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In these notes we introduce the notion of a distribution which serves as a gener-
alized function, so to speak. Throughout this document we shall let D(R) denote
CZ°(R), i.e. the space of smooth functions of compact support

¢:R—K.

Here, we shall write K to denote either R or C. We shall show how the Fourier
transform is useful in the study of partial differential equations.

1. DISTRIBUTIONS

It is a basic fact from the Lebesgue theory of integration that D(R) is a dense
subspace of LP(R) for all p > 1. This suggests a good “starting point” for the
generalization of functions since even LP-functions can be approximated nicely by
elements of D(R). Before we proceed it is desirable to endow D(R) with a notion
of convergence. If {¢x}ren is a sequence in D(R) we shall say that ¢, converges to
¢ € D(R) provided

k—o0

Py = o
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uniformly for all n e N, i.e. if

k—o0

—— 0, VYneNlN.

(n)
(/J)kn _(i)(n)

=sup
xeR

(n)
-1

In this case we shall write ¢y — ¢ or lim ¢y = ¢.
Definition 1. A distribution F is a continuous linear functional F : D(R) — K.

By continuous we mean that

lim F(¢y) = F()

k—o0

whenever {¢;}ren is a sequence in D(R) converging to ¢ € D(R). To ease nota-
tion, we shall write (F,¢) to mean F(¢). Note that the quantity (F,¢) is always a
scalar (provided F is a distribution). Hence, if F is a distribution and {¢y}ren is a
sequence in D(R) converging to ¢ € D(R), one has

k—o0

(E,dr) ——(F, §).

It is not too difficult to see that the set of all distributions forms a vector space
over K, and the proof of this is left as a simple exercise to the reader.

EXAMPLE. Dirac delta is the distribution defined by:

(000 ) = Plx0).

Often, we take xy = 0.

1.1. Functions as Distributions. It is an important observation that very general
classes of functions can be expressed as distributions. Let f € L{ (R), we define
the distribution associated to f, denoted Ff, by

(Fr )= /R f(X)p(x)dx, Y € D(R).

Note that since f is locally integrable and the ¢(x) have compact support this is
always a finite complex number. It should be noted that two “distinct” functions
can give rise to the “same” distribution. Indeed, if f,g € Llloc(R) are equal almost

everywhere then <Ff,q{)> = <Fg,qb>. In fact, this is an if and only if statement (to

see this one needs only use the fact that D(R) is a dense subspace of L!(R) and the
Lebesgue differentiation theorem).
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1.2. Weak and Distributional Derivatives. Let now f € C!(R) (i.e. f is at least
once differentiable and f’ is continuous on R). If ¢ € D(R) then we can integrate

by parts to obtain
[ rpenae= s

since ¢ vanishes outside a closed interval of the form [-R,R]. Now, if f € Ll
and there exists g € Ll1 (R) such that

[ @ mds=- [ gtptods

for all ¢ € D(R), we shall say that g is the weak derivative of f. Note that if f
is C1(R) in the traditional sense then f’ is a weak derivative of f. We say a weak
derivative as a function may have multiple. Indeed, if f € C!(R) then f’ is a weak
derivative of f-as is any function g equal to f outside a set of measure zero.

However, this is not general enough. There are plenty of locally integrable func-
tions without weak derivatives. This is where distributions come in handy. As we
shall see, all distributions have (infinitely many) ‘derivatives’.

(R)

loc

Definition 2. Let (F,¢) be a distribution, we define the distributional derivative
of (F, ) to be the distribution given by

(F',¢):==(F,¢")
for all ¢ € D(R).

Obviously, given n € N, we can go so far as to define the n'! derivative of F by

(F™, )= (-1)" (F, ).
This is also useful in defining derivatives of locally integrable functions. Indeed,

given f € L] (R) we say a distribution F is the distributional derivative of f pro-
vided F is the derivative of Fy.

EXAMPLE. Let h: R — R be the Heaviside step function defined by:
4 < s
h(x) = 0, x<0
1, x>0.

