

We shall not prove this theorem since the proof is extremely technical and not
particularly enlightening. Furthermore, almost every graduate real analysis text
will give the proof and it is therefore easy for the interested reader to look up a
proof.

We are now capable of defining the integral of a non-negative function, which is
the topic of the following subsection.

2.3 Integration of Non-Negative Measurable Functions

Let (X,M, µ) be a measure space, which we fix for the remainder of this subsection.
We denote by L+(X) the collection all measurable functions f : X −! [0,∞]. This
set contains non-negative, real valued, simple functions as well.

DEFINITION6. Let f ∈ L+(X) be a simple function and write f(x) =
∑n

j=1 αj1Ej
(x)

in its (unique) canonical form. The integral of f over X is defined as∫
X

f(x) dµ :=
n∑
j=1

αjµ(Ej).

If A ∈M then one can define∫
A

f(x) dµ :=

∫
X

1A(x)f(x) dµ =
∑
j

αjµ(Ej ∩ A).
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We shall sometimes write
∫
X
f instead of

∫
X
f(x) dµ when the context is clear. This

is well defined since αj ≥ 0 for all j (f is not allowed to be negative).One should not
lose track of the purpose of this definition. Despite the abstractness of our work,
it is still our ultimate goal to generalize the classical Riemann integral and, as such,
there are certain properties we should verify.

THEOREM 2.7. Let φ, ψ ∈ L1(X) be simple functions. The following hold true

1. For all c ≥ 0 one has
∫
X
cφ = c

∫
X
φ.

2.
∫
X

(φ+ ψ) =
∫
X
φ+

∫
X
ψ.

3. If φ ≤ ψ then
∫
X
φ ≤

∫
X
ψ.

4. The map

A 7!

∫
A

φ(x) dµ (3)

is a measure on (X,M).

Proof. (1) is clear from the definition. Write φ and ψ in their canonical form

φ(x) =
n∑
j=1

αj1Ej
, ψ(x) =

m∑
k=1

βj1Fj
(x).

Note that X =
⋃n
j=1 Ej =

⋃m
k=1 Fk. Furthermore,∫

X

φ(x) dµ+

∫
X

ψ(x) dµ =
n∑
j=1

αjµ(Ej) +
m∑
k=1

βkµ(Fk)

=
n∑
j=1

m∑
k=1

αjµ(Ej ∩ Fk) +
m∑
k=1

n∑
j=1

βkµ(Ej ∩ Fk)

=

n,m∑
j=1,k=1

(αj + βk)µ(Ej ∩ Fk)

where all the Ej ∩ Fk are disjoint. By grouping these based on whether or not the
(αj + βk) are repeated, one finds that this is precisely

∫
X

(φ+ ψ).
Now suppose that φ ≤ ψ. We have∫

X

φ(x) dµ =
n∑
j=1

αjµ(Ej) =
n∑
j=1

m∑
k=1

αjµ(Ej ∩ Fk).

If Ej ∩ Fk 6= ∅ then αj ≤ βk so that∫
X

φ(x) dµ ≤
n∑
j=1

m∑
k=1

βkµ(Ej ∩ Fk) =
m∑
k=1

n∑
j=1

βkµ(Ej ∩ Fk)
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where this last line is precisely
∑m

k=1 βjµ(Fk) =
∫
X
ψ. It only remains to check that

the mapping defined by (3) is a measure. Clearly, ∅ 7! 0 as required. If {A`}` is a
countable family of disjoint sets inM we let A :=

⊔
`A` and observe that

A 7!
n∑
j=1

αjµ(Ej ∩ A) =
n∑
j=1

∑
`

αjµ(Ej ∩ A`) =
∑
`

n∑
j=1

αjµ(Ej ∩ A`)

=
∑
`

∫
A`

φ(x) dµ.

The proof is now complete.

Keeping these properties in mind, we extend our integral to all of L+(X). This is
done by “approximating” f ∈ L+(X) with simple functions (we know this can be
done by our approximation theorem).

DEFINITION 7. Let f : X −! [0,∞] be measurable. Then we define∫
X

f(x) dµ := sup

{∫
X

φ(x) dµ : 0 ≤ φ ≤ f, φ simple
}
.

If A ∈M then ∫
A

f(x) dµ :=

∫
X

1A(x)f(x) dµ.

We verify once again that some fundamental properties hold true.

PROPOSITION2.8. Let f, g ∈ L1(X) and c ≥ 0. Then
∫
X
cf = c

∫
X
f and

∫
X
f ≤

∫
X
g

whenever f ≤ g.

Proof. If c = 0 then the claim is obvious (since c · f is simple). Otherwise, note that∫
X

cf(x) dµ = sup

{∫
X

φ(x) dµ : 0 ≤ φ ≤ cf, φ simple
}

= sup

{∫
X

cφ(x) dµ : 0 ≤ φ ≤ f, φ simple
}

= c sup

{∫
X

φ(x) dµ : 0 ≤ φ ≤ f, φ simple
}

= c

∫
X

f(x) dx.

Assume f ≤ g and let φ be a simple function such that 0 ≤ φ ≤ f . Since f ≤ g
we obtain φ ≤ g so that

∫
X
φ ≤

∫
X
g by definition of

∫
X
g. Since φ was arbitrary, it

follows that
∫
X
f ≤

∫
X
g.

Having established these essential properties of the integral on L+(X) we move
on to study how the integral behaves under limiting procedures.
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2.4 Convergence Theorems

A useful tool is proving that the integral on L+(X) is additive is the so-called mono-
tone convergence theorem, which is also powerful in applications.

THEOREM 2.9 (Monotone Convergence). Let {fn}n be a sequence in L+(X) converg-
ing pointwise to a function f such that

f1 ≤ f2 ≤ · · · ≤ fn ≤ · · · ≤ f.

Then f is measurable and

lim
n!∞

∫
X

fn(x) dµ =

∫
X

f(x) dµ.

Proof. Since
∫
X
fn is an increasing sequence of real numbers we know that it has a

limit as n!∞ (possibly∞). Noting that fn ≤ f implies
∫
X
fn ≤

∫
X
f we obtain

lim
n!∞

∫
X

fn(x) dµ ≤
∫
X

f(x) dµ.

To prove the reverse inequality we let φ be a simple function with 0 ≤ φ ≤ f and
fix α ∈ (0, 1). For n ∈ N we define

En := {x ∈ X : fn > αφ}

which is measurable. Note thatX =
⋃∞
n=1 En for otherwise there would exist x /∈ En

for all n which would imply that for some x fn(x) ≤ αφ(x). Letting n ! ∞ would
yield

f(x) ≤ αφ(x) < f(x)

which is absurd. Thus, X =
⋃∞
n=1 En. Therefore, for each n ∈ N∫

X

fn(x) dµ ≥
∫
En

fn(x) dµ ≥ α

∫
En

φ(x) dµ.

Since En ⊆ En+1 for all n it follows that En ↗ X . Thus, by Theorem 2.7 we are free
to take n!∞ from which we obtain

lim
n!∞

∫
X

fn(x) dµ ≥ α

∫
X

φ(x) dµ.

We may now let α↗ 1 to obtain

lim
n!∞

∫
X

fn(x) dµ ≥
∫
X

φ(x) dµ.

Taking the supremum over φ yields

lim
n!∞

∫
X

fn(x) dµ ≥
∫
X

f(x) dµ

as was required.

22



An important consequence of monotone convergence is the corollary that follows.

COROLLARY 2.10. Let {fn}n be a countable sequence in L+(X) and define f(x) =∑
n fn(x). Then f ∈ L+(X) and∫

X

f(x) dµ =
∑
n

∫
X

fn(x) dµ.

Proof. We know already that f is measurable, we must only show that the integral
is countably additive over this family. We first prove it for finite sums, and for this
is suffices to check that

∫
X

(f1 + f2) =
∫
X
f1 +

∫
X
f2.

