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Abstract Inthese notes, we give a mostly self-contained treatment of a global compactness
result for p-Laplace equations with critical nonlinearities in R™. Namely, we will
prove arepresentation theorem for positive Palais-Smale sequences that was first

established by Meruci-Willem in 2010.
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1 Introduction

In these notes, we discuss some recent developments regarding the global compactness
of Palais-Smale sequences for p-Laplace equations with critical nonlinearities. More pre-
cisely, we shall investigate the limiting behaviour of minimizing sequences to energy
functionals for a large class of critical p-Laplace equations. In particular, we introduce an
argument used by Meruci-Willem [5] which simplifies the approach taken by Struwe in
[8] and [9] for the p = 2 case. Put informally, the key step in this new argument will be
to focus on the dual space of D (RYN), a homogeneous Sobolev space, rather than the
“averaged behaviour” of the given Palais-Smale sequence.

Global compactness results are now indispensable, and highly sought after tools, for
the analysis of partial differential equations. Indeed, they can be used to establish the exis-
tence of non-trivial solutions to various problems (e.g. blow-up solutions to Schrédinger
equations and solutions to Yamabe equations — see Palatucci-Pisante [6] for more details).
However, despite their numerous applications, these compactness results are interesting
in their own right. Fundamentally, they describe an asymptotic expansion of the Palais-
Smale sequence in the energy space D*(R"), which we shall introduce shortly.

Henceforth, N > 3 is an integer, u > 0 is any real number, and Q is a bounded
domain in RN having smooth boundary Q. Unless stated otherwise, we will assume
that 1 < p < N. We denote by p’ the conjugate Holder exponent of p, and by p* the
Sobolev conjugate of p, i.e. p” and p* satisty:

1 1 N,
—+—==1 and p":= P (1.1)
p P N-p
Note that p’ € (1, 00) and that p* > p. Finally, A, stands for the p-Laplace operator:
Apu = div (qulp_2 Vu) =V. (qulp_2 Vu) , (1.2)

which we interpret in the weak sense.’
Before proceeding further, we will require some machinery from functional analysis
and several simple preliminary tools.

1. Let U be an open set in RV and assume that u is a sufficiently regular function satisfying Apyu = 0 in
U. Testing against ¢ € C°(U), an integration by parts shows that

0= / pApu = / @ div(|VulP™ Vu) = —/ |VulP~2 Vu - V. (F.1)
U U U

In light of this, we say that u € W' (U) satisfies A,u = 0 in U if the expression in (F.1) vanishes for all
¢ € ().



1.1 The Setup

In what follows, X and ) each denote normed vector spaces over the real numbers and
A : X — ) denotes an operator, not necessarily linear. For the sake of convenience,
Z(X,)) is the real vector space of all bounded linear operators X — ). If ) is complete,
then .Z(X,)) is a Banach space. Let us now reiterate the notion of a Fréchet derivative:

Definition 1. An operator A: X — ) is said to be Fréchet differentiable at a point x € X
if there exists a bounded linear operator DA(x) : X — ) such that
JAGe +h) ~ A(x) = DAGRIly _

h—0 h
oy Il

The operator DA(x) is called the Fréchet derivative of A at x. The operator valued operator
DA: X - Z(X,))

given by x + DA(x) is called the Fréchet derivative of A, whenever it exists. If this opera-
tor exists, we say that A is Fréchet differentiable on X. In the case that DA is continuous,
we write A € C1(X,)).

It is not hard to see that a Fréchet differentiable operator X — ) is automatically
continuous. Having given this definition, we are ready to formulate the setup of our
main result. For N, p, u and Q as above, we are interested in solutions to the problem

- pu+a|u|p_2u E,ululp*_zu in Q,
u>0 a.e. in Q, (1.3)
uew,”(Q)

where a € LN/P(RN) is arbitrary, but fixed. Naturally, the above is simply the weak
formulation of the problem

—Apu+a|u|p_2u =pluff ?u inQ,
u=0 in Q,
u=0 on 0Q

with the boundary condition interpreted in the trace sense. When studying the problem
above, solutions to the following limiting problem will arise naturally:

“Au=pluf?u inRNV,
{ p Hlul (1.4)

u>0 a.e. in RN,



Next, let us consider the functional on Wol’p (Q) given by:

IVulP |ul? |u|P")
+a - .
p

¢: W, 7(Q) - R, u|—>/( paial s (1.5)
Q

Through elementary techniques, it can be shown that ¢ is Fréchet differentiable on Wol’P (Q)
(and hence continuous on this space) with derivative equal to

(¢ (u), hy = / (IVulP™ Vu - Vh+ aulP =2 uh — p[ul” ~* uh), (1.6)
Q

forall u,h € Wol’p (Q2). The function ¢ is the energy functional associated with (1.3), and
the functional-valued operator ¢’ will be how we test to see whether or not a function
u € Wol’P(Q) satisfies (1.3) in Q. Much like in (F.1), u € Wol’p(Q) will be called a weak
solution to the critical equation

—Npu+a lulf~u = p lulf ?u inQ (1.7)

provided ¢’(u) vanishes on all of Wol’p (Q). On the other hand, to properly define the en-
ergy functional associated to (1.4), we must first introduce the notion of a “homogeneous
Sobolev space”.

Definition 2. Given an open set U C RN, we define D'(U) to be those functions
u € I (U) having weak derivatives in L (U). More precisely,

DY?(U) = {u e I’ (U) : Vu € LP(U;RY)} .
We then equip D'?(U) with the natural seminorm
lull = [Vullppy,  Vu € DL(U).

For general open sets U in RY, our definition makes D!?(U) into a real locally convex
topological vector space. When U = RY, it is easy to see that ||-|| is actually a norm on
DY (U), and thus D (RY) is a real normed space. Finally, we denote by D(l)’p (U) the
closure of C°(U) in D (U). Note also that W?(RY) is a subset of D?(RN) by the
Sobolev embedding theorem.

Remark 1.1. A priori, it is not clear that D'*(R") should be complete. After all, if (u,) is a
Cauchy sequence in D'*(RN), then (Vu,) is Cauchy (and thus convergent) in L? (RN ; RN).
However, it is not obvious that this forces (u,) to also be Cauchy in L* (RN), nor is it
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obvious that the would-be LP" (RN) limit of (u,) is weakly differentiable. Consequently,
we encounter some difficulties when trying to show that (u,) converges to something
in DM (RN), as the D'?(RN)-norm tests only the convergence of the gradients. But,
by using a clever trick from Willem [10], we will later show that D' (RY) is in fact a
reflexive Banach space.

Remark 1.2. Let U ¢ RN be a bounded domain with C!-boundary. Then, the Sobolev
inequality forces W'(U) C D'?(U). On the other hand, f € L (U) implies f € LP(U).
Hence, D' (U) ¢ W'P(U). That is, W?(U) and D' (U) consist of precisely the same
functions. However, they will not possess the same topology. Indeed, this is because the
Friedrich-Poincaré inequality may fail for those functions in W1#(Q) having non-zero
trace.

When dealing with the limiting problem (1.4), we will be focused on weak solutions
belonging to the space D (RV). To formalize this, we introduce (as with problem (1.3))
an energy functional

p

This functional is Fréchet differentiable on D (RY) with derivative given by

P P
boo : D?PRN) 5 R, us / (qul lul ) .
RN

(Pa(u), by = / (Il Vu - Vh = ol 2 uh)
RN

for u,h € D'P(RYN). As before, we will say that u € D(RN) is a weak solution to the
limiting problem

—Apu = pi [l ?u inR" (1.8)
if ¢ (u) = 0 on all of D*?(RY). Finally, we will also be treating solutions to the following
problem:

—Apu=p lul” % u in a halfspace H,
u > 0a.e. in H, (1.9)
u € D,F(H),

which has a similar weak interpretation. To state our main result, we need only one last
definition from the calculus of variations and critical point theory.

Definition 3. Let (u,) be a sequence in Wol’p(Q). We say that (u,) is a Palais-Smale
sequence (or simply a P.S.-sequence) for ¢ if (u,) is bounded, ¢(u,) converges in R, and

@ (up,) > 0 in w(Q)
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as n — co. Here, W™?'(Q) denotes the topological dual of WOLP(Q), which is itself a
Banach space.

As it turns out, the requirement that (u,) be bounded is redundant. It can be shown
(see Struwe [8] for a proof in the p = 2 case, or Willem [11] for the case 2 < p < 2*) that
any sequence (u,) in Wol’p (Q) such that ¢(u,) converges and ¢’(u,) — 0 is necessarily
bounded. However, since our goal is to illustrate the method of proof used by Mercuri-
Willem, it will not harm us to assume a priori that a Palais-Smale sequence is bounded.

Having given this critical definition, a coherent formulation of our main result (The-
orem 2 in Mercuri-Willem [5]) is within reach.

