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In this text we shall both state and prove various results from elementary
number theory. The reader should be aware that this is not meant as a primary
reference, nor for self-learning. This text is brief and far from complete, much of
the proofs will require preliminary knowledge, especially is mathematical analysis
and the theory of groups and fields.

We shall begin by covering the ring of integers, denoted Z, especially the
primes. We shall prove Bézout’s identity for the greatest-common divisor, Fer-
mat’s little theorem and Wilson’s characterization of primes. We shall conclude
the section with a proof of the Chinese Remainder Theorem.

The subsequent chapter will be devoted to the study of the group of units mod-
ulo a prime p, and the existence of primitive roots (mod p). We shall prove some
results regarding field-theory and use these to prove the primitive root theorem.

Following this we briefly explore the idea of solving quadratic equation (mod p),
and shall establish important criteria, such as Euler’s Proposition, linking the Leg-
endre symbol to modular arithmetic. Furthermore, we briefly explain public-key
encryption.

Finally, we develop a short theory of continued-fractions, and use this theory
to derive powerful estimates and study sums of squares in the natural numbers N.

1 The Ring of Integers Z

1.1 Basic identities

We begin with the establishing of Bézout’s identity, which is highly useful in
practice:

Proposition 1.1 (Bézout’s Identity). Let a,b € Z be non-zero and denote by d
their greatest common-divisor. There exist integers w,v such that

d = ua + vdb (1)

PROOF. We consider the set & := {ax + by > 0: z,y € Z}. Our first claim is
that this set G is non-empty. To see this, we note that we may take the integer
expression a? + b? > 0 (since a, b # 0) which corresponds to letting = := a,y := b.
Hence, since G is a subset of N it follows that there is a least element, say,

d=wua+vb>0

We claim that d = ged(a,b). Certainly, since ged(a,b) | a and ged(a,b) | b it
follows that ged(a,b) | d by the additive property of divisibility. It remains only
to show that d | a,b. By symmetry, it suffices to show that d | a. We write

a=qd+r, 0<r<d,qeZ

We claim that 7 = 0 whence d | a. Otherwise, 0 < r < d and we write by the
above:

d>r=a—qd=a-q(ua+vb)=(1-qu)a+ (va)b>0

contradicting that d is the least element of &.



O

We make the note that this theorem gives us an explicit linear representation of
the greatest-common divisor, but does not tell one how to compute this value.The
reader should note that the Euclidean algorithm fills this gap, one simply proceeds
as usual and “reverse substitutes” remainders until one has an expression in terms
of the starting integers a, b.

Lemma 1.2 (Euclid’s Generalized Lemma). Let n,m € Z with n,m # 0. If
ged(a,m) =1 and a | nm then a | m.

PROOF. Since ged(a,n) = 1 we may write 1 = ua + vn for integers u, v # 0.
Now, this implies in particular that

m = uam + vnm

clearly, we then have a | m by additivity of divisibility.

We now turn briefly towards modular arithmetic.

1.2 Primes and Fields

Proposition 1.3. Let p be a prime. Then Z/pZ is a field.

PROOF. The case is clear for Z/2Z; this is just the trivial field. Let p > 3
and x Z 0 (mod p). It follows that ged(z,p) = 1. An application of Bézout yields
some expression

14+ up+ vz

passing to the reduction modulo p we recover 1 = vz (mod p). Hence, v # 0 and
of course it follows that v = 27! (mod p).

O

We remark that the converse is true as well. Namely, if Z/nZ is a field then n
must be prime. To see this, we argue by contrapositive and show that for n not
prime the ring Z/nZ is not a field. Note that a field K cannot have zero-divisors.
To see this, suppose that z,y € K are non-zero and xy = 0. Since x # 0 and
K is a field, we may multiply through by z=' to find that y = 271 -0 = 0; a
contradiction.

Now, if n is composite then we may write n = ab for integers 1 < a,b < n.
Clearly, n { a,b and as such a,b Z 0 (mod n). On the other-hand, ab =n =0
(mod n) showing that Z/nZ has zero-divisors.

