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Chapter 1

Introduction to Complex
functions

Lecture 1

In this course we will, broadly speaking, study functions of complex variables. One cen-
tral idea will be complex differentiability. A function f : C — C is said to be “complex
differentiable”, or holomorphic if the following limit is well-defined:

et - 1)

|h|—0 h

where h € C.

Such functions have certain particular characteristics. For instance, if f is holomorphic
in a domain Q and « is a closed curve whose interior is contained in €2, then

Lf(z) dz =0

Furthermore, if f is holomorphic then it is infinitely differentiable. Another interesting
fact is that if f and g are holomorphic and equal on some region, then f = g on the entire
complex plane.

All of the above facts will be proven during the course of the semester, which will end
with Newman’s proof of the Prime Number Theorem.

Certain results used in this course are known results from analysis or calculus. We
therefore recommend that the reader has a solid foundation in both subjects before at-
tacking these notes.

Complex Numbers. We now begin to present the course material. We first construct the
complex numbers, denoted C, from the reals R. We define an element ¢ which is such that

1



2 1. Introduction to Complex functions

12 = —1 and let the complex numbers be the set of numbers of the form z = x + iy where

z,y € R. If y = 0 then we say that z is simply a real number and if x = 0 we say that
z is purely imaginary. In this notes, it is assumed that for any z € C, unless otherwise
specified, z denotes the real part of z and y the imaginary part of z. We often visualize
the complex numbers on a plane:

|z

arg z
o

We will often make use of the norm of a complex number, which we define by |z| =
|z + iy| = /22 + y?. We say that a complex number is “small” if it is small in norm. The
argument of a complex number z = x + 4y is the angle between z and the z-axis, i.e.
arg z = tan~!(y/x). Furthermore, the conjugate of z is given by Z = = — 4y and note that

|z| = z - Z. Finally, the real and imaginary parts of z are
R(z) = Z;Z and $(z) = Z;Z

Polar Coordinates. We first define the exponential function on the complex plane. Given
a complex number z = z + iy

e = e%e = ¢® (cos(y) + isin(y))
Later on, it will become evident why this definition is reasonable. Using, the above, any
complex number z may be written in polar coordinates, i.e. z = re? for some r > 0,

0 € [0,2m). In this case, |z| = r and 6 is the argument of z. Note that for any z,w € C, we
have arg(z - w) = arg z + arg w.

Useful equalities and inequalities. Proving the below identities is left as an easy exer-
cise to the reader.
a) |z 4+ w* = |2+ |w|*+2R(z-w). In particular, if zw = 0 then |z + w|?* = |z*+|w|?.
b) —|z[ < R(2) < 7]
) =zl <S(2) < 7]
d) |z1+22+ - +2zp] <|z21|+ -+ |2n| foranyn € N
e) [[z] — |wl| < |z — w| < [2] + [w]|

Lemma 1.1 (Cauchy’s inequality). For anyn € Nand complex numbers z1, w1, 22, W, . . ., Zn, Wy,

n 2 n n
Zziwi < (Z%\Q) (sz"Q)
i=1 i=1 i=1
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Proof. For any A € C, it holds that

zn: |2 — Mw|* = f: 2% + | A2 f: w;|* — 2R (Af:zw> >0 (1)
=1 =1 =1 =1

Choosing A = ﬁ Yo ziw;, we have
=1 G

;Wi

n
)\Zziwi =
i=1 Zz 1 \wz]

Combining the above with (1) we obtain

|Zi’2+72 Wy — =, 2 Zi - Wy ZO
; > iy |wil ; > i |wil zz;
Rearranging the terms we obtain the desired inequality. O

Remark 1.1. The above lemma is a special case of the Cauchy-Schwartz inequality. In-
deed, the complex numbers form a Hilbert space with multiplication being the inner prod-
uct.

Stereographic projection. It is often useful to consider the extended complex plane, i.e.
the complex plane plus the point at infinity. The point at infinity is an accumulation point
of the complex plane and may be algebraic manipulations may be performed under the
following conventions; Let z € C, then

zZ + 00 = 00, E:oo, — =0, 0.-0c0=0
0 00

It is also possible to construct a bijection between any sphere and the extended complex
plane. Thus, the extended complex plane can be represented by a sphere S, called the
Riemann sphere. In order to construct a bijection, we consider a unit sphere (that is of
diameter 1) centered at (0,0,1/2). In other words, let the xy-plane represent C and place
the sphere “on” the origin. Now, we identify each point in z € C, with the point on the
sphere that intersects the line crossing z and (0,0, 1). We call the point (0,0, 1) the north
pole and identify it with oo. Explicitly, this bijection is given by

1

. 2 2
z=x+iy—~ ———— (2,9,

o ar e AY)
with inverse
T +y

1—=z2

(z,y,2) —
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Lecture 2

Definition 1.2. A region  C C is a non-empty connected open set. That is, ) if open and if
AU B = Q for disjoint sets A and B, then one of A and B is empty.

Definition 1.3. Let Q be an open subset of C, then f : Q@ — C s said to be continuous at zp € €2
if for all € > 0, there exists a § > 0 such that |z — z9| < & implies that | f(z) — f(z0)] < €. We
say that f is continuous on S if it is continuous at every point in €.

Lemma 1.4. A function f is continuous if and only if both the real and imaginary parts of f
are continuous.

Definition 1.5. We say that f has a maximum at zo € S if for all z € Q, we have |f(z0)| >
£ (2)]-

Theorem 1.6. A continuous function on a compact set is bounded and acheives it’s maximum
on that set.

Complex Differentiability.

Definition 1.7. Let Q C C be an open set and zg € Q. We say that a function f : Q@ — C
is complex differentiable (or holomorphic) at zq if there exists a complex number f'(zo) (the
derivative of f at zg) such that for all € > 0 there exists 6 > 0 such that

f(zi - 50(20) — f'(20)| <e.

Lemma 1.8. A complex-valued function f is holomorphic at zq if and only if there exists some
number f'(z9), a real number 6 > 0 and a function ¢ : {h € C |0 < |h| < 6} — C such that
lim, |09 (h) = 0and forall h € Cwith 0 < |h| <

f(z0+h) = f(z0) = f'(20) - h = p(h) - h
Lemma 1.9. If f, g are holomorphic, then so are f - g, f + g and f o g. Moreover,
(1) (f+9)=f+d
2) (f-9)=1-9+9f
(3) (fog)=(fog) 4

Example 1.2. One can easily show that the function f(z) = z is holomorphic. Thence, by
the above lemma any polynomial is holomorphic.

Example 1.3. The function f : C\ {0} — C defined by f(z) = 1/z is holomorphic and
f'(z) = —1/2%
Example 1.4. The function f(z) = Z is not holomorphic since the limit of

fz+h) —f(z) _h

0<|z—20<d =

h K
does not exists. Indeed, if h is restricted to being real, then the above tends to 1 while if
is restricted to being complex the limit is —1.
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Cauchy-Riemann equations. Given a complex functions f, we may write f(z) = u(z,y)+
iv(z,y) where x and y are respectively the real and imaginary parts of z and u, v : R? — R.
Alternatively, we may write f(z + iy) = F(z,y) - (1,7) where F : R? — R2, F(z,y) =
(u(z,y),v(x,y)). Recall that F is said to be real differentiable with derivative (Jacobian)
Jr if

F —F(2) - :

po WG+ R) = P() = Jp(2) bl
=0 1A

If the function f is differentiable, then it’s derivative may be computed along the real line

and along the complex line. It follows that

of _Ou  0Ov

fl(x+iy) = o %4—1%

and of Of w0
"z +iy) = —~ = e
flatiy) oiy) oy oy dy

From the above equalities we obtain the Cauchy-Riemann equations:
ou_ov v o
or Oy or Oy

Corollary 1.10. The laplacian of the real and imaginary parts of a holomorphic function is
always zero.
Proof. We will assume that the function f is twice complex differentiableﬂ Then

Pu 90w 0 o 0%u

o2 0zdy Oydx  Oy?
It follows that V2u = Au = 0. Similarly, Av = 0. O

Definition 1.11. We define the following operators;

O_1(0 0y L, 0 _1(0 0
0z Jor Oy 0z 2\o0x oy
Remark 1.5. If fis a holomorphic function, then
Of _L(OF JOFN _ Ly gy pr
9z 2 (89: Z8y>_2(f+f)_f
and
of _0F [ OF _ oy p_
7ty

Proposition 1.12. If f is a holomorphic at z = x + iy, then the function F as we have defined
it above is real differentiable at (z,y).

This will be shown later on in the course that this always holds true for holomorphic fcuntions.
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Theorem 1.13. Ifu, v are continuously differentiable at (x,y) and satisfy the Cauchy-Rieamann
equations, then f is holomorphic.

Proof. It a well-known result in calculus that if u,v are continuously differentiable then
there exists functions v (h),¥2(h) which tend to |h| = |h1 + ihs| tends to zero and such

that
ou ou

u(z + hy,y + ha) —u(z,y) = 87h1+87h2+‘hw}1( )
and P P
o+ b,y + ho) = v(e,y) = Sk + a—ZhQ + [h]a(h).

It follows from the above and the Cauchy-Riemann equations that
ou Ov Ou  Ov
et = 1) = (GE450 o+ (G450 ) o a0 + e

_ <’0‘“+'0‘> - ( o, ‘9“) iha + ] (¥1(h) + b (R)

0 Ox Ox 0
0 0
= (G i) et A1 (a0 + ()
e feam ) (0 i
z+hn)— U
b <8x+ I > + 5 Wu(h) +4a(h)

Taking the limit as h tends to zero, we find that f is indeed holomorphic with derivative
ou Yol
Lecture 3

Complex Power Series. Complex power series are a particular type of complex functions,
specifically those of the form:

(o]
= Zanz” and a,, € C

The first question we ask ourselves is where does such a sequence converge? As we have
previously remarked, C is a Hilbert space and therefore also a Banach space. Ergo, every
absolutely convergent series is also convergent. Furthermore, if |w| < |z| and f(z) con-
verges (where f is as above), then by the comparison test f(w) also converges. Recall the
following definitions from analysis;

Definition 1.14. A series f(z) = > o7, anz" converges absolutely if Y > |a,2"™| converges.

Definition 1.15. A sequence of functions fy(z) defined on a set 2 converges uniformly to f(z)
if for all € > 0, there exists N € N such that foralln > N and z € Q, | fu(2) — f(2)| < 6E|

2This varies from point-wise convergence as N may be chosen independently of z.
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Example 1.6. Let f,(z) = 2(1 + 1/n), then lim,,_,o fn(2) = z for all z, ie. fu(z) — 2
pointwise. On the other hand, the value |f,(z) — f(2)] = |z| /n may not be bounded
independently of z, implying that this sequence of functions does not converge uniformly.

Lemma 1.16. The limit of a uniformly convergent sequence of continuous functions is contin-
uous.

Proof. Suppose that {f,,} is a sequence of continuous functions converging to f uniformly
on a neighbourhood V of z. Fix e > 0 and let N € N be such that for all n > N and
y €V, |fuly) — f(y)| < e. Since each f, is continuous, we may fix n > N and pick 6 > 0
such that | f,(x) — fn(y)| < € whenever |z — y| < . Combining these facts, we have that
whenever |z —y| < 6,

[f (@) = F)] < [f(2) = fu(@)| + | fu(2) = fa(W)] + [fnly) — Fy)] < 3e
This completes the proof. O

Proposition 1.17. Given a series f(z) = > o2 g anz", there exists 0 < R < oo called the radius
of convergence such that

(1) If |z| < R, the series is absolutely convergent.

(2) If |z| > R the series is divergent.

Therefore, the disk of convergence of f is Dr(0) = {z € C | |z| < R}. Furthermore, R is given
by Hadamard’s formula:

1 . 1/n
— = limsup |a
f ~ lmsupfas|

Proof. Suppose first that |z| > R, then
lim sup |a,| |z|" = lim sup (|an\1/” \z!)
n—oo n—oo

Let {ay, } be a subsequence of a,, such that |ay,, /" _5 1/R. Then for all sufficiently large

Un 2] > 1. It follows that limsup,,_,._ |ax| |2|™ > 1 which shows

k, we must have that |a,, |
that the series must diverge.
We now consider the case |z| < R. Pick € > 0 such thate < 1/|z| — L where L = 1/R.

We may find N € N such that |an|1/n < L+ ¢ whenever n > N. Then foralln > N

1
lan|V" 2| < (L+¢)|2| < (L+=—L)|z|=1
|2

Finally, defining r := (L + €) |2| < 1, we see that f(z) converges absolutely since

00 N-1 00 N-1 00
Z lanz"| = Z lanz"| + Z lanz"| < Z lanz"| + Z r" < oo
n=0 n=0 n=N n=0 n=N
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Theorem 1.18. A complex-valued series is holomorphic in it’s disk of convergence and it’s
derivative is given by differentiating each individual term. In particular, any power series is
infinitely complex differentiable in it’s disk of convergence.

Proof. Consider a function

f(z)= Z an?"
n=0

with radius of convergence R and define

o o
g(z) = E na,z" "1 = E nay,z"
n=0 n=1

We first wish to show that g has the same radius of convergence as f. By proposition
this is indeed the case since

lim sup |na, |/ = (lim nl/”> (hmsup\aﬂ””) = lim sup |a,|*/™
n—oo

n—00 n—oo n—00

Furthermore, we claim that f is holomorphic and g is it’s derivative. Define

N 00
Sn(z) = Zanz" and En(z) = Z anz"
n=0 n=N+1

For fixed z in the disk of convergence, there exists r such that |z| <r < Rand h € C\ 0
sufficiently small so that |z + k| < r. Then for any N € N

_ (SN(Z‘Fh})L_ SN(Z) _SEV(Z)> + (ng(z) —g(z)) + <EN<z+hf)L_EN<Z)> (2)

Moreover, we have

EN(Z‘{‘h})L—EN(Z) S Z ’an’ (Z‘}'hgl —z S Z ’an|n7"n71
n=N-+1 n=N-+1

where the last step follows from the identity AN — BN = (A — B)(AN=1 + AN=2B ... +
BN~1). Note that we were free to change the order of summation by absolute convergence.
Finally, the right hand side tends to 0 as N — oo since g converges absolutely in Dg(0)
and r < R.

Likewise, since g is absolutely convergent in the Dr(0), |Sy(2) — g(2)| M=o, Ergo,
for any ¢ > 0, we may find M € N such that whenever N > M,

HAM =) o) SNCHRZSNE) g o

since Sy is holomorphic for any N € N. O



4. Lecture 4 9

Lecture 4

In the last lecture we developed some basic theory on power series. We now give some
examples of power series which are relevant in complex analysis.

Example 1.7. The complex geometric series is as follows:

n=0

1
1—z"

The above converges in the disk |z| < 1 and on that disk, f(z) =

Example 1.8 (The exponential function). The power series for the exponential function
on R is given by
oo Zn
exp(z) = Z !
n=0
and converges for any z € R. We therefore define exp(z) for complex z by the above power
series which converges for z € C, since

In conclusion, we have defined e® for any z € C and it is a holomorphic function since
it is given by a convergent power series. By theorem we may that the derivative
of €* in the complex plane is itself by differentiating each individual term. Later one in
the course, we will show that the extension of the exponential function to a holomorphic
function on the complex plane is in fact unique. Specifically, this is a corollary of the
Identity theorem, also called the principle of analytic continuation.