Let {φn}n, {ψn}n be sequences of simple functions in L+(X) such that φn ↗ f1

and ψn ↗ f2 pointwise on X . Then, (φn + ψn) ↗ (f1 + f2) so that, by monotone
convergence,∫

X

(f1(x) + f2(x)) dµ = lim
n!∞

∫
X

(φn(x) + ψn(x)) dµ

= lim
n!∞

∫
X

φn(x) dµ+ lim
n!∞

∫
X

ψn(x) dµ

=

∫
X

f1(x) dµ+

∫
X

f2(x) dµ.

Now, if {fn}n is a finite family we are done. Thus we may assume that it is countably
infinite. For N ∈ N we now define gN(X) :=

∑N
n=1 fn(x) and note that gN ↗ f as

N !∞. By monotone convergence,∫
X

∑
n

fn(x) dµ = lim
N!∞

∫
X

∑
n≤N

fn(x) dµ = lim
N!∞

∑
n≤N

∫
X

fn(x) dµ

=
∑
n

∫
X

fn(x) dµ.

LEMMA2.11. Let f be measurable and non-negative almost everywhere. Then
∫
X
f = 0

if and only if f = 0 almost everywhere.

Proof. Assume first f = 0 almost everywhere and let {φn}n be a sequence of non-
negative simple functions increasing to f pointwise. Then φn vanishes almost ev-
erywhere so that by monotone convergence∫

X

f(x) dx = lim
n!∞

∫
X

φn(x) dµ = 0.

Conversely, suppose
∫
X
f = 0. For n ∈ N we define

En :=

{
x ∈ X : f(x) >

1

n

}
and observe that

⋃∞
n=1 En = {f > 0} = {f 6= 0}. However,

0 =

∫
X

f(x) dµ ≥
∫
En

f(x) dµ >
1

n
µ(En)

which shows µ(En) = 0 for all n. Thus, µ({f 6= 0}) ≤
∑∞

n=1 µ(En) = 0.
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We may now present the stronger form of monotone convergence.

COROLLARY 2.12. Let {fn}n be an increasing sequence in L+(X) converging point-
wise almost everywhere to a measurable function f . Then

lim
n!∞

∫
X

fn(x) dµ =

∫
X

f(x) dµ.

Proof. There exists a set E ∈ M such that µ(EC) = 0 and fn(x) ↗ f(x) for x ∈ E.
Since (f − 1Ef) ≥ 0 and equal to zero almost everywhere∫

X

f(x) dµ =

∫
X

1E(x)f(x) dµ = lim
n!∞

∫
X

1E(x)fn(x) dµ = lim
n!∞

∫
X

fn(x) dµ

by the previous lemma.

2.5 The Integration of Complex Valued Functions

Here we finish the construction of the integral. We focus first on R-valued measur-
able functions on a measure space (X,M, µ). If f : X −! R is measurable (in the
sense of BR) we define

f+(x) := max{f(x), 0} and f−(x) := max(0,−f(x)).

Then f± are measurable and f = f+− f−. Furthermore, f+ + f− = |f |. We say that
f is integrable provided ∫

X

|f(x)| dµ <∞.

This is equivalent to saying that f+ and f− are both integrable. In this case, we
define ∫

X

f(x) dµ :=

∫
X

f+(x) dµ−
∫
X

f−(x) dµ

which is a well defined real number. If f is C-valued, we say f is integrable if and
only if <f and =f are integrable3and define∫

X

f(x) dµ =

∫
X

<f(x) dµ+ i

∫
X

=f(x) dµ.

It is left to the reader to check that the integral is linear over integrable functions.
This is a purely mechanical and messy procedure.

DEFINITION 8. If ξ ∈ C we define

Sgn(ξ) :=

{
0, if ξ = 0,

ξ/ |ξ| , if x 6= 0.

We note that ξSgn(ξ) = |ξ| if ξ 6= 0.

3This is again equivalent to saying that |f | integrable!
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PROPOSITION 2.13. Let f be integrable. Then∣∣∣∣∫
X

f(x) dµ

∣∣∣∣ ≤ ∫
X

|f(x)| dµ.

Proof. If f ≥ 0 the result is immediate. If f is real valued for all x ∈ X then this
follows from the fact that∣∣∣∣∫

X

f(x) dµ

∣∣∣∣ =

∣∣∣∣∫
X

f+(x) dµ−
∫
X

f−(x) dµ

∣∣∣∣ ≤ ∫
X

|f(x)| dµ

where we have applied the identity to the non-negative functions f±. For the gen-
eral case we assume f is complex valued. If

∫
X
f(x) dµ = 0 we are done. Otherwise,

define

α := Sgn

(∫
X

f(x) dx

)
.

By our previous observations,∣∣∣∣∫
X

f(x) dµ

∣∣∣∣ = α

∫
X

f(x) dµ =

∫
X

αf(x) dµ.

In particular, α
∫
X
f(x) dµ =

∫
X
αf(x) dµ is real and non-negative. By our previous

steps, ∣∣∣∣∫
X

f(x) dµ

∣∣∣∣ = <
∫
X

αf(x) dµ =

∫
X

< (αf(x)) dµ ≤
∫
X

|αf(x)| dµ.

where |α| = 1 by definition. Hence, the proof is complete.

PROPOSITION 2.14. Let f and g be integrable. Then
∫
E
f =

∫
E
g for all E ∈ M if

and only if
∫
X
|f − g| = 0.

Proof. One direction is trivial. Assume that
∫
E

(f − g) = 0 for all measurable sets E.
Without loss of generality assume f − g is real. If (f − g) 6= 0 almost everywhere
then there exists a set of positive measure, say, E where (f − g) 6= 0. Without harm
assume u = (f − g)+ is non-vanishing on E. Then,∫

E

(f(x)− g(x)) dµ =

∫
E

u(x) dµ > 0.

This is a contradiction.

We conclude this section with two major results in analysis, Fatou’s lemma and
the Dominated Convergence Theorem. There are some who go so far as to call the
latter the “fundamental theorem of analysis”. It is the most powerful result in the
theory of abstract integration.

LEMMA 2.15 (Fatou’s Lemma). Let {fn}n be a sequence of functions in L+(X). Then,∫
X

lim inf
n!∞

fn(x) dµ ≤ lim inf
n!∞

∫
X

fn(x) dµ.
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Proof. Let g(x) = lim infn!∞ fn(x) and note that

gk(x) = inf
n≥k

fn(x)↗ g(x), as k !∞.

By monotone convergence,∫
X

g(x) dµ = lim
k!∞

∫
X

gk(x) dµ.

Now, gk(x) ≤ fj(x) for all j ≥ k. Thus, for each j ≥ k:∫
X

gk(x) dµ ≤
∫
X

fj(x) dµ

whence ∫
X

gk(x) dµ ≤ inf
j≥k

∫
X

fj(x) dµ.

Letting k !∞ we obtain∫
X

g(x) dµ = lim
k!∞

∫
X

gk(x) dµ ≤ lim inf
j!∞

∫
X

fj(x) dµ.

Fatou’s lemma may be strengthened as follows.

COROLLARY 2.16. Let {fn}n be a sequence in L+(X) converging almost everywhere
to f ∈ L+(X). Then ∫

X

f(x) dµ ≤ lim inf
n!∞

∫
X

fn(x) dµ.

Dominated convergence now readily follows.

THEOREM 2.17 (Dominated Convergence). Let {fn}n be a sequence of measurable
functions converging almost everywhere to a measurable function f . If there exists an
integrable function g such that |fn| ≤ g for all n then

lim
n!∞

∫
X

fn(x) dµ =

∫
X

f(x) dµ.

Proof. We assume first that fn and f are real. By replacing f with lim infn!∞ fn(x)
we may assume that fn ! f everywhere onX . Now, note that g+f ≥ 0 and g−f ≥ 0
everywhere. By Fatou’s lemma;∫

X

(g(x) + f(x)) dµ ≤ lim inf
n!∞

∫
X

(g(x) + fn(x)) dµ

=

∫
X

g(x) dµ+ lim inf
n!∞

fn(x) dµ.