Proposition 1.4 (Fermat’s Little Theorem). Let p € NE| be a prime, then for all
x # 0 (mod p) one has the identity:

P1=1 (mod p) (2)

'We shall always write N to denote the set {1,2,...}




The reader should not confuse this with Fermat’s Last Theorem) which is much
more difficult to prove.

Proor. It is easy to verify the proof for p = 2, as we only have 1 #Z 0
(mod 2). Let us now assume without harm that p > 3. Fix now x #Z 0 (mod p).
Since Z/pZ is a field, this = has a multiplicative inverse =1 (mod p). Consider
now the mapping:

U:(z/p2)" — (Z/pZ)*, a+z-a

We wish to show that this is a bijection. This is clear from the auxiliary map:
Y :(Z/pZ)* — (Z/pZ)*, awsz ' -a

It is not at all difficult to see that 'o Y =1 = T o', hence establishing that I" is
a bijection. Loosely speaking, this tells us that the map I' merely “shuffles” the
elements of (Z/pZ)*, implying that (Z/pZ)* = T' ((Z/pZ)*). That is, taking the
product over all elements in the domain and the image of I' we obtain:

p—1!= H a= H L(a)=2""' (p—1)! (mod p)

a€(Z/pZL)* a€(Z/pZL)*

Since p is a prime, each term in the expansion of (p—1)! is invertible, and successive

division yields that 2P~! = 1 (mod p) as was required.
O
We now prove Wilson’s Theorem:
Proposition 1.5 (Wilson’s Theorem). Let p € N. Then (p — 1)! = —1 (mod p)

if and only if p is pm’meﬂ

PROOF. Assume that p is prime. One may verify by direct calculation the
claim in the cases p = 2, 3, thus we may suppose without harm to the proof that
p > 5 is an odd prime. Note that (—1)? = 12 = 1 (mod p). We claim these
are the only numbers modulo p that are their own inverses under multiplication.
Certainly, if 22 = 1 (mod p) it follows that 22 — 1 = 0 (mod p) and hence that
p | (x+1)(x —1). Since Z/pZ is a field, one of these factors must be zero.
Namely, x = £1 (mod p). This shows especially that each element appearing in
the enumeration {2,3,...,p — 2} has a unique distinct inverse appearing in this
list. Since this enumeration contains evenly many elements it follows that

2:3---(p—2)=1 (mod p)

since (p — 1) = —1 (mod p) the implication follows.

Conversely, suppose that (p — 1)! = —1 (mod p) but that p is composite;
i.e. there are integers 1 < a,b < p such that p = ab. Then, it is clear that
p=ab| (p—1)! implying that (p —1)! =0 # —1 (mod p), which is non-sense.

O

2Observe that one may derive Fermat’s Little Theorem from Wilson’s Theorem.


https://en.wikipedia.org/wiki/Fermat%27s_Last_Theorem

Now the time has come to briefly consider solving modular systems of equa-
tions. Note that we have already established how to solve certain linear equations.
Indeed, our proof that Z/pZ is a field for a prime p gave a way to construct the
multiplicative inverse to a non-zero number in Z/pZ. More generally, consider the
equation

ar =b (mod n)

where ged(a,n) = 1. The same argument guarantees the existence of a multiplica-
tive inverse a~! modulo n for a. Hence, z = a~'b (mod n) where a~! may be
computed using Bézout as before.

1.3 Chinese Remainder Theorem

Proposition 1.6 (Chinese Remainder Theorem). Let n,m > 2 be co-prime inte-
gers. There exists an integer solution to the following system of congruences:

{x =a (mod n)

x=b (modm)

(3)

for integers a,b. Moreover, up to a reduction modulo nm this x € Z is unique.