Theorem 1.1 (Mercuri-Willem). Let (u,) be a Palais-Smale sequence for ¢ and assume
additionally that

(up)- = 0 inIP (Q) asn — oo,

where (u,)- := max{—u,,0}. After possibly passing to a subsequence, there exists a weak
solution vy € WOLP(Q) to the problem (1.3) and a finite (possibly empty) family vy, . .., v in
D (RN) of weak solutions® to the limiting problem (1.4), together with associated sequences
(Y )neny C Q and (A)nen C Ry such that

-N i
i E= T Yy
—UO—Z s l-( p ) — 0 asn— oo, (1.10)
k
lunll? = > lloillP asn — oo, (1.11)
i=0
k
)+ ) $eal®i) = lim un). (1.12)
i=1

Moreover, there holds
dist(y!, 0Q)
An

— 00, asn — oo

foreachi=1,...,k.

Remark 1.3. For simplicity let us momentarily take y = 1; we then have a complete

2. These vy, ..., vy are often referred to as bubbles — see Figure 1.



classification of the bubbles. Namely, they all take the form

N_
a2l NP ] T
- 2 P
APIN (p—l)

> p for some xo € RN and 1 > 0. (1.13)
APT + |x — x| P71

This classification was established by
o Caffarelli-Gidas-Spruck in 1989 for p = 2;

e Damascelli-Merchan-Montoro-Sciunzi in 2014 for 1\2,—152 <p<2

e Vétois 2016 + Damascelli-Ramaswamy in 2001 for the case 1 < p < 1\21_1;]2 ;

e Sciunzi 2015 for 2 < p < N.

For more history on this classification result, we urge the reader to consult the introduc-
tion of the paper [7] of Sciunzi.

FIGURE 1: An illustration of the convergence occurring in Theorem
1.1. In the energy space D'(RY), a subsequence of (u,) converges
to a solution of (1.3) and finitely many “bubbles” solving the limiting
problem (1.4).

As previously stated, the argument we will use when proving Theorem 1.1 follows to
a tee that outlined in Theorem 1.2 of Mercuri-Willem [5]. However, this argument has its
roots in a paper of Brézis-Coron [3] and was later refined in the book “Minimax Methods”
of Willem (where the case 2 < p < 2" was treated — see [11]).



2 Tools from Measure Theory and Functional Analysis

In this section, we establish several results that will be used freely throughout the proof of
Theorem 1.1 and its supporting lemmas. Although not directly related to the problem at
hand, they are necessary tools that can be proven using only some elementary concepts
from measure theory and functional analysis. We begin with a very useful convergence
result reminiscent of the dominated convergence theorem. Throughout this section, we
follow in large part both Willem [10] and Ziemer [12].

Theorem 2.1 (p-Bounded Convergence Theorem). Let (X, I, y) be a measure space, fix
1 < p < oo, and let (f,) be a bounded sequence in LP(X, u). Let f : X — C be measurable
and assume that

lim f,(x) = f(x)
for p-a.e. x € X. Then, f € LP(X, u) and

tim [ [~ gl dn =0

for every g € LP (X, ). In particular,

lim/fngdu=/fgdu
n—eo Jx X

for all g € LP'(X, ). Moreover, the measurability assumption on f can be dropped if
(X, 9, p) is complete.

Proof. Fix g € 5 (X, p). As a first observation, we necessarily have f € L (X, ). Indeed,
we see from Fatou’s lemma that

J 17 du < timint [ IR dp < suplAlE <

Hence, we may assume without loss of generality that f = 0 in L?(X, u). Thus, it suffices
to check that

Iimsup/ |fagldp < 0.
X

n—oo

To this end, let > 0 be given. For n € N, consider the measurable set
Epo={x € X : |fu(x)g(x)| < nlg()f"'}.
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From the dominated convergence theorem, it is clear that
tim [ 100l d = lim [ 1900 16, () e =0 @)

because |gf’" € L'(X, u), f, — 0 almost everywhere, and |f;(x)g(x)| 1g,(x) < n lg(0) P’
on X. Let M > 0 be such that ||ful[;»(x ,) < M for every n > 1. Since

|2 (x)g(0)| > nlg()

for each x € E;, an application of Hélder’s inequality gives

1/p’
[l < Wl ( [ 1o 0

1/p’
il ( [ sl an)

’ 1/P’
< My~ '/P (/E Ifngldﬂ) :

< ,7—1/p’

So, for any n > 1, this implies

1/p 1-1/p’ )
(/E | fugl du) = (/E | fugl du) < My~ VP

/ |fugldu < MPRP?" . Wn e N.
B

Combining this with (2.1), it follows that

Or, rather, that

lim sup / |fugldp < limsup [ |fugldu < MPR PP,
X

n—oo n—oo E;:l

Finally, sending n — oo verifies the assertion. O

This implies the following useful convergence criterion, which can be thought of as
a “local version” of Theorem 2.1.

Corollary 2.2. Let (X, p1) be a finite measure space and let f : X — C be a measurable
function. Assume that (f,) is a sequence of measurable functions such that

lim £,(x) = f(x)

for p-a.e. x € X. If (f,) is bounded in LP(X) for some 1 < p < oo, then f, — f in L}(X).

9



In particular, we see that one can overcome the need for a dominating function when
passing the limit inside the integral, provided our sequence (f;) is bounded in some
“higher” LP-space.

Lemma 2.3. Let (X, d) be a compact metric space and denote by C(X) the real vector space
of all continuous maps X — R, endowed with the norm

[Illeo == sup |-(x)| < oo.
xeX

If F € C(X) is equicontinuous and equibounded, then

sup f € C(X).
feF

Namely, sup ¢ r f is continuous on X.

Proof. First, we define a function s : X — R via the rule

s(x) = sup f(x)
feF

since the family F is equibounded, this is clearly a well defined function. Next, consider
any two points x,y € X. We have

Supf(x)—;up(f(X) f(y)+f(y)<;up(f (x) - fy))+]§upf

feF

whence

s(x) = s(y) = sup f(x) - sup f(y) < SUP(f x) = f(y) < sup|f(x) - fy)l.

feF feF feF feF

Similarly,

s(y) —s(x) = sup f(y) - sup f(x) < sup(f(y) - f(x)) < sup|f(x) - f(y)l.

feF feF feF feF

Combining these two inequalities yields

|s(x) = s(y)| = < sup [f(x) - f(y)].

feF

sup f(x) — sup f(y)
feF feF

10



Let now ¢ > 0 be given. By equicontinuity, there is § > 0 such that |f(x) — f(y)| < ¢ for
all f € F, whenever d(x,y) < d. For any such x, y € X, we must therefore have

|s(x) = s(y)| = |sup f(x) —sup f(y)| < sup|f(x) - f(y)| < supe =e.
feF feF feF feF
This shows that s(x) is continuous and the proof is complete. O

Our only application of this lemma will be the following.

Proposition 2.4. Let U C RN be non-empty and let f € L'(RN). Forr > 0, we define the
Lévy concentration function of f as

0(r) = sup /B o (22)

yeU
The function Q(r) is continuous and bounded on [0, o).

Proof. For fixed y € U, we define

Qy:[0,00) >R, r If].
B(y,r)

Since f € Ll(RN ), each Qy is continuous at 0, i.e.
lim r) =0.
lim 0, (1

By virtue of Lemma 2.3, it is enough to show that the family F := {Qy} is equicontin-

yeU
uous and equibounded on any compact interval [a, b] C [0, o). To see that this family is

equibounded, let y € U and r > 0 be arbitrary. Clearly, one has the following:

]Qy(r)\=/3( )IfIS/RNIf|<<><>-
y,r

It follows that F is equibounded on [0, o), and hence on [a, b]. Next, we establish the
equicontinuity of F on [a, b]. Let £ > 0 be given. Since f € L}(RN), there exists § > 0

such that
[in<e
E
11



whenever E ¢ RY is Lebesgue measurable with m(E) < §.> Now, for any r, q € [a, b] and
every y € U, it is easily seen that

Ifl‘ 1]

B(y,r)\B(y.q)

|0y(r) - Qy(@)| = ' /B ( )Ifl
y,r

where we are assuming, without loss of generality, that r > q. Letting wy be the volume
of the unit ball in RY, we have

B(y.q)

m(B(y,r) \ B(y.q)) = wa(rY = q")
( N-1 N-2 N-2

wn(r +r"g+---+rq
C(r—q),

+g" (- g)

IA

for a constant C > 0 independent of r, q € [a, b].* Therefore, we will have

m(B(y,r) \ B(y,q)) <6

whenever 0 < (r — q) < %. This implies that

0.0 - 00 < [ fl<e
B(y.r)\B(y.q)
for any such r,q € [a,b]. This shows that the family F is both equicontinuous and
equibounded on every [a, b] C [0, o) whence the proof is complete. O

2.1 Motivating the Homogeneous Space DV (RN)

Before discussing in detail the homogeneous space D (RY), let us first motivate its
definition. Namely, we ask ourselves why one should care about functions in L (RN)
having weak derivatives in LP(RY;RN). Put informally, D"*(RN) seeks to fully take
advantage of the Gagliardo-Nirenberg-Sobolev inequality

el < ClIVellpwy) (2.3)

which is valid for all ¢ € C}(RY), and a constant C > 0 independent of ¢. Perhaps even
more importantly, we want to take advantage of the nice rescaling properties present

3. Here, m(-) denotes the Lebesgue measure on RV,
4. Note that this constant C will depend on the interval [a, b].

12



in the Gagliardo-Nirenberg-Sobolev inequality. More precisely, fix ¢ € C}(RN) and let
A > 0 be given. Define a new function ¢, € C}(RN) via the rule ¢, (x) := AN=P)/Pyp(Ax)
and note that

/ [Vl dm = / |/1-)L(N‘P)/PV<P(Ax)|pdx: / M Vo (ax)[P dx
RN RN RN

:/ [Vol? dm.
RN

Similarly, we have
. N=p . . .
Lot am= [ 25 0G0 ax = [ 2 o)l ax
R R R

:/|(p|p* dm.
R

Equivalently, [[@allo vy = lloll vy and [Voallp @y ryy = [IVoll@yry)- Such an
invariance under a particular rescaling is known as homogeneity. In other words, the
D' (RN)-norm is homogeneous with exponent % and so is the L -norm. However, it
is easily seen that the LP-norm is not homogeneous with respect to this same exponent.
For this reason, we chose to omit it when defining the D’ (RN)-norm.