Similarly, ∫
X

(g(x)− f(x)) dµ ≤
∫
X

g(x)− lim sup
n!∞

∫
X

fn(x) dµ.

We obtain
lim sup
n!∞

fn(x) dµ ≤
∫
X

f(x) dµ ≤ lim inf
n!∞

∫
X

fn(x) dµ

which concludes this step. If instead fn and f are complex valued we apply the
procedure above to both <fn and =fn.
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The final result of this section is the following.

THEOREM 2.18. Let {fn}n be a sequence of integrable functions such that∑
n

∫
X

|fn(x)| dµ <∞.

Then there exists an integrable function f equal to
∑

n fn(x) almost everywhere and
moreover, ∫

X

f(x) dµ =
∑
n

∫
X

fn(x) dµ.

Proof. We define
f(x) := lim inf

N!∞

∑
n≤N

fn(x);

then f is measurable and equal to
∑

n fn(x) almost everywhere (this series is also
convergent at these points). Note that∣∣∣∣∣∑

n≤N

fn(x)

∣∣∣∣∣ ≤
∞∑
n=1

|fn(x)|

which we know to be integrable. Thus, the equality of integrals follows by domi-
nated convergence.

2.6 Modes of Convergence

The previous topics give rise to different notions of what is means for a sequence of
functions to converge. Indeed, one can view the integral as a metric on sequences.
If {fn}n is a sequence of integrable functions and f is integrable, we say that fn
converges to f in L1 (this notation will be justified later) if

lim
n!∞

∫
X

|fn − f | dµ = 0.

We say measurable a sequence functions {fn}n converges to a measurable function
f in measure if for all ε > 0

lim
n!∞

µ ({x ∈ X : |fn(x)− f(x)| ≥ ε}) = 0.

Finally, a sequence of measurable functions {fn}n is called Cauchy in measure if for
each ε > 0

µ ({x ∈ X : |fn(x)− fm(x)| ≥ ε}) n,m!∞
−−−−−! 0.

PROPOSITION 2.19. Let {fn}n be a sequence of integrable functions converging to an
integrable f in L1. Then, {fn}! f in measure. Moreover, {fn}n is Cauchy in measure.

Proof. We fix ε > 0, note that

lim
n!∞

∫
X

|fn(x)− f(x)| dµ ≥ lim
n!∞

∫
{x:|fn(x)−f(x)|≥ε}

|fn(x)− f(x)| dµ

≥ ε lim
n!∞

µ ({x ∈ X : |fn(x)− f(x)| ≥ ε}) = 0.
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For this same ε > 0 there exists N ∈ N such that for n ≥ N∫
X

|fn(x)− f(x)| dµ <
ε

2
.

Thus, if n,m ≥ N∫
X

|fn(x)− fm(x)| dµ ≤
∫
X

|fn(x)− f(x)| dµ+

∫
X

|fm(x)− f(x)| dµ

whence
∫
X
|fn − fm| < ε for all n,m ≥ N . So, if ε > 0 is given, for all n,m one has∫

X

|fn(x)− fm(x)| dµ ≥
∫
{x∈X:|fn(x)−fm(x)|≥ε}

|fn − fm| dµ

≥ εµ ({x ∈ X : |fn(x)− fm(x)| ≥ ε}) .

Letting n,m ! ∞ we can make the right-hand side arbitrarily small which yields
the desired conclusion.

It is well known that pointwise convergence is weak, and certainly does not imply
uniform convergence. However, the following result does tell us that, on finite
measure spaces, pointwise convergence implies “mostly uniform” convergence. We
give a precise meaning to this statement below.

THEOREM 2.20 (Egoroff). Let (X,M, µ) be a finite4 measure space and {fn}n a se-
quence of measurable functions converging pointwise almost-everywhere to a measurable
function f . For each ε > 0 there exists a measurable set E ⊆ X with mu(E) < ε such
that fn ! f uniformly on EC.

Proof. Let ε > 0 be given; we may assume without loss of generality that fn ! f
pointwise on X (neglecting a set of measure zero otherwise). Fix a pair (k, n) ∈
N×N and define

Ek(n) :=
⋃
j≥n

{
x ∈ X : |fj(x)− f(x)| ≥ 1

k

}
.

For fixed k, we note that Ek(n) ⊇ Ek(n + 1) and that Ek(n) ↗ ∅ as n ! ∞ since
fn ! f on X . Since µ(X) <∞, for each k ∈ N there is nk such that

µ(Ek(nk)) <
ε

2k
;

this is immediate from the fact that 0 = limn!∞ µ(Ek(n)) for each k. Now, we define

E =
∞⋃
k=1

Ek(nk)

whence by sub-additivity we obtain µ(E) <
∑∞

k=1 ε/2
k = ε. Let γ > 0 and take

k ∈ N such that 1/k < γ. If x /∈ E then x /∈ Ek(nk) so that

|fj(x)− f(x)| < γ, ∀j ≥ nk.

Thus, fn ! f uniformly on EC.
4Recall that this means µ(X) <∞.
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We conclude this section with the following technical result.

THEOREM 2.21. Let {fn}n be a sequence of measurable functions that is Cauchy in
measure. There exists a measurable function f and a subsequence {fnk

}k converging to
f almost everywhere. Furthermore, {fn}n ! f in measure.

Proof. Since {fn}n is Cauchy in measure we may extract a subsequence {gj}j such
that

µ(Ej) ≤ 2−j

where we define
Ej :=

{
x ∈ X : |gj(x)− gj+1(x)| ≥ 2−j

}
.

For k ∈ N we define Fk =
⋃
j≥k Ej and note that µ(Fk) ≤

∑
j≥k 2−j = 21−k. Now, if

x /∈ Fk for k ∈ N note that for i ≥ j ≥ k:

|gi(x)− gj(x)| ≤
i−1∑
`=j

|g`+1(x)− g`(x)| ≤ 21−j. (4)

It follows that {gj}j is pointwise Cauchy in C for x /∈ Fk. We define F =
⋂
k∈N Fk so

that µ(F ) ≤ 21−k for all k. That is, µ(F ) = 0. If x /∈ F then {gj}j is Cauchy in C and
thus has a limit. If we define

g(x) = lim inf
j!∞

gj(x)

then g is measurable and convergent for almost all x. We shall now show that gj ! g
in measure. Note that by letting i!∞ in (4) we obtain

|g(x)− gj(x)| ≤ 21−j, x /∈ Fk.
Let ε > 0 be given; if k ∈ N is fixed and j � k we have

{x : |g(x)− gj(x)| ≥ ε} ⊆
{
x : |g(x)− gj(x)| > 21−j}

where this latter set is contained in Fk for all j � k. Hence,

lim sup
j!∞

µ ({x : |g(x)− gj(x)| ≥ ε}) ≤ µ(Fk) ≤ 21−k.

Since k was arbitrary, we conclude that gj ! g in measure. It remains only to prove
that fn ! g in measure as well. For this, we note that

{x : |fn(x)− g(x)| ≥ ε} ⊆
{
|fn(x)− gj(x)| ≥ ε

2

}
∪
{
|gj(x)− g(x)| ≥ ε

2

}
.

By letting n and j be large, both these sets can be made arbitrarily small in measure.
This concludes the proof.

3 The Fubini-Tonelli Theorems

In practice it is often convenient to “interchange the order of integration”. For those
well grounded in calculus, this is the procedure that allows one to say∫

R2

f(x, y) dA =

∫
R

(∫
R

f(x, y) dx

)
dy =

∫
R

(∫
R

f(x, y) dy

)
dx.