Example 1.9 (Trigonometric functions). As for the exponential function, we may ex-
tended sine and cosine (uniquely) to a holomorphic function on C. For all z € C, we
define

o [ee])

_ (_1)nx2n ) _ (_l)nx2n+1

COS(Z) = Z W, Sln(Z) = nZ:O W

n=0
Furthermore, by theorem we find the derivative of cos(z) to be —sin(z) and the
derivative of sin(z) to be cos(z).

Remark 1.10 (Euler’s formula). For any « € R, we have

) X s\n o -1 n/2..n > (=1 (n—1)/2,.n
ewzz(l;fy): Z Hn!x—i—i Z ()n'f’«" = cos(z) + isin(x)

n=0 n even n odd

This identity is called Euler’s formula and actually holds for any z € C. We leave the
proof of this identity for z € C as an exercise which can be done (tediously) by brute
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force, or more elegantly after proving the identity theorem. Algebraically manipulating
Euler’s formula also yield the following identities;

exp(iz) — exp(—iz)
2

_exp(iz) + exp(—iz)
B 2

cos(z) and sin(z) =

Line integrals. An important result in complex analysis which we mentioned in our in-
troduction is Cauchy’s theorem. Loosely, it states that if f(z) is holomorphic in the interior

of a closed curve  then
/f(z) dz=0
.

We first introduce some notation and theorems from calculus. The next chapter is dedi-
cated to proving the aforementioned theorem and studying it’s applications.

Remark 1.11. Given a function ¢ : R — C,

[o@rds = [Ro@)ds+i [3(o(a)) da

Definition 1.19. We define a parameterized curve to be a function z : [a,b] C R — C. We
say that a curve is smooth if it is continuously differentiable on [a,b] and it’s derivative does not
vanish on [a,b]. At t = a, b we define the derivative by

Z/((L) _ hli)I})H_ Z(a + h}z/ - Z(a) and Z/(b) _ hlifél_ W

The curve is called piece-wise smooth if z is continuous on [a,b] and there exists a finite set of
pointsa =t; <ty <--- <ty = bsuchthat forall1 <k <mn, zis continuously differentiable

on [tk’v tk’+1]‘

Definition 1.20. Two parameterization z(t) : [a,b] — C and Z(s) : [¢,d] — C are equivalent
if there exists a bijection t : [¢,d] — [a,b] such that t'(s) exists and is positive and

Z(s) = =(t(s))
Note that z is smooth if and only if Z is smooth.

Definition 1.21. A smooth curve v C C is defined by a family of equivalent smooth param-
eterizations. We define v~ to be the curve obtained by v when the orientation is reversed.
The curvey is said to be simple if it is not self-intersecting and closed if z(a) = z(b) where
z : [a,b] = C is a parameterization of ~

A piecewise smooth curve is defined similarly.
Example 1.12. A circle Cr(29) = {z € C: |z — z9| = r} with centre zy and radius r is a

smooth curve. An example of a parameterization of the circle with positive orientation is
z(t) = zo + re'* where t ranges in [0, 27].
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Definition 1.22. Given a a piece-wise smooth curve with parameterization z : [a,b] — C

n—1 that
/ﬂaw=§:/ ()2 () dt
Y k=1 tg

wherea =t <tg < --- <ty = baresuch that z is continuously differentiable on each interval
[tk, tkt1]. Moreover, the length of y is given by

:/ab\z’(t)\ dt

Lemma 1.23. The integral of a function over a curve is a well-defined concept, i.e. it is inde-
pendent of equivalent parametrizations.

Proof. It suffices to prove the lemma for smooth curves. Suppose that z(¢) : [a,b] — C and
Z(s) : [e,d] — C are equivalent parametrizations. Then

b
/f <wﬁ/ﬂmWMWW@ma/m@w

A similar proof shows that the length of a curve is also independent of parametrizations.
O

Proposition 1.24. Given functions f, g and a curve -,

(1) Forall o, B € C,
/O‘J(Z) /BQ(Z)dZ—a/J(Z)dZ B/g(z)dz

2)Lf —L_f(z)dz
B)Af 2)dz| < sup |£(2)] £()

zey
Definition 1.25. A primitive of a function f on an open set § is a function F which is holo-
morphic on 2 and such that

F'(z) = f(z) forallz€Q

Theorem 1.26 (Fundamental theorem of calculus). If a continuous function f has a primi-
tive F'in Q and ~y is a piece-wise smooth curve in  which begins at wy and ends at wo, then

[ £z = Flen) = Flen)
.
Proof. Suppose first that v is smooth and let 2 is a parameterization of ~.

b
/f dz—/ F/(2(8)2' (1) dt = /(F(z(t)))' dt = F(2(b)) — F(2(a))
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If v is piece-wise smooth and z is a parameterization of v then

n—1 tri1 n—1
/f(Z) dz = Z/ F(2)dz =D [F (2 (th1)) = F (2 ()] = F (2 (ta)) — F (2 (1))
gl k=1"1k k=1

= F(WQ) — F(wl)

Corollary 1.27. If the conditions in the theorem hold and ~y is closed, then

Lf(z)dzzO

Remark 1.13. At the beginning of this section, we mentioned that an important result in

complex analysis is
/ f(z)dz=0
.

for almost any closed curve v and holomorphic function f. By the above corollary, it is
sufficient to show that there exists a region containing v and it’s interior on which f has a
primitive.

Corollary 1.28. If a function f is holomorphic on Q and f' =0, then f is constant.

Proof. For any two point a,b € C, let v be a simple curve from a to b, then

f(b)—f(a)=/f'=0
Y
g

Example 1.14. Consider the function f(z) = 1/z. This function is holomorphic on every
point except 0. Let C denote the unit circle centered at the origin. We may parametrize C
by z(t) = ¢ where t € [0, 27]. Then

]
2T 2
_ it it 1y C o
/Cf_ ; f(e)ie dt_/0 i =27

Exercises and Solutions
Problem 1. Prove that the complex numbers cannot be well ordered.

Solution. By way of contradiction, suppose that there exists a relation < on C. We consider
the two only possibilities: ¢ > 0, and ¢z < 0.

(1) Suppose first that ¢ > 0. Then we may multiply both sides of the equation by i
to obtain that i> = —1 = 0. Multiplying —1 = 0 by —1 on both side, we also find
that 1 > 0. Thus,

0=1+4+(-1)>0+0=0
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which is absurd.

(2) Likewise, if i < 0. we first add (—¢) on both sides to obtain (—i) > 0. Then
we may multiply both sides of the equation by (—i) to obtain (—i)? = —1 = 0.
Multiplying again by —1, we also find that 1 > 0 whence

0=1+(-1)=0+0=0

which is clearly a contradiction.

~{[5 fses)

Prove that there exists an isomorphism between & and C with respect to both addition
and multiplication.

Problem 2. Define

Solution. We define the following map and prove that it is an isomorphism between S

and the complex plane:
(5 )=

It is clear that this map is bijective. To see that ¢ is a homomorphism with respect to
addition, let A, B € S have entries a,b and ¢, d respectively, then

$(A) + ¢(B) = ¢ ([_ab ZD +¢ ({_Cd CCZD —a+ib+c+id=(a+c)+i(b+d)
= 6(A+ B)
Likewise, ¢ is a homomorphism with respect to multiplication;

$(A) - ¢(B) = (a +1ib) - (c+ id) = (ac — bd) + i (ad + be) = ¢ ([_?Sdlbic) ij éﬂ)

= 6(A- B)
O

Problem 3. For fixed w € C, the mapping

F:C—>C z w_j
1 —wz
is called a Blaschke factor. Prove that if Zw # 1, then
U % o1 if |zl <1land |w| <1
1 —wz
and w
— =1 if [z|=1or |w=1
1 —wz

Moreover, prove that if w € D then F is a bijective map from the unit disk to itself.
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Solution. A series of algebraical manipulations show that

o=z
|1 —wz| —
if and only if
lw—z> <1 —wz* = |w]* —wz —wz+|2]* <1—wz — wz + |w?|z|?
& 0 < (1—Jw)(1 - |z])
Indeed, the above inequality holds whenever |w|,|z| < 1. Furthermore, we have a strict
inequality if |w|, |z| < 1 and equality if |z| = 1 or |w| = 1.
Fix w € D. To see that F': D — D is a bijection, it suffices to note that
w(l—wz)—w+z z—|w?z

FoF(z)= = =2z

S l-wz—w(w— 2) 1— |w]?

That is, F'is it’s own inverse. O

Problem 4. Consider the bijection between the sphere S of radius 1 centered at the origin
and the extended complex plane given by a stereographic projection. Prove that two
points z,w # N = (0,0,1) correspond to opposite sides of the sphere if and only if
zw = 1.

Solution. The bijection between S and C is given by

_ ~ — 2 2b 21
f:8—C, (m,y,z)*—)x—i_zy and fH2):C =S8, zm 2a ' T2 "Z|2
1—2 |27+ 1 |2|°+1 |2|°+1

where z = a + ib. Suppose first that z, w € C correspond to diametrically opposite points
of § — {N}. Then, writing z = a + ib, the point z corresponds to

2a 2 |z -1
]2\24-17 |z|2—|-1’ ]2\2—1-1

It follows that w maps to

w—f< a2 1—|z|2> i atib_ -
U+ T o L
It follows that w |z|> = wzz = —z and hence wz = —1.
For the converse direction, suppose now that 2w = —1 = wz where z = a + ¢b. Then
—z -a . — -2z 1
w:W:WJrzW and |w|:“z|2 :m
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Thence,

—2Q 22— Z2 w2— —42a — —22
f_l(w):< 20/ |2 =26/ |+f” Juw] 1>:<‘ 20 2 1 H)Zf_l(z)

wi* +17 w417 |w* +1 2417 2241 2P+ 1

That is, z and w correspond to diametrically opposite sides of the sphere. O

Problem 5. Prove Abel’s summation formula, that is show that for any finite sequences
{an )2, {bn}2_, of complex numbers and M < N,

N N-1
> anby =anyBy —ayBy-1— Y (a1 — an) By

where B, = Y ;_, by and By = 0. Then use Abel’s summation formula to prove that
for any sequence of complex numbers {a,},. ;,such that > 7, converges, the limit of
oo ran as T — 17 evaluates to Y7 | ap.

Solution.
N-1
Z (anJrl_an)Bn: Zan+1B - Zan n = Z anBp_1 — Zan
n=M n=M+1
N-1
=anBy-1 —amBy + Z an (Bn—1 — Bp)
n=M+1
N-1
=anBny-1 —aymBy — Z anbn
n=M+1
N
=anyBy_1+anby —ap By + apbpyr — Z anbn,
n=M
N
=anBy —ayBy-1— Y anbn
n=M

For the second part of the problem, fix r < 1, and denote A, = > }_; a,. By Abel’s
summation formula,

N N-1 N-1
Zr”an:rNAN—er—Z(r"“fr”)An_r A+ (1 —=1) Zr"An
n=1 n=1 n=1

Letting N tend to infinity and denoting by A the sum >, a,, we have

ir”an—ian: [(1—r)§:r”An :(1—T)ir"(An
n=1 n=1 n=1 n=1
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Since A,, — A as n — oo we may fix € > 0 and find N be such that for all n > N, we have
|A, — A| < e. Then if M denotes the maximum of |4, — A| for 1 <n < N — 1, we have

o) e ) N—-1 00
Zrnan—Zan §(1—T)Zr"|An—A\+(1—r)Zr”\An—A|
n=1 n=1 n=1 n=N
N—-1 o]
(I—r) ZT"M+ (1—r) Zr"s
n=1 n=N

<(r—rNYM+te e

Since € was picked arbitrarily, this concludes the proof. O

Problem 6. Show that

(1) >°02, nz" does not converges on any point of the unit circle (i.e. {z € C | |z| = 1}),
(2) >°2°, 2" /n? converges on every point of the unit circle,

(3) D02, 2" /n converges on every point of the unit circle except z = 1.

Solution.
(1) Suppose that |z| = 1, then

lim |nz"| = lim n =00
n—oo n—oo

Since the above limit is not 0, the series diverges on the unit circle.
(2) The second sum converges absolutely on the unit circle since

1

neN

Z'ﬂ,
n2

)
> |5
n=1

(3) From analysis/calculus, it is known that the sum does not converge if z = 1. For
any z € C, z # 1 such that |z| = 1, since the terms of the series z"/n tend to 0 as
n — oo, it suffices to show that the series is bounded. Define s, = > 1_; 2%, then

‘Z_ZTL-i-l‘ 2
1—2z — |1—z%

(2)

|5n‘ =

By Abel’s summation formula,

N N-1 N-1 N-1
21 z—z2"1 1 1 1 it
Zﬁfﬁs’v_ S”_ sN_Zﬁ:NSN_EZ“L —zzz
n=1 n=1 n=1 =
=2 + ( )
TNV TN T BN T
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By equation ,

i\’:zn L2 o2 2 143
—n TN —z 1—z 1—z M=z 71—z 12

Problem 7. Compute the following integrals
1) fw 2™ dz where 7 is a circle with positive orientation centered at the origin,
(2) f,y 2" dz where 7 is a circle which does not contain the origin,
(3) fw(z —a)"!(z — b)~! dz where « is a circle with positive orientation centered at
the origin of radius r and |a| < r < [b|.

We encourage the reader to memorize these integrals as they will be useful in the next
chapter.

Solution.

(1) Letting » > 0 denote the radius of the circle, if n # —1 then

eint1)t 2

27 21
/Zn dz = / (Teit)n iret dt = ir"tt / Dt qp = jpntl —
g 0 0 i(n+1) .

If n=-1,
2T o ) 2T
/zl dz = / (relt) iret dt = / 1 = 2mi
¥ 0 0

(2) If n # —1, 2" has primitive 2" /(n + 1) on 7 and it’s interior, thus by corollary
the integral evaluates to 0. We therefore know from class results that the
integral evaluates to 0. If n = —1, then

F(z) = F(re) = log(r) + i0

where we restrict the domain of  to some interval of length 27 is a primitive of
271, hence the integral still evaluates to 0. The above function is a generalization
of the logarithmic function to the complex plane. We will cover the use of this
function in detail in the next chapter.

=0

(3) By the two previous parts, if 7, is the circle centered at a and ~; is the circle
centered at b (with the same radius as «y) then

1 1 1
/v(z—a)(z—b)dz_/(a—b z—a)+(b—a)(z—b)dz

211
= 27 1d / 2 Mz =
a—b/ Z+b a )y, i a—>b







Chapter 2

Cauchy’s theorem and
Applications

Lecture 5

In the previous lecture, we mentioned that in order to prove Cauchy’s theorem, it suffices
to show that (under certain conditions), a holomorphic function has a primitive. The
below theorem is a first important step in this direction.

