SOLUTIONS TO EXERCISES IN PARTIAL DIFFERENTIAL EQUATIONS

EDWARD CHERNYSH

In this document we solve multiple exercises in preparation for the midterm
exam in Math 475 at McGill university. The problems were taken from either the
course notes or the assignments. We focus on the following topics:

o The method of characteristics,

1D wave equation,

3D wave equation,

distributions (generalized functions),
Fourier transforms.

O O O O

1. METHOD OF CHARACTERISTICS
Exercise 1.1. We know from the lectures that the general solution to the PDE

auy+buy+u=0, a=0

ax+by

is u(x,v) = f(bx—ay)e «*+? for a smooth function f of a single variable. Show that
this is equivalent to saying that there exists a function g such that

u(x,v) =g(bx - ay)e_g.
Solution. This follows at once from the observation that
ax+by x x -—a’x—bya+xa’+xb® x  bx-ay x

TZ+br a4’ a(a? + b?) a  a(@2+b?) a

g

Exercise 1.2. Suppose that every solution to au, +bu, = 0 satisfies u(1,2) = u(3, 6).
What is £?

Solution. The PDE may be rewritten as Vu-(a,b) = 0. This means that all solutions
are constant along curves with direction (4,b) at all points. These are precisely
curves of the form:

V(x) = Zx+c, ceR.
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Since u(1,2) = u(3,6) for all solutions, it follows that (1,2) and (3,6) live on the
same characteristic curve. Hence,

b
4=6-2=—-(3-1)

which implies that % =2. U
Exercise 1.3. Using the methods of characteristics, solve
Uy + X1ty + Uy, = U, u(Xy,X2,0) = x1 +x0.
Solution. The characteristic curves of the equation are given by:
Xi(s)=1, xa(s)=x1(s), x3(s)=1
with z(s) = u(x1(s), x2(s), x3(s)). Along these curves, by the chain rule, Z(s) = z(s).
This means that
z(s) = Ce®
along these curves. The characteristics can then be solves by taking
§2
x1(s)=s+cy, x3(5)=s, x(s)= > +c1S+co.

Here we have taken x3(s) = s so that x3(0) = 0. Therefore,
2(0) = Ce® = C = x1(0) + x,(0) = ¢; + 5.

Hence, u(xy,x5,x3) = (c1 +¢2)e*® along these curves. Clearly,

€1 =X1—X3
so that
2 2

Cyr =Xy — ? + (X3—X])X3 = X2+7 —X1X3.

Putting all this together yields
2
X3 X
u(xy,x,x3)=[x; —x3+x—x7x3+ 5 e,

g

Exercise 1.4. Suppose u(x,t) solves u;+uu, = 0in Rx(0,00) with u(1,1) = 5. Along
which curve in the x —t plane do we know the values of u?

Solution. Along the characteristics we know that the solution u will be constant.
Thus, we are asked to determine which characteristic curve the point (1,1) lies.
Introducing a dummy variable s

f(s)=s, z(s)=C, x(s)=C
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where z(s) = u(x(s),t(s)). This gives t(s) =s+1 and x(s) = Cs+ 1 (where we have
chosen our arbitrary constants so that (x(0),#(0)) = (1,1)). It follows that C = 5.
Hence, we know the values of u on

X(t)=5(t=1)+1 =5t 4.

Exercise 1.5. Use the method of characteristics to solve the equation
up+uu, =1, u(x,0)=x forx,t>0.

Solution. As usual, we take t(s) = s as a dummy parameter so that #(0) = 0. If
x(s) = z(s) then 2(s) = 1 along these curves. Hence,

z(s)=s+C
so that x(s) = % + Cs+ D. Observe that for s = 0:
z(0) = u(x(0),t(0)) = x(0) = D.

Therefore C = D which allows us to write
$2
x(s) & x(t) = 5 +C(t+1).