2.2 The Topology of DV (RN)

Let us now discuss the topology of the homogeneous space D' (RY), which will be of
particular interest to us. We have already given this space a norm:

lull == IVull &y »
but we may also give it the norm:
lull, = lull e vy + IVallpgyy = Hullpe gy + llll

Recalling the proof that Wi (RN) = Wol’p (RN), it becomes clear that C>°(RY) is dense in
D (RN) with respect to the norm ||-||, (see, for instance, Willem [10]). Let u € D (RN)
and choose a sequence (¢,) in C>°(RY) such that

lim [lu ~ ], = 0.
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Then, we have both

lim [[u = gullpp rvy =0 and  lim [[Vu = Vou|[pp @y gn) = 0.

By continuity of norms, this combined with (2.3) gives

llullp vy = lim ll@nllpp < C lim IV@nllLo mn

< ClIVullppmny -

In other words, the Gagliardo-Nirenberg-Sobolev inequality holds for all u € D (RN).
In fact, this shows that ||-|| is equivalent to the norm |||, on D*?(RY). Indeed, for any
u € DYP(RN) there holds

lull < llull. = [IVullpp@wyy + llull e gy
< (C+ 1) [IVullp@ny
= C' [lull

with C’ > 0 a constant depending only on N and p. We summarize our findings in the
following theorem:

Theorem 2.5 (Properties of D'?(RN)). If 1 < p < oo, then
(1) DY(RN) is a Banach space;
(2) smooth functions of compact support are dense in DV (RN);

(3) the Gagliardo-Nirenberg-Sobolev inequality holds in D’ (RN): there exists a constant
C > 0 such that

lullr < ClIVullp@y).  Vu € DF(RY); (GNS)
(4) DP(RN) € W P(RY).
In particular, bounded sequences in D (RN) are bounded in LP" (RN).

Proof. By our previous discussion, we need only verify the first point. To this end, we
fix a Cauchy sequence (u,) in D**(R"). By definition, we see that (J;u,) is Cauchy
in LP(RN) for each i = 1,...,N. Utilizing the Gagliardo-Nirenberg-Sobolev inequality

14



(GNS), the seqeunce (u,) is also Cauchy in P (RN). Thus, we may find u® € L*"(RN) and
ul,...,uN e IP(RN) such that limy_,e up = u° in L?" (RN) and
u' = lim du, inIP(RN),

for every i = 1,...,N. By definition of ||-||, the claim will follow if 9;u® = u' for each
index i. Let ¢ € C°(RN) be given; two applications of Holder’s inequality shows that

/ uoﬁi(p = lim up0ip = — lim POiuy
RN N

n—oo JpN n—oo Jp

:—/ ou'.
RN

Thus, u® € DY?(RN) and Vu® = (u!, ..., u"N). Especially, Vu, — Vu® in I?(RN;RY). By
definition, it follows that u, — u° in D'?(RY) and the proof is complete. O

2.3 Understanding Weak Convergence in D' (RYN)

As mentioned previously, the topological dual of D (RN) will play an important role
in the proof of Theorem 1.1. Consequently, we seek to properly understand weak con-
vergence in D (RN). Of course, since strong convergence in D (RN) only tests the
LP-convergence of the gradients, we should expect that weak convergence in D (RN)
be characterized by the weak convergence of the gradients in I?(RY;RY). As it turns
out, this is indeed the case.

Proposition 2.6. Let (v,) be a sequence in D (RN) and fixv € D' (RYN). Then, v, — v
in DY (RY) if and only if Vv, — Vo in IP(RV;RY).

Proof. We begin by defining the following map
T:DYRY) - IP(RY;RN), um Vau.

Clearly, T is a linear isometry and is hence an embedding. Through T, we can identify
D'?(RN) with the subspace T(RN) := T(D'?(RN)) of IP(RN;RN). As a first step, we
will show that v, — v in D*?(RY) if and only if Vo, — Vo in T(RV).

Assume that v, — v in D¥*(RN); given a continuous linear functional ¢ on T(RY),
we define

¢ :DYRY) >R, o) = ¢(Vu).
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In other words, we set ¢ := ¢oT. Clearly, ¢ is a continuous linear functional on D*(RN).
Since v, converges weakly to v in D" (RN), we must have ¢(v,) — ¢(v) as n — oo.
However, this is equivalent to the statement

lim $(V,) = §(Vo).

We infer that Vv, converges weakly to Vo in T(RN) as n — oo. Conversely, we assume
that Vo, — Vo in T(R") and fix a continuous linear functional ¢ on D**?(RYN). Consider
the map

¢:TRN) >R, ¢:=¢poT

Again, it is obvious that ¢ is a continuous linear functional on T(RY). Since Vv, con-
verges weakly to Vo in T(RN), we see that $(Vv,) converges to ¢(Vv). By definition,
this is equivalent to having

lim ¢(0n) = ¢(v).

To summarize, we have shown that weak convergence in D'?(R") is equivalent to the
weak convergence of the gradients in T(R"). To complete the proof, we need only show
that weak convergence of the gradients in T(RY) is equivalent to their weak conver-
gence in all of L? (RN; RN). Here, the only non-trivial claim is that weak convergence in
LP(RN;RN) implies weak convergence in T(RN). However, this is a simple consequence
of the Hahn-Banach theorem. Indeed, any continuous linear functional ¢ on T(RY) can
be extended to a continuous linear functional i on all of I?(RN;RY). Consequently, if
Vo, — Vo in I?(RN;RYN), then

¥ (Vu,) = ¥(Vu) asn — oo.

Clearly, this simply means that lim,_,. ¢(Vv,) = $(Vv) whence we have established that
Vo, converges weakly to Vo in T(RY). This completes the proof. |

The previous technical result will mainly be used when establishing the following:

Corollary 2.7. If (v,) is a bounded sequence in D**(RYN), there exists v € D (RN) and
a subsequence of (vy) that converges weakly to v in D' (RN).

Remark 2.1. Note that we cannot directly apply any familiar results about weak com-
pactness in Banach spaces as D'*(RY) may not be reflexive, a priori. However, as will
become apparent in the proof, we will be “saved” by the familiar properties of LP-spaces.
Certainly, if X is a Banach space, then X is reflexive if and only if the closed unit ball in
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X is weakly compact®. It therefore follows that bounded sequences in L? (RN; RN) have a
weakly convergent subsequence. Since W (Q) is reflexive for 1 < p < oo, this reasoning
also shows that bounded sequences in W!?(Q) have weakly convergent subsequences.

Proof of Corollary. By definition of the D'*(RN)-norm, the sequence of gradients (Vv,) is
bounded in L”(RN; RN). By Theorem 2.5, the sequence (v,) is also bounded in I¥" (RN).
After passing to a subsequence, we may assume that Vu, converges weakly to some
w = (wg,...,wy) in LP(RN;RN). Passing to yet another subsequence, we may also
assume that v, converges weakly to v € [P (RN). Next, we claim that v belongs to
D (RN) and that Vo = w. To see this, fix an index i = 1,..., N and let ¢ € C°(RY) be
given. Weak convergence in L (RN) gives

/ v0;p = lim vp0;p = — lim P0;vy.

RN n—->o0o0 RN n—oo RN

Since Vv, converges weakly to w in LP(RN;RN), it is not hard to check that d;v, also
converges weakly to w; in LP(RY). Using this with the above, we discover that

/ v0;p = — lim pojv, = —/ Pw;.
RN n—oo RN RN

We conclude that v € D'*(RY) and that Vo = w. Finally, since Vv, — w = Vo weakly
in I (RN; RN), it follows from Proposition 2.6 that v, — v in D'?(RY). O

Corollary 2.8. For 1 < p < oo, the homogeneous Sobolev space D' (RN) is a reflexive
Banach space.