PRrROOF. We shall argue by construction. Again, since ged(n,m) = 1 there
exists a multiplicative inverse to n, say, n~! € Z/mZ and similarly for m~! €
Z/nZ. We now define the integer (where we assume the representatives are in
their “reduced” form)

z:=amm ' +bnn!

it may be easily verified that this integer x satisfies the system above. To see
uniqueness, we suppose that z,y are integer classes that satisfy the system above.
Then, n | (x —y) and m | (x —y). First of all, (x —y) = a - n. Since n,m are
co-prime it follows that m | @ and hence we have (z —y) =0 (mod nm).

O

In the case where this last line was not entirely clear;

1.4 The Group of Units Modulo p
Given an integer n > 2 we shall write Z;, to denote the group of units modulo n:
Zy, = (Z/nZ)* ={1 <z <n-—1:gcd(z,n) =1} (4)

it is left to the reader to verify that this forms a group under multiplication. The
Fuler Totient Function is defined by:

o:N=>N, n—#(Z)) (5)

This section is devoted to the gleaning knowledge from Zg, where p is prime.

It may easily be shown by induction that given a field K a polynomial f € K[x]
of degree d > 1 has at-most d roots in K. What is of greater use is the subsequent
lemma:


https://en.wikipedia.org/wiki/Euler%27s_totient_function

1.4.1 Polynomials modulo p

Lemma 1.7. Let p be a prime. The polynomial f(z) := 2% —1 has exactly d roots
modulo p where d | p — 1.

Proor. We already know the number of roots is < d. Take e := % and
consider the expression,

Pl —1=g% 1= (:Cd>e —1=(z-1) (xd(e_l) + %2 44 1)

Now, we know from Fermat’s little theorem that this polynomial has exactly p—1
roots modulo p. Now, the expression on the RHS has no-more than d(e —1) roots.
Denote by 6 the number of roots of % — 1 modulo p. Then, § >p—1—d(e—1) =
p—1— (de — d) = d. This proves the lemma.

O

Let us now consider a group G of finite order. Let g,h € G have order n,m
respectively, but assume that ged(n,m) = 1. Then ab has order nm in G. This
is a well known fact from group theory but we give the proof nonetheless. Let
¢ := og(gh). We know that ¢ | nm since (ab)™ = e. Now, as a result since n,m
are co-prime we may write by Euclid’s lemma: ¢ = rs where r | n and s | mE| Let
us now write:

n
s

e = (ab)’ = (ab)"™® = [(ab)"]

=€

nsbns — b’VLS

Hence, e = a whence 0™ | m and s | m. Similarly, we write

m
£ :amr

e = [(ab)™]

whence mr | n and r | n.

We now note that since Z/pZ is a field by the results of the previous section
we know that for any prime p one has p(p) = p — 1. In the case of p"™ for n > 2,
We note that the only elements of Z/p"Z that are not invertible are those of the
form p* for k < n. That is, elements in {p,p?,...,p"}, where we associate p" with
0. Therefore,

(") =p" —p=p"p-1)

We now wish to establish multiplicativityﬁ of ¢. To prove this, it suffices to show
that for co-prime integers n, m one has the isomorphism of groups:

z,., =7 x 1),
Certainly, we shall now define I' : Z*, — Z5 x Z where
x — (2 mod n,x mod m)

Clearly, this is a homomorphism of groups. We only need to show bijectiv-
ity. This is ultimately a consequence of the Chinese Remainder Theorem. To see

31f this is difficult to see use Euclid’s lemma together with prime factorization!
“We wish to show that p(nm) = ¢(n)e(m) if ged(n,m) = 1.



that I' is injective we show that kerI' C {0}. Indeed, if z € kerI then z = 0
(mod n,m) and so n | z and m | z. By Euclid’s lemma we glean nm | = and hence
z =0 (mod nm). Now, to see that I' is surjective pick (a,b) € Z} x Z},. By the
Chinese Remainder Theorem there is unique = € Z/nmZ such that I'(z) = (a,b).
If x shared a factor with, say, nm by Euclid’s lemma it would share a factor with
one of n,m contradicting that I'(z) € Z} x Z%,.

Equipped with these notions we are able to prove the primitive root theorem.

1.4.2 Primitive root theorem

Proposition 1.8 (Primitive Root Theorem). Let p be a prime. Then Ly, 1s cyclic.