This implies that

o 2x—t
C2(t+ 1)
Thus, along these curves
u(x,t)=t+ X! .
2(t+1)

g

Exercise 1.6. Employ the method of characteristics to find a general solution to
the PDE u, +u, + u, = 0. Find a particular solution when u(x,,0) = X +p2
Solution. The characteristic curves are

x(s)=s+cy, v(s)=s+cy z(s)=s+cs.

Without loss of generality we take c3 = 0. The PDE then states that any C!(R?)
solution is constant along these curves. Hence, given a triple (x,v,z) in R3 we
need only determine which characteristic curve it lies upon.' Each of the curves
is determined completely, and uniquely, by ¢; and c,. Hence,

u(x,y,z) = f(cy,62) = f(x -2, -2

tis easy to see that, even with our choice of c3, every point in R3 lies on a characteristic.
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for some function f in two variables. Now assume that the solution u satisfies the
auxiliary condition u(x,,0) = X2+ yz. Then

u(x,9,0) = f(x,9) = x> +°.
Therefore u(x,v,z) = (x —2)* + (v - 2)°. O

Exercise 1.7. In each of the following, let u(x, ) be a smooth solution to the stated
PDE such that u(4,1) = 1. In each case, give a point x € R such that we know the
value of u(x,0).

(1) Us+ U, = 0,
(ii) u;+uu, =0,

(iii) u, +t?u, =0,
)

(iv) us+u,+u=0.
Solution.
(i) The characteristics are of the form #(s) = s+ ¢y and x(s) = s+ c,. An appro-
priate choice of ¢ ; yields
t(s)=s+1, x(s)=s+4.

Thus, at s = -1 we find that u(x(-1),#(—1)) = u(3,0) = 1 since any solution
u must be constant along these characteristics.

(ii) Again, take f(s) =s+1 and x(s) = z(s). We know that z(s) = C for some con-
stant C (as implied by the PDE) so that x(s) = Cs + 4. The initial condition
u(4,1) =1 implies that ¢ = 1. Therefore we are left with the characteristics

t(s)=s+1, x(s)=s+4.

)
Thus we know that u(3,0) = 1.
(iii) Choose t(s) = s and %(s) = s>. We then find that
3

s
x(s) = 3 +C
where we take C = 4 so that x(0) = 4. Hence,
x(s) = g + 4.
Ats=-1:
x(—l):4—l:£.
3 3

It follows (since u will be constant along such a characteristic and (4,1) is
a point on this curve) that u(11/3,0) = 1.
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(iv) Here we choose t(s) =s+ 1 and x(s) = s + 4 so that (x(0),¢(0)) = (4,1) as per
our initial data. However, we instead have
2(s) = —z(s) = z(s)=Ce™".
At s = 0 we know that z(0) = u(x(0),t(0)) = Ce" = C = 1. Therefore,
z(0)=e"*
which shows that u(3,0) = e (take s = -1 in our parametrized curves).
O

2. WAVE EQUATION

Exercise 2.1. Let E(x,7,z,t) and B(x,,z,t) be smooth electric and magnetic fields,
respectively. They are governed by Maxwell’s equations:

VxE=-9,B, VxB=pued,E, V-E=0, V-B=0.

in the above y and ¢ are constants (that you likely encountered in physics). Show
that if

E(x,v,2,t) =(0,0,E(x,t)) and B(x,v,zt)=(0,B(x,t),0)
then both E(x,t) and B(x, t) satisfy the wave equation:

Ot = Czaxxu =0, c= (}45)—1/2.
Solution. We first relate B(x, t) to E(x, t) using Maxwell’s equations. Observe that

(0,—B¢(x,1),0) = =9;B(x,v,2,t) = VX E(x,v,2,t) = (0,—E(x, 1),0).

Thus, | B;(x,t) = E(x,t) | In like,

ue(0,0,Ef(x,t)) = VxB(x,v,2,t) = (0,0, By(x, 1)).