Theorem 2.1 (Goursat’s Theorem). Given an open set Q C C, a holomorphic function f :
Q — Cand a triangle T contained in €2,
fo=
T

Proof. For any triangle T, the notation z € T' means that z is a point on the triangle 7" or
in it’s interior. This abuse of notation extends to set inclusions. Let T' with diameter d and
perimeter p. Separate 7" into four triangles 77,75, T3, Ty so that

/Tf=/Tlf+/TQf+/TSf+ [ s 3)

Figure 1. Separation of T

(ST
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The diameter of each of the above triangles is at most d/2 and the perimeter is at most
p/2. If 1 < ny < 4 be the integer maximizing the magnitude of ka f then

Jl=af

Repeating the above process for T,,, we find a triangle T;,, D T},, with diameter at most
d/2% and perimeter at most p/2? such that
| 1
Toy

Jl=a )

1
Repeating this process for every positive integer yields a sequence of triangles {7, }7- ,
such that for every k € N, the diameter of T},, is at most d/2¥, the perimeter of T}, is at

most p/2* and
JAl =),

ng
Let 2 to be any point in (\,cyZh,- By lemma we may find a function % such that
f(z) = f(z0) + f(20)(z — 2z0) + ¥(2)(z — 20) for all zin T and ¢¥(z) — 0 as z — zp. By
equation (4),

<42

< 4F

(4)

/ f‘ < 4k / fl <4k f(z0)dz| + f'(20)(z — 20) dz| + (2)(z — 2zp) dz
T T, Tn, T, Tn,
=0 =0
d 00
<4 sup () ar = d-p sup (z) 750
zETnk zETnk

g

Corollary 2.2. Goursat’s theorem holds for any polygon since polygons may be sectioned into
triangles.

Cauchy’s Theorem.

Theorem 2.3. Let f be a holomorphic function in an open disk D, then f has a primitive.
Proof. Suppose without loss of generality that D is centered at the origin and define

F:D —C, 20 —> f(z)dz
REN
where 7;, is the piecewise smooth curve formed by taking the union of the line segments
from 0 to R(z¢) and from R(zp) to zp.
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Figure 2. Paths from 2o to z0 + h
I zo+h

AT
Z|

10 Yzo

Fix zp € C and let h # 0 and a complex number h sufficiently small so that z+ h € D.
Then

zo+h
F(zo0+h) — F(29) = f(2) dz—i—/Tf(z) dz+/ f(z)dz

where ., is the positively oriented rectangle with end-points (z9), ®(zo+h), R(z0+h) +
1¥(20) and zp and T is the positively oriented triangle with end-points zg, R(zo+h)+13(z0)
and zg + h.

By Goursat’s Theorem [2.1]and it’s corollary[2.2}

zo+h
F(zo-l—h)—F(zo):/ ’ f(z)dz

By continuity of f, there exists a function # such that for all z € C with |z — 29| < h,
f(z) = f(z0) +¥(2) and ¥(z) — 0 as z — 2.

F h) - F zo+h z0+h
B =TS [ e v e = s+ [ vl
Letting h — 0, we conclude F'(z) = f(z0). O

Corollary 2.4 (Cauchy’s theorem in a disk). It follows from the above theorem an corollary
that if f is holomorphic in a disk and «y is a curve contained in the disk, then

Af(z)dz—o

Example 2.1. We will use the above corollary to evaluate the improper Riemann integral
—0o0

forany £ € R. Let f(z) = e~™" (which is entire, i.e. holomorphic on C) and define let yr
to be the positively oriented rectangle with end point —R, R, R + i, —R + i€.
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Figure 3. Curve ygr

R R

By the corollary, the integral of f over yg is zero for any R > 0, thus
R 2 € )2 R 2 0 i2)2
0= / e ™ dz + / je TR 4 4 / e T 4y 4 / ie TR g, (5)
—R 0 R 1

As R — oo, the first integral tends to 1 (seen in calculus courses). Furthermore,

3 ‘ 3
/ ie*ﬂ'(R‘FZZ)Q dZ S /
0 0

Similarly, the last integral on the right hand side of equation (5) tends to 0 as R — oo.
Finally,

e*TI'(R2+2’L'R2:722)‘ dz < geferQ I‘H—OO> 0

—R 2 R 2. 9; 2 2 (B 2 _om
/ e—7r(z+z£) dz = _/ e—7r(z +2iz€—¢€ )dZ _ _67r£ / e T o miz€ dz
R -R —-R

Ergo taking the limit as R — oo in equation (5] yields
e}
0=1—¢ / e~ g 2mizE ],
— 00

The desired result follows.

Lecture 6

Homotopies and simply connected domains. We now generalize Cauchy’s theorem from
disks to simply connected domains.

Definition 2.5. Given an open set {2 and continuous curves vo, 71 : [a,b] — Q with common
end-points, we say that o, 1 are homotopic if there exists a function 7 : [0,1] X [a,b] —
satisfying the following conditions:

(1) v(0,t) = ~o(t), v(1,t) = v1(¢) for all t € [a, b]

(2) ~(x,a) = v0(a) = 7(a) and y(z,b) = 70(b) = 1(b) for all z € [0, 1]

(3) v is jointly-continuous in both variables.

Definition 2.6. A region Q is said to be simply connected if any two continuous curves in
with the same end-points are homotopic.
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Lemma 2.7. Given homotopic curves vy, 71 : [a,b] — Q C C (where Q is open) and a holomor-
phic function if : Q@ — C, it holds that

(z)dz = [ f(z)dz

0 M
Proof. By definition, there exists a function v : [0, 1] x [a, b] — Q which satisfies the proper-
ties in definition[2.5] Note that the image of y is compact and Q is open. We may therefore
find some ¢ > 0 such that for every point in the image of v, the e-neighbourhood of that
point is entirely contained in €. Indeed, if no such ¢ exists then for all n € N there exists
zn € K, wy, ¢ Q such that |z, —w,| < 1/n. By compactness of K, z, has a convergent
sub-sequence, say z,, — 2 € K. By construction, it would then hold that w,, — 2. But
this contradicts the assumption that Q¢ is closed.

Now, since v is continuous and defined on a compact set, 7 is uniformly continuous.
Thus, for € as above, there exists § > 0 such that if |z — y| < § then |y(x,t) —v(y,t)| < €
for all t € [a,b].

Fix x,y such that [z — y| < 0. We now construct 2 finite sequences as follows; zy =
wo = vYo(a) = y1(a). For each following n € N, pick z, on y(z,t) and w, € ¥(y,t) such
that all the points z,_1, 2, Wy—1, W, are contained in some disk D,, of radius /2. Proceed
as such up to some zy = wy = Y(b) = v1(b). In each disk D, consider the primitive of f
which we denote F;,. By the fundamental theorem of calculus, forany 0 <n < N —1

Fn+1 (Zn) - FnJrl (wn) = Fn(zn) - Fn(wn)
Ergo,

N-—1

= ([Fn(zn) - Fn(wn)] - [Fn(znfl) - Fn(wnfl)])
n=1

= [F (o) — Fx(wn)] ~ [Fy(z0) — Fy (o)

=0

since wg = 2o, WN = ZN.

We may therefore pick a finite sequence z,, such that zp = 0,2y = 1l and |zp4+1 — 2| <
o foreach 0 < n < N — 1 to conclude that

Y0 v(zo,t) Y(z1,t) Y(zN,t) 7

Theorem 2.8. Every holomorphic function on a simply connected domain has a primitive.

Proof. The proof is left as an exercise. O
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Corollary 2.9 (General Cauchy theorem). Given a simply connected domain 2, a holomor-
phic function f defined in Q and any closed curve -y C €, it holds that

[

Example 2.2. We wish to evaluate the improper Riemann integral;

/Ool—cos(:n) 7
0 .'132 _2

Let f(x) = 1;—‘522 which is holomorphic on C\ {0}.

Figure 4. Curve ygr

-

~R —1/R 1/R R

By Cauchy’s theorem for a disk[2.9} for any R > 1, integrating f over vz we find

R iz iz —-1/R 1 _ iz iz
1 1 1 1
0:/ . dz+/ ; dz+/ - +/ S d: (6)
1/R z Cg z R z — z

1/R

We now evaluate each integral individually as R — oc.
T R—oo

1—e” 2
/ 26 dz| < / dz < / — dz=—-—=0
ot Z ch ct |2 R

The fourth integral on the right hand side is given by

1_6iz

22

ezt

01 _ pic T 1= S°® (et /p) T X . ityn—1
/ ———idt = —i/ ZnzolieT)l —/ yo U=
e 0 0

eett n!

n=1

where ¢ denotes 1/R. Thus,

iz T 0 - _it\n—1 ™
lim 1-¢ dz:—/ lim(we)dt:—/ 1dt = —7
0 0

R— - 22 e—0 n!
> Cl/R n=1

where we can justify passing the limit under the integral and the sum by the dominated
convergence theorem (analysis). Finally, taking the limit as R tends to infinity in equation
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(6) yields

0 _ iz 0 1— iz
/ 26 dz—l—/ 26 dz=m
0 z — 00 z

Taking the real parts of either side of the above equation and dividing by 2 concludes the
exercise.

Lecture 7

Cauchy’s Intergral Formula.

Theorem 2.10. Let f be a holomorphic function in an open set O D where D is a disk and
let C denote the boundary of D in the counter-clockwise direction (positive orientation), then

f(z):% Cff(g)zdg forall z € D (7)

Proof. For fixed z € D, the function f(§)/({ — z) is holomorphic on D \ {z}. For all ¢
sufficiently small, we find by Cauchy’s theorem [2.9]that

cé—z c.§— % c.§— % c. §-%
where C. is the circle centered at z with radius €. Indeed, we may see that this is true by
integrating over the paths i, y2 as depicted below:

Figure 5. Curves 1,72

gt
72
Since f is holomorphic, the term %Z(z) is bounded by some constant M > 0 for all
¢ close to z. In particular, for all sufficiently small e
M dz| < M2ne =0
c. &—=z
Finally, taking e — 0 in;
[ L0 co [ L6 ge [ HO-SC g, pyypsyy [ LO-10),
cE—z c. §— 2 c. §—% c. &—=z

yields the desired result. 0
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Generalizing Cauchy’s integral formula. We now provide Cauchy’s Integral formula in
it’s full generality which gives an explicit form to every derivative of a holomorphic func-
tion f. This theorem will have some useful consequences. For instance it will allow us
to prove that all holomorphic functions are infinitely differentiable and analytic. We will
also use the result to prove Liouville’s Theorem, a famous theorem which is known, in part,
for it’s role in the proof of the Fundamental theorem of Algerba. Another application of this
generalization will be the proof of the identity theorem, or analytic continuation which we
have mentioned earlier in this text.

Theorem 2.11. Let f be a holomorphic function, then f has infinitely many complex deriva-
tives in it’s domain Q. Furthermore, if D is a disk such that D C Q, then

Fo () = /Cf@dg VzeD (8)

= omi (€ — z)nt1
where C denotes the boundary of the disk (with positive orientation).
Proof. We prove the above by induction. The case n = 0 is exactly Cauchy’s integral

formulal7l We now assume the result holds for n — 1 wheren € N. Fix z € D and let h be
small

fO e +h) = V() (n—1) /f(é){ Lo ]
h 2mi Jo b [(E—z—h)" (£—2)"

By the identity A" — B" = (A — B)(A" ! + A" 2B + ... 4+ B"1) we obtain

(n—1) [ f(€) h 1 1
2mi /c h (§—2z—h)(§—2) [(ﬁ—z—h)”‘1+ +(€—Z)”‘1]

Note that for all sufficiently small h, the integrand is bounded. Thus, by the bounded
convergence theorem we may take the limit as h — 0 by passing it under the integral to

find that ( ) : £(O)
(n) 2) = n— _n — e AR S A
f ( ) 21 /Cf(f) (5 _ Z)n+1 2w /C’ (f _ Z)n+1 df

g

Corollary 2.12 (Cauchy’s inequality). If f is a holomorphic function in an open set containing
the closure of a disk Dg(2¢), then

|
£ o) < 7 Il (©)
where | fllc = sup.cc | £(2)]

Proof. Indeed, we have

’f(n)(zo)‘: 27:1/(;(5—]02(:3"“ <

= on

nl Gl 7l
/C |€ - Zo|n+1 s 2w Rn+1 Hf”c 2rR
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Fundamental Theorem of Algebra.

Theorem 2.13 (Liouville). If f is entire and bounded, then it is constant.

Proof. Let M > 0 be an upper bound of f, then any z € C, R > 0, we find from Cauchy’s
inequality (9) that
s e < 5
“RVYCT R

Letting R tend to infinity, we conclude that f/(z) = 0 for all z € C, i.e. f is constant. [
Corollary 2.14. Every non-constant polynomial P(z) = a,2" + - -+ + 29 has a root in C.
Proof. We show that if P has no roots in C then it must be constant. For any z # 0,

P(z) ap—1 ap

Since the right hand side tends to |a,| as |z| tends to infinity, there exists R > 0 such that
forall z € C,|z| > R,

:an+<

P(z)
Con
In particular 1/P(z) is bounded outside of the disk Dg(0). Furthermore, since P has
no root, 1/P(z) is holomorphic on Dg(0) and thus bounded on that disk. We infer that
1/P(z) is a bounded entire function. By Liouville’s theorem, P(z) is constant. O

S L CEA

Theorem 2.15 (Fundamental Theorem of Algebra). Every non-constant polynomial P(z) =
anz" + -+ + 2o of degree n has n roots in C

Proof. By the above corollary P(z) must have k roots for some 1 < k < n. Let wy,...w
denote these roots and write

P(2) = (z = w1)(z — wy) -+~ (= — wi) Q(2)

where () is a polynomial of degree n — k. If k < n then by the above corollary ¢ must
have at least 1 root, which is also a root of P. By induction, we conclude k = n. O

Analytic continuation.

Definition 2.16. A function f : Q — C where ) is an open set is said to be analytic if for every
z9 € Q, there exists a disk D centered about zy and coefficients {a, },> | such that

flz) = Z an(z — 20)" Vze D
n=0

Theorem 2.17. Let f be holomorphic in an open set £} and let D be a disk centered at zyg whose
closure is contained in Q). Then f is analytic and has the power series expansion

© r(n)(,
f(z)zzf (O)(z—zo)” Vze D

n!

n=0
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Proof. Let z € D and denote by C' the boundary of D, then there exists 0 < r < 1 such

that
ARVA

£— 20
Ergo, for all £ € C, the below series converges absolutely;

11 1 1l K22\
5—2_5—20(1—§_§g>_f—zoz<£—zo>

n=0

<r VEel

Finally, by Cauchy’s integral formula|[3}

RO N CRSYEEE A
f(z)_27”'/05—2?(15_QWi/cf—Zoz(f—%) 4

n=0

N o R

0

Theorem 2.18 (Identity Theorem). Suppose that f is a holomorphic function in a connected
region . Suppose furthermore that there exists a sequence of distinct points {wg}re, , wp —
w € Qsuch that f(wy) =0 forall k € N, then f = 0.