Under which conditions is the above true? This is precisely the question that the
Fubini-Tonelli theorems answer. In this section, we establish sufficient conditions
for the above to hold on arbitrary measure spaces.
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3.1 L1(X) Space

The time has come to give an algebraic structure to the set of all integrable func-
tions, or almost. We know that the collection of all integrable functions over a
measure space (X,M, µ) is a vector space over C. We wish to equip this space with
a suitable norm. A suitable choice is

‖f‖L1(X) :=

∫
X

|f(x)| dµ.

Indeed, it satisfies all the properties of a norm except for ‖f‖L1(X) = 0 if and only if
f = 0. Here this “norm” vanishes whenever f = 0 almost everywhere. We reconcile
this by introducing an equivalence relation on the collection of integrable functions.

If f and g are two integrable functions, we write f ∼ g if (f − g) = 0 almost
everywhere. It is easy to check that this is a well defined equivalence relation on the
space of integrable functions. We then define L1(X) to be the space of equivalence
classes under this relation. If [f ], [g] ∈ L1(X) and α, β ∈ C we define

α[f ] + β[g] := [αf + βg].

We know from earlier results that this is well defined. Hence, L1(X) is a vector
space over C. Given [f ] ∈ L1(X) we define the L1-norm.

‖[f ]‖L1(X) :=

∫
X

|f(x)| dµ.

It is left as an exercise to the reader to check that L1(X) together with ‖·‖L1(X) is a
normed vector space. Typically, it is not usually practical to view L1(X) as a space
of equivalence classes; more often than not we shall think of it as a function space
whilst keeping in mind that equality in the norm holds up to measure zero.

3.1.1 Applications of Convergence Theorems

Let m be the Lebesgue measure on R and denote by L the σ-algebra of Lebesgue
measurable sets. In these notes it is proven that continuous functions of compact
support are dense in L1(R) (with respect to the L1-norm). Using the previous facts,
it is possible to show that measurable functions are, in a sense, mostly continuous.

LEMMA 3.1. Let (X,M, µ) be a finite measure space and f : X −! C measurable. For
each ε > 0, there exists a subset E ⊆ X , with µ(EC) < ε, upon which f is bounded.

Proof. For fixed n ∈ N we define

Fn := {x ∈ X : |f(x)| ≤ n} .

Note that Fn ⊆ Fn+1 for all n and that Fn ↗ X as n ! ∞. Thus, we know that
limn!∞ µ(Fn) = µ(X) <∞. Choose N so large that

0 ≤ µ(X)− µ(FN) < ε.

Then, if we set E = FN it follows that µ(EC) = µ(X \ FN) = µ(X)− µ(FN) < ε.
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We are now prepared to prove Lusin’s theorem, which makes heavy use of Ego-
roff’s theorem.

THEOREM 3.2 (Lusin). Let µ be the restriction of the Lebesgue measure to [a, b] and fix
a measurable function f : X −! C. For each ε > 0, there exists a measurable E ⊆ [a, b]
with µ(EC) < ε such that f |E is continuous.

Proof. Since f is complex valued, it does not take infinite values. Hence, by the pre-
vious lemma, there exists a set A ⊆ X , with µ(AC) < ε, upon which f is bounded.
Defining g(x) = f(x)1A(x), it follows that g ∈ L1([a, b]) so that there exists a se-
quence {φn}n of compactly supported continuous functions that convergence to g
in the L1-norm. By passing to a suitable subsequence, we may assume these con-
verge almost everywhere to g on [a, b].

By Egorov’s theorem, there exists F ⊆ [a, b] with µ(F ) < ε such that φn ! g
uniformly only F C. Choose now a compact set E ⊆ F C ∩ A with

µ((F C ∩ A) \ E) < ε

Since E is compact, it follows that g is continuous (as the uniform limit of continu-
ous functions) when restricted to E. Thus, f |E is continuous since E ⊆ A. It now
remains only to note that

µ(EC) = µ(X)− µ(E) = µ(X)− µ(F C ∩ A) + µ((F C ∩ A) \ E)

< ε+ µ(X)− µ(F C ∩ A)

= ε+ µ(F ∪ AC)

≤ ε+ µ(F ) + µ(AC)

≤ 3ε.

3.2 Product Measure Spaces

We fix two measure spaces (X,M, µ) and (Y,N , ν). We want to know what it means
to integrate over X × Y ? How can this be defined in a way that preserves the
structures of both (X,M, µ) and (Y,N , ν)?

DEFINITION 9. A rectangle in X × Y is a set of the form E×F where E ∈M and
F ∈ N . We denote the collection of all rectangles in X × Y be R.

We wish to show that R is an elementary family on X × Y . Indeed, ∅ ∈ R. If
A1 = E1 × F1 and A2 = E2 × F2 are rectangles in X × Y , note that

A1 ∩ A2 = (E1 ∩ E2)× (F1 ∩ F2) and AC
1 = (X × F C

1 ) t (EC
1 × F1)

Therefore, by Proposition 1.1, if A is the collection of finite disjoint unions of ele-
ments in R, then A is an algebra on X × Y . Clearly, A ⊇ R. We denote byM⊗N
the σ-algebra generated by A. The pair (X × Y,M⊗N ) is then called the product
space of (X,M) and (Y,N ).
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We now wish to extend our measures µ and ν to this new space. This is done
by constructing a premeasure on A, which will then induce an outer-measure on
X × Y . Define

µ× ν : A −! [0,∞], E × F 7! µ(E)ν(F ).

Suppose that E × F can be expressed as the disjoint union of rectangles
⋃n
j=1(Ej ×

Fj). Notice that

1E(x)1F (y) = 1E×F (x, y) =
n∑
j=1

1Ej×Fj
(x, y) =

n∑
j=1

1Ej
(x)1Fj

(y).

Integrating with x fixed gives

1E(x)ν(F ) =
n∑
j=1

1Ej
(x)ν(Fj)

as well as µ(E)ν(F ) =
∑n

j=1 µ(Ej)ν(Fj). This shows that µ × ν is well defined on
rectangles. This argument extends easily to show that µ × ν is well defined on any
element A ∈ A. In particular, this shows that µ× ν is a premeasure on A.

Therefore, by previous results, (µ × ν) induces an outer-measure that is a mea-
sure when restricted to the σ-algebra generated by A, i.e. M⊗N . We denote this
restriction by µ× ν. It follows that (X × Y,M⊗N , µ× ν) is a measure space in its
own right.

Before we proceed, we introduce some notation. IfE ∈M⊗N and (x, y) ∈ X×Y
we set

Ex := {y ∈ Y : (x, y) ∈ E} , Ey = {x ∈ X : (x, y) ∈ E} .
Likewise, if f is defined on X × Y

fx(y) = f(x, y), f y(x) = f(x, y).

PROPOSITION 3.3. Let (X,M, µ) and (Y,N , ν) be measure spaces. Then

1. For all E ∈M⊗N one has Ex ∈ N and Ey ∈M for each x ∈ X and y ∈ Y .

2. If f isM⊗N -measurable then fx is N -measurable and f y isM-measurable for
all (x, y) ∈ X × Y .

Proof. Suppose first that E is a rectangle of the form E = A × B for A ∈ M and
B ×N . If x is given then Ex is either ∅ or B (and likewise for Ey). Thus, (1) holds
for rectangles. Let R be the collection of sets in M⊗ N such that (1) holds true.
This contains all disjoint finite unions of rectangles since[⋃

j

Ej

]
x

=
⋃
j

(Ej)x.

We shall now show that R is a σ-algebra. By the above identity, it follows that R is
closed under countable unions. Similarly,

(EC)x = (Ex)
C

and likewise for y-sections. This shows that R ⊇M⊗N by symmetry.
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Before we proceed with the proofs of the Fubini-Tonelli theorems, we require a
preliminary technical result linking monotone classes and σ-algebras. A collection of
subsets M is called a monotone class provided it is closed under countable increas-
ing unions and under countable decreasing intersections. It is not hard to show
that arbitrary intersections of monotone classes is again a monotone class. Further-
more, σ-algebras are monotone classes. It thus makes sense to discuss a minimal
monotone class containing a family of sets F , whenever F is given. This “smallest”
monotone class containing F is called the monotone class generated by F .