PrROOF. We may verify the case directly for p = 2, as 1 generates the trivial
group. Thus, assume that p an odd prime. Then, we may write p — 1 = H?Zl pjj
for distinct primes p;. Fix now some index j relevant to this product. We wish to
construct an element of Z; with order pjj . To do this, we consider the following

polynomials:
filw)=2% —1 (mod p) (6)
fo(@) =a?"  —1 (mod p) (7)

From our previous results we may find an x; € Z; such that fi(z;) =0 (mod p)
but fa(z;) #0 (mod p). This shows that z; has order pjj . Certainly, if this were

not the case then ¢ := o(x;) | pj-j, hence ¢ = p® for a < e;. Namely, for some

small 8 > 0:

et a+p a.,B
2 =P =a2%P =1 (mod p)

which is a contradiction. Hence, x; has order pjj in Zy,. Noting that all the p; are
co-prime we note that the product of all such x; must have order

k
[Irie =p—1=0)
=1

and the result is proven.

O

It may also be shown that ¢(p(n)) is the number of such group generators of
Z,,, although we shall omit this proof as it is quite uninteresting. This marks the
end of our study of Z;.

2 Quadratic Congruences

We begin by defining a character on a group. Fix n € N. We may define a
mapping:
1 x is a square modn
(;) :N—{0,£1}, 2+ < —1 =z is not a square modn (£)
0 ged(z,n)>1



Let now p € N be a fixed prime, we consider the restriction of (ﬁ) to Z,Z*.
This becomes a homomorphism of groups. Indeed, if p = 2 we are mapping from
the trivial group Z5 and there is nothing to show. Suppose without harm that
p is an odd prime. It is now known that the group Z; is cyclic and is generated
by some element, g. That is, Z; = (g9). We may therefore list the elements of L,

uniquely as:

p—1 _
Z;:{g’gZ”g 2 ""7gp 1}

It is now clear that all powers of g with even exponent are squares, and all odd
powers of g are non-squares. Moreover, there are % squares in this group To
verify that (5) is a homomorphism of groups it suffices to observe that g%¢® = go+°
and a + b is even if a, b are both even or odd, and odd otherwise.

In practice we shall frequently make use of the following result:

Theorem 2.1. Let p be an odd prime and consider an integer a such that p { a.
Then, (9) =1 if and only if a7 =1mod D.

n

PROOF. Let us now denote the Legendre mapping shown in by I'. We

define a second mapping:
* * E
®:Z,— 7L, arra-? (8)
We have shown above that I' is a homomorphism, we claim that ® is as well. Of
course, this follows immediately from the properties of exponentiation. Hence,
from our general results from groups we know that ker ® < Z; and kerI' < Z;
Now, by Lagrange’s Theorem we know that #ker® | ¢(p) and similarly for
#kerI'. We know from our above argument that
©(p)

kerI' = ——=
# ker 5

We claim first of all that ker I' C ker ®. Certainly, assume that « € kerI' so that

x

(;) =1 and hence that z = y? for some y € Z,,. Then, of course

P(z)=z2 =y 1=1 (mod p)

implying that « € ker ®. Now, there is no integer dividing p — 1 larger than %,

therefore to establish ker ® = ker I' it suffices to show kerI' C Z7. To see that this
is impossible, note that in that case one would find that

has p — 1 roots: which cannot happen.

SHalf of them are square, and p — 1 is even.
SWe write “<” to say “subgroup of”.
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Of course, we have the following relation in the case where a = —1:

() = o= )

Putting all of these together we glean the following:

Criterion. For each odd prime p and x € Z, is a square modulo p if and only
if =1 (mod p). Similarly, x has no square-root modulo p if and only if
-1

P

a2z =-1 (mod p)

The proof is immediate from Fermat’s little theorem, presented in the first
section. The Theorem of Quadratic Reciprocity allows one to check whether a
number is a square modulo a prime p > 3 quite easily and allows for some algebraic
manipulations. We shall state but not prove this theorem:

Theorem 2.2 (Quadratic Reciprocity). For distinct odd primes p,q one has:

(£) ()=

3 Continued Fractions

In this section we devote ourselves to developing a basic understanding of contin-
ued fractions. For our purposes, we will be studying numbers of the form:

ag + ! (10)
ay + 1
ag + ——
az+ -

where this expression may or may not terminate and {a;};>0 C (0,00). A suitable
expression for the above is [ag, a1, .. .].