Proof. We will first show that f = 0 in any disk D C () centered about w. By the previous
theorem, there exists a sequence of complex numbers {a,},. ; such that

fz)=) an(z—w)® VzeD
n=0

If f # 0, then define m to be the minimal positive integer such that a,, # 0. Write

o0

f(z) =am(z—w)" <1 +a! Z an(z — w)"_m) = am(z —w)™ (1 + g(2))

n=m+1

Note that g(z) — 0 as z — w. Thence, we may pick an element wy, in our sequence such
that |g(wg)| < 1/2. Finally,

0= [f(wi)] = lam(we —w)™ (14 g(wp))| =2 —= >0

which is absurd.

We now prove that f = 0 on Q. Define U to be the (non-empty) interior of {z € Q | f(z) =0}
and V = Q\ U. If both U and V are open (with respect to the subspace topology on (),
then since U is non-empty, U UV = Q and ) is connected, U = Q. In other words, f =0
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on 2. The set U is open by definition and it remains to show that V' is open, or equiva-
lently that U is closed. Let z,, — 2z be a sequence in U converging to z € (2. By the above
argument, there exists a neighbourhood of z on which f = 0. Whence, z is in the interior
of {zeQ| f(z) =0},ie. z€U. O

Corollary 2.19. If f, g are holomorphic in Q and f(z) = g(z) for all z in a some non-empty
subset of Q) containing a cluster point, then f = g in ).

Definition 2.20. If f : Q D Q' — Cand F : Q' — C are holomorphic functions such that
f=Fin(Q, then F is called the analytic continuation of f.

Lecture 8

Theorem 2.21 (Morera’s theorem). If f is a continuous function in a disk D such that

e

for every triangle T contained in D, then f is holomorphic.

Proof. Note that this theorem is a converse of Goursat’s theorem Since it suffices to
show that f has a primitive, the proof is identical to that of Cauchy’s theorem. O
Theorem 2.22. If there exists a sequence { f}, cy of holomorphic functions that converge uni-
formly to f in every compact subset of €2, then f is holomorphic in €.

Proof. Let D be a disk whose closure is contained in 2. For any triangle 7" in D and any
n € N, by Goursat’s theorem [2.1]

-

Since f,, — f uniformily, we may take the limit as n — oo by interchanging between the
limit and the integral which yields
Jir=r
T

Hence, by Morera’s theorem, f is holomorphic. O

Theorem 2.23. If { fu},,c is a sequence of holomorphic functions that converge uniformly to
[ in every compact subset of Q, then { f},} tends to f" uniformly on every compact subset of Q.

Proof. Without loss og generality, suppose that {f,},.y — f uniformly in all of Q. Fix
0 > 0 and define B
95:{z€Q|D5(z)§Q}
By Cauchy’s inequality [9)
1 n—0o0
sup |(f = £n)'(2)] < 5sup |f(2) = fu(2)] #= 0
z

2€Q5 €N
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Schwartz reflection principle.

Theorem 2.24. Let Q = QT UTUQ™ be such that for all z € QF, S(z) > 0 (upper half-plane),
forall z € I, 3(z) = 0and forall z € Q, S(z) < 0 (lower half-plane). Suppose that z € QF
ifand only if z € Q. If f* is holomorphic in Q" and f~ is holomorphic in Q™ and

li = 1
zefg*nﬁw f(Z) zefgnﬁx f(Z)

for all x € I, then the function
ft(z) zeQt
f(z2)=q 1 (2) ze
lim,cq+_, f(2) otherwise

is holomorphic.

Proof. Consider an arbitrary triangle 7" in (2. By Morera’s theorem, it suffices to show that
fT f = 0. There are three interesting cases:

(1) If a vertex of T is on I and the interior of T is either in Q" or Q. In this case we
construct triangles 7), tending to T entirely in Q1 or Q™ and take the limit.

(2) Anedge of T'is on I and the interior of T is either in Q" or Q™. We proceed as in
the previous case.

(3) If the interior of T is split between Q* and Q~, then we may separate T into
finitely many triangles such that the interior of each triangle is either in QT or
Q.

O

Theorem 2.25 (Schwartz). If f is holomorphic in Q and extends continuously to I and f is
real-valued on I, then f has an analytic continuation F to €.

Proof. We define
F(z)=f(z) Vze€Q

For z € Q1 and appropriate 29 € Q1 we may write

1) = anlz — 20)"
n=0

Hence,

F(2) =) an(z~20)" = ) an(z — 20)"
n=0 n=0

which is indeed holomorphic. Furthermore, F' agrees with f on I where both are real-
valued. It follows from the previous theorem that the function defined by f on Q* and
by F on 2~ may be extended to a holomorphic function on €. O
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Exercises and solutions

Problem 1. Show that

Solution.

00 1 oo [ iz —iz 1 0 iz 0 iz 1 [
/ Sln(x)d:n:—_ [6_6 ]dx:.[/ edx—i—/ edx]:,/ SR
0 T 2t Jo x x 2i | Jo = oo T 2t J_

By Cauchy’s theorem that the integral of of £- over the indented semi-circle equals 0. We
therefore obtain

—€ ix R _ix i i
e e e e

/ dx+/ —dx = da:/ —dx
_R X e T c. T Cp ¥

™ exp {ice’ , ™ exp {iRe' A
= / exp{ice}, gy / PR it gy
0 ge’ 0 Rett

:i/ exp {iseit} dt—i/ exp {iRe”} dt
0 0

(1) (2)
where R denotes the radius of the large circle and ¢ the radius of the small circle. We first
evaluate integral (2)

/0 exp {iRe"} dt‘ < /0 lexp {iR cos(t) — Rsin(t)}| dt :/0 lexp {—Rsin(t)}| dt

8

/2
- /0 lexp {— Rsin(t)}] dt

Furthermore, since sin is concave on the interval [0, 7/2] and sin(0) = 0,sin(7/2) = 1, it
holds that sin(t) > %/2 for all t € [0,7/2]. The above integral may therefore be bounded

by
/2 2 —T R R—oo
_— = — - — 1
/0 exp{ 7T}‘dt 2R[e ]%0

We now evaluate integral (1);

™

/0 exp {ice’ } dt = /0 exp {ie cos(t) — esin(t)} dt :/ exp {ie cos(t)} exp {—esin(t)} dt

0

iy
ﬂ ldt=n«
0

Ergo, taking the limits as R — 00,e — 0, we obtain

o] eix
/ —dx =inm
oo T
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Finally, equating the imaginary parts of the left and right hand side we conclude that

[ L
0 x 2 z

— 00

Problem 2. Evaluate the following integrals
|dz|
(1) f|z|:10 |z—al?’
(2) f|z|:1 v dz.
Solution.

(1) We have

/ |dz] /2” piet] /% 1 My
= ————dt=p : ——
l=p [z —al*  Jo |peit —al? o (pett —a)(pe~® —a)

In the hopes of recovering the integral in terms of z, we write

/ |dz| _p/27r ipet dt—p/ 1 &
el af i h @@ —me T i, G (P )

Since |a| < p, we know that the |p? — za| > 0 in the disk D, of radius p about the
origin. I follows that function

1
g(z) T /72 — a

is holomorphic in D,. Hence, by the Cauchy integral formula,

so= g [ g Lie S S
210 Jizj=p 2 — @ 210 p i Jyo=p (2 — a) (p* — 2@) 271p Jiz1=p |2 — af?

Finally,
|dz] 27p
/ 5 = 2mpgla) = ————
lzl=p |2 — al p* — lal

(2) If n < 0, then f is holomorphic on the entire disk of radius 1 about the origin and
from Cauchy’s theorem we find that the integral evaluates to 0. Otherwise, i.e. n > 1,
consider the function g(z) := e* which is holomorphic in the disk of radius 1 about
the origin. By Cauchy integral formula,

R e | 16 DV GtV N G
4" (0) /| /|

2mi 2=1 2" 2mi =1 2"

2
(n—1)!

Multiplying both sides of the above equation by concludes the exercise.
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Probelm 3. Suppose that f is a holomorphic function on thestrip{z =z +iy | -1 <y < 1,z € R}
such that

If() < AQ+[=])"

for some constants A > 0 and n € R. Show that there exists a sequence {4}
forall z € R,

[e's)
n=1

such that
£ @) < A (1 +|al)”

Solution. Fix x € R, n € Nand r < 1. By Cauchy’s inequality

n n! n!
FO@)| < ISl < A sup (L)

|z—z|=r

If 1 is non-negative then for all z such that |z — z| = r, |z| < |z| 4+ r < |z + 1. Thence,
PO @) <A@+ [2l)" < EA (2420l T2 01427 (1 + [a])”
2)| < 3 )" < 3 T n! x

In particular, 4,, = n!A2" solves the problem. Otherwise, i.e. if 7 is negative then |z| >
|z| —r > |z| — 1 and

) < @ lel 2 < (142 - Loy

Letting r tend to 1,
‘f(n)(x)‘ < n!A% (L4 2)" = An (1 + [2])"

where A4,, = nlA/2". O

Problem 4. Show that if f is holomorphic on an open set containing the closure of Dg(0),
then for all z € Dg(0),

1

- Re™ + z
o 27[' 0

27
) ey (e

Solution. By Cauchy’s integral formula,

_ 1 f& .1 [* f(Re™)
1(z) = 210 Jjg=r § — 2 de = 2mi Jy Re? — ZZRB dy
2 %
= L [T IE) poivag ()

21 )y Rei —z
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In order to compare the above to the desired result, we write
(Rew + z) 1 [Rew +2 Re ™47z

Ret? — z 2 |Rei* — 2 ' Re—iv —%

(Rew + z) (Re*i‘P — E) + (Rei‘P — z) (Re*i“7 + E)
(Re'? — z) (Re™% — %)

I

~ (Rei¥ — z) (Re™i¥ — %)

Furthermore, note that

1
2

Re™ + 2 Re'¢ (|Z’2 - R2) /Z Re'? Re'?
(Rei‘ﬂ — z> - (Re' — z) (Re'v — R?/Z) - (Retv — z)  (Re'¥ — R%/Z)
Since R > |z|, the function
Re'¥
(Re'v — R2/Z)
is holomorphic in the disk of radius R about the origin. The product of holomorphic
function being again holomorphic, we conclude by Cauchy’s theorem that

1 (2 [Rei® 4, I Re¥ Re'
L7 preie (BEE2) qp = L[ pepeiey [ BEE
e, 1w (52 2) o= g [ 10 [ -
27 i .
_ L [T IR b g,

T2 )y Rew —z
Finally, by (i), we find that
[ ; Re'? + 2
= — W —— | d
10 =g [ s () 4
O

Problem 5. Suppose that f is an analytic function defined on C such that for every zy € C,
the expansion about 2y,

oo
flz) = Z cn(z —20)" Vz near 2
n=0
has at least one zero coefficient (i.e. there exists k € N such that ¢, = 0), then f is a
polynomial.

Solution. Fix zg € C. If ¢,, = 0, then
F™M(z) = epn! =0

In order to prove that f is a polynomial, we equivalently need to show that f(®) = 0 for
some n € N. By the identity theorem in the second chapter of the book, it suffices
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to show that for some z € C there exists a sequence zp — z of distinct point such that
f™(z;) = 0 for all k € N. By assumption, for each zy € C there must exists an n € N such
that the n!" term of the power series expansion about zj is 0. For each natural number n,
consider the set

Sp = {z € C | the n'™ term of the power series expansion about z is 0}

It follows from our assumption that

Usn=cC

neN
Since the countable union of countable sets is again countable, there must exist a natural
number ng € N such that S, is uncountable. Thence, S,, must have an accumulation

point z € S,,, and we may therefore pick a sequence z;, — 2z in S,,,. By definition of S,
along wiht our initial remarks, it holds that

f")(z)=0 VkeN
Finally, by the identity theorem, we indeed have f™ =0, i.e. f is a polynomial. O






Chapter 3
Meromorphic functions

Lecture 9

The Residue theorem. We would like to generalize some of the results from the previous
chapter to functions that are almost holomorphic.

Definition 3.1 (Isolated singularities). A point singularity, or isolated singularity, of a func-
tion f is a point zg such that f is defined in some neighbourhood of zo but not at z.

Given an open set © C C and a function f : Q\ zgp — C, we define three types
of singularities below. A singularity at a point zg is said to be isolated if there exists a
neighbourhood U of zy such that f is holomorphic on U \ {zp}.

Removable: The point zy is called a removable singularity if there exists a € C such that

a zZ =2

is holomorphic in a neighbourhood of 2.

Poles: If there exists a neighbourhood V' of zy such that

() = {w(z) 2 €V {20}

0 zZ =2

is well-defined and holomorphic, then z is called a pole of f.

Essential: If zp is not a removable singularity nor a poles, then it is called an essential
singularity.

37
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Lemma 3.2. Suppose f # 0 is a holomorphic function on an open connected set 2, then for
any zog € €, there exists a neighbourhood U of zy on which

f(z) = (2 = 20)"9(2)

for some unique positive integer n and non-vanishing function g.

Proof. First note that by the identity theorem there must exist a neighbourhood U of
2o such that f vanishes exclusively at zp. Since f is analytic, we may write

F(2) = ak(z — 20)*
k=1

By assumption, there exists a minimal positive integer n such that a,, # 0. Then,
o0
f(2) = (=~ 20)"g(2) where g(z) = 3 ax(z — )"
k=n

By results derived in chapter 1, g is holomorphic and it’s power series representation has
the same radius of convergence as that of f. Furthermore, g(z9) = a,, # 0 and g(z) # 0 for
all z € U since f is non-zero on U.

In order to prove uniqueness, it suffices to show that our choice of n was unique.
Suppose m is a positive integer such that the decomposition f(z) = (z — z9)™h(z) satisfies
the conditions of the lemma. If m > n, then a, = g(20) = (¢ — 20)" "h(z) = 0 which

contradicts our choice of n. Likewise, if m < n, h(zy) = (2 — 20)" " ™g(2) = 0 which
contradicts the assumption made on h. We infer that the choice of n was indeed unique.
O

Theorem 3.3. If f is a function with a pole at zg then there exists a neighbourhood U of zp, a
unique positive integer n and a non-vanishing holomorphic function h : U — C such that

f(z) = (2 — 2z0) "h(2) Vz e U\ {20}
We call n the degree of the pole. If n = 1, then the pole is said to be simple.
Proof. By definition of a pole, there exists a function g which is holomorphic in a neigh-

bourhood U of z and equal to 1/ f away from z. By the previous lemma 3.2} there exists
a unique positive integer n and a non-vanishing function holomorphic % such that

9(z) = (z — z0)"h(2) Vze U\ {2}

Taking the reciprocal of either side of the above equation concludes the proof. O
Proposition 3.4. If f has a pole of order n at zg then there exists a neighbourhood U of zq such
that
o0 -1 00
f(z) = Z ar(z — 2)* = Z ar(z — z0)F + Zak(z — z)" Vz e U\ {20}
k=—n k=—n k=0

~~

principle part residue
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We call the first n terms of the above series the principle part of f and the rest of the series the
residue of f. Furthermore, the term a_; is called the residue of f at zy, denoted res,,(f).