Thus, | ueE(x, t) |= By(x, t). Finally,

E. . (x,t) = 9Bi(x,t) = Byy(x, 1) = 01 By (X, t) = pe dE (X, t) = peEs(x, t).
Similarly, B(x, t) satisfies the wave equation. U

Exercise 2.2. Fix a time ¢ > 0 and assume ¢, », ¢ ; are bounded functions defined
on R. Let u;, for i = 1,2, denote the solution to

attui - Czaxxu =0, ui(x, O) = (Pi(x)’ atui(xl O) = ED(X)
Prove that for every € > 0 there exists ¢ > 0 such that

|1 = o] <& and |1 - daf| <& = lluy — 5]l <.
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Solution. Applying d’Albembert’s formula, we find that

x+ct
up(x,t)= %(¢1(x+ct)+¢1(x—ct))+i/

oC i(o)do

x—ct
X+ct

05,0 = 3 (@alx+ e+ dalr=ct)+ 52 [ alo)do.

X—C
This implies, in particular, that for t > 0 fixed:
(5, 1) )] < | PLOH D) = @2+ D] |1 (o= t) = e~

1 ) 2\ = 2

X+ct

"2 et '¢1(G)_¢2(U)|d0‘.

Especially,

1 Xx+ct

|y (x, 1) = ua(x, 1) < ”(Pl - ¢2||Oo + 2—/ ”% - 4’2”00 do.
€ Jx—ct

Fix ¢ > 0 and take 6 > 0 such that 6(1 +t) < €. Then, for each x:

0
|u1(x,t)—u2(x,t)|§b+2—c-26t:6(1+t)<5.

Take now the supremum over x € R; this yields

lup —uplle <O(1+1) <e.

O
Exercise 2.3. Suppose that the propagation due to a pressure disturbance in 3D

is modeled by the 3D wave equation: u,; = Au. At time t = 0 an explosion occurs
at position x = 0 inducing the initial conditions:

P(x)=0, P(x) =T (x).
(i) What is the value of u(x,10) where x =(10,0,0)?

(ii) Att =10, what is the value of u at the point x =(20,8,17)?
(iii) At what times will u((20, 20, 20, ),t) be non-zero?

Solution. Before we proceed, we apply Kirchoff’s formula to obtain an explicit
representation of u:
1
u(x,t) = —// (y)dS.
4rt JB(x,t) vy
(i). Directly taking x =(10,0,0) and t = 10:

(X, 1) > —— ~dS
407t J55((10,0,0),10)nB(0,1)
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(ii). We shall show that [y —x| = 10 implies that |y| > 1. This will imply that u
evaluates to zero at (x,10). Indeed,

Ix|—|y|<10 = |y|> 1.

(iii). It is easier to determine at which points the displacement vanishes. This is
equivalent to saying that

ly—x|=t = |y| > 1.
This can occur only if

0<t<<V1200-1, t>V1200+1.
U

Exercise 2.4. Consider a vibrating infinite string with initial disturbance at t = 0
in the intervals [1,2] and [4,5]. At t =10, at which positions will one feel these
disturbances?

Solution. Applying d’Alembert’s formula with t = 10 shows that we wish to know
for which x:
[x-10,x+10]N([1,2]N[4,5]) = 2.
First, note that [x—10,x+ 10] intersects [1, 2] if and only if
x+10>1 and x-10<2.

That is, if and only if x € [-9,12]. Similarly, [x —10,x + 10] intersects [4, 5] if and
only if x € [-6,15]. Hence, we feel the disturbance for x € [-9,15]. O

Exercise 2.5. Consider the 1D wave equation u;t = u,x for (x,t) € R x (0, 00) to-
gether with the initial constraints

P(x)=0, u(x,0)=1(x)
where
1, if |x=3|<lor [x+3]<1,
Plx) = {O, else.

(i) At the time t =1 where on the string is the displacement non-zero?
(ii) At time t = 10 which points have maximal displacement?
(iii) Compute u(0,1t).