LEMMA 3.4 (Monotone Class Lemma). Let A be an algebra on a set and denote by C
the monotone class it generates. Then C = M(A).

Proof. Since M(A) is also a monotone class containing A we immediately have
M(A) ⊇ C; we shall show that C is a σ-algebra to establish their equality. For E ∈ C
we define

C(E) := {F ∈ C : E \ F, F \ E, andE ∩ F ∈ C} .

It is purely mechanical to verify that C(E) is itself a monotone class. Since A is an
algebra, it is closed under finite intersections and complements, so that A ⊆ C(E)
whenever E ∈ A. In this case, we obtain C ⊆ C(E). If F ∈ C then F ∈ C(E)
which is equivalent to saying E ∈ C(F ). As E ∈ Awas arbitrary,A ⊆ C(F ) whence
C ⊆ C(F ) for all F ∈ C. Therefore, E ∈ C(X) for E ∈ C which implies that EC ∈ C.
Similarly, E∩F ∈ C if E,F ∈ C. This shows that C is closed under complement and
finite intersections. If C1, C2, . . . , Cn are elements of C then(⋃

j

Cj

)C

=
n⋂
j=1

CC
j ∈ C.

Thus, C is an algebra. By closure under countable increasing unions, we obtain that
C is a σ-algebra which completes the proof.

3.2.1 Product Algebras

Here we wish to generalize the notion of a product σ-algebra, which is sometimes
useful when considering variants of Fubini-Tonelli in higher dimensions. This, of
course, requires us to generalize the notion of a cartesian product of sets, as the
usual coordinate notation is only feasible when dealing with products of countably
many sets.

DEFINITION 10. Let Λ be an index set5 and {Xλ}λ∈Λ a family of sets indexed by
Λ. We define their cartesian product as

∏
λ∈Λ

Xλ :=

{
f : Λ −!

⋃
λ∈Λ

Xλ | f(λ) ∈ Xλ

}
.

In the case where Λ is finite, one can view the elements of the cartesian prod-
ucts as n-tuples. As frequently encountered in abstract algebra (think of vector

5This index set need not be countable!
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subspaces), this definition naturally gives rise to the notion of a projection map

πα :
∏
λ∈Λ

Xj −! Xα, f 7! f(α)

where α ∈ Λ is fixed. Now, suppose we are given an associated family of σ-algebras
on the family {Xλ}λ∈Λ. More precisely, assume we have an indexed family of mea-
surable spaces {(Xλ,Mλ)}λ∈Λ. Which structure should we endow

∏
λ∈Λ Xλ with?

To this end, we give the following definition.

DEFINITION 11. Given an indexed family of measurable spaces {(Xλ,Mλ)}λ∈Λ,
we define the product σ-algebra on

∏
λ∈ΛXλ to be⊗

λ∈Λ

Mλ := M
({
π−1
α (Eα) : α ∈ Λ, Eα ∈Mα

})
.

We conclude this short digression with some basic properties of these general
product algebras.

PROPOSITION 3.5. Suppose that each Mλ is generated by some family Eλ. If Λ is
countable, then

⊗
λ∈ΛMλ is generated by{∏

λ∈Λ

Eλ : Eλ ∈Mλ

}
.

Proof. Let M denote the σ-algebra generated by
{∏

λ∈ΛEλ : Eλ ∈Mλ

}
and fix an

element of the form π−1
α (Eα). This may, equivalently, be written as

π−1
α (Eα) =

{
f : Λ −!

⋃
λ∈Λ

Xλ | f(λ) ∈ Xλ, f(α) ∈ Eα

}
=
∏
λ∈Λ

Eλ

where Eλ = Xλ for λ 6= α. This shows that
⊗

λ∈ΛMλ ⊆ M. For the reverse inclu-
sion, note that if Eλ ∈Mλ then∏

λ∈Λ

Eλ =

{
f : Λ −!

⋃
λ∈Λ

Eλ : f(λ) ∈ Eλ

}
=
⋂
α∈Λ

π−1
α (Eα).

Therefore,
∏

λ∈ΛEλ ∈
⊗

λ∈ΛMλ since Λ is assumed to be countable. Therefore,
M ⊆

⊗
λ∈ΛMλ.

PROPOSITION 3.6. Suppose that each Mλ is generated by Eλ. Then
⊗

λ∈ΛMλ is
generated by F1 where

F :=
{
π−1
α (Eα) : Eα ∈ Eα, α ∈ Λ

}
.

If Λ is countable and Xλ ∈ Eλ for all λ ∈ Λ then
⊗

λ∈ΛMλ is generated by{∏
λ∈Λ

Eλ : Eλ ∈ Eλ

}
.

Proof. We shall first show that F generates
⊗

λ∈ΛMλ. Since each Eα is contained in
Mα it is clear that M(F) ⊆

⊗
λ∈ΛMλ. To see the reverse inclusion, we need only

note that the family {
E ⊆ Xα : π−1

α (E) ∈ M(F)
}

is itself a σ-algebra containing Eα (and thus Mα). Hence, π−1
α (E) ⊆ M(F) for all

E ∈Mα. This shows that,
⊗

λ∈ΛMλ ⊆ M(F).
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3.3 The Fubini-Tonelli Theorems: Proof

We begin by giving the following simple case of Fubini-Tonelli.

PROPOSITION 3.7. Let (X × Y,M⊗N , µ× ν) be a σ-finite product space. Then for
all E ∈M⊗N

(µ× ν)(E) =

∫
X

ν(Ex) dµ =

∫
Y

µ(Ey) dν.

Proof. We first argue when both (X,M, µ) and (Y,N , ν) are finite spaces. Let R be
the collection of all sets inM⊗N for which the statement holds true. If E = A×B
is a rectangle then ν(Ex) = ν(B)1A(x) so that,∫

X

ν(Ex) dµ = µ(A)ν(B) = (µ× ν)(E).

HenceR is non-empty and contains all rectangles inM⊗N . By additivity, it follows
that R contains all finite disjoint unions of rectangles, i.e. A. By the monotone class
lemma, it suffices to check that R is a monotone class.

Let E1 ⊆ E2 ⊆ · · · ⊆ En ⊆ . . . be a countable increasing family in R and define
E =

⋃∞
n=1En. Clearly, En ↗ E as n!∞. If y is fixed, note that

Ey
1 ⊆ Ey

2 ⊆ · · · ⊆ Ey
n ⊆ . . .

and that
⋃∞
n=1E

y
n = Ey, by earlier calculations. Therefore,

(µ× ν)(E) = lim
n!∞

(µ× ν)(En) = lim
n!∞

∫
Y

µ(Ey
n) dν.

For each fixed y, we have that µ(Ey
n) increases to Ey, thus by monotone convergence

we find that
(µ× ν)(E) =

∫
y

µ(Ey) dν

and likewise for Ex. Suppose now that F1 ⊇ F2 ⊇ · · · ⊇ Fn ⊇ is a decreasing family
in R with Fn ↘ F :=

⋂∞
n=1 Fn. We know

(µ× ν)(F ) = lim
n!∞

(µ× ν)(Fn) = lim
n!∞

∫
Y

µ(F y
n ) dν.

Now, µ(F y
n ) ↘ µ(F y) as n ! ∞ for each fixed y. By dominated convergence (note

that µ(F y
1 ) < µ(X) which is L1(ν) by our assumptions that the spaces are finite) we

obtain the desired conclusion.
Now, assume that (X,M, ν) and (Y,N , ν) are σ-finite spaces. We can then write

X × Y as the union of an increasing sequence of rectangles {Xj × Yj}j . Then,

(µ× ν)(E) = lim
j!∞

(µ× ν)(E ∩ (Xj × Yj)) = lim
j!∞

∫
Y

µ [(Ey ∩ (Xj × Yj)y] dν

where µ([Ey∩(Xj×Yj)y]) = µ(Ey∩Xj)1Yj(y). Thus a final application of monotone
convergence completes the proof, by symmetry.