Proof. By the previous theorem, there exists a neighbourhood U of zy and a holomorphic
function h such that f(z) = (z — 20) ™h(z) for all z € U \ {20}. By theorem we may
expand h into it’s power series about zo;

o0

f(z)=(2—20)" Zbk z—zo = Z ak(z—zo)k Vz e U\ {20}

k=—n
where ai = bp_y,. O

Theorem 3.5. Suppose that f is holomorphic in an open set {2 except for at zo which is a pole.
If C'is a circle contained with its interior in 2 and such that zg is in the interior of C. Then

2m/f dz = res,, (f)

Proof. Let P(z) and R(z) denote the principle part and the residue of f about zp. Then for
some constant {ax},_,,

/f dz_/P dz+/R dZ—/CZakZ_O dz—Zak/ )

k=1

where the integral of R(z) vanishes since R(z) is holomorphic by theorem[I.18] To com-
plete the proof, it suffices to note that

1 2 ) 0 > 9
/ —Fdz = z/ - gz = » "=
c (2 —20) 0 27 n =

Theorem 3.6. If f has a pole at zy of order n, then

1 dn—l

B D gt (220 B

res;, (f) =

Corollary 3.7 (Residue formula). If f is holomorphlc in an open set containing a circle C and
it’s interior, except for a finite number of poles z1, ..., z, then

2772/ f= Zreszkf

Corollary 3.8. If f is holomorphic in an open set containing a toy contour C and it’s interior,
except for a finite number of poles 21, ..., z, then

LVE
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Proof. By theorem there exists a neighbourhood U of zy and a function h which is
holomorphic on U such that (z — 20)" f(z) = h(z) for all z € U \ {20}. By theorem[2.17]

> p(k)
h(z) = Z k('zo)(z — 2)* VzeU
k=0 )

In particular, the term a_; in the power series expansion of f corresponds to

pn—1) (ZO) 1 1 dr—1
SR G (VA (n—1) - lm —
(n—1)! Fuv (n— 1)!h () S (n—1)! dznt

res,, (f) = [(z = 20)" f(2)]

Lecture 10
Example 3.1. We wish to use the Resiude theorem to show that

e 1
/ 72(3156:71'
P B

We define
1 1

& = 3 = e+
Then f holomorphic away from 4, —¢ which are poles and
resi(f) = lim ——— ' = +_

z—i (z —1)(z +1) 2i

Let R > 2 and integrate over the curve g of radius R;

Figure 1. Curve vr

Cr

R R

By the residue theorem, the integral over g evaluates to 7. Furthermore,

1 1
</ X 4&<rR—
_/CR|1+z2| F=TRRr T

R—o

f(z)dz — 0

Cr
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Combining our results and letting R tend to infinity, we conclude that

T = f(z)dz:/oo ! dz

2
R oo L+2

Example 3.2. We wish to evaluate the integral

[e.9] e(l.'E
/ forsome 0 <a <1
oo L €%
Let s
e
which has a pole whenever e = —1, i.e. z = i(2n7 + 7) for some integer n. For any

R > 0, consider the rectangle contour of height 27;

Figure 2. Curve ygr

- R

The residue at 7¢ is given by

az 1—mi
lim (z — i) = lim e¥*—— = —¢
Zz—Ti 1+ e? z—mi —eTt 4 e#

iTa

where we computed the limit by using the classical I’'Hospital’s rule. By the residue the-
orem, the integral of f over the entire rectangle evaluates to —2mie™“. We now compute
the integral over the upper segment of the rectangle;

R R ca(z+2mi) ) R caz ) R
—/ f(x+2mi)dz = —/ ———dr = —627”‘1/ dr = —627”“/ f(z)dx
-R —-R

R1_|_6x+27ri _R1+em

since €™ = 1. Furthermore, the integral of f over the left and right sides of the rectangle
ia bounded by

2m ea(R:I:it)
0 1 + e

since a < 1. Finally, taking the limit as R — oo, we have

/OO f(z)dz — e2™@ /OO f(z)de = —2mie™@

2 ‘ea(Riit) ‘ 27 R e(a—l)R Res
< 4 Q< dt <om— =250
_/O ‘1_}_6Rizt’ —/0 el 1 - ﬂ-l_efR

Thus, using the identity sin(z) = eiz;fiz , we conclude

[ee] 00 ar — i Tia
R L e
oo oo L+ €7 1 —e?™a  gin(wa)
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Remark 3.3 (L'Hospital’s rule). The general form of I'Hospitals rule does not hold for
complex functions. But, if we suppose that f, g are holomorphic in a neighbourhood of ¢,
f(c) = g(c) =0and g, ¢ are non-zero in that neighbourhood then

— _ /
i 1) _ py U S/ =0) o 7
eveg(z) e (9(2) —9(0)/(z =) =meg'(2)
Theorem 3.9 (Riemann’s theorem on removable discontinuities). If f has a singularity at zg

and there exists a neighbourhood U of zo such that f is holomorphic and bounded on U \ {2},
then zg is a removable singularity.

Proof. We mimic the argument of Cauchy’s integral formula[7} Let C denote the boundary
of U (a circle with positive orientation) and fix z € D, z # z. By Cauchy’s theorem, for
all sufficiently small € > 0

f(6) f(§) f(§)
de = JI8) 4 JI8) 4
/Cg_z 6 /C’g(z)g_z €Jr/C’g(zo)g_z 6 (10)

where C.(z) and C.(zp) are the circles with positive orientation of radius € about z and z
respectively. By Cauchy’s integral formula,

5O e _ o
/Cs(z)é_zdﬁ—2 if(z)

Let M > 0 be such that | f(§)| < M for all £ € U and note that for £ € C.(2p),

| —2] > ]z — 20| — | — 20| = |z — 20| — €

Thus,
M M
Ce(20) §—z Ce(20) € — 2| |z — 20| — €
Combining our results into equation and letting € tend to 0, we infer that
1 [ f©)
=— [ —*=d VzeU
16 =5 | F5006 VzeU\ ()
To complete the proof of the theorem, it suffices to show that the function
1 [ f©
h(z) = — d
(2) 21 Jo & — 2 ¢

is holomorphic on U. Let T be a triangle contained in U, then by Fubini-Tonelli,

/Th(z)dZ—/T/Cg(_gldde—/C/Tg(fldzdﬁ—O

Indeed, for fixed £ € C, the function g is holomorphic and by Goursat’s theorem
the integral evaluates to 0. By Morera’s theorem h is indeed holomorphic. U

Corollary 3.10. Suppose that f has an isolated singularity at zy, then f has a pole at z if and
only if | f(z)| = oo as z — zp.
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Proof. The forward direction is clear. We prove the converse by a contrapositive argu-
ment. If |f| tends to infinity, then 1/f(2) — 0 as z = 2 and is bounded about zy. Thus,
1/f has a removable singularity at zp and f has a pole at 2. O

Lecture 11

Essential singularities.

Example 3.4. Consider f(z) = e'/# defined on C\ {0}. If z is real, then
lim f(z) =00 and lim f(z) = -0

z—07F z—0~
On the other hand, if z is purely imaginary, i.e. z = ¢i, then f(z) is bounded (by 1) as
e — 0. Therefore, the point zp = 0 is an essential singularity.

Theorem 3.11 (Casorati-Weierstrass). Suppose that f is holomorphic in the punctured disk
D, (20) \ zo and has an essential singularity at zg. Then the image of D, (z¢) \ {z0} under f is
dense in C.

Proof. By way of contradiction, suppose that f(D,(z9)\{z0}) is not dense in C. Then there
exists w € Cand ¢ > 0 such that

1f(z) —w| >0
forall z € D,(20) \ {20}. Thus, the function
1
2) = ——
9(2) ) —w

is holomorphic and bounded in D,(zp). By Riemann’s theorem on removable disconti-
nuities 2 is a removable discontinuity of g. Ergo, we may assign to g(zp) a value
such that g is holomorphic. If g(z9) = 0, then 1/g(2) = f(z) + w and f(z) have a pole at
20, contradicting the assumption that zp is an essential singularity. On the other hand, if
9(z0) # 0,then 1/g(z) = f(z) = w is holomorphic at zy which is again a contradiction. O

Meromorphic functions.

Definition 3.12. A function f on an open set ) is meromorphic if there exists a sequence
{21} re; with no convergent subsequence in Q such that f is holomorphic on Q\ {2z} and f has
a pole at each z.

It will be useful to define these types of functions on the extended complex plane. To
do so, it suffices to define what it means for f to be holomorphic or have a pole at infinity.
To this end, suppose that f is holomorphic for all large z € C and define F(z) = f(1/z)
which is holomorphic near the origin. We say that f has a pole at infinity if " has a pole
at the origin. Likewise, f is holomorphic at infinity ifF" is holomorphic at the origin and
f has a removable singularity at infinity if F has a removable singularity at the origin.
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Thus, a function is meromorphic on the extended complex plane if it has finitely
many poles. Indeed, if f has infinitely many poles {2} ;, then there must exist a subse-
quence {z, } which converges in C.

Theorem 3.13. A function f is meromorphic on the extended complex plane if and only is it is
rational (i.e. of the form P(z)/Q(z) for some polynomials P, Q).

Proof. Clearly, all rational functions are meromorphic on the extended complex plane.
To prove the forward direction, suppose that f is meromorphic on the extended complex
plane and let {z;},_, denote the finite poles of f.

About every pole zi, the function f may be separated between it’s principle part fj
and it’s (holomorphic) residue gi. If the point at infinity is a pole, then F(z) = f(1/z)
has a pole at the origin and may also be written in terms of it’s principal part Fo(2z) and
residue Goo(2). Thus, there exists a “neighbourhood of the point at infinity” on which
[ = foo + goo Where foo(2) = Fso(1/2) and goo(2) = Goo(1/2). By neighbourhood of the
point at infinity, we mean a set of the form {z € C | |z| > R} for some R > 0. If f is
holomorphic at infinity, let foo = goo = 0.

Now, note that
foo(2) + D fr(2)
k=1

is a rational function. Hence, to complete the proof it suffices to show that
H(z) = f(2) = fool2) = > fi(2)
k=1

is constant.

First note that H is entire. Indeed, H is clearly holomorphic away from any pole and
since the principle part about each pole has been subtracted, H is also holomorphic at
every pole.

We also claim that H is bounded. Recall that we have separated the function F(z) =
f(1/2) into it’s principle part Fy, and residue G. Let D,.(0) be the closed disk on which
F = F, + G&. Since continuous function on compact sets are bounded, G is bounded
on D, (0). Thus, on the set {z € C | |z| > 1/r} the function goo(2) = Goo(1/2) is bounded
and f = foo + goo. Moreover, we may pick r sufficiently small so that |z;| < 1/r for each
k=1,...,n. Then f; is bounded on {z € C | |z| > 1/r} for each k and, in particular, H is
bounded in that set. Finally, since H is entire, it is also bounded in {z € C | |z| < 1/r}.

We conclude that H is entire and bounded. By Liouville’s theorem H is indeed
constant. UJ

Principle of argument and it’s applications.
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Theorem 3.14 (Principle of argument). Suppose that f is a meromorphic function in an open
set containing a toy contour v and it’s interior. If f has no zeros/poles on ~y, then

1[G
2mi J, f(2)

where the zeros and poles are counted with their multiplicities.

dz = # {zeros in v} — # {poles in v}

Proof. Consider the function f which is holomorphic with a zero of order n at zyp. Then we
may write f(z) = (z — 29)"g(z) for some non-vanishing holomorphic function g in which
case

P _ g

fz) 2=z g(2)

Similarly, if f has a pole at 29, we may find a holomorphic function H such that

f'z) _ _—n
= + H(z
f(z)  z—2 (2)
Finally, the theorem follows from the residue theorem. O

Theorem 3.15 (Rouché’s Theorem). Consider two functions f and g which are holomorphic
in an open set ) containing a circle C and it’s interior. If | f(2)| > |g(2)| for all z € C, then f
and f + g have the same number of zeros on the interior of C.

Proof. Let fi(z) = f(z) + tg(z) for any t € [0,1] and let n; denote the number of zeros of
[t inside C' (counting multiplicities). By the argument principle, we have

1 (2
ng = — ft( ) dz
2mi Jo fi(2)
We observe that f;/f; is continuous in ¢t € [0,1] and z € C. It follows that n, is continuous
in t. Then since n; is integer, it must be constant. O

Theorem 3.16 (Open mapping theorem). If f is a non-constant holomorphic function in
some region §) then f is open. That is, f maps open sets to open sets.

Proof. Given wg = f(20), we need to show that there exists a neighbourhood of wy which
is contained in f(€2).

By the identity theorem there exists 6 > 0 such that if 0 < |z — 29| < 6 then
f(2) # wop. Indeed, if it were not the case then we could find a sequence z; — zp such
that f(zr) = wy for all £ € N and by the theorem, f = wg on Q. Pick € > 0 such that
|f(z) —wo| > € whenever |z — zg| = 0. Consider now any w such that |wy —w| < ¢ and
define F(z) := f(z) — wp and G(z) := w — wy. By Rouché’s theorem, F' + G and F have
the same number of zeroes on the interior of the circle C = {z € C | |z — 29| = ¢}. Since
F(zp) = 0, there exists z in the interior of C such that

0=F(2)+G(2)=f(z)—w
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That is, w € f(€2). Since w was an arbitrary element in D.(wp), we have D.(wy) C f(£2)
which conclude the proof. O

Lecture 12

Theorem 3.17 (Maximum modulus principle). If f is a non-constant holomorphic on a open
set €2, then f does not achieve it’s maximum on that region.

Proof. This theorem follows almost immediately from the open-mapping theorem. In-
deed, given z € €, there exists a neighbourhood of f(z) which is also in the image of
f. Since this neighbourhood must contain some point w such that |w| > |f(z)|, f cannot
reach it’s maximum at z. Since z was an arbitrary point in €2, f cannot reach it’'s maximum
on that set. O

Corollary 3.18. If f is a non-constant holomorphic on a bounded open set €, then

sup |f(2)| = sup |f(z)|
z€00 z€Q

Complex Logarithm. So far, we have generalized many functions to the complex plane.
What about the logarithm? Does there exist a continuous function log(z) such that el°&(2) =
z for every z € C? Note first that at 0, the logarithm cannot be defined. Is it possible to
define a continuous function on C \ {0} which maps any z = re? to

log(r) + 67

Since § may always be picked up to some multiple of 27, the complex logarithm is cer-
tainly not unique. What if we restrict #? Then can we find a continuous logarithm?
Consider a spiral turning about the origin

//

~

N

Given any restriction of ¢, the logarithm cannot be continuous since it will have to “jump”
after every full loop. For instance, if we restrict 6 € [0, 27), then after one full turn, we will
see the logarithm take on values near log(r) 4 2mi and then jump to values near log(r) + 0.

&

Theorem 3.19. Let Q C C be a simply connected domain 2.6\ which contains 1 but not the
origin. Then there exists a function F such that
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(1) F agrees with the usual logarithm for all real numbers near 1,
(2) z =l for every z € Q,
(3) F'is holomorphic in €Q.