Solution. Before we proceed, we note that by d’Alembert’s formula any solution is

of the form
X+t

u(x,t) = % Y(o)do.

_ 1 px+t
- 2 Jx—t

(x—Lx+1)N{x:|x=3|<lor|x+3|<1}=0Q.

(i). At time t = 1 we obtain u(x, 1) (0)do which is non-zero if and only if
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Note that |x—3| < 1 if and only if-1 < x —3 < 1 which is equivalent to saying
2 < x < 4. Similarly, |x+3| <1 if and only if -4 < x < -2. Therefore, we seek
points x such that

(x—1Lx+1)N[[-4,-2]u[2,4]] = Q.
Clearly, (x—1,x+1)N(—4,-2) is non-empty if and only if x—1 < -2 and x+1 > —4.
That is, if and only if x € (=5,-1). In like, (x — 1,x + 1) intersects (2,4) if and only
if x—1<4and x+1 > 2. Thus, if and only if x € (1,5).

(ii) The solution u(x,10) will have maximal displacement whenever (x—10,x+10)
covers [[-4,-2]U[2,4]]. This will occur if and only if x—10 < -4 and x+ 10 > 4.
Thus, if and only if x € [-6,6].

(iii). The “difficulty” lies in computing f_tt Y(o)do. If t <2 then clearly (—t,t) does

not intersect (—4,-2) LI (2,4) which implies that u(0,t) = 0. On the other-hand, if
t > 4 then (—t,t) engulfs (—4,-2) U (2,4) which would imply that

2) L
1 [t 242
E/_fll)(O‘)dU:Tzz.

Suppose now that t € (2,4). Then,

t—2+(=2+t
u(0,t) = ( ):t—2.
That is,
0, ift<2,
u(0,t)=3t-2, if2<t<4,
2, if t > 4.

U

Exercise 2.6. Assume a phenomenon propagates in 3-dimensional space accord-
ing to the equation u;; —Au = 0. Suppose a disturbance at x = 0 creates an initial
change in velocity according to

w(x):{l, if |x|§1,.

0, else.
Evaluate u(0,t) for t > 0

Solution. Kirchoff’s formula yields that for (x,¢) € R x (0, 00):

(0, t) = _ﬂ ( //ﬂ
47t 9B(0,t) v 47U 9B(0,£)NB(0,1)
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Thus, since 9(0, t) does not intersect B(0, 1) for t > 1, it follows that u(0,t) vanishes
for t > 1. Otherwise, if 0 <t < 1:

4ret?
M(O, t) = 4—7'(1' =1

3. DISTRIBUTIONS

Henceforth, we shall denote by D(R) the space of all smooth (infinitely differ-
entiable) functions of compact support defined on R. The functions in D(R) are
allowed to take complex values. We endow D(R) with the metric topology by
defining

IHles : DR) — [0,09), b+ sup|(x)].

It is easy to show that ||-||, is indeed a valid norm on D(R), and it therefore induces
a metric on the space. A distribution is then defined to be a continuous linear
functional

F:DR)—C.

If fe Llloc(R) it induces a distribution:

(Fr,d).

Exercise 3.1. Give an example of a continuous function f who derivatives f’, f”
in the sense of distributions are generated by functions such that " = 6.

Solution. We define
x%/2, if x>0,
o]

0, else.

This function is clearly continuous on R and has derivative (in the classical sense):

x, ifx>0,
0, else.

() = {

>We denote by &, the Dirac delta “function”. As a distribution, this is the functional given by

(80,}) = $(0) for all ¢ € D(R).
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Now, for each ¢ € D(R):

oo .2
Fr) = (Fd) = [ Fp = [ S s

= —/ x¢’(x)dx
0
- [ ot
0
In the sense of distributions, f” = Hy(x); where Hy(x) = 1o )(x) is the Heaviside
function. Since H{(x) = oy in the sense of distributions, we are done. O

Exercise 3.2. Prove that the sequence of hat functions:

noo 1
fn(X)Z:{Z’ if |X|Sn’

0, else,
converges to 0y in the sense of distributions.