THEOREM3.8 (Fubini-Tonelli). Let (X,M, µ) and (Y,N , ν) be σ-finite measure spaces.
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1. Let f ∈ L+(X × Y ). Then g(x) =
∫
Y
fx(y) dν and h(y) =

∫
X
f y(x) dµ belong to

L+(X) and L+(Y ) respectively. Moreover,∫
X×Y

f(x, y) d(µ× ν) =

∫
X

(∫
Y

f(x, y) dν(y)

)
dµ(x)

=

∫
Y

(∫
X

f(x, y) dµ(y)

)
dν(x).

2. If f ∈ L1(X × Y ) then fx ∈ L1(Y ) for almost all x and f y ∈ L1(X) for almost
all x ∈ X and almost all y ∈ Y . Furthermore, the almost everywhere defined
functions

g(x) =

∫
Y

fx(y) dν(y), h(y) =

∫
X

f y(x) dµ(x)

are in L1(µ) and L1(ν), respectively, and∫
X×Y

f(x, y) d(µ× ν) =

∫
X

(∫
Y

f(x, y) dν(y)

)
dµ(x)

=

∫
Y

(∫
X

f(x, y) dµ(y)

)
dν(x).

Proof. We begin by proving the first point. By Proposition 3.7, we know that this
first claim holds for characteristics of rectangles. By additivity, this will also hold
for the characteristics of finite disjoint unions of rectangles. Hence, this first point
holds true for non-negative simple functions.

Now let {fn}n be sequence of functions in L+(X × Y ) increasing to f as n ! ∞.
By virtue of monotone convergence,

g(x) =

∫
Y

fx(y) dν = lim
n!∞

∫
Y

fn(x, y) dν

where x 7!
∫
Y
fn(x, y) dν is measurable for each n. This shows that g, and h (by

symmetry) are measurable. Hence,∫
X×Y

f(x, y) d(µ× ν) = lim
n!∞

∫
X×Y

fn(x, y) d(µ× ν) = lim
n!∞

∫
X

(∫
Y

fn(x, y) dν

)
dµ.

By monotone convergence,∫
Y

fn(x, y) dν ↗

∫
Y

f(x, y) dν as n!∞

which concludes the proof of this first point by symmetry with h. We now proceed
to prove the second point. Let f ∈ L+(X × Y ). We may obviously suppose that f is
R-valued by breaking f into <f and =f . Since f is integrable if and only if f+ and
f− are, we may assume by linearity of the integral that f ≥ 0. By Tonelli,∫

X×Y
f(x, y) d(µ× ν) =

∫
X

(∫
Y

f(x, y) dν(y)

)
dµ(x)

which shows that
∫
Y
fx dν <∞ for almost all x. Likewise,

∫
X
f y dµ <∞ for almost

all y. By linearity of the integrals, we are done.
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4 Signed Measures

In this section we explore generalization of measures to signed and complex mea-
sures. Let us fix a measurable space (X,M); a function ν :M −! [−∞,∞] is said
to be a signed measure (sometimes called a charge) on (X,M) provided it satisfies
each of the following:

1. ν(∅) = 0,

2. ν takes on at-most one of {∞,−∞} onM,

3. If {Ej}j is a countable disjoint family inM and E =
⊔
j Ej :

ν(E) =
∑
j

ν(Ej)

This last requirement is powerful. Note that if we relabel the Ej via any permu-
tation then the sum

∑
j µ(Ej) is preserved. This implies that the series

∑
j ν(Ej)

must convergence absolutely. We say a measurable set E is positive if ν(F ) ≥ 0 for
all measurable F ⊆ E. Similarly, a set E ∈ M is called null if ν(F ) = 0 for all
measurable F ⊆ E. Finally, E is negative if ν(F ) ≤ 0 for all measurable F ⊆ E.

PROPOSITION 4.1. Let ν be a signed measure on (X,M). If {Ej}j is a family in
M increasing to E then ν(E) = limj!∞ ν(Ej). Likewise, if {Ej}j decreases to E and
|ν(E1)| <∞ then ν(E) = limj!∞ ν(Ej).

Proof. SupposeEj ↗ E, thenE ∈M and we can define F1 = E1, Fk := Ek\
⋃
j<k Ej .

These Fk are disjoint and their union is E. Hence, by absolute convergence of the
series

ν(E) = lim
n!∞

∑
j≤n

ν(Fj) = lim
n!∞

ν

(⋃
j≤n

Fj

)
= lim

n!∞
ν(En).

Arguing as in Theorem 1.6 one can obtain the other result.

PROPOSITION 4.2. Let ν be a signed measure on (X,M) and {Pj}j a countable se-
quence of positive sets inM. Then P =

⋃
j Pj is positive. Furthermore, any measurable

subset of a positive set is positive.

Proof. It is clear that a measurable subset of a positive set is again positive. Define
Q1 := P1 and Qk := Pk \

⋃k−1
j=1 Pk for k ≥ 2. Then the {Qj}j are pairwise disjoint

elements ofM whose union is P . If E ⊆ P then E ⊆
⊔
j Qj so that

ν(E) = ν

(⊔
j

[E ∩Qj]

)
=
∑
j

ν(E ∩Qj).

By construction,Qj ⊆ Pj for all j which implies, by our first step, thatQj is positive.
Hence, ν(E ∩Qj) ≥ 0 which implies that ν(E) ≥ 0.

We shall now prove the Hahn Decomposition Theorem.
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THEOREM 4.3 (Hahn Decomposition). Let ν be a signed measure on (X,M). There
exists a positive set P and a negative set N such that X = P t N . Furthermore, if
X = P ′ tN ′ with P ′ positive and N ′ odd, P4P ′ and N4N ′ are null.

Proof. We may suppose without loss of generality that ν < ∞ on M, replacing ν
with −ν otherwise. Define

p := sup {ν(P ) : P ∈M, P positive} .

By definition of the supremum, there exists a sequence of positive measurable sets
{Pk}k such that ν(Pk)! p as k !∞. Define P =

⋃
k Pk and note that P is positive

with respect to ν. Thus, ν(P ) ≤ p. To see that we also have equality, fix k and note
that

ν(P ) = ν(Pk) + ν(P \ Pk) ≥ ν(Pk)

‘ since P ⊇ P \ Pk is positive. Letting k ! ∞ we obtain ν(P ) ≥ p. We now define
N := X \ P . Clearly, X = P tN .

Step 1. N does not contain any non-null positive (measurable) subsets.

Proof of Step 1. Assume for a contradiction that N contains a non-null positive
subsets A. Without loss of generality assume ν(A) > 0. Then P ∩ A = ∅ and P ∪ A
is positive. However,

ν(P ∪ A) = ν(P ) + ν(A) > p

which is a contradiction.

Step 2. If A ⊆ N is measurable and ν(A) > 0, there exists a measurable B ⊆ A such
that ν(B) > ν(A).

Proof of Step 2. Let ν(A) > 0. By step 1, this A is non-positive. Hence, there exists
some set C ⊂ A with ν(C) < 0. Since A = C t (A \ C) we find that

0 < ν(A) = ν(C) + ν(A \ C) < ν(A \ C) <∞.

It suffices to take B := C \ A.
Suppose for a contradiction that N is non-negative. Then, there exists a subset

A ⊆ N with ν(A) > 0. Let n1 ∈ N be the minimal natural number for which there
exists a subset B ⊆ N with

ν(B) >
1

n1

and let A1 be any such subset. Then, ν(A1) > 0. Let n2 ∈ N be the minimal integer
such that there exists B ⊆ A1 with

ν(B) > ν(A1) +
1

n2

and let A2 be any such B. In this way we proceed, constructing a sequence

A1 ⊇ A2 ⊇ · · · ⊇ Ak ⊇ . . .
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together with an associated sequence of natural numbers {nk}k. Let A =
⋂∞
k=1Ak

and observe that A ⊆ N . Now, ν(A1) 6= ±∞ and Ak ↘ A as k !∞. Thus,

ν(A) = lim
k!∞

ν(Ak) ≥ lim
k!∞

∑
j≤k

1

nj
=
∞∑
j=1

1

nj
.