Proof. Consider the function f(z) = 1/z and we claim that

F(z):/wf(z)dz

where 7 is any path contained in {2 connecting 1 to z satisfies the 3 properties of the
theorem. F'is well-defined since €2 is simply connected and holomorphic since f is holo-
morphic. Furthermore,

d
A FG) P L FeL
dz z

and 1) = ¢ = 1. Thus, ze~ (%) is a constant function equal to 1, rearranging the terms
establishes property (2). Finally, since €2 is open, there exists a neighbourhood of 1 which
is entirely contained in €2. For any real number 7 in that neighbourhood, the segment
from 1 to r is contained in 2. Thence,

F(r)= /jidz = log(r)

O

Remark 3.5. Note that in general, the identity log(xy) = log(z) + log(y) does not hold for
the complex logarithm. Consider for instance z = ¢%7/2 and y = €'™/4,

We now provide a construction of the logarithm which is more useful in practice.

Theorem 3.20. If f is a non-vanishing holomorphic on and open, simply-connected set €.
Then there exists a function F such that

(1) ef'(2) = f(2) forall z € ,
(2) Fis holomorphic in Q.

Proof. Fix zp € ©, let ¢g be such that e®® = f(zp) and define

(IO,
P = [ e

Then F is holomorphic, ef'(29) = €§ = f(20) and since

z efF(Z) / = fl(z eiF(Z) — Jlz f/(Z) €7F(Z) =
(F(2)e7@) = 1'(2) T&%5 0

we conclude that ef'(z) = f(z) for all z € Q. O
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Remark 3.6. Suppose we would like to find the “complex logarithm” explicitly on the
disk of radius 1 about 1. The function

f(2) = f(re”) =log(r) + b
where 6 is restricted to the interval (—m, ) is a satisfying solution and we call this the
principle branch of the logarithm. One can show that any branch of the logarithm is of
the above form, with possibly different restrictions on 6. Since f is holomorphic in a disk,
it has a power series representation. Specifically, for all z € D (the unit disk), we find that
> (_1)n+1

f(l+2) = ZTZH
n=1

If z ¢ D, the we cannot guarantee that the above sum will converge (see proposition|l.17).
Exercises and solutions
Problem 1. Evaluate
<1
——dz
oo 1+ 2
Solution. Define f(z) := 1/(1 + 2*) has poles whenever 1 + z* = 0 which has roots
{e”/4, e3im/4 gbim/4 67”/4} each of degree 1.

. (Z _ eiTr/4) 1
resem/zx(f) = z—l>lerin“/4 1+ 24 = 4e3im/4
and
( . 3i7r/4) 1 1
_ z—e€
res sin/a(f) = z_}églwﬂ T+ 24 4e0im/a ~ ein/d

Define Cr to be the semi-circle parameterized by Re® for ¢t € [0, 7]. By the residue theo-
rem,

R . 1 1 . 3im/4 +€z7r/4 T
/_R f(z)dz+ - f(z)dz = 2mi <4e3i7r/4 * 46”/4> = 2mi (4@3i7f/4ei7f/4 V2

Furthermore, for any R > 1,
/71' Rieit &l < /7r / R
o 1+ (Ret) |~ Jo R* — 1 TR

Finally, taking that limit as R — oo, we infer that

R < 1 7
li = -
Rl_r)réo/_Rf(z)dz+ CRf(z)dz /_Ool+z4dz 7

Riett

flz)dz| = 1+ Richt

CRr
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Problem 2. Evaluate
/OO rsinx
oo T2+ a?
for any a > 0.

Solution. Define the meromorphic function

iz

ze
& =2ra
which has poles of degree 1 at z = ia and z = —ia. By the residue theorem,

(z —ia)ze”
T 2.2 'me
z—ia 24+ a

R
/ f(z)dz + f(2)dz = 2mires;o(f) = 2mi lim
-R Cr

for any R > 0, where Cg to be the semi-circle parameterized by Re for t € [0, 7]. Now,
note that for sufficiently large R we have

_ T | ; R2 21t piR(cos(t)+isin(t))
= /0 R2¢2it 4+ 2

T R2e— R sin(t)

- 0 R2_a2

2 T
— Ri / 6_R sin(t)
R2 _ CL2 0

Noting that the function sin(z) is symmetric about 7 and concave from 0 to 7/2, we write

(z)dz
Cr

dt

. : it
0 ZReztReztezRe
_—— dt
0

(Re')? + a2

dt

2R? ™/2 . 2R2 /2
CRf(z) z _R2—a2/0 e <m_2 ; e
2R2 —Tr R R—o0
=R _wag & )0

Ergo, taking the limit as R — oo yields

00 00 iz o
/Oof(z)dz:/oowdz:me

Finally, equating the imaginary parts on either sides of the above equation, we conclude

that
* zsin(z
/ 5 (2)dZ:7T6_a
_x X7 ta
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Problem 3. Evaluate

27 1
- d#
/0 (a + cos(6))?

for any real number a > 1.

Solution. By Euler’s formula, the above integral is given by

2 .
4 4 —4
/ , , 2d6:/ ‘ de:/ G P
0 (2a+ e + i) l2l=1 12 (2a + z + 27 1) l2l=1 (2az + 22 4+ 1)

Define
—4z1

fz) = (202 + 22 + 1)

A series of algebraic manipulations show that f has a single pole inside the unit circle at
—a + va? — 1. By the residue theorem,

2m 1 —4i 2ma
——df = dz = 2mi (res, -
/0 (a + cos(0))? /|z-1 a4 21 g o 2 (D) =

Problem 4. How many zeroes does
21 =25 4628 —2+1

have inside the unit circle?

Solution. Define
f(z) =622 —2, g(z):=2"—225+1
On the circle |z| =1,
f(2)| = 62" — 2| > 5> 4= |27+ [22°| + 1 > |27 — 22° + 1| = [g(2)]

Therefore, by Rouché’s theorem, f and f + g have the same number of zeros in the unit
circle. Now,

f(2) :z(6z2—1) :z<\f6z—1> (\f62+1>

has three zeroes inside the unit circle. We conclude that f + g has exactly three roots
inside the unit circle. O
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Problem 5. Prove that any entire injective function is linear.

Solution. Let f be entire and injective and define F'(z) = f(1/z) which is also injective
and holomorphic away from the origin. Suppose first that F' has an essential singularity
at 0. By the open-mapping theorem, the set U := F({z | 1 < |z| < 2}) is open and by the
Casorati-Weierstrass theorem, V := F({z |0 < |z| < 1}) is dense in the complex plane.
Thus, U NV is non-empty. Lety € U NV, then F(z1) =y = F(z2) for some 0 < |z1]| < 1
and 1 < |z2| < 2, which contradicts the injectivity of F.

Since F'(z) does not have an essential singularity at the origin, f is meromorphic in
the extended complex plane. By theorem there exists polynomials P, () such that
P(z)
f(z) =
SNOIE

Without loss of generality, we suppose that P, () do not share any roots.

Since f is entire, () must be constant. Otherwise, ) has at least one root at which f
would have a pole. Thus f is a polynomial. By injectivity, f cannot be constant. By the
fundamental theorem of algebra, f has at least one root. Since f is injective, the roots of
f cannot be distinct. We deduce that f(z) = (2 — ¢)" for some ¢ € C and positive integer
n > 1. For z; = €%™/" + cand 25 = 1 + ¢, we have

flx)=(r1—o)" = (62”/”)” =T =1=1+c—0c)"=(z3—¢)" = f(x2)

By injectivity of f, we must have z; = x5, i.e. n = 1. O

[e.e]
1
/ gg(x) da
0o 2+ a?

Solution. Define f(z) = log(z)/(2? + a?) and consider the contour g

Problem 6. Evaluate

-R _

SN
e

By the residue theorem, the integral over this entire path is

, o ., log(z log(ia log(a i
2mires; f = 2mi ;L}rgla(z —ia) Z2g_£ a)Q = 27 gga ) =7 ga( ) + 7r2%
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Now, the integral over the large semi-circle is bounded by
/ ™ iRe' log (Re') gl < / ™ iRe' log(R) — tRe'
o (Reit)? + a2 ~Jo (Reit)? + a2

Likewise, if ¢ = 1/R, the integral over the small semi-circle is bounded by

T 5 apit it T
/ iee' log (ee™) & S/
0 0

(e€it)? + a2
Integrating over the first line segment yields

/‘”R log(x) . _ /‘”R log(|2]) +im \ e /R log(z) 4 .o /R L
1 1

_r  x2+4a? _R z? + a? /R T2+ a? /R T2+ a?

R—o0,

dt 0

icei log(e) — tee'

(eeit)? + a2

R—o00

dt 0

Finally, combining what we have so far, we find that as R — oo the integral over the entire

path is given by
> log(x) (1 log(a) 9 1
2 d dor = r1—=~2 —
/0 2+ a2 x—HTr/O 2 rT=T . + 7 50

Equating the real parts of the above equation yields the desired result. O



Chapter 4

Entire functions

In this section, we study entire functions, that is functions that are holomorphic on the
whole complex plane. We adopt the following notation; given R > 0, Dpr denotes the
open disk of radius R about the origin and Cr = 0Dg the circle of radius R about the
origin.

Lecture 13
Jensen’s Formula.

Theorem 4.1. Let Q be an open set containing Dr and Cr for some R > 0. Suppose that f is
a holomorphic function on Q which does not vanish at the origin nor on Cg and let z1,...zN
denote the zeroes of f inside Dg (counted with multiplicities). Then

log | £(0 1_21 ('z’“|>+/%10g‘f(}zew)‘de (11)

Proof. We let Jqo g denote the set of functions which satisfy the conditions of our theorem
and for which Jensen’s formula holds true. The proof will be separated into four
steps.

(1) We first show that Jg g is closed under multiplication. That is, if fi, fo € Jor,
then fi fo € Jor.

(2) If g is holomorphic on © and does not vanish on Dg (the closure of Dg), then
g € JQ,R.

(3) Every function of the form z — w where w € Dg, w # 01is in Jo r
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(4) Given a function f satisfying the condition to our theorem, there exists a non-
vanishing holomorphic function g such that

f(2)=(z—=2)(z—2n)9(2)
on Dg. Thus, by (1), (2) and (3), we conclude that f € Jqo g.

Step 1. Given f1, fo € Jo,r, let z1,..., zy denote the zeroes of f; and zn41,. .., 2y denote
the zeroes of fo. Then fi fs has zeroes z1, ..., 2N, 2811, - -, 20 and

log | f1£2(0)| = log | f1(0)| + log | f2(0)]

M 2m
s () [ () s (1)
k=1

= Ml log <‘Z}§‘> + % /027T log ‘[f1f2] (Rew)‘ d¢

That is, f1fo € JQ,R.

Step 2. Suppose that g is holomorphic and does not vanish on the closure of Dp, then by
theorem there exists a holomorphic function h such that g(z) = ") for all z € Dg.
By Cauchy’s integral formula

_ 1 hE) 1o L [ o
=5 e ng = 27T/0 h(Re")dt
Ergo,
1 2T ) 1 2m .
log|g(0)| = R(h(0)) = 5= /0 R (h(Re)) dt = - /0 log |g (Re")] dt

Step 3. We first leave it is an exercise to show that whenever |a| < 1,

1 2

log ew—a’ do =0

2 Jo
Then given w € Dr \ {0}, f(z) = z — w we have

log (11 4 /%1 ’Ri" ‘d& log |w] + — /%1
0] e -_— (0] e —w = 10g (w -_— (0]
S\R) " o), *® R

which is precisely Jensen’s formula for f. O

et — %‘ df = log |w|

Lemma 4.2. Let 2 be an open set containing D and Cg for some R > 0. Suppose that f is
a holomorphic function on Q which does not vanish at the origin nor on Cg and let z1,...zN
denote the zeroes of f inside D (counted with multiplicities). Then

/OR ”Sf“) dr = kZ:log (é) = ;ﬂ/ozﬂlog ’f <Rei9)) dé —log | f(0)]
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Proof. The second equality is an immediate consequence of Jensen’s formula. For the first

equality, define
o lzk| < r
nk(r) B {1 |Zk| >r

and note that

N
n(r) =" m(r)
k=1
Thus,
N N (R N R R N R
> log <R> ZZ/ 10““:2/ nk(r)ldT=/ Zﬁk(T)ldr:/ nr) g
k=1 2| e k=1"0 " 0 k=1 " o T

Functions of finite order.

Definition 4.3 (Growth order). An entire function f is said to be of finite order if there exists
p > 0and constants A, B > 0 such that

1f(2)] < 4P vz ecC (12)

The growth order of f is py = inf p where the infimum is taken over all p > 0 for which there
exists constants A, B such that equation holds.

Theorem 4.4. If f is an entire function with growth order p, then

(1) There exists a constants C; R > 0 such that n(r) < Cr? for all v > R (n(r) denotes
the number of zeroes in D,.).

(2) If z1, 22, ... denote the zeroes of f and z, # 0 for all k € N, then for all s > p,
— 1
Z T s < 00
il
Proof. Suppose first that f(0) # 0 and note that since n(r) is an increasing function,

on(r) [*1 1 2 n(x)
=i | g

By the previous lemma,

2r n(z 2m .
/T W< L / log | (2re”)[ dt — |£(0)|

Then there exists R > 0 such that for all r > R,

27 2
/ log|f(2re™)|dt < / log| A exp{B(2r)?}| dt < O
0 0
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for some constant C. We conclude that n(r) < Cr? for all » > R. Suppose now that f has
a pole of degree m at the origin and define

f(2)

9(z) = m

which has the same zeroes as f and a removable discontinuity at the origin. Thus, n(r) <
m + Cr? for all » > R. An adjustment in C and/or R yields n(r) < Cr” for all r > R.

For the second part, let n = [log( )] and since s > p we have

Z Z T | 22 Isp(2711) <CZQ Jsop(j+1) ~
2k

J=n 20 < |z, |<2i+1 j=n

Lecture 14

Infinite products.

Proposition 4.5. Consider a sequence of complex numbers {an}o-y. If Y o0 | |ay| converges
then the product

o0

H (1+ap)

n=1
converges. Furthermore, the above product tends to zero if and only if one of the factors is 0.

Proposition 4.6. Let {F,} 2| be a sequence of holomorphic functions on an open set Q. If
there exists constants ¢, > 0 such that Y7 | ¢, < oo and |F,(z) — 1| < ¢, for all z € Q, then

(1) 1172, Fn(z) converges uniformly in § to some holomorphic function F,
(2) Ian( ) does not vanish for any n, then

F(z) _ i F(2)

F(z) 4= Fu(2)

n=1
Proof. Let {ay},-  be the sequence define by |F,,(z )] = 1+a,(z) and note that |a,(z)| < cy.
By the previous proposition, the product [[}2, F,,(z) converges. Since the constants ¢,
are independent of z, the product converges uruformly In particular, by theorem [2.23]
F is holomorphic and for every compact set K C , Gy — F uniformly and Gy, — F’
uniformly where

N
= H Fu(2)
n=1
Since F;, does not vanish for any n, Gy is bounded below on K. Thus,
Gy(2) | F'(2)
K
Z F GN ) — F(2) Vz €
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Recalling that K was an arbitrary compact set in €2, the above must hold for all points in

Q.