To make this notion precise and “neat” we require a more compact notion.
Suppose that we define:

p—2=0, p-1=1, po=ao, Pn=an-1Pn—1+ Pn—2
g2=1, ¢1=0, =1, ¢n=an_1Pn—1+DPn—2
We now make the following claim regarding these continued fractions

Proposition 3.1. Assume we have a continued fraction of the form [ag, a1, ..., an]
(where m < oc). For each n < m with n < oo one has:
_ Do

ag,...,a
[ g n

10



PRrROOF. We argue by induction on the lengths of these expressions [ag, . . ., ap].
If n = 0 take any expression of the form [ag]. It is clear that this agrees with

1;’—8 = ap. Now assume the above holds for all expressions [ag, ..., a,—1] for n — 1.

We wish to consider the case n € N. Let us write:

1
[ag, a1, ..., an—1,an] = {ao, e, Qp—1 + —
anp

On this last term we apply our induction hypothesis, to obtain:

(anfl + i) Pn—2+DPn—3

(an—l + é) qn—2 + qn—3

an (an—lpn—Q + pn—B) + Pn—2
an(an—1Qn—2 + Qn—3) + gn—2
AnPn—1 + Pn—2
angn—1+ qn—2

[ag, a1, ..., an—1,an] =

which concludes the proof.

O

Although this gives us an expression for a partial continued fraction, it is not
enough. We do not yet know in what ways these p;, ¢; shall behave. For this, we
give the following proposition:

Proposition 3.2. Under the notation of the previous proposition, if n > 0 with
n < m we have

Pndn—1 — Pn—14n = (_1)n71 (11)
PnQn—2 — Pn—24n = (_1)nan (12)
ProOF. We shall first prove by induction on n. The case n = 0 is trivial

and is a matter of verification. Assume holds up to n — 1. We now calculate
the following expression

Pndn—1 — Pn—-1qn = (@nPn-1+ Pn-2)@n-1 — Pn-1(anGn-1 + gn—2)
= 4n—1Pn—2 — Pn—19n—2
= —(Pn-1Gn—2 — @—1Pn—2)
- (1

To show equation we may employ a direct calculation

Pndn—2 — Pn—24n = (anpn—l + pn—Q)Qn—Q - pn—Q(anQn—l + Qn—Q)
= an(pn—lqn—Q - Qn—lpn—1>

which by our first equation is equal to a,(—1)""2 = a,(—1)".

11



We note that these two equations give us other relations. Primarily, we deduce
from — the following equations:

Pn o1 _ (S (13)
dn qn—1 gngn—1
Po Pu-2 _ (="

n
qn qn—2 gnQn—2

(14)

Now, we observe that all representations of the form p—z where n € N corre-
sponds to a fraction in reduced terms. That is, ged(pn, ¢n) = 1 for all n € N. To
see this, assume d | p,, and d | ¢,,. Thence, by it follows that d | (—1)"~! and
that d = +1.

3.1 Sequence of Partial Convergents

Throughout the remainder of this section let us consider some continued fraction

[ag, . . .,am,] with m = co being admissible. For finite n < m we write
DPn
Cp = — = |ag,...,an]
dm

to denote the n'* partial convergent. This part of the text is devoted to studying
their convergence. We require that the reader have some knowledge of basic real
analysis.

Proposition 3.3. The even-indexed subsequence (cay) increases strictly with n
and the odd-indexed subsequence (cony1) decreases strictly with n. Meanwhile, all
odd indexed elements are no-smaller than any even indezxed c,,.