Before starting the proof of Theorem 1.1, we would like to partially strengthen the
conclusion of Corollary 2.7. Obviously, it would be ideal to extract a subsequence that
converges strongly in D (RY). Instead, we will have to be content with the following
pointwise result. In light of Theorem 2.1, this turns out to be almost as good.

Theorem 2.9. Let (v,) be a bounded sequence in D**(RN). Then, (v,) has a subsequence
(Un,) such that v,, — v in DY?(RN) and v,, — v pointwise almost everywhere on RN.

Proof. In light of Corollary 2.7, we may assume without loss of generality that v, con-
verges weakly to v in D (RYN). For each k > 1, we denote by By the open ball B(0, k) in
RN. We then consider the restrictions of the sequence (v,) to Bi. In doing so, we obtain

5. The proof of this fact is essentially an application of the Banach-Alaoglu theorem.
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a bounded sequence in WP (By), for each k € N. By the Rellich-Kondrachov theorem,
the embedding
WP (By) < LP(By)

is compact. Thus, for this ball By, there exists a subsequence (v, k)n>1 such that
(i) vnx converges weakly to some u € WP (By) as n — oo;
(i) v,k converges strongly to uy in LP(By) as n — oo; and
(iii) v, converges pointwise almost everywhere to uy on By as n — oo.

By duality and the fact that v, — v in D*?(RYN), we see through Proposition 2.6 that

lim an,k-g:/ Vou.g
n—e JrRN RN

for each g € IP'(RN; RN). In particular,

lim an7k~g:/ Vou-g
By By

n—oo

for all g € L (Bi; RN). On the other hand, (i) ensures that

lim Vo g = / Vuy - g
By By

n—o0

for every g € L (Bi; R"). Combining these last two equations shows that
/ (Vup — Vo) -g=0, Vge I’ (RV;RV).
Bg

By a density argument, it follows that uy = v + o) pointwise a.e. on Bg, where ax € R is
a constant. In other words, v, x converges pointwise almost everywhere to v + o, on By,
asn — oo,

To complete the proof, we will now make use of a diagonal argument. For this family
of balls {By }i>1, we inductively construct subsequences { (v )}, using the procedure
described above (in such a way that (vy,x+1)n>1 is @ subsequence of (v, x)n>1). Therefore,
there is a corresponding sequence (a)x>1 of real numbers such that

Unk — U+ pointwise a.e. on By asn — oo,

18



for each k. Finally, for any fixed k € N, an application of Fatou’s lemma yields

axm(Be)? < liminf [ |ong — v|p* <limsup [ (Jonx|+ |v|)p*
n—eo  Jg ’ n—00 By ’

Szp*_llimsup( [on kP +/ |v|p*)
n—oo Bk Bk

<2 sup (/ [on kP +/ |v|p*)
neN \JRN RN

where this last term is uniformly bounded in n and k since (v,) is bounded in D?(R")
and v € P (RYN). Noting that m(Bi) — oo as k — oo, we infer that ax — 0 as k — co.
Then, the diagonal subsequence (vy, »)neny Will converge pointwise almost everywhere to
v on RN as n — oo, which proves the claim. m|

3 Preliminary Results

As mentioned above, we begin by stating two results established by Mercuri-Willem that
will play a critical role in the proof of Theorem 1.1. The first is a rather technical, but
elementary, identity:

Lemma A (Lemma 3.2 in [5]). Let 1 < q < oo and consider the function
A:RN S RNy ylyT2.

Let 1 be a measure on Q and assume that (u,) is a bounded sequence in LY(Q, 1) having the
property that

lim u,(x) = u(x)

n—oo

for p-a.e. x € Q. Then,

n—oo

lim | |A(un) — Al — 1) — A@w)| 77 dy = 0.
Q

Theorem B (Theorem 3.3 in [5]). Let (Qk) be a sequence of open sets such that Q. /" Q.
Assume that q¢ > 1 and (v,) is a sequence in W49(Q) such that v, — v in W-9(Q). Let
T :R — R be given by the rule

T(s) = 1° if Is| <1,
AN FA NP



If for each k > 1 there holds

lim | (IVou|"? Vo, - |V0|7* Vo) - VT(0, - v) = 0,

n— oo Qk
then, after passing to a subsequence,

(1) Vo, — Vo pointwise almost everywhere in Q;

@) lim (IIVoull]y o) = IV @n = 0)llfy(q) = [V0llia(oye; and

(3) IVonl92 Vo, — [V(v, — 0)|9 2 V(0, — ) — [Vo|T2 Vo in LT1(Q).
Furthermore, the theorem holds when Q = RN and W9(Q) is replaced by D“4(RV).
Finally, we will require the following non-existence result:
Theorem C (Theorem 1.1 in [5]). Any non-negative weak solution u € Dé’p(Rf) to (1.9)

vanishes almost everywhere.

3.1 Technical Lemmas

This subsection is devoted to establishing two special lemmas that can be viewed as the
“base cases” for the iterative argument that will be used in the proof of Theorem 1.1. We
note that these Lemmas are slight variants of those stated in Mercuri-Willem [5]. More
precisely, we do not impose any assumption on the limiting behaviour of (uy)-.

Lemma 3.1. Let (u,) be a sequence in Wol’p(Q) such that the following hold true:
(1) uy converges weakly to u in Wol’p(Q);
(2) u, — u pointwise almost everywhere on Q;
(3) ¢(up) = c€e Rasn — oo; and
(4) ¢'(up) = 0 in W' (Q) asn — co.

After passing to a subsequence, one has Vu, — Vu pointwise almost everywhere on Q and
¢’ (u) = 0. Furthermore, by defining v, := u, — u, we obtain a sequence in Wol’p(Q) with the
property that
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(i) lim (unll” = llonll”) = Ilull’;
(i) im $oo(vn) = lim $(un) — $(u); and
(iii) ¢’ (vy) = 0in W™ (Q) asn — oo.

Proof. We follow, with only slight modifications, the proof from Mercuri-Willem [5]. De-
fine T : RN — RY as in Theorem B. Since Q is bounded and |T| < 1 on R, the dominated
convergence theorem implies that

lim [ |T(u,—u)|?9=0 (3.1)

—00
n Q

forall 0 < q < co. Here, we have used the continuity of T and the assumption that u, — u
pointwise almost everywhere on Q. Next, we claim that T(u, —u) — 0 in Wol’p (Q). Of
course, this amounts to showing that, up to a subsequence,

T(vy) = 0 in W, (Q).

Note that this is well defined (see Ziemer [12]) because T is Lipschitz continuous whence
T(v,) € WH(Q). In fact, because |T(v,)| < |v,| a.e. on Q, we have

Trace(T(v,)) =0

which implies that T(v,,) € Wol’p (Q).

Since v, is weakly convergent, it is bounded in Wol’p (). Now, it is obvious that
(T(vy)) is bounded in LP(Q). By the chain-rule (which is valid because T is Lipschitz
continuous — refer to Ziemer [12]), one has

0i[T(vn)] = T/(Un)aivn

foralli = 1,...,N. Since the derivative of a Lipschitz continuous function is bounded,
it follows that (VT (v,)) is bounded in I?(Q) whence (T (v,)) is bounded in Wol’p(Q) as
well. After passing to a subsequence, it is of no harm to assume that

T(v)) =1 inW,7(Q)

as n — oo. In fact, by compactness of the embedding W?(Q) — L[F(Q), we might as
well assume that T(v,) — n strongly in LP(Q) and pointwise almost everywhere on Q.
Finally, since u, — u pointwise almost everywhere on Q, we have

lim T(v,(x)) =0 a.e. on Q.

n—oo
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This means that n = 0 for almost every x € Q. In particular, T(v,) — 0 in Wol’p (). Next,
direct computation shows that

/ (192l Vit = |Vl V) - VT (= 1) = (¢ (). Tt — 1))
Q

—/ |VulP~2 Vu - VT (u, — u)
Q

L
—/ (@) unl?™ un — pr lunl?"* n) T(un — u)
Q

L

Since ¢’(u,) — 0 strongly in W= (Q) and T(u, — u) is bounded in WOLP(Q), it is easy
to see that (¢'(u,), T(u, — u)) — 0 as n — co. To deal with I;, note that by Holder’s
inequality,

’

o)
Il < / VulP™ 9T (up = u)] < ( / Vul ) IVT (= )10y
Q Q
< Nl o) 1T (ttn = W)l -

These estimates show that the map
f / |VulP™Vu-Vf
Q

is a continuous linear functional on W'?(Q). Using that T(u, — u) — 0 in Wol’p (Q), it
follows that ; — 0 as n — oo. For convenience, we now break I, into two parts. An easy
application of Corollary 2.2 together with the boundedness of (u,) in LP" (Q) shows that

/ plunl? "2 u, T(uy —u) = 0, asn — oo
Q

Applying Holder’s inequality once again, we find that

N-p
N \"N

/ al lunl? ™ 1T (= )] < llall oo ( / (lual?™ Tt - n)|)N‘P)

Q Q
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where a € LNV/?(Q) by assumption and

L
/ (1al?™ 1Tt = m)1) ™ / ual? TN Ty — )| ¥7 (3.2)
Q

’

< [ [l q]l/q [ / |T(un—u>|%q']l/q (3.3
:(/ |un|P)pT(/ T(n |P) Y (3.4

__p _ N-pp* _ Np _p =y
T —xy (N-pp*-N Np-N p-1 "

where

By the same reasoning as before, we see that fQ la| [unlP~ | T (u, — u)| = 0asn — oo and
therefore that I, — 0. Putting all of this together, we find that

lim (1Vunl?™2 Vaty = [VulP™ Vur) - VT (uy — u) = 0.