In particular,
∑∞

j=1
1
nj
<∞. It follows that nk !∞ as k !∞. This also shows that

ν(A) > 0. Now, there exists B ⊆ A such that

ν(B) > ν(A) +
1

n

for some minimal n ∈ N. By taking k sufficiently large, we can find an index such
that n < nk. Now, if j ≥ k then

ν(Aj) > ν(Aj−1) > · · · > ν(Ak).

Letting j !∞ gives ν(A) ≥ ν(Ak). Therefore,

ν(B) > ν(Ak) +
1

n
;

which is a contradiction. Thus, N is negative with respect to ν. In other-words,
there exists a Hahn-Decomposition of (X,M, ν). Let now P ′, N ′ form another
Hahn-Decomposition of (X,M, ν) with P ′ being ν-positive andN ′ being ν-negative.
We have that P ′ ∩N ′ = ∅ and

X = P tN = P ′ tN ′.

Observe that P \ P ′ ⊆ P and hence is positive. Furthermore, P \ P ′ ⊆ N ′ and thus
must be negative. In particular, P \ P ′ is ν-null. By symmetry, P4P ′ is ν-null. The
same argument shows that N4N ′ is ν-null as well. The proof is now complete.

Equipped with this result, we can prove the Jordan Decomposition theorem for
signed measures. First, we require some notation. We say that two signed measures
µ and ν are independent if there exists E,F ∈ M with X = E ∪ F and E ∩ F = ∅
such that F is µ-null and E is ν-null.

THEOREM 4.4 (Jordan Decomposition). Let (X,M, ν) be a signed measure space.
There exist measures ν+ and ν− on (X,M) such that ν ≡ ν+ − ν− and ν+ ⊥ ν−.
Furthermore, these measures are uniquely determined.

Proof. We shall first prove existence. We fix {P,N} be a Hahn decomposition of
(X,M, ν) and define for E ∈M

ν+(E) := ν(E ∩ P ), ν−(E) := −ν(E ∩N).

Then, ν± are clearly measures such that ν ≡ ν+ − ν−. Furthermore, it is clear from
their construction that ν+ ⊥ ν−. We now prove uniqueness of this decomposition.
Suppose that µ+ and µ− are two measures on (X,M) such that

ν ≡ µ+ − µ−, µ+ ⊥ µ−.
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Let E,F ∈ M be two disjoint sets such that E ∪ F = X , F is µ+-null and E is
µ−-null. Observe then that E ∪ F forms a Hahn decomposition of (X,M, ν), thus
P4E is ν-null so is N4F . If A ∈M then

µ+(A) = µ+(A ∩ E) + µ+(A ∩ EC) = µ+(A ∩ E) = µ+(A ∩ E)− µ−(A ∩ E).

Thus, µ+(A) = ν(E ∩ A). Note now that

E ∩ A = (A ∩ E ∩ P ) t (A ∩ E ∩ P C)

so that µ+(A) = ν(A ∩ E ∩ P ). In a similar vein,

A ∩ P = (A ∩ P ∩ E) t (A ∩ P ∩ EC)

so that ν(A ∩ P ) = ν(A ∩ P ∩ E). Hence,

µ+(A) = ν(A ∩ P ) = ν+(A).

This completes the proof by symmetry.

5 Exercises with Solutions

In this section we solve some exercises related to the material presented in these
notes. Many of the problems were selected from the assignments of Math 564 in
the year 2017.
PROBLEM 1. Let A be an infinite σ-algebra on a non-empty set X . Prove that A is
uncountable.

Solution. We proceed by contradiction. Assume that A is countably infinite; then
X is also infinite. Construct a map

F : X −! A, x 7!
⋂
S3x
A3S

A.

SinceA is countable, this is well defined. Suppose that F (x)∩F (y) 6= ∅ for x, y ∈ X .
We must have x ∈ F (y) for otherwise x ∈ F (x) \ F (y) $ F (x) which contradicts
the construction of F (since F (x) \ F (y) ∈ A). This implies that F (x) ⊆ F (y) and
F (y) ⊆ F (x) by symmetry. Consider the (countable) set

P := {F (x) : x ∈ X} ⊆ A.

If E ∈ A then E =
⋃
x∈E F (x) which implies that P is countable infinite, for other-

wise A would be finite. indeed, every element of A is the union of elements in P
and A is not finite. We shall now construct an injection

Φ : P(P) ↪−! A, {F (xk)}k∈K 7!
⊔
k∈K

F (xk)

where K must be a countable (possibly finite) index set. Since the elements of P
are disjoint, this is clearly an injection which contradicts the countability of A.
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We recall that a probability space is a measure space (X,M, µ) of finite measure
such that µ(X) = 1.
PROBLEM 2. Let (X,M, µ) be a probability space. Let E1, E2, . . . , En ∈ M be such
that

∑n
k=1 µ(Ek) > n− 1. Prove that µ(

⋂n
k=1Ek) > 0.

Solution. Let E ∈M be given and observe that µ(X) = µ(E tEC) = µ(E) + µ(EC).
Thus, µ(EC) = 1− µ(E). Taking E =

⋃n
k=1E

C
k , we obtain

µ

(
n⋂
k=1

Ek

)
= 1− µ

(
n⋃
k=1

EC
k

)
≥ 1−

n∑
k=1

µ(EC
k ) = 1−

n∑
k=1

[1− µ(Ek)] .

Since 1−
∑n

k=1 [1− µ(Ek)] = 1− n+
∑n

k=1 µ(Ek) > 0 we are done.

PROBLEM 3. Let µ∗ be an outer-measure on a non-empty setX and {Aj}j∈N a sequence
of disjoint µ∗ measurable sets. Prove that for all E ⊆ X

µ∗ (E ∩ A) =
∑
j∈N

µ∗(E ∩ Aj)

where A =
⋃∞
j=1Aj .

Solution. We claim that for all n ∈ N we have

µ∗

(
E ∩

n⋃
j=1

Aj

)
≥

n∑
j=1

µ∗(E ∩ Aj).

The case n = 1 is trivial. Assume that the above holds up-to n − 1; we prove it for
n. Since

⋃n−1
j=1 Aj is µ∗-measurable

µ∗

(
E ∩

n⋃
j=1

Aj

)
= µ∗

(
E ∩

n⋃
j=1

Aj ∩
n−1⋃
j=1

Aj

)
+ µ∗

(
E ∩

n⋃
j=1

Aj ∩
n−1⋂
j=1

AC
j

)

= µ∗

(
E ∩

n−1⋃
j=1

Aj

)
+ µ∗(E ∩ An)

≥
n∑
j=1

µ∗(Aj ∩ E).

For all n, µ∗(E ∩ A) ≥ µ∗
(
E ∩

⋃n
j=1 Aj

)
≥
∑n

j=1 µ
∗(E ∩ Aj). Letting n ! ∞ we

obtain

µ∗(E ∩ A) ≥
∞∑
j=1

µ∗(E ∩ Aj).

We are done since the inequality ‘≤’ is trivially true.

PROBLEM 4. Let m be the Lebesgue measure on R and let E ⊆ R be a set of positive
Lebesgue measure. Prove that for all α ∈ (0, 1) there exists an open interval I such that

m(E ∩ I) > αm(I). (5)
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Proof. We first assume that µ(E) < ∞. Let α ∈ (0, 1) and take β = 1/α > 1. There
exists an open set O ⊇ E such that

m(O) < (β − 1)m(E) +m(E) =
1

α
m(E).