Note that b’ exists and is equal to zero except at x = 0, where it is undefined in
the classical sense. Intuitively, h(x) makes a “jump” at x = 0 and many (physicists,
typically) argue (heuristically) that
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We give more precise meaning to this statement in this example. We know from
the above discussion that /& has a distributional derivative. Let us compute it. Let
H be the distribution induced by /; by definition for all ¢ € D(R) one has

H) =~y == [ hpde=— [ ptoar
=~ lim §(x) + $(0)

= ¢(0)
= (90, )-

Hence, H' = 9, in the sense of distributions.

This allows us to discuss “new” and weaker notions of convergence. Given a
sequence {F,},en of distributions we say that F, converges to a distribution F as
n — oo provided

lim (F,, ) = (E,¢)

for all ¢ € D(R). If {f,} e is a sequence in Llloc(R) and f € L}OC(R) we shall say that
f, converges to f in distribution provided

n—-oo

/ L)) dx T2 / £ (x)p(x) dx
R R

for each ¢ € D(R). Let Fy , denote the distribution generated by f,, the above is
then equivalent to saying that F; , — F in the sense of distributions as n — co.

Proposition 1.1. Let {F,},cn be a sequence of distributions converging to a distribu-
tion F. Then for all k e N

<FL"),¢> 22 (0, ).

Proof. By induction in suffices to prove the claim for k = 1. Now we need only fix
¢ € D(R) and note that

(F ) ==(En )

in which letting n — oo yields
lim (F;, ¢) = = lim (F,,¢") = —(F, ") = (F', b).

QED.
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2. THE FOURIER TRANSFORM

In this section we survey basic facts regarding the Fourier transform on R and
attempt to extend it to distributions (this will be particularly useful when at-
tempting to “solve” PDE). We should first like to stress that this will be, in the
most part, a mere overview of the subject and not a rigorous development. One
can consult these notes for proofs of the identities that will follow. Recall that we
denote by K either R or C.

Definition 3. Let f : R — K be intgrable, i.e. [|f] < co. We define the Fourier
transform of f, denoted ]/[\, by

fhﬂzzjgj(xk_ixdx

This function //[\is sometimes denoted by F[f].

Remark 1. By linearity of the integral it follows immediately that for two functions
f,g€L'(R)and @, € K there holds

Flaf +pgl&) =aF[f1(&)+BFIgIE).
That is, F[] is a linear functional on L'(R).
EXAMPLE. We compute the Fourier transform of
<
ol 1
This is a straightforward computation:
pmias _ pias i(e‘i”’é - ei“‘g)

fl&) = /Rf(x)e_’.xE dx = /_ e dy = — 7z = 3

Recall Euler’s identity: ¢’ = cosO + isin® for all & € R. Observe that the above
then becomes

—~ i(~isinaé —isinx&)  2sinaé

i) = - -

Based off of this example we can make several remarks.

(i) Clearly f € L}(R) (it is the characteristic function of a compact set). Nonethe-
less, f & L'(R).
(ii) f e L2(R).
(iii) f does not have compact support and its image has the cardinality of the
continuum.


http://cs.mcgill.ca/~echern2/repo/fourier.pdf
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These first two points illustrate the main drawback of defining the Fourier trans-
form on L'(R): it does not map functions back into this same space. The usual
“fix” for this problem is to define F[-] on L?>(R): the space of square integrable
functions. This has the advantage that, unlike all other LP-spaces, L?(R") is a
Hilbert Space for all n e N.

2.1. Differentiation and Inversion. Let f be a differentiable function. For the

sake of simplicity, we shall suppose additionally that f is smooth, i.e. f € C*(R).

This implies in particular that f’(x) exists and is continuous. Suppose that f, f’ €

LY(R) so that they both have well defined Fourier transforms. How can we relate
d

Flf]and F[L]?

We require a more refined setting. We shall denote by S the Schwarz space con-
sisting of all smooth functions vanishing at infinity quicker than any polynomial,
i.e.