PROOF. Strict monotonicity is easy. We write by

(=1)"
Cp — Cp—2 = Qp——"—
qndn—2

If n is even, the RHS is > 0 and if n is odd the RHS is always < 0. Hence, we
have proven the first claim. For the second, assume we have integers 7, s such that
cor+1 < Cas. We note that r # s for in this case one would have

€541 — C25 < 0

directly contradicting . Furthermore, r > s is impossible for then we may
write
Cor4+1 < C25 < C2r

again in contradiction with . Finally, to see that r < s is impossible write by
our equation in

Cor < C25 < C25+1 < C2r41

which is a contradiction.

12



Note that the point of this is not moot. There are many numbers with an
infinite fraction representation. Trivially, each = € Z \ {0} has a representation.
Perhaps a better claim is that each element of Q has a representation of the
form in ([10). It is even possible to derive an algorithm for computing such a
representation. Consider some rational x = ¢ and suppose without harm that
ged(a, b) = 1.

By Euclid’s algorithm we write a = agb+7rg with 0 < rg < b. Now, this implies

that ¢ = ao + 2. Now, we set tg := b/%o' Then,
L1

T=ayg+——

0 b/?“()

Repeat this procedure with b/r¢ indefinitely and we glean our representation. It
turns out that a similar procedure applies that to any non-zero real number x.
Let now = > 0 and write

x=ag+ty, ay=|z],to:=x—ap

Then, 0 <ty < 1. If tg = 0 then we are done, else take 1/ty so that z = ag + 1/%0
and repeat this process indefinitely on 1/ty. What we wish to study is how the
partial convergents behave as n — oo. Observe that in the indefinite continu-
ation of our algorithm/procedure above for computing the continued fractional
representation of a positive real number z we have trivially

1
[a07a17"'7an+tn] == a07a17"'7an7t7
n

We now give our result:

Theorem 3.4. Let {a;};>0 C N be a sequence of coefficients for a continued
fraction representation. Then,

lim ¢, < 0o
n—o0

exists.

PROOF. Here we show that both subsequences (c2y,), (can+1) converge to the
same limit. Note that by a previous result both of these are monotonic sequences.
Moreover, they are bounded trivially; i.e. cop, < ¢ and cap41 > co. This ensures
that the limits:

a:= lim ¢y, and fF:= lim copqq
n—oo n—oo

exist and are finite. We wish to show that they are the same, i.e. a = . To see
this, let n be large enough (n > 3 should suffice):

1 1 oo
Cont1 — Con| = < >0
lczn+ d lg2n+1q2n] — (2n+1)(2n) (1)

13



From this theorem we observe that it “makes sense” to define [ag, ay, .. .] := lim ¢,.
A sufficient condition for the convergence of the continued fraction goes as
follows:

Proposition 3.5. Let {a;};>0 C (0,00) such that 3 ;5qa; = co. Then, lime,
exists and is finite[

PROOF. We note from the previous proof that it suffices to show that q2n+11q2n

0 as n — oo, we merely required that the integers be integral valued to have the
useful estimate in . Now, we assume that

E CLjZOO

Jj=0

Assume n is large and even. Then,
Gn = nGn—1+ qn—2 = AnQn—1 + @n—24n—3 + Gn—q + - -

That is, ¢, = @nGn_1 + Gn_2Gn_3 + Gn_aqn_5 + - -+ and we obtain even indexed
a; up to n. Now, since gop > 1 and the ¢; are monotone increasing we obtain that
Gn = Gn + Gp_o + -+ - + ag. Similarly, if n is odd we obtain:

Qn 2 p—2 +an_3+ -+ a1

3 — . I H ”
As the series ).~ ga0 = oo at least one of >, gqa; or 32 o, a; “diverges” to
infinity. Therefore, one of ga,, or go,41 tends to infinity as n — oco.

O

We are finally at the point where we may show that the infinite fraction pro-
cedure given for a general real number z makes sense.