That is, αm(O) < m(E). We may write O =
⊔
j Ij as the countable disjoint union of

open intervals. We claim some j satisfies (5). Otherwise,

m(E ∩ Ij) ≤ αm(Ij)

for all Ij . This implies that

m(E) = m(E ∩O) =
∑
j

m(E ∩ Ij) ≤ α
∑
j

m(Ij) = αm(O)

which contradicts the choice ofO. If µ(E) =∞ there must exist an interval (n, n+1],
n ∈ Z, such that E ∩ (n, n + 1] has non-zero measure. Simply apply this procedure
to that set.

PROBLEM 5. Let m be the Lebesgue measure on R and E ⊆ R such that m(E) > 0.
Prove that

E − E := {x− y : x, y ∈ E}

contains an interval centered about 0.

Solution. Without loss of generality we let µ(E) <∞. Consider the function

f(x) =

∫
R

1E(y)1E(y − x) dy <∞.

Note that f is continuous on R since for any sequence {xn}n such that xn ! x as
n!∞:

|f(xn)− f(x)| ≤
∫
R

1E(y) |1E(y − xn)− 1E(y − x)| dy

which tends to zero as n ! ∞ by dominated convergence. Note also that f(0) =
m(E) > 0. Hence, 0 ∈ f−1((0,∞)) which is open by continuity. Hence, there exists
an interval (−δ, δ) ⊆ f−1((0,∞)). We claim now that (−δ, δ) ⊆ E − E. If this
inclusion does not hold, there exists z such that f(z) > 0 but z 6= y − x for all
y, x ∈ E. In this case, y − z 6= x for all x ∈ E whence f(z) = 0: contradiction.

PROBLEM 6. Let (X,M, µ) be a measure space and f ∈ L+(X). For E ∈M let

η(E) =

∫
X

f(x) dµ.

Show that η is a measure on (X,M) and that for all g ∈ L+(X)∫
X

g(x) dη =

∫
X

f(x)g(x) dµ.
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Solution. We first check that η is a measure on (X,M). By definition, ν(∅) = 0. If
{Aj}j is a countable collection of disjoint measurable sets

η

(⊔
j

Aj

)
=

∫
⊔

j Aj

f(x) dµ =

∫
X

1⊔
Aj

(x)f(x) dµ =

∫
X

∑
j

1Aj
(x)f(x) dµ

=
∑
j

∫
X

1Aj
(x)f(x) dµ

=
∑
j

η(Aj).

Thus, (X,M, η) is a measure space and one can integrate “with respect to” η. Sup-
pose g is a non-negative simple function of the form

g(x) =
N∑
j=1

αj1Aj
(x), αj ∈ C.

Then,∫
X

g(x) dη =
n∑
j=1

αj

∫
X

1Aj
(x) dη =

N∑
j=1

αjη(Aj) =
N∑
j=1

αj

∫
X

f(x)1Aj
(x) dµ

=

∫
X

f(x)
N∑
j=1

αj1Aj
(x) dµ

=

∫
x

f(x)g(x) dµ.

Now let g ∈ L+(X) be arbitrary and choose a sequence of simple functions {ϕn}n
increasing to g pointwise. Then by monotone convergence∫

X

g(x) dη = lim
n!∞

∫
X

ϕn(x) dη = lim
n!∞

∫
X

f(x)ϕn(x) dµ =

∫
X

f(x)g(x) dµ

since f(x)ϕn(x)↗ f(x)g(x) as n!∞.

PROBLEM 7. Deduce monotone convergence from Fatou’s lemma.

Solution. Let {fn}n be a sequence of measurable functions increasing pointwise to
f ∈ L+(X). By Fatou’s lemma

lim sup
n!∞

∫
X

fn(x) dµ ≤
∫
X

f(x) dµ ≤ lim inf
n!∞

∫
X

fn(x) dµ.

PROBLEM8 (Generalized Dominated Convergence). Let {fn}n, {gn}n, f, g be inL1(X)
with fn ! f and gn ! g. Assume each |fn| ≤ gn and

∫
X
gn !

∫
X
g as n ! ∞. Show

that
lim
n!∞

∫
X

fn(x) dµ =

∫
X

f(x) dµ.
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Proof. We have both gn − fn ≥ 0 and gn + fn ≥ 0. Thus, by Fatou’s lemma∫
X

(gn + fn) dµ ≤ lim inf
n!∞

(∫
X

gn dµ+

∫
X

fn dµ

)
and ∫

X

(gn − fn) dµ ≤ lim inf
n!∞

(∫
X

gn dµ+

∫
X

−fn dµ

)
.

These two combined statements give

lim sup
n!∞

∫
X

fn(x) dµ ≤
∫
X

f(x) dµ ≤ lim inf
n!∞

∫
X

fn(x) dµ.

PROBLEM 9. Suppose fn, f ∈ L1(X) and that fn ! f . Prove that

lim
n!∞

∫
X

fn dµ =

∫
X

f dµ ⇐⇒ lim
n!∞

∫
X

|fn − f | dµ = 0.

Proof. The ⇐= implication is trivial. Suppose
∫
X
fn dµ !

∫
X
f dµ as n ! ∞.

Define
gn(x) := |fn(x)|+ |f(x)|

and note that |fn − f | ≤ gn(x). Furthermore, gn(x)! g(x) = 2 |f(x)|. Clearly,∫
X

gn(x) dµ
n!∞
−−−!

∫
X

g(x) dµ

by assumption. Thus, an application of the previous problem gives the desired
result.

PROBLEM 10. Let {rn}n be an enumeration of the rationals and define

f(x) :=
1√
x
1(0,1)(x).

Set
g(x) :=

∑
n

2−nf(x− rn).

Prove that g is Lebesgue integrable on R, and that any function equal to g almost every-
where is discontinuous at all points and unbounded on any interval. Conclude that g2 is
not locally integrable.

Solution. We first show that g ∈ L1(R) with respect to the Lebesgue measure m.
Since all summands are non-negative∫

R

g(x) dm =
∞∑
n=1

∫
R

2−nf(x− rn) dm =
∞∑
n=1

2−n
∫
R

f(x) dm
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where we we have used translation invariance of the Lebesgue integral in this last
step. It thus suffices to check that

∫
R
f(x) dx is finite. Certainly, by monotone con-

vergence∫
R

f(x) dm =

∫ 1

0

1√
x

dm = lim
N!∞

∫ 1

1/N

1√
x

dm = lim
N!∞

(
2− 2√

N

)
<∞.

Now, let Z ⊂ R be a null-set and suppose h : R −! [0,∞) is equal to g for x /∈ Z.
It suffices to check that h is unbounded on any interval, since then it is necessarily
discontinuous at all points.6 Let I = (a, b) be a non-empty open interval and choose
r ∈ Q∩ I . This corresponds to some rN in our enumeration of Q. Let δ > 0 and note
that there exists a point x ∈ (rN , rN + δ) such that h(x) = g(x). Indeed, if this were
not the case then (rN , rN + δ) ⊆ Z which would contradict the fact that m(Z) = 0.
Hence, there exists a sequence {xj}j with xj > rN and xj ! rN as j !∞ such that
g(xj) = h(xj). Thus,

lim
j!∞

h(xj) = lim
j!∞

g(xj) ≥ 2−N lim
j!∞

f(xj − rN) =∞.

Since g ∈ L1(R) it follows that g < ∞ for almost all x. Hence, g2 < ∞ for almost
every x. However, g2 /∈ L1

loc(R) since for every non-empty open interval I = (a, b)
one can choose rN ∈ Q ∩ I . This implies that∫

R

g(x)2 dm ≥
∫

(rN ,rN+1)

g(x) dm ≥
∫

(rN ,rN+1)

1

x− rN
dm =

∫ 1

0

1

y
dy (6)

which is unbounded.

6If h is continuous at x ∈ R then for ε = 1 there exists δ > 0 such that |f(y)− f(x)| < ε whenever
|x− y| < δ. Thus, for y ∈ (x− δ, x+ δ) one has that f(y) ≤ f(x) + 1.
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