Solution. Let ¢ > 0 be given and fix ¢ € D(R). We must show that

lim / fa(x)p(x)dx = ¢(0).
n—00 R
ForeachneN

o sof-|f 510 o

1/n
<2 [ lom-oo)]ax

Since ¢ is continuous, there exists 6 > 0 such that |¢(x) - ¢(O)| < ¢ whenever |x| < 0.
Now, for all n sufficiently large it is clear that |x| < 1/n < 6 whence

/R F0)b) dx - h(0)] < &

Letting n — co we obtain

limsup
n—-oo

for each ¢ > 0. It follows that

[ o == g,

/an(X)cb(X)dx—qb(O) <e
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Exercise 3.3. Define

)= {e‘xx, if x>0,

—e*, ifx<0.
Determine f’ in the sense of distributions and show that as distributions:
f7=28,+f.

Solution. Fix a test function ¢ and evaluate
0 ) S
(P},¢):—<Ff,¢’):/_ e"cp’(x)dx—/o e ¢’ (x)dx
0 oo
= - * dx - Y (x)du.
200)- [ epds= [ g
= 20(0)+ | )b dx
R

where g € Llloc(R) is given by
-7, if x>0,
8lx) = {—eX, if x < 0.
Taking, again, the derivative in the sense of distributions we find that
() = ~(Ff ') = ~00,0) — (Fgr )

where
0

_<Fg,¢’> = /Ooo e‘x¢’(x)dx+/_ e*¢’(x)dx = —(jb(x)+/0m e Pp(x)dx+ p(0)

o0

This completes the problem. g
Exercise 3.4. Find a locally integrable function f(x) such that

fl(x)=x>+4x+0,
in the sense of distributions.

Solution. The approach here is classical. Consider the function

3

Flx) = % #2207+ Hy(x),  Hy(x) 1= 1,00 (x).
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Fix a function ¢ € D(R) and compute

2 3 0o [,.3
(F},(j)):—(Ff,(j)'):—/ (%+2x2)qb'(x)dx—/2 (%+2x2+1)(p’(x)dx

—0o0

where we label these integrals by I; and I, respectively. Clearly,

I, :_/_2 (%3+2x2)qb’(x)dx:—[8+§]¢(2)+/_2 (¥ + 4x)p(x) dx

(e¢] [o¢]

whilst
I, = [8 + g + 1] P(2)+ /;o(x2 +4x)p(x)dx.
Thus,
(o) = (o) + [ (2 +40)(1) .

g

Exercise 3.5. Suppose {F,},en is a sequence of distributions converging (in distri-
bution) to a distribution F. Show that for each k € N one has that P,(qk) — F0) in

distribution.
Proof. It suffices to prove the claim for k = 1. Note that for each ¢ € D(R):
lim (F;, ) = = lim (F,, ') = ~(F, ') = (F', ).

U

Exercise 3.6. Let f : R — C be a continuously differentiable function. Show that

f’is a derivative of f in the sense of distributions.

Proof. Fix a function ¢ € D(R) and observe that

(Fpopy == [ f)6 0= [ fg00ds.

Exercise 3.7. Define

X3,  ifx>0,
g(x) =

-x3, ifx<o.
(i) Compute ¢g'¥) in the sense of distributions.

(ii) Define
_ [ 8x-Y)
f(x)_/R 1+7° -

Accept that f(x) is smooth and compute f*)(x).
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Solution. (i). Let F, denote the distribution induced by g (this makes sense since

g €L, (R)). For a function ¢ € D(R) we find that
<Fé4>’¢> — (Fg,¢(4)> — /Rg(x)¢(4)(x)dx
oo 0
:/ x3¢(4)(x>dx_/ X3¢(4)(X)dx
0 —00
o0 0
== 20 (x 23 (x)d
3/0 x“¢ (A)dx+3/_oox¢ (x)dx
o0 0
= (2) _ (2)
6/0 xp2(x)dx 6/_00,@ (x)dx

0o 0
= —6/ ¢’ (x)dx + 6/ ¢’(x)dx
0 —00
which reduces to 12¢(0). Hence, g*) = 125 in the sense of distributions.