—*Ja

Applying Theorem B with Q; = Q, we may extract a subsequence (also denoted (u,))
such that Vu, — Vu almost everywhere on Q. By this same theorem (or, alternatively,
Theorem A.3), we also have (i). Since (u,) is bounded in W' (Q), the Sobolev inequality
tells us that {|u,|},cy is bounded in LNL-P(Q) =~ (LN/P(Q))*. Recalling that u, — u
pointwise almost everywhere on Q, an application of Theorem 2.1 shows that

li alf = L
im Qa(x) |up| /Qa(x) |ul

n—oo

But then, using (i) together with the Brézis-Lieb lemma (see Theorem A.3 in Appendix
A) implies that

Vo, P nl?
= (222 -

1 Il *
i gyl = 2 —ullf
= — |Jun — ull e llun = ull} e

1 .

_ - P _ p p — p

= 2 Ulunll” = 1ull) = E (1nll g = Il ) + 0(0)
1 "

_ 2 P 1P p P

= = Uluall” = ) p—(nunuU, ol o)
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v /Q @ (lunl? = ul?) + o(1)

= ¢(un) — P(u) +0(1)
=c—¢(u) +o(1).
This proves (ii). Now, we claim that ¢’(u) = 0. More precisely, we check that (¢’ (u), h) = 0

forall h € Wol’p (Q). Since ¢ (u,) — 0 strongly in W~'(Q), it would actually suffice to
show that

Lim (¢ (un), b) = (¢ (), b, Vh e Wy P(Q).

Let h € W, ?(Q) be given and write
(@' (un), h) = (¢’ (u), h)
= /Q (|Vun|p_2 Vi, - VA + a|unP72 uph — 1 lup|P 2 unh)
-~ /Q (|Vu|P-2 Vu-Vh+alulP2uh— pluff =2 uh) :

As above, an application of Theorem 2.1 shows that

lim |Vu,,|p 2Vu, - Vh = / [VulP~2Vu - Vh,
Q

n—oo

and

n—oo

lim [ plunl? 2 uh = / plul” 2 uh
Q Q

Next, we claim that the family {Iun P2 unh}n N is bounded in L NL( Q), where Nl_p is the
Holder conjugate exponent of % As in (3.2)-(3.4), we have

/Q(lunlf"1|h| e /lu i Np|h|Nlp/ |
/lunw’pwﬁ } q[/lqu] /a
:(/ |un|f’)7(/g|h|p)
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After a final application of Theorem 2.1, we deduce that (¢’(u,), h) — (¢’(u), h) for any
fixed h € WOI’P (Q). Consequently, ¢’(u) = 0 in W~ (Q). By similar convergence argu-
ments, it readily follows from the Brezis-Lieb lemma (Theorem A.3) that

Peo(Un) = ¢'(0n) + 0(1) = ¢ (un) — ¢"(u) + 0(1) = 0(1)
when considered in W' (Q). This completes the proof. ]

Finally, we cite a final result from Meruci-Willem which can be thought of as an
analogue of the previous lemma for rescalings of the sequence (uy).

Lemma 3.2. Let (y,) and (A,) be sequences in Q and (0, 00), respectively, such that

dist(yn, Q)
A

— 00, asn— oo, (3.5)

Suppose further that we have a sequence (u,) in D (RN) such that the rescaled sequence

N-p
N

Un(x) == A, up(Anx + ypn)
in D' (RN) satisfies
(1) v, = v in D?(RN) and pointwise almost everywhere on RN

(2) Poo(un) — ¢ and ¢’ (uy) — 0 in W (Q) asn — co.

Then ¢, (v) = 0. Furthermore, after passing to a subsequence, we have Vv, — Vv almost
everywhere on RN, Moreover,

(i) nll_)nolo (Nuall? = Nlwall?) = llolI?;
(ii) Poo(Wn) = ¢ — Ppoo(v) as n — o0; and
(iii) ¢l (wp) = 0 in W' (Q) asn — oo

where we define

wn(z) = un(z) — A:;_TNU (Z ;nyn) .
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Proof. We once again follow, with slight modification, the proof of Lemma 3.6 in Mercuri-
Willem [5]. Note that (v,) is bounded in D' (RYN) since it converges weakly. Let { By }xen
be an exhaustion of RN by open balls, centered at the origin, of radius k > 1. For any such
k, we claim that ¢/, (v,) — 0 strongly in W#'(B;). Given a test function h € Ce(RN),

we define N
=N _
ho(2) = 4,7 h(z y”).
An

Suppose now that h € C°(Bi). By the assumption in (3.5), we have h, € C;°(Q) for all
n sufficiently large. Hence, a change of variables together with the Friedrich-Poincaré
inequality gives

Koo (©n)s W] = [P0 (un), Bl < |l (un) lly1.07 (0 1hnllwrr ()
<C ||¢:>o(un)||W*LP'(Q) [ hnll
= Cll¢% un)lly-1r (g 1Rl
< Clléeo (un)lly-17 () 1Rllwre sy, -

It follows that ¢/, (v,) — 0in W' (B;) as n — oo, for each k > 1. Let T : R — R be as
in Theorem B and fix k > 1. Let p € C°(RY) be such that

0<p
p=1 on By,
p=0

outside By, 1.
For n € N, we define
fi: RN S RN, f = Vo, |2 Vo, — Vo’ Vo,

It is not hard to check (see Lemma A.2 in Appendix A) that f,, - VI (v, —v) > 0 on all of
RN, Thus,

fn- VT (v, —v) = fu-pVT (v, —v) < / fu- pVT (v, —v).
By By RN

Now, assuming that [pn fp - pVT(vy — v) — 0 as n — oo, Theorem B would ensure
the existence of a subsequence (v,) with Vv, — Vov almost everywhere on R". In fact,
by homogeneity, this same theorem would immediately give (i). A simple calculation

26



verifies that

RNf,l-pVT(vn—v) :/Ran-V[T(vn—v)p]—/RNT(vn—v)fn-Vp.

=:0; =

As in the previous lemma, we are now reduced to verifying that I;,I, — 0 as n — oo. For
I, an application of Holder’s inequality gives the estimate

< [ 100 =00 ol < IS, o, [T Vol ariem

where
/ IT (v, — )P |[Vpfl -0 asn— oo
RN

by the dominated convergence theorem. Hence, I, — 0. To see that ; — 0 as well, we
first note that

= @ p T =00+ [ o onpT(0n =) 39
=i
- / IVolP™2 Vo - V [pT (v, — v)]. (3.7)
RN
=)

Now, p has compact support and T is a bounded Lipschitz function with bounded deriva-
tive. Since ¢ (v,) — 0 strongly in W~?'(By) for every k > 1, it is not hard to see
that

(P2 (vn), pT (v, — v)), asn — oo.
To deal with J;, we first apply Holder’s inequality:

Ul < [|loal?”| & IpT(vn = 0)|
LP*-1(RN;RN)

1/p*
*_1 «
= 1ol ) ( /R Nl T(on = 0)P )

Lr* (RN)

where

lim Ip| 1T (v, — )P =0
RN

n—oo
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by the dominated convergence theorem. It follows that J; — 0 as n — oco. Treating J,
we write

S /R VolP 2 Vo - ¥ [pT (v, ~ v)] = /

|VolP~2 pVou - VT (v, — )
RN

+ / |VolP™2 T (v, — v)Vo - Vp.
RN
As before, it is clear from Theorem 2.1 that

lim |VolP~2 T (v, — v)Vov - Vp = 0.
N

n—oo R

On the other hand,
/ |VolP~2 pVo - VT (v, — v) = / |VolP~2 pVo - T' (v, — v)V (v, — )
RN RN

for each n € N. Using the definition of T, we see that

/ |VolP~2 pVo - T (v, — v)V (v, — v) = / |VolP~2 pVo - V(v, — v)
RN RN

- /| | |VolP~2 pVo - V(v, — v)
vp—v|21

where this first term converges to zero because v, — v in D" (RN). As for the second
term, invoking Holder’s inequality shows that

p-1/p
< Mllv, —ol| (/ IVUIP)
En

with E, := {x € supp(p) : |vp(x) — v(x)| > 1}. Using that p has compact support and
v, — v a.e. on RN, an application of Proposition A.1 ensures that m(E,) — 0 as n — co.

/| | |VolP~2 pVo - V(v, — v)
vp—v|21

Consequently, this second term also tends to zero. It follows that J, — 0 and so I; — 0.