S = {f € C®(R):Ya,n €Ny, AC, , > 0 st [[x*f ") _ < cm}.
It follows, in particular, that for each f € S

lim x*f"M(x)=0

X—+00

for all non-negative integers a and n. This is the property we shall frequently
exploit.!

Now let f € S be given; it follows that f’ € S as well. Then, f’ € L}(R) has a
valid Fourier transform given by

F [d—f = / f/(x)e ™ dx = / f/(x)e™* dx
dx | Jr oo
whence an integration by parts yields:

[ feeitar = et (2 wie [ fwetax=ie [ feax
. 8 [

Thus,

X=00

X=—00

d .

It is then clear that for f € S there holds

F[f"] =& FIf) (2.1)

IThe Schwarz space S is ideal in the sense that it is dense in LP(R) for all p > 1 (it contains C°(R))
and thus we can extend F[-] to a bounded linear operator on L*(R).
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A natural question that follows is how to “go back”? That is, given a function
f €S, when can we find ¢ € S so that g = f? The answer to this question appears
in the form of an elegant equation.

Theorem 2.1 (Fourier Inversion Formula). Suppose f and ]/[\are integrable and con-

tinuous. Then,
1 e
= /]R Fle)et de. (2.2)

We will not prove this theorem here, the proof is non-elementary and requires
more analysis than we assume here. We once again refer the interested reader to
this text for the proof for functions in S.

2.2. Convolutions. The Fourier transform is closely related to the notion of a
convolution. Despite being an elementary concept, we reiterate the definition
below.

Definition 4. Let f,g:R — C we define their convolution, denoted f * g, by

=/f(y)g(x—wdy:/f(x—zf)g(zf)dy
R R

This second equality follows immediately from a simple change of variables
and translation invariance. It is possible to view the process of convolution as
a method of “smoothing out” functions. What we are interested in here is the
following fundamental relation:

Feg(&)=F(&)-318). (2.3)

To prove this formula, we employ a straightforward computation:

- [ [ rte-mgme e dydr= [ [ - vigtone e dray
= /R /R flx—p)g(p)e ¥ dxdy
-/ ( JECE cbc)g(y)effy‘E &y
/(/f (C)e 5d?) (p)e ¥ dy

= | flE)g(w)e ™ dy
R

—

= f(£)-81é).


http://cs.mcgill.ca/~echern2/repo/fourier.pdf

8 E. CHERNYSH

Theorem 2.2 (Plancherel). Let f € L'(R)NL*(R). Then
1
A1z = 5 I LA Moy (2.4)

3. FOURIER TRANSFORMS OF DISTRIBUTIONS

It is clear from the title of the section that it is our intention to generalize F -]
to distributions. This, however, also requires us to move to “a wider class” of
distributions. Given our discussion of differentiation for distributions one would

hope to define N
(F.0)=(+.5)

for a distribution F acting upon ¢ € C°(R). There is a glaring issue here: aneed
not have compact support. To correct this, we instead consider functions in the
more general space S, which we have defined in the previous section. It is also
not too difficult to verify that § is a vector space over K.

Definition 5. A tempered distribution is a continuous linear functional on S.
We again denote a tempered distribution by
(F,¢), forpesS
where (F, )+ F(¢) e C.

Remark 2. Note that any tempered distribution is a distribution (in the traditional
sense) since S 2 D(R).

Now, given a tempered distribution (F,¢) we define the Fourier transform of
(F, ¢) to be the tempered distribution given by

(7.4)=(5.3)

This indeed makes sense since F[-] is an isomorphism & — S.°
EXAMPLE. Fix a point mass a € R and let 0, be the Dirac (tempered) distribution

given by
(O P) = P(a).
Note now that

(529) = {00 8) = Bl = [ o a

Thus, <5;,¢> = (F,¢), where F is the distribution induced by e~*. We shall then

say that S5, is equal to e7'%* in the sense of distributions.

%For a proof of this consult the notes that I have linked many times already.
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