Lemma 3.6. Let x be a real number and {c,} the sequence of partial convergents
generated by the algorithm given. Then for any n € N,

1

|z —cp| < ——.
dn * dn+1

ProOF. We handle the case where the representation is infinite, for otherwise
in each step we have equality and hence must preserve this equality in the last
step. In this case, it is obvious that x € Q.

In the procedure at the n'® step we found that

1

r=ag+

ay +
az +

+
a, +t,

"This proposition has a converse, but we omit this.

14



and hence, x = [ag, a1, ..., an_1,an+t,] = [ao, A1y -y Oy, i . These are precisely
the {c,} generated by the process. Now, we may write out

i “Pn + Pn—1

% 'Qn+Qn—1

Now, let us estimate the difference for all n > 0:

’33 e | _ Dn + tnPn—1 _ Pn _ tnPn—19n — tnGn—1Pn tn
" Gn + thgn-1 an Qn(QH + thnfl) Qn(Qn + thnfl)
However, this last term is precisely:
1 1 1

< =
qn (iqn + Qn—1> Qn(an—HQn + Qn—l) qn * Gn+1

O

Theorem 3.7. Let © > 0 be a real number and {c,} the sequence of partial
convergents generated by the algorithm given. Then, ¢, — x as n — oo.

PrROOF. From the previous, lemma, we have

Note that the right hand side of this equation tends to zero as n tends to infinity
implying the result.

O

3.2 Sums of Two Squares
This section is devoted to proving the following theorem:

Theorem 3.8. An integer n is the sum of two squares if and only if every prime
p =3 mod 4 has an even exponent in its prime factorization of n.

Given an integer x > 0 we shall say a representation is primitive provided it is
of the form n = 22 4+ 1?2 for integers x,y co-prime. Our first claim is the following:

Lemma 3.9. If n > 2 has a prime factor p with p = 3 mod 4 then n has no
primitive representations.

PRrROOF. By way of contradiction, assume we may write n = x2 + y? with
x,y # 0 co-prime. Note then that ptz and p 1y for if p divided, say, z we would
obtain that p | (n — 2?) = %? and hence p | y, implying that gcd(z,y) > 1. It
follows that y? (or 22) is a unit modulo p, i.e an element of the multiplicative
group Z, and therefore admits an inverse y~2. Therefore, since p | n we find

2
n=0=z>+y* (modp) = (;) +1=0 (mod p)
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In particular, <_71> = 1. On the other-hand, we may write p — 1 = 2 4 4k where

k € Z. Then, by Euler’s Criterion we notice that
-1 p—1
— ) =(-1)7 =-14#1
( p > =1

a contradiction.

O

We now wish to prove the subsequent implication:

Proposition 3.10. Let n be the sum of two squares. Then all primes p | n
reducing to 3 mod 4 have even exponent in the prime factorization of n.

PROOF. We argue by contradiction. Suppose that there is some p = 3 mod 4
with p" || n with r odd. Now, since n is the sum of two squares we may write for
x,y # 0 integers:

n=a?+ y2
Set d := ged(x,y). Then there are integers /.y’ respectively such that z = dxg
and y = dyg. Therefore, for some ng € N we have:

n=a’+y* = d*(zf +y5) = d'no

and ged(xg,yo) = 1. However, as r was odd p | ng. This is a primitive expression,
which contradicts the previous lemma.

O

Lemma 3.11. For every x € R, n € N, there exists integers a,b with 1 < b <mn

such that
a 1

N =
b‘ ~b-(n+1)
PROOF. From lemma, we have for any m € N,

’m_

As the sequence of denominators g, is strictly increasing and ¢y = 1, we can find
m € N such that ¢, <n < ¢41. Letting a = p,, and b = ¢,,, we obtain

1 1
<
b gmy1 ~ b-(n+1)

a
‘x—g‘:\x—cm\<

as desired.

O

Lemma 3.12. Any prime p reducing to 1 modulo 4 is the sum of two square.