Example 4.1. An application of the above theorem is the product formula for sin. We aim

to establish the identity

First, we shall prove that
00 N 0
1 1 1 2z
m cot(2) Z z+n Nl—Igon NEE 0 z+;z2—n2

n=—oo

We will show that the left and right hand sides of the above equation satisfy
(1) F(z+ 1) = F(z) whenever z € Z,
(2) F(z) = 1 + Fy(z) where Fj is holomorphic near 0,
(3) F(z) has simple poles at each z € Z and no other singularities.

For the left hand side, one can see that the above properties holds by writing

meot(mz) = 7TC,OS(7TZ)
sin(7z)
As for the right hand side, it is clear that
>
Z+n
n=—oo

satisfies (1). Furthermore, by considering the representation

1 = 2
z+nzz:122—n2

one find that the right hand side clearly satisfies (2) and (3). Now, consider

Z+n

We claim that A is constant. By (2), the singularity of A at 0 is removable. By periodicity
(property (1) above), A has a removable singularity at every integer and we may conclude
that A is entire. Furthermore, using again the periodicity of A, it suffices to show that
A is bounded when |[R(z)| < 1/2 in order to show that A is bounded in C. Since A is

holomorphic, it is bounded when |¥(z)| < 1. Consider the case I(z) > 1;

e~y 4 1
e 2my — ]

6—27ry 4 6—27ria:

e~ 2Ty _ p—2mix

|cot(mz)| =
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where z = x + iy. The above is clearly bounded for y > 1. Similarly, we bound the right
hand side;

1+§:22
z 22 + n?

o0

1 2z 4 21y
+iy+;x2+2ia}y—y2+n2 - < |y? +n?

<C+C/ Y dn
1 Yy +n

for some constant C. We conclude that A is entire and bounded. By Liouville’s theorem
A must be constant. Finally, since A is constant, in order to conclude the proof
for the cotangent identity, it suffices to show that it holds for a single point. Indeed, at
z = 1/2 we have 7 cot(zm) = 0 and

o0

al 1
Z 1/2+n _N%ooz [1/2+n 1/2—(n+1)] =0

n=—

Finally, let G(z) = sin(7z)/m and

/(5 P s 1_7%/ - Z
1;((2)) Z];D((Z))-F;(( f;) :i+nlz22_n2 V2 g L

Ergo, by the cotangent identity,
<P<z>> _ P() [P%z) ) G’(z)} i
G(z))  G() [ P(z) G(2)
That is, for all z ¢ Z, G(z) = cP(z) for some constant ¢ (z € Z, then it is clear that
P(z) = G(z) = 0). Finally,

. Gz ) sin TZ
C‘lﬂ%PEzi =N f( )£> =1

n2

Weierstrass infinite product.

Lemma 4.7. Define the canonical factors Ej, of degree k > 0 by

Bi(2) (1—-2) E=0
R = (1—z)exp<z+§+§+-~+%> E>1

If |2| < 1/2, then |1 — Ey(2)| < ¢|2|** for constant some ¢ > 0 independent of k.
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Proof. Using the principle branch of the logarithm, we may define (for fixed £ > 0)

2 23 k

P z
:1 1— J— J— [P -
w = log( z)+z+2+3+ +

Then Ej, = e*. By remark 3.6} it holds for all |z| < 1/2 that

00
> =
n

n=k+1

00
1
’w| _ < ‘Z|k+1 Z 27 <2 |Z’k+1 <1

=0

Thence, there exists a constant ¢ > 0 independent of k for which
1= B2 = 1 - e"| < 5 Jul < e
g

Theorem 4.8 (Weierstrass). Given a sequence {ay} of complex numbers with |a,| — oo, there
exists and entire function f which vanishes at ay, for each n € N and nowhere else. Furthermore,
any other such function is of the form f(z)e9%) where g is entire.

Proof. Suppose first that both f; and f; have zeroes at a,, for each n € N and nowhere
else. Then f;/f2 has removable singularities at each a,,. It is therefore nowhere vanishing
entire function and by theorem there exists an entire function g such that

A,
f
We now prove existence. Since |a,| — 0o, we may suppose that we are given the order
of the zero at the origin (m) and a,, # 0 for all n € N. Then define the Weierstrass product

f(z) =2" H Ey (2/an)

n=1
where the E,,’s denote the canonical factors as in the above lemma. Clearly, f(a,) = 0 Fix
R > 0 and let z be a complex number such that |z| < R. We may decompose,

[1EnG/an) = [ En(z/an) J] En(z/an)
n=1

|an|<2R |an|>2R

The first term on the right hand side is finite. Moreover, by the above lemma

1 &
L~ By (2/an)] < elz/anl™ < 25

Ergo, by proposition the product for f(z) converges whenever |z| < R. Letting R
tend to infinity, we conclude that the Weierstrass product converges for every z € C.
Furthermore, since E, (1) = 0, it is clear by the proposition that f has a zero at each a,.
Furthermore, the degree of each zero 2y is precisely the number of times zy shows up in
the sequence {a, }; ;. Finally, by proposition[4.6] f is entire. O
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Lecture 15

Hadamard Factorization Theorem.

Theorem 4.9 (Hadamard’s factorization theorem). Let f be an entire function with order of
growth pg and let k € Z be such that k < py < k+ 1. If a1, aq, ... denote the (non-zero) zeroes
of f then

f(z) = B m H Ey (z/ay)

n=1
where P is a polynomial of degree at most k and m is the order of the zero at the origin.
In order to prove this result, we will first need a few preliminary results.
Lemma 4.10. The canonical factors Ej, (see lemma satisfy
(1) |Ex(2)] > e—clzl! for all |z| < § and some constant c,

(2) |Ep(2)| > |1 — 2| e for all |2| > 3 and some constant ¢’

Proof. Suppose first that |2| < 1, then

kE  n X  n
Ey(z) = exp (log (1—2)+ Z Zn> = exp (— Z n> =e"
n=1

n=k+1

Hence, noting that |¢%| > el and |w| < ¢|z|/*™ we find that (1) holds true. Suppose
now that |2| > 1, then

/‘Zlk

|Ek| = |(1 = 2)]

I AL _
ez TS Fl>1—zle

for some constant ¢'. O

Lemma 4.11. Forany s withpyg < s <k +1,

‘ s

> efc|z

H By (z/an)
n=1

except, possibly, when z is on the forbidden disks;

{x €C ||z —an| < ]an|_(k+1)}

o

n=1

Proof. We write

1 Ex(z/an) = ] Ex(z/an) [ Ex(z/an) (13)
n=1

jan]<2/2] lan|>22]
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It follows from the previous lemma that

[T EeGlan)|= T 1BcG/an)l> ] e cte/ol™

lan|>2|z| lan|>2]|z] lan|>2]z|

= exp —C|Z’k+1 Z ‘an‘fkfl

lan|>22

By theorem o021 lan]™® < oo Since s < k + 1 and |ay,| > 22|, there exists a constant
C > 0 such that |a,[*"! > & lan|® 2|FF17% or equivalently |a,| "7 < Clan| 7% |25 7F
Ergo,

oo
exp —C’Z‘k+1 Z |an|—k—1 > exp <—C|Zs Z |an‘_s> — e—C|Z\s

|an|>22 n=1

where in the last step we have adjusted the constant c¢. In order to complete the proof,
we need to establish a bound on the first product of equation (13). A similar procedure
yields

H By (z/an)| = H |Ek (z/an)| Z H 1- = o—Clz/an|*
lan|<2]2] lan|<2|2| M<2l lan] <22]
S gclel® 2
>e H -

lan|<2|z]

Whenever z is not in the forbidden disks, |a, — z| > |an| ™", Therefore,

11 = 1l > I Jaal™

lan|<2|2] lan|<2]2] lan|<2|z]|

L2

an,

ap — 2

Gnp

The negative of the logarithm of the above is (by theorem [4.4);

(k+2) > loglan| < (k+2)n(2]2])log(22]) < c|2|* log(2]2]) < ¢ |2
lan|<2]z|

for any s > s > pp and some constant ¢’. Since the above holds for any s > py, the bound
also holds with s instead of s’. Ergo,

[I

lan|<2|z]

L2

n

Z H ‘an‘—k‘—Q Z e—C,|Z‘S

lan|<2|z]

Combining our bounds concludes the proof. O
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Corollary 4.12. There exists a sequence of radii r1,ra, ... with r, — oo such that

oo
H Ey (z/an) > ecl?’| for each |z| =1,

n=1

Proof. Since the sum ) | |ay,|~FHD converges, we may find IV € N such that

> 1
_(k+1) < -
H;V jan| 10

Consider two consecutive large integers ¢, ¢ 4 1 so that the forbidden disks about a,, do not
intersect [¢,¢ + 1] for all n < N. Then we may find £ < r < £+ 1 such that the circle of
radius r does not intersect any of the forbidden disks. Indeed, if no such r exists, then the

union of intervals
1 1
I = | lan| = — =7 lanl + —5=3
( |an|k+1’ |an|k+1

covers [¢, ¢+ 1]. But then, it holds that
1<y m(l,) =2
n=N

which is absurd. O

o0

1

k+1)

e <
n=N |an|

2
10

Lemma 4.13. Suppose that g is an entire function and u = R(g) satisfies
u(z) < Crj, |z =1

for some constant C and a sequence r, — oco. Then g is a polynomial of degree at most s.

Proof. Since g is entire, it has a power series centered at the origin;

o0
g9(z) = Z anz"
n=0
where

(n) 1 1 27 it ) 1 21T ) )
ap = g (0) _ / g(g) df _ / g(’l“e )lirezt dt = / g(Tezt)efznt dt
c, é‘n+1 0 ( )TL-‘r Qmrnh 0

n! 27 271 rett

To obtain the second equality we have used Cauchy’s integral formula 8| The above also
holds for n < 0, that is for all n < 0

1 2 ) ) 2 i ' 2 ' )
0= ity —int dt = / itYe—int qt — / it) pint dt
2mrn /0 glree 2™ Jq glrete 2rm Jq glrete
Thus, forn > 0,
1 2 ) 1

— u(re)e ™ dt =
™ Jo 2mrn

21 )
/ (g(reit) + g(reit)> e " dt = a,
0
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If n = 0, then the above evaluates to 2R(ag). Finally, since the integral of e~ over any

circle about the origin vanishes, if » = rj, for some £ € N then

1 2 ) )
— / [u(re™) — Cr*] e™™ dt
0

Trh

2m
. Cr® —u(re)dt = 205" — 2R(ag)

n
r 0

|an| =

For all n > s, the above tends to 0 as r = r; — oo. Thus, g is indeed a polynomial of
degree < s. O

Proof of Hadamard’s factorization theorem. Define

E(z) = 2" | Bk (2/an)
n=1

Repeating the argument of Weierstrass’s theorem, one can show that E is entire. Fur-
thermore, since F and f have the same zeroes, f/E = e for some entire function g. By
corollary there exists a sequence r; — oo such that

R = [ 12| o etz -
e E)| S ce Yz = 7
Thus, R(g(z)) < C|z|* whenever |z| = ry and by the above lemma, g is indeed a polyno-
mial of degree < s. O

Exercises and Solutions

Problem 1. In this section, we have often disguised the use of the mean value property
for holomorphic function. Prove this property, i.e. if f is holomorphic in a disk Dr(z)

then
1 27

f(z)=— f(z+reit)dt YO<r<R
2w 0

Hint: Use Cauchy’s integral formula. Note also how we use this identity in lemma4.13

Problem 2. Let¢ > 0 and define
N
F(Z) — H (1 o 67271'nt627riz)
n=1
then show that f is a holomorphic function of growth rate 2 and vanishes exactly when
2z =m —int for any n,m € Z. If z, is an enumeration of the zeroes of F', show that

o

1
S
n:1’Zn|
Note that by theorem [4.4
o0

1
272_"_5<OO
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for any € > 0.

Solution. It follows from theorem [4.6] that F' is holomorphic. Fix z € C and define N =
L%J = c|z| for some ¢ > 0. We have F'(z) = Fy(z)F>(z) where

N 00
Fl(Z) — H (1 _ 6—27rmt627riz) FQ(Z) — H (1 . e—27rnte27riz)
n=1 n=N+1

then we find that
o
|F2 H ( +€—27rnt€27r\z|> < H (1 +e—27mt) — A
where A is a constant independent of z. On the other hand,

N N N
|F1(Z)| < H (1 + e—27rnt627r\z|> < 62N7r|z| H (e—27r|z| + e—?ﬂ"”lt) < €2N7r|z| H 92
n=1 n=1

n=1
Recalling N = c|z|,
< p2Nmlz| )N _ 2cr|z|%+-c|z] < alz|?
|Fi(z)] <e e e <e
for some constant a. Finally, we conclude that
2
|F(2)] = [Fi(2)] | Fa(2)] < Ae®?!

Thus the growth order of F is at most 2. Since F is of the form [] (1 + a,,) where > a, <
0o, we know from class results that F'(z) = 0 if and only if one of the terms is 0. That is,
for somen > 1,

1 — e 2mt2miz _ () o 72wz tint) _ 1 0 » 4 int=m forsomem € Z

We have showed that the zeros of F" are exactly the point 2 = m — int where n > 1, m are
integers. Now, let z; be an enumeration of these zeroes, then

<1
Z Z Z m2+n2t2 / / (m? + 2tQ)dmdn / —dn = oo

k=1 |zk| n=1m=—o0
By theorem [4.4we conclude that F' must have growth order 2. O

Problem 3. Prove Wallis’ product formula;

H 2n - 2n
2n—1)(2n+1)

Solution. The product formula for sin at 1/2 yields

o0 o0

1 sin(r-3) 1 17 (2n+1)(2n—1)
T —2H<1‘gznz> §H 37

n=1 n=1




4. Exercises and Solutions 65

Thus,

as desired. 0

Problem 4. Find the Hadamard’s products of e* — 1 and cos(7z).

Solution. The function f(z) := e* — 1 has a zeroes of order 1 at 2min for all integers n.
Furthermore, it is clear that the growth order of f is 1. By Hadamard’s factorization

theorem,
__ az+b E < z ) _ az+b (1 _ R ) S
flz) =e H ! 2min € H 2min €

n;éO n;é()
We may divide both sides of the above equation by z and as z — 0, the left hand side,
f(z)/z= ezgl, tends to 1 while the right hand tends to €. Ergo, b = 0. Moreover, we may
combine the positive and negative terms of the product to find

o= T (1 5o = T1(1+ 30

nez
n#0
Now, remark that g(z) is even, i.e. g(2) = g(—z) for all z € C. Thus,
f(Z) _ eazzg(z) _ _€2az

f(=2) e (=2)g(-2)
Substituting z for log(2) in the above we deduce that a = 1/2. We conclude that
2

f(z) = e/%z H (1 + 4;2712>

For the second part of the problem, define f(z) := cos(wz) which has growth order 1 and
roots of order 1 at 2L for every integer n. By Hadamard’s factorization theorem,

frnd az+b frd az—"—b 2'3i1
H <2n+1) H< 2n+1>€

nez
At z = 0, the left hand side is f(0) = 1 while the right hand side is given by e’, thence

b = 0. Furthermore, multiplying together each term in the multiplication for which n is
non-negative with the term corresponding to —(n + 1), we find that

n=0

Finally, remark that for any z, we have sz(f;) = €2%% and letting z = 1, yields 1 = ¢, thus

a=0. O
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Problem 5. Prove that there exists infinitely many complex number z for which e* = z.