(ii). Using the fact that convolution is commutative:

_ g(v)
f<><)—/R—1+(x_y)6dy

which implies that

a 2() AR (1)
(4)(y) = =
f0 = dX4/Rl+(X_y)6dy_ ® Ox* 1+ (x-p)°

By symmetry,

ot gl ~ o 1
R Ox* 1+ (x—1p)° dy = /Rg(y)Qy‘l 1+ (x-1p)° dy

which is by very definition

4
(F” )
where ¢(v) = ﬁ with x fixed. We know from the first part that this is pre-
cisely 120y which implies that
12
B(x) = 12¢(0) = ——.
() =120(0) = ——
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4. THE FOURIER TRANSFORM

Exercise 4.1. Suppose that y(x) is a smooth function that satisfies

v+ sy =f(v), feCR)
Using the Fourier transform, write an expression for 9 in-terms of f.

Solution. Using the linearity of F[-], we take the Fourier transform of both sides
of the ODE to obtain

£(8) = vD(&) + 4yD(&) + 9(E) = i*E49(E) + 4i2E79(E) + D(E).
Therefore, for & e R: A
f&)=p&) (& -4&2+1)

so that X
sey - (&)
M= e e
O
Exercise 4.2. Define f(x):= ¢"¥l/2. Compute the Fourier transform of f.
Solution. For fixed & € R we have
A et . 1[0 1 [ <
f(ff):/_ooTe_’X"dx:E/_ooe (1=18) gy + 2/0 e~ 1+18) 4 g
px(1-i€) |0 = x(1+18) |
T 21| 201+ ig) |,
_ l( )
2 1—15 1+z£
1
1 —15)(1 +i&) 1+&2
O

Exercise 4.3. Using the Fourier transform, solve the ODE
v/(x)-v(x)=f(x), feCR)NL'(R).
Solution. By linearity of the Fourier transform, for fixed £ eR
FE) = F(&)=D(&) = 729() = (&) = —(1 + E)D(E).
Hence, X
f(&)
1+&2

(&)=~
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By virtue of the previous problem, we know that g(x) = e”*2 is the Fourier inverse
to 1+152. We may therefore write,

o) ==(F6)-26)) = =(72)" =~ 29)0 = =5 [ F)etay.

Prove the Riemann-Lebesgue lemma:

Lemma 1. Let f € LY(R), then
lim f(n) =

n—-oo

Proof. We proceed in 2 steps.

STEP 1. The claim holds when f is the characteristic function of an interval. Sup-

pose that f(x) = 1}, ;)(x) where a,b are real numbers. By direct calculation,
b ;=i p b . —1 s
:/f(X)e_i”de:/ R jeTInx _ i(e inb _, ma)’
R B n ) -
Thus,
2 n—oo
fe)]<=—o.

Therefore, this must also hold for finite hnear combination of characteristic func-
tions of intervals (i.e. step functions).

STEP 2. This holds for general f € L'(R). Certainly, let ¢ > 0 be given. By their

density in L' (R), there exists a step function ¢ = Z}\jzl ajlig,p,) such that

L1760 ptax <5,

/ f(x)e”™dx = / (f (x) — @(x))e ™ dx + / @(x)e” " dx.
R R R
Which then implies

/ f(x)e_i”x dx| <
R

Therefore,

(£~ e ™ dxl +

/|f x)| dx +

/ @(x)e” ™ dx
R

/(p(x)e_i”xdx.
R
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Now, there exists K € N such that n > N implies, by step 1,

/ @(x)e" " dx
R

[ Fe

This is, by definition, equivalent to saying that
lim f(n)=0.

n—-oo

€
< -
2

Putting all this together:

<g VYn>K.
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