By our earlier remarks, we may now assume that Vo, — Vo almost everywhere on
RN and that (i) holds. Much like in Lemma 3.1 (and, of course, Mercuri-Willem [5]), the
Brézis-Lieb lemma together with (i) implies that

Poo(Wn) = oo (Un = V) = oo (Un) = Poo(v) + 0(1)
= Poo(n) = oo (v) + (1)
= ¢ = ¢oo(0v) +0(1)
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whence we have (ii). Next, let us fix h € C°(RN). Clearly, we have (¢, (v,), h) — 0 as
n — oo. On the other hand,

(@ (0n), B = (Bl (), B = /

(IVoulP 2 Vo, - Vh = o v,h)
R

- /N (|Vv|P—2 Vo - Vh—p|ofP 2 vh) :
R

Next, note that the {lenlp_l}n>1 and {|vn|p*_1}n21 are bounded in the dual spaces of

LP(RN;RN) and L" (RN), respectively. Since h has compact support, applying Theorem
2.1 in a now routine manner gives

lim |Vo,|P~2 Vo, - Vh = / |VolP~2Vu - Vh

n—oo RN RN

and
lim lonlP "% v,h = / lv|P "% vh.
RN RN

n—oo

This tells us that ¢/ (v) = 0. Finally, convergence arguments that are by now familiar
show that

(Pl(Wn),g) > 0 asn — oo

uniformly in g € C°(Q) satisfying ||g|| = 1. This establishes (iii) and the proof is complete.
i

4 The Proof of Theorem 1.1

We are now ready to illustrate the method used by Mercuri-Willem [5] in the proof of
Theorem 1.1. In the spirit of their proof, we shall divide the proof into several steps for
the sake of readability. Recall that ||-|| by default denotes the D'*(RN)-norm and not the
WP (Q)-norm.

Step 1. There exists a subsequence, also denoted (u,), and a solution v, to the problem (1.3)
such thatu, — vy weakly in Wol’p(Q), strongly in LP(Q), and u,, converges pointwise almost
everywhere to vy on Q. Furthermore, the sequence in Wol’p (Q) given by

1.
Uy, = Uy — U

is bounded in Wol’p(Q) and satisfies
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(1) Vu) — 0 almost everywhere on Q;
@)

(3) lim $oo(uy) = lim p(un) = §(vo); and

P
| = llunll? = llwoll? + o(1);

4) ¢ (ul) = 0in W (Q) asn — c.

Proof of Step 1. Since the sequence (u,) is bounded in Wol’p (Q2), we may obviously extract
a subsequence converging weakly to some v, in Wol’p (Q). Furthermore, since Q is a
smoothly bounded domain, the embedding

W, P(Q) < L(Q)

is compact by the Rellich-Kondrachov theorem. Passing to yet another subsequence, we
might as well assume that u, converges strongly to some function w in L(Q) and that
limy, 0 up(x) = w(x) for almost every x € Q. In particular, u, converges weakly to w
in I7(Q). However, weak convergence in Wol’p (Q) implies weak convergence in LP(Q).
This means that u, — vy in LP(Q); by the uniqueness of weak limits we must then have
vy = w almost everywhere in Q. Consequently, because u, — vj a.e. on Q and (u,)- — 0
in IF" (Q), we find that vy > 0 a.e. on Q.

By virtue of Lemma 3.1, it is immediate that ¢’(vy) = 0, i.e. vy is a weak solution to
problem (1.3). Consequently, it remains only to verify the asymptotic identities in (2)-(4).
This turns out to be quite easy since Lemma 3.1 directly implies both (3) and (4). As for
(2), we have by this same result that

1
n

4
) = llwoll”.

lim (flugll? ~ [
n—o00

It follows that

1
U,

1
U,

P P
+ [looll? = llunll? = llvoll? = (Hluall? = [us]|")

= llvoll” = llvoll” + o(1) = o(1).

We also point out that (u]) is a sequence in Wol’p (Q) which may be considered (using
standard extension results) as a sequence in W?(R"). In fact, the auxiliary sequence
(ul)nen will also be bounded in W1 (RYN). O

Step 2. Theorem 1.1 holds true in the case where u} — 0 strongly in LP" (Q).
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Proof of Step 2. In light of Step 1, we know that ¢/, (ul) converges to 0 in W~ (Q) as

n — oo. Furthermore, for every integer n > 1 there holds
Uy

Peo (t1n)
Peo (1)

(B aan), upy

<|

- sup
W' @)}

— 0,

1
<
<| 75 I,

sup|
-1, ’
WD) 5

as n — oo. In this last step, we have used the boundedness of (u}) in Wol’p (Q). Returning
to our expression for (¢/, (ul), h), we see that

1
up

P
—p

p*
— 0, asn — oo.

oty = [ (v
RN

However, urll — 0in L¥ (Q) would imply that, as n — oo,

I
RN

From the last two equations, we infer that

/ )Vu,ll
RN

In other words, Vu,, — Vv, in LP(Q). It follows that

5

p—>0.

1

Up

P
— 0, asn— oo.

lun —voll > 0 and  [luall — llooll

as n — oo. Since u, — vy in LP(Q) by Step 1, we have that u} — 0 in LP(Q2). Combining
these facts shows that ul — 0 in Wol’p (Q). That is,

lim u, = vy strongly in Wol’p (Q)

n—oo

whence ¢(vy) = lim, e ¢(uy,). Furthermore, Step 1 states that v, solves problem (1.3)
weakly whence Theorem 1.1 follows with k = 0.

Next, we will consider a family of LeVy concentration functions. For every index
n > 1, we define a real valued function Q, on [0, o0) via the formula

e [
yeQ JB(y.r)
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Note that each Q, is well defined since u} € P (RN) by grace of the Sobolev embedding
theorem. By the same token, since the {u!},cn are uniformly bounded in Wol’p (RYN), the
functional family

F = {On () nen

defines (through the use of Proposition 2.4) a collection of continuous functions on [0, o).
Now, in light of Step 2, we may assume that u} /> 0 strongly in L' (Q). After passing to
a subsequence, this means that there exists § > 0 such that

: P
inf [ |u)| > 6.
neN Jo

Without loss of generality, we may assume that

S N/p
0<8< (—”) (4.1)
2p

where S, > 0 is the best constant for which the Gagliardo-Nirenberg-Sobolev inequality
(GNS) holds in all of D'?(RN):

Yw € DY (RN),

Sp IWIE e oy < IVWIT, vy -

LP* (RN

Now, every Q, is a continuous function on [0, c0) satisfying both
0,(0) =0 and lim Qu(r) > 4.
r— o0

By the intermediate value theorem, there exists r, € [0, 00) such that Q,(r,) = J. Letting
R, be the set of all such r,, we put A} := inf R, > 0. Fixing n, let (r;);cn be a sequence in
R, converging to Al as I — oco. By continuity, it is clear that

On(Ay) = lim Qn(r1) = .

Furthermore, since Q,(0) = 0, we necessarily have /1,11 > 0. Proceeding inductively, we
obtain a sequence (A}) in (0, o0) such that

1|P

04(21) = sup / [}
yeQ B(y,/ll

n

for each n € N. Once again fixing n > 1, we may find a sequence (£, ,),>_, in Q such that

5

1P

Up

6 = lim
M= JB(Epy,noAh)
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Passing to a subsequence if necessary, we may assume that £, — y, € Q as we let
m — co. By the dominated convergence theorem,

6 = lim u,ll‘p = /
M= JB(Em,nAn) B(yn-An)
Remark 4.1. Since Q is bounded, the sequence of radii (/1},) must also be bounded. To
be more explicit, we must have 0 < /1}1 < 2diam(Q) for each n > 1. Furthermore, the

lp, Vn € N.

n

u

sequence of centers (y!) lives in Q and must also be bounded. Thus, after passing to
another subsequence, we may find y! in Q and A! > 0 such that

limy! =y' and lim A} = A"
n—oo n—oo
Step 3. For each n € N consider the domain

Q, ::/%(Q—y;).
It is obvious that x € Q, if and only if
Ax+yl e Q.
Next, we define a sequence (v})nen in Wol’p(Qn) C WYP(RN) by the rule

N-—

NP
on(x) == (A4n) 7 un(Anx + yp).

The family {v}}nen belongs to the space WP (RN) and is uniformly bounded in D (RY).