Solution. By way of contradiction, suppose that f(z) = e* — z has finitely many zeroes
{a1,...,an}. The function f is holomorphic of growth order 1 and is non-zero at z = 0,
therefore by Hadamard’s theorem,

N N
f(z) = eaz-ﬁ—b H El <az> — eaz-‘rb H <1 - ;) €Z/a" — eAz-i—bg(Z)
n=1 n ne1 n

where g is a polynomial. Then,

ef—z 1-A
9(z) = Azt € O (™)

Now, if polynomial and an exponential have the same growth rate, then both are constant.

Thence, g(z) is constant and A = 1. Returning to our formula for f, we find that f(z) =

Ce? for some constant C, which is absurd. O



Chapter 5

The Gamma and Zeta
functions

Lecture 16

The Gamma function. The Gamma function is denoted I' : C — C and extends the
factorial operation. We will define the I' and show that is entire with zeros at the non-
positive integers and growth rate at most 1.

Definition 5.1. For s > 0,

F(s):/ et de
0

Remark 5.1. To see that the above integral converges, note that for all s > 0,

0 1 [e’s) 1 0
/ e_tts_ldt:/ e_tts_ldt+/ e_tts_ldtg/ ts_ldt+/ et dt
0 0 1 0 1
—_————

<o

Furthermore, the second integral also converges since e~! tends to 0 very fast. That is,
there exists C' > 0 such that

o0 o0
/ e dt < C'/ e tet/? dt < 0o
1 1

Proposition 5.2. The I' function can be extended to a holomorphic function on the uppoer
half-plane (s € C, R(s) > 0) which is still given by the integral as in the definition of I.

Proof. We will show that the integral is a holomorphic function in each strip

Ssmu={se€Cl|o<R(s) <M} 0<d<M
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Fix s in some strip € S5 )y and define o = R(s). Note that for any ¢ > 0, we have
‘e—tts—l‘ — ptpo-1

Define also

=

I.(s) = /E e sl de
3

which is a holomorphic function. Thus, to see that I' is holomorphic it suffices to prove
that I'. converges uniformly to I for each s € S5 7. We have

IT(s) — Te(s)] g/ e tto1 dt+/ et dt

0 1

€

The first integral on the right hand side tends to 0 uniformly as ¢ — 0. Moreover

[e.@]
/ e ot dt
1

€

Ergo, I'c converges to I' uniformly and by theorem we conclude that I' is holomorphic
on S5 > 0 for every 0 < 6 < M and therefore on the upper half plane. O

Lemma 5.3. If R(s) > 0, then I'(s + 1) = sI'(s). In particular, I'(n + 1) = n! for all n € N.

< C'/ e t2dt = Ce%sl
1

B

Proof. We have

1
€

1 1
d B B
/ — (e7%) dt = —/ e 't dt + s/ e 'ttt
S dt &€ 3

Ase — 0, we find that 0 = —T'(s+ 1) + sI'(s). For the second part of the lemma, it suffices
to note that

F(l):/ et ldat =1
0
O

Theorem 5.4. The I' function has an analytic continuation to a meromorphic function on C
whose singularities are simple poles at the non-positive integers. Furthermore, the residue of I'
at each point —n for n € N is given by (—1)"/nl!

Remark 5.2. It follows from the principle of analytic continuation (identity theorem |2.18|)
that the extension of I' is unique.

First proof. It suffices to extend I' to R(s) > —m for each integer m € N. Consider first
m = 1 and define I(s+ 1)
s+
Fi(s) = ——=
Since I" is holomorphic on R(s) > 0, we find that F} is meromorphic on #(s) > —1 with a
simple pole at the origin. Furthermore, the residue of Fj at 0 is
r 1
lim Z@

z—0 z

—T(1)=1



1. Lecture 16 69

Finally, by the lemma we find that for R(s) > 0, Fi(s) agrees with I'.
We proceed as above iteratively. For m > 2, we write
I'(s+m)
(s+m—1)(s+m—2)---s
Each F}, is meromorphic on the half plane £(s) > —m and agrees with I" on the right
half-plane. Furthermore, the residue at each integer —n for n < m is given by

I'(—n+m) B (m—n—1)! (=

(m—-n—-1(m-n—2)--(1)(=1)(=2)---(—n) (m—n—1D(=1)rn!  n!

Fn(s) =

Remark 5.3. In the continues version of T,

(1) The identity I'(s + 1) = sI'(s) holds for all s € C, s # —n for n € N.
(2) For n € N, we have

res_p+11(s) =res_, ['(s+ 1) = —nres_, ['(s)

Furthermore, I'(1) = lims_,0 sI'(s) = reso I'(s).
Second proof. Recall that for all s > 0,
1 oo
['(s) = / e 57t dt + / e it dt
0 1

Note first that the second integral is an entire function. Furthermore, for s such that
R(s) >0,

1 1 o _1)77, n © (_1)n 1 © (_1)n
“heldr = / ( t5hdt = / Q=)
| Py > >y o

n=0 n=0

The above sum is a meromorphic function on C with poles at the non-positive integers.
To see this, fix R > 0 and let N > 2R be an integer. Then

STV G D S R GV
nZ::O (n+s)n! nzz;] (n+ s)n! +n§+1 (n+ s)n!

The sum from 0 to N is a rational function and thus meromorphic. The second sum
converges uniformly to 0 in |s| < R since

e RS D
n=N-+1 ’ n=N+1 ’

—1)n

Ergo, taking R — oo, we find that )7 (7(1 Syl 1S indeed meromorphic on C. Thence,

& (_l)n oo o
F(S):nzzo(n_i_s)n'—F/l € tt ldt Vs e C (14)
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Lecture 17

Properties of Gamma.

Theorem 5.5. For any s € C, we have

T —s) = sin(ms)

Lemma 5.6. For 0 < a < 1, it holds that

00 Uafl 0 pax T
[ Gawe [ s
o 14w oo 1 +€*  sinma
(This is example[3.2)

Proof of Theorem Note that both side are meromorphic with simple poles for all s € Z.
By the principle of analytic continuation it suffices to prove the theorem for 0 < s < 1.
For 0 < s < 1, we may fix t > 0 and find that

I(1l-s)= / e~ du =Y t/ e VH(vt) "5 dv
0 0

Thus,

—tys- 1t/ e U (vt) " dvdt

=,
/ / ~Ht s qu dt
“hs

r(1—s)r(s):/ooo P - s)d

By the lemma, the above is equal to
s ™

sinm(l —s) sinms

Corollary 5.7.
r(1/2)=+r
Theorem 5.8. The following holds true;
(1) The function 1T is entire with zeros exactly at the non-positive integers,

(2) 1/T has growth [1/T(s)| < cre®2ls1°8lsl n particular, T has growth order 1 since for
every € > 0, there exists a constant ¢ such that |1/I'(s)| < cecals!'**
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Proof. By the previous theorem,

1 . sin(7s)
I(s) F(d—s) T

which is entire since for all s € N the function I'(1 — s) has a simple pole while sin(7s)/7
has a zero of degree 1. Furthermore, it is evident that 1/T" has zeroes at s = 0, —1, -2, . ...

To prove the estimate we have on the growth rate of I', consider first s € C with
o = R(s) > 0. Then we may find n € N such that o <n < ¢+ 1 in which case

/oo et < /OO et — F(n + 1) —nl <n = enlog(n) < e(a+1)log(a+1)
1 0

By equation and theorem [5.5

1 sin(ms)  sin(7s) i : (=)™ N sin(7s) /°° o—ti=s gt
0 1

@:F(lis) T n+1—s)n! 0

n=0

For any s € C, we know by our previous comments that the above integral is bounded by
ellol+Dlog(ol+1)  Fyurthermore, it follows from Euler’s formula for sin that |sin(ms)| < €™l
In order to bound the infinite sum, we consider two distinct cases; I(s) > 1 and J(s) < 1.
In the first case, the sum is bounded by ce™l*! for some constant c. In the second case, pick

ksuch that k —1/2 < R(s) < k+1/2. If k > 1, then

sin(7s) i (=)™ _ (—1)FLsin(ns) i (—1)" sin(ms)

(n+1—s)n! (k-1 (k—s)r (n+1-s)n!

n=0 n#k—1

Since sin(ws) = 0 when s = k, the first term on the right is bounded. Furthermore, the
second term is bounded by ¢/ 3o | & = ¢ for some constant c. If k < 0, then R(s) < 1/2
and we find once more that the sum is bounded by c. O

Theorem 5.9. Forall s € C,
1 ﬁ (14 2) e
I'(s) n
n=1
where 7y is the Euler-Mascheroni constant and is define as
N

1
v = lim g — —log N
n
=1

N—oo

Proof. By Hadamard’s factorization theorem, there exist constants A, B such that

1 _ _As+B - S\ _ As+B - S —s/n
@—e 8HE1(5>—€ sH(l—l—ﬁ)e
n=1 n=1
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Since sI'(s) — 1 as s — 0, we must have B = 0. Furthermore, letting s = 1 yields

1=¢4 | | 1+ = -1/n _ A li | | | | —1/n
€ 1 1< n) € € Nlm 1 n €

n=1

N
(N+1) H 6_1/"]
n=1

= e lim
N—oo

Therefore, for some k € Z,

N N
1
. . —1/n :
A+2mk———]\}1m log (N+1)||e ]— lim E - log (N +1)

N—o0

n=1

Y1 1
= li — —log (N)— lim I 1+ —=
im og (N) i og( +N>

N—oo n
n=1

That is, A + 2wik = ~. Furthermore, since I is real valued whenever s € R, kK must be 0
which concludes the proof. 0

Lecture 18

The zeta function.

Definition 5.10. For all s > 1, we define the ( function by
1
Cs)=2_ -3

n=1

Proposition 5.11. The series defining ¢ converges for all s € C with R(s) > 1 and ( is
holomorphic in that half-plane.

Proof. Indeed, if s = o + it then

—slogn) — e—alogn —nC

] = e

Definition 5.12. The theta function is defined as

I(t) = nio et

n=-—o0o
By example the fourrier inverse of f(z) = e ™"t (t > 0) is

> 2t —2mi yi=at!/2 [ 2 _omiz(t=1/2¢),-1/2 1/2 —me2t
e T e 2ming g ST L e~ y? e~ 2mia( &)1/ dy =t~ 1/2e 7/

—00 —00
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By Plancherel’s theorem,

o0 o0

)=y =D fy= D fy = T e = o)

n=—odo n=—oo n=—odo n=—odo
Thus, there exists a constant C > 0 such that
d(t) < Ct~1/2 ast—0

Furthermore, forallt > 1,
o0 o0
2
[0(t) — 1] =2 e <2y e < Ce ™
n=1 n=1
Theorem 5.13. If R(s) > 1, then

E(s) := 7T (5/2) ((s) = / e (9(u) — 1) du

0

N =

Proof. Observe first that for alln > 1,
/ 6—7rn2uu(8/2)—1 du ,i) <2> / 6—7575(8/2)—172 dt = 7T_8/27”L_SF (8/2)
0 ™ 0 ™

Therefore, we have

1 00 00 0 0 [e's)
5 / u(s/2-1 (Hu) —1) du = / u(s/2-1 Z e~ dy = Z/ w3/ —1g=mn?t g
n=1 n=1 0

0 0
=7 Y21 (s/2) Z n-*

n=1

O

Theorem 5.14. The function & is holomorphic in the half plane given by R(s) > 1 and has an
analytic continuation to a meromorphic function in C. The analytic continuation has simple
poles at s = 0,1 and

E(s)=¢&(1—s) Vs e C

Proof. Define ¢(u) := (¥(u) — 1) /2 and note that

w129 (1/u) — 1
2

w21

2 2

P(u) = = u”PP(1/u) +

We compute

1 1 w2 1
/u(s/2)11/)(u)du:/ w7 V201 u) + 5~ "3 du

0 0

1 1 b /232
= +-+ [ u P(1/u) du
0

s—1 s
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A change of variables yields
1 oo
/ w7 (u) du = 1 + ! +/ w729 (u) du
0 s—1 S 1
Ergo, whenever R(s) > 1,

&(s) = /OO w2 (u) du = /1 w7 (u) du + /00 w7V (u) du

0 0 1
1 1 e
= + - +/ (u(_sm_l/2 + u(S/Q)_1> YP(u) du
1

s—1 s

Since 1 has exponential decay, the above integral defines an entire function. Thus, { is a
meromorphic function with simple poles at s = 0, 1. Moreover, it is immediate from the
above representation that £(s) = £(1 — s). O

Theorem 5.15. The zeta function has an analytic continuation to the entire complex plane
whose only pole is a simple pole at s = 1.

Proof. By the above theorems, the analytic continuation of ¢ is given by

_ &)
) = =T (372)
Since 1/T" is entire with simple zeroes at 0, —1,—2,... and £ has simple poles at 0 and 1,
the zeta function must be meromorphic with a simple pole at s = 1. O

Theorem 5.16. There exists a sequence of entire function {0y} n = 1°° which satisfy |0,(s)| <
|s| /notL and |6, (s)| < 2/n%, where s = o + it, such that

N N 1 N 1
nzlén(s):nzlns—/l de

Proof. Clearly, this sequence of functions is given by

n+1
on(s) = / (nls — ;) dz

By the mean value theorem applies to f(z) = 7%, whenever n < x < n + 1, there exists
n < y < z such that

1 1 1 lx —n|, |z — n| 1
e x5 |nszs| o7 =l = nox? ‘f (y)}: nox’ Isly”
e o) s _
xr—n _1 s s
Bulo)l = S sl L < B
The second bound is trivially true since
1 1 1 1 1 1 2
o =|=—-—= =— 4+ —7 < —
On(s)] ns  x5| ~ ns|  |x%| nC + |z|” — no
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Corollary 5.17. For R(s) > 0,

((s) = 2+ D bals)
n=1

Proposition 5.18. If s = o + it then for every 0 < o9 < 1, > 0 there exists a constant c.
such that

C(s)| < e t]'77F ifog <oyt >1
and

¢ (s)] < e |t ifl<o,t>1

Proof. Combining the two estimates in the above corollary,

17
|0n(s)] < I T
n = \ potl no = poota = Y00 =

Thus, letting & = 1 — 0y + € and using the second part of the corollary we find that

o0

1 ~ 1
‘C(S)| < |8—1‘ +2|8’ UU+5Zn1+€

n=1

This completes the proof of the first bound. For the second bound, recall that by Cauchy’s
integral formula

- 2rr

C'(s) 1 /2Tr( (3 + rew) e dg
0

For r = ¢, if ¢ > 1 thenR(s + re’®) > 1 — £ and using the first bound we find that

2w

1 . 1—(1—e)+
(@< gz | clt+esin@) 79 a0 <. i

Exercises and Solutions

Problem 1. Prove that

Fla+1I(b+1) 17 n(a+b+n)
I'(a+b+1) _H
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Solution. Using the product for 1/I', whenever a,b > —1 and a +b # —1,
Pa+)I(b+1) _ (a+b+1) 1 (1 4 otbtL)