16



ProoF. First note that for any such prime, we have

Q)=

Therefore, there exists an integer r € {1,...,p — 1} such that 7> = 1 mod p. We
now use the previous lemma with 2 = —r/p and n = [/p|. Let a,b be integers
such that 1 < b <n and

1 1
< .
“b-(n+1) byp

Define ¢ = 7b+ pa, then we will show that p = b? + ¢? thereby proving the lemma.
We first note that

p b

‘ra

P4+ =00 +1)=b*(-14+1)=0 mod p. (1)
Moreover, we have
r a bp 1
dm |2 <L
] = lop <05
It follows that
2, 2 2
1<V 4+c*<2(/p)" =2p (2)

Putting equations and together, we obtain b + ¢ = p.
O

Proposition 3.13. Let n be such that all primes p | n reducing to 3 mod 4 have
even exponent in the prime factorization of n, then n is the sum of two squares.

PROOF. We begin by noting that if n = ab where a, b are integers which can be
written as the sum of two squares, then

n = (21 +7) (23 +3) = (2122 + y192)° + (2192 — 2201)”

Now let ng be the maximal integer such that n = n%m for some integer m. Then
it is sufficient to show that m is the sum of two squares. By assumption, if p is
a prime divisor of m then p reduces to 1 modulo 4. By the previous lemma, we
therefore know that p can be written as the sum of two squares. By our initial
remark, this implies that m can be written as a sum of squares.

O
Finally, our original theorem follows from Propositions and

17



3.3 Pell’s equation
In this section, we study in N Pell’s equation, which is of the form

2?2 —ny? =1.
For fixed n, we ask what are all the solution x,y such that the above equation
holds. We will only consider positive solutions since z and y are squared!

We first remark that if n = d? for some integer d, then

2?2 —ny? = (x —dy)(z +dy) =1 ifandonlyif 2z =1, dy = 0.

Suppose now that n is not a perfect square, then how can one find the continued
fraction of y/n? Begin by denoting d = |\/n], then one can show that the con-
tinued fraction of \/n can be expressed by [d,a1,...,ax_1,ak, ax_1,...,a1,2d] for
some integers a1, as, . ..ag. Let £ = 2k be the minimal period for such a continued
fraction, then

(Pe—1,qe—-1) if k is even
(xla yl) — . .
(P20—1,q20-1) if k is odd

is a minimal solution, i.e. a solution such that x is minimal. All other solutions

z++/ny = (331 + \/ﬁyl)m

Seeing that the above indeed provides solutions to Pell’s equation can be shown
by induction. The converse is left to be read in other books, where the author
had more patience.t

are given by

4 Diophantine approximations

We state theorems without proof. We begin by reminder the reader of the defini-
tion of an algebraic number: z € R is algebraic if it is the root of a polynomial
with integer coefficients.

Definition 1 (Liouville). A Liouville number is an irrational number x if there
exists a constant ¢ > 0 such that for alln € N we may find a rational number g
such that:

where ¢ > 1.

We claim the following, in the hopes of obtaining a method for proving that
certain numbers are transcendental. Note first of all that requiring = to be ir-
rational in the above definition is of no great harm, since we will show below
that all Liouville numbers are transcendental, and all transcendental numbers are
irrational, in any case.

Theorem 4.1. Any Liouville number is transcendental.

18



PRrOOF. Here we argue by contradiction. Let n be a Liouville number. We
construct a sequence of integers (p, q),, as follows: for n € N pick a pair (p, q) € Z?
with ¢ > 1 such that

Assume now that there is some f € Z[zx] with m = deg f and f(n) = 0. Note
that f has at-most m roots in R, and hence at most finitely many of these (p, q)
correspond to rational roots of this polynomial f, for otherwise in passing to a
constant subsequence {(p,q)} one would have n = % € Q. Hence, we only need
handle the case for all large n.

Now, since f is a polynomial it is C°°(R) and therefore Lipschitz continuous
with constant L > 0 on any large compact interval about 7. Observe that since
f € Z]x] we trivially have for all (p, q) associated to n large:

16

1”s’f<p>'—‘f(n>—f<p)‘SL‘n—p‘sL,f
q q q q q

and taking n large gives a contradiction.

Therefore,
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