Moreover, one has
o= sup/ i =/ v,llp . (4.2)
yeQ, 7 B(y.1) B(0,1)

Proof of Step 3. Since every v} is a rescaling of a function in W (RY), it is clear that
{0} }hen € WEP(RN) € DIP(RN). To see that {v!},ey is uniformly bounded in D (RYN),
it suffices to use the homogeneity of D' (RV):

14
LP(RN;RN) — /RN

= [ YT+ )

= / |Vu,1,
RN

1]1P
<
— n Wl,p(]RN) °

1

Up

4

p:| da

1. 1% 191 1
A ()7 Vup(Ahx +yh)

|Vv1

n

1
Uy

pdx

P

u
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Since the {ul},cn are bounded in W' (RN) by Step 1, the family {v},}neN is therefore

bounded in D' (RY). Next, we verify (4.2). Given n € N, we have by construction that

P

Since y € Q,, if and only if

for a unique z € Q, a similar argument yields

Np
sup / v,llp = sup/ A) 7 uy(Arx +y,) " dx
yeQ, /B(y.1) yeQ, Y B.1)
p*
= swp [ Gl ks il d
yeQ, B(y.1)
= sup / u} "= 5.
zeQ JB(z.A7)
This directly implies (4.2) and the proof is complete. ]

For each n € N, let us now consider the linear functional ¢ (u}) on D (RY). Since
Wol’p (Q) is a closed subspace of D¥(RN), every ¢/, (ul) restricts to an element of the
dual W™'(Q). By a duality result analogous to the Riesz Representation Theorem for
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I, wecan find f},..., fN € I’'(Q) such that®

N
ot =Y. [ fio
i=1

forall h € Wol’p (Q). Next, consider the functions given by
i 1\N _% iry1 1 .
gi=(4) " fikix+y). Vi=1,....N.
Step 4. Adhering to the notation and terminology developed above, one has

N
(Pl (vp), h) = Z/Q gioh, Vhe Wol’p(Qn)_
i1 JQn

Proof of Step 4. First, we fix a function h € Wol"0 (Q,) and define

h(z) = h(z;ly}l).

n

Notice that & € Wol’p (Q). Furthermore, we have the following equalities;

z-y,
A

1
AL (z) :aih( ) and ALVA(z) :Vh(z Aly").

n

Similarly, we see that

Vor(x) = (AN PPl Alx + yh) = AN PV (Ahx + ).

6. Given general domain Q and a continuous linear functional ¢ on Wol’p (Q), we can find fy, fi, ...

belonging to L? (Q) such that

w(w)=Aﬁw+iAﬁaiw

for all w € Wol’p (Q). However, when Q is bounded, one can dispense with the f;-term in the above.
That is, we have ¢(w) = Zﬁl Jo f;’aiw for suitable fi, ..., fiy in L?' (Q). This is not too surprising since
w B [|[Vw|| s (q) is an equivalent norm on Wol’p (Q). We refer the reader to Adams-Fournier [1] and Brézis

[2] for a precise statement and proof.
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Fix now an integer n > 1 and let h € Wol’p (Q,) be given. It is easily seen that

N N
> [ g = [ DN e s yoh) ax
i=1 n i=1 n

N . z—yk
:()':I)N P NZ/nt(z)alh( )Llyn) dZ
i=1 /@ n
N

N ; z—y}
= ()77 Z /Q fn(z)a,-h(—% )dz

i=1

N
= (AN {(2)0:h(z) d
(L) ;/an(w (2) dz
= (AN (ul), .

On the other hand, (¢, (v;), h) is given by

/ [|Vv,11
RN

which, when expanded, becomes

p -2

i Vo, - Vh— o}

v,llh]

-2
v,h

1
Up

/RN @MVl ah + g QDNPVL Ak + ) - Th(o) dx - /RN g
_ (A;)N(P—l)/f’ /RN ‘Vu,ll(/ﬂlx + yrll)
B /RN p | NP Py i + 1)
~ _ 1
_ (A;)N(p—l)/p—N/ |Vu,1,(z)|p ZVurl,(Z) -Vh (Z 1yn) dz
RN A
oy [
RN

n
_ _ 1
= (AN / Vul(z) ZVu,ll(z)-Vh(Z/vy") dz
RN

n
_ (AL N-PGT-Dp-N / p
RN

" VUl (Alx + yl) - Vh(x) dx

p-2 _
()N PPyl (Ahx + yh)h(x) dx

w(Alx + g 7wl (Al + yl)h(x) dx

1

u,ll(z)|p*_2 u (z)h (Z ;1y") dz

n

(L)1 / Vil Vul(z) - Vi) dz - ()N / i@ w@he) dz.
RN RN
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After some cleaning up, this last expression is equal to

1
Uy

(ALy1=N/p /RN ['Vu,ll(z)r)_z Vul . Vh—p 2 u,llfl] ,

which is precisely
(A NP (up), b
Combining these identities, we find that for all h € Wol’p (Qp):

N
(@b = NG =) [ gl
i=1 Y n

O

In light of the observations made in Remark 4.1, we may assume that Q, — Q. as
n — oo, where Qo, € R is

e arescaled translation of Q if A! > 0;
e allof RN if A! =0 and y! € Q; or
e ahalf space if ! = 0 and y! € 9Q.

Here, the convergence should be understood in the sense of indicator functions, which is
equivalent to the compact-open topology. However, a geometric picture of this conver-
gence is enough for our purposes.

Step 5. Passing to a subsequence if necessary, we may assume that v, — v, for some
v; € D'Y?(RN) and that

lim v} (x) = vy (x)

n—0o

for almost every x € RV,

Proof of Step 5. We already know from Step 3 that (v}) is bounded in D*#(RY). Thus, the
remaining assertions follow at once from Theorem 2.9. ]

Next, we show that our first bubble v! € D'?(RYN) is non-trivial.
Step 6. The weak DY (RN)-limit v; of v} is non-zero.
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Proof of Step 6. We argue by contradiction. If v; = 0in D (RN), then v; vanishes almost
everywhere in RY. Recall that the {v!},cy are uniformly bounded in D (RY). Since
the family {v!},ey is bounded in D' (RY), the Gagliardo-Nirenberg-Sobolev inequality
(GNS) ensures that the {v}},cy also form a bounded family of functions in LF"(RN).

Now, given an open ball B C RN, we see that {v,ll}neN is a uniformly bounded se-
quence in WP (B). By the Rellich-Kondrachov theorem, we may assume that v! — w
strongly in L?(B). Then, passing to a subsequence yet again, we must have v} — w
pointwise almost everywhere in this ball B. Hence, w = v; almost everywhere on B. In
short, we have found a subsequence (v}) that converges to 0 strongly in L (B). By taking
an exhaustion of RN by open balls of radius m > 1 and using a diagonal argument, we
find a subsequence (also denoted by (v])) that converges strongly to 0 in LP(B,,), for each
m € N. Clearly, this means that v,ll — 01in Lfoc(RN ) as n — oo,

By using Step 1 together with a duality result from Brézis [2] (Proposition 9.20 therein),
it follows that
N

i=1

:Z/ g;p — 0, asn— oo, (4.4)

Next, recall that Q. denotes the “limiting domain” of the Q,. By definition, if y € Q.,
then y belongs to Q, for all sufficiently large n. Fix now a point y € Q. and consider the
ball B(y, 1), which may not be contained in Q. For a given test function h € C°(RY)
with supp(h) € B(y, 1), Holder’s inequality with exponent %, gives

/ el = / v :
RN RN
A\P/N
P 1
< hv,
(/supp(h) ) (/RN |

From this, an application of Sobolev’s inequality shows that

. A\PIN N\
/lhlp i s/ i /|hv”’ : (4.5)
RN supp(h) RN "
o p/N »
< st / 03] / MGEHIAE (4.6)
b supp(h) RN
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Because v} is bounded in D (RY) and converges strongly to 0 in L?OC(RN), one has
/ [Vhop) = / 1I? [Vo,
Q. RN
:/ |Vv}l " gl v (InIf v}) + o(1) (4.8)
RN

= (a0, AP Oy + g /

RN

P+ o(1) (4.7)

1P 2

n

(08)" 1A1P + o(1) (4.9)

v

N *
=3 [ gty [ el o) (@.10)
i=1 /< RN
< ,u/ |hlP o} - o(1). (4.11)
RN

Let us take a brief moment to justify this series of estimates. Equality (4.7)-(4.8) follows
from Holder’s inequality. Thereafter, equation (4.11) follows from (4.3)-(4.4) together
with an application of Holder’s inequality after observing that d;(|h|f v;) is uniformly
bounded in I?(R™).” Applying (4.2) and (4.5)-(4.6), we actually obtain

/‘Wm¢V5yg%%/ V(o))
Q, RN

1
s—/|wm9
2 JRN

where the last inequality follows from property (4.1). Whence we conclude that

lim / |V(hvi)

n—oo Qn
This means that Vo, — 0 in LP(B), for any ball B of radius 1 with center in Q. After
covering Qo with countably many balls, each of radius 1 with center in Q., we infer
that Vv,ll converges to 0 in LfOC(QOO), as n — oo. Similarly, Vv,ll 1 (B)
compactly contained in the complement of Q,, as n — oco. To summarize, we have shown
that Vol — 0 in Lfoc (RN) whence v! — 0in WI(I)CP(RN ). Finally, the Sobolev inequality
implies that

P+ o(1)

P+ o(1)

-

— 0 on any ball B

lim v, =0 in Lf;C(RN),

n—o0
which directly contradicts (4.2). O
7. A simple calculation shows that d;(|h|f v}) = v18;(|h|) + |h|P d;v). To see that v} d;(|h|P) is bounded
in LP(RN), we recall that v} is bounded in L?" (RN) and h € C®(RN). Similarly, |2|” ;) is bounded in
LP(RN) since 9;v} is bounded in LP(RN) and h € C(RN).
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Step 7. The radii converge to 0 asn — oo, i.e. A! = lim,_,0 AL = 0.

Proof of Step 7. Arguing by contradiction, let us assume that A! > 0. Since v} — v,
weakly in D (RY), Proposition 2.6 states that

lim Vv,ll-g:/ Vo, -g, VYge I RN;RV). (4.12)
RN RN

n—>oo

Fix now ¢ € C(RY;RN); a straightforward calculation shows that

Vol-p= [ N7 - Vi (Alx + g) - o(x) dx
RN n (P— RN n n n n yn (P
= [ OVPVUl(4x +y) - o(x) dx

RN

_ (11\N/p-N 1 z - yrll
= (An) RN Vun(z) @ BT dz.

n

Now, Step 1 ensures that Vu! — 0 pointwise almost everywhere on Q. Actually, since
{ull,s1 C Wol’p (Q), we know that Vu! — 0 pointwise almost everywhere on RY. More-
over, it is not hard to see that the sequence (Vu!) is uniformly bounded in L/ (RY; RN).
Since A} — A! > 0 and y! — y' € Q, there exists a compact set A € RN such that

o
supp(qo( Alyn))QA, Vn > 1.

n

Using now that ¢ is bounded, an application of Theorem 2.1 gives

z-y,
A

lim Vo, - ¢ = lim Vul(z) - ¢ ( ) dz = 0.
N

n—oo JpN n—oo Jp

Indeed, this is because for M := supgw |¢| one has

1
/N Vu,ll(z)-gp(z /11yn) dz| < /N
R n R
S/ |Vurll
RN

Now, we relax the assumption that ¢ € C*(RN;RN). Fix g € I (RNY;RN) and let £ > 0
be given. By density, there exists ¢ € C°(RN;RY) such that

dz

7 — 1
Vuy(2) - ¢ (T%)

M1,.

19 = @llor @y ryy < e
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Clearly, one has

< +

/RNVv,ll-g

/ Vv,ll X
RN
/ Vo, - ¢
RN

Since {vp}n>1 is a bounded family in D'*(RN) and [y Vol - ¢ — 0 asn — oo, we infer
that
/ Vo) - g
RN

lim [ Vol-g=0, VgelI’RN;RY).

n—co [pN

/RNVvé~(9—<p)‘

< v,ll

+|

llg - 90||LP'(RN;RN)'

1
U

<e+ sup|
n>1

&

for all n large. Or, rather, that

But by Proposition 2.6 this means that v! — 0 in D' (RN), which directly contradicts
Step 6. It follows that A} — 0 asn — oo. O

Step 8. The function v' is almost everywhere non-negative in RN, i.e. v! > 0.

Proof of Step 8. Recall from Step 5 that v} — v! a.e. on RY. Hence, it would be enough
to check that lim,_,c v}(x) > 0 for almost every x € RN In fact, because
N-p N-p
vp(x) = (/1,11) P u(AMlx +yp) — (A}l) P ve(Alx +yp)
and

N-p P .
(/131) ! un(AiX+yi)] dx = lim (un)-f =0,

n—>oo RN

lim
n—oo RN

it would be enough to show that the sequence

N-p

wa(x) = (A1) 7 vo(Aux + y)

has a subsequence converging a.e. to zero on RY. Fix now R > 0 and consider the open
ball Bg := B(0, R). By homogeneity, we have that

|wW:/ loelP” — 0,
Br B(y},RAL)
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because m(B(y,, RA})) — 0 as n — oo. Hence, (w,) has a subsequence converging point-
wise a.e. to 0 on Bg(0), for any R > 0. By applying this argument iteratively with the
sequence R, := m with m € N and using a diagonal argument, we obtain a subsequence
(w,) convegring pointwise a.e. on RN to 0. ]

Since /1,11 — 0 as n — oo, we can rule out the case where Q. is a rescaled translation
of Q. This leaves us with only two possibilities:

e yl € Qand Q,, =RY; or
e y; € 0Q and Q. is a half-space.

If Q. is a half-space, then an argument similar to that used in Lemma 3.2 shows
that v! is a non-negative (by virtue of Step 8) solution to the limiting problem (1.9) in a
half-space. However, this together with Step 6 would contradict Theorem C. Therefore,
Q. = RN, y! € Q, and v, solves (1.4) by Lemma 3.2. In particular, after passing to a
subsequence, we may assume that y, € Q for each n > 1.

Step 9. If w € D'?(RN) is a non-trivial critical point of ¢o., one has

N/
Poo(w) 2 % (i—p) ' > 0. (4.13)

Proof of Step 9. Let w € D" (RVN) be a non-trivial critical point of ¢... By definition, this
forces

0= () = [ (19wl = )
RN
whence, by the Gagliardo-Nirenberg-Sobolev inequality (GNS)

p p = ||| = ”
Sp Wl @y < VW vy = IWIE= Wi, g -

Especially, this gives

S .
p p-pr
—_— < .

Put otherwise,

Sp\Pr
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From this, we infer that

P*
wip # Il p*v 1)
w(w) = - - = plwll?, [~ - =
ool p r* g rip p

O

Next, we complete the proof of Theorem 1.1. By invoking Lemma 3.2, the sequence

nuwzﬁwww%f%v{x;%)

satisfies

2
n

P
L. = llunll? = llvoll? = llo1lIP + o(1);

u
2. poo(up) — lim ¢(un) = $(v0) — Peo(v1); and
3. ¢l (u?) — 0in W' (Q).

In light of this and Step 9, the iterative procedure described above can only construct
finitely many sequences (v!), (1)), and (y'). Afterwards, we would find ourselves in Step
2 thereby terminating the proof. We note that this part of the argument is standard and
can be found explicitly in Struwe [8]-[9], Willem [10]-[11], and Mercuri-Willem [5].

4.1 Further Observations

The assumption that (u,)- — 0 in L’ (Q) is only used to establish the non-negativity
of the v; extracted in Step 5. Then, by using Theorem C, it was possible to show that
the v; satisfied (1.4) as opposed to, possibly, the limiting problem (1.9) for a half-space.
By relaxing this assumption on (u,), a stronger and more precise variant of Theorem 1.1
continues to hold true. Formally, we have the following theorem:
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Theorem 4.1. Let (u,) be a Palais-Smale sequence for ¢. After passing to a subsequence,
there exists a weak solution v, € Wol’p (Q) to the problem

—Apu+alulf?u =plulf u inQ,
{u =0 on 0Q
and a finite (possibly empty) family v, . .., v in DY (RN) of weak solutions to either
—Apu+a|u|p_2u =plulf 2u inRN
or

—Apu=pi lul” 2 u in a halfspace H,
u € D,P (H),

together with associated sequences (! )neny C Q and (A)nen C Ry such that

o 007 [ 52)

n

k

lunll? = > lloillP asn — oo,
i=0

— 0 asn— oo,

k
$(v0) + ) po(0)) = lim $(utr).
i=1

Since Lemmas 3.1-3.2 were established without any assumption on the limiting be-
haviour of (u,)-, the proof of this theorem is simply an easy adaptation of the argument
used in the proof of Theorem 1.1.

A Appendix

In this section, we state or establish results necessary for this paper that are now either
standard or considered elementary. Unlike the results presented in §2, these are not
directly related to the main idea behind the proof of Theorem 1.1.

Proposition A.1. Let (X,M, 1) be a finite measure space and let (f,) be a sequence of
measurable functions converging almost everywhere to a measurable function f on X. Then,
fn converges to f in measure on X.
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Proof. Let > 0 be given; we must show that p ({x € X : [f,(x) — f(x)| = J}) — 0 as
n — oo. To this end, we fix ¢ > 0. Through Egoroff’s theorem, we can find a measurable
set E C X such that y(E) < € and f, — f uniformly on X \ E. Let N € N be such that

[fa(x) = f(0)] <6
for all x € X \ E and every n > N. Then, for all n > N one necessarily has
(xeX:|fulx) - f(x)| 26} CE
whence p ({x € X : |f(x) = f(x)| = 6}) < u(E) <e. |
Next, we state a nearly trivial inequality for real numbers:
Lemma A.2. Let1 < p < oo, then,
(a=b) (lalP2a—1bI"2b) > 0
foralla,b e R.
Proof. Clearly, we may assume without loss of generality that a > b. Then, it would be
enough to show that lalP=2a > |b|P~*b. Now, this inequality is obvious if a > b > 0,

a>0>b,ora>0>b. It remains only to verify that case where b < a < 0. However,
this case is also trivial because

|alal”™?| = lalP™ < b~ = b 161
gives alalP™% > b |bP~2. ]
Finally, we state (without proof) the Brézis-Lieb lemma (see Theorem 1 in [4]).
Theorem A.3. Let (X,9, i) be a measure space and let 0 < p < co. Assume that (f,) is

a bounded sequence in LP(X, u) and that f, — f a.e. on X, where f is measurable. Then,
f e ’(X,p) and

i ([ 5P au= 1= svan) = [ 17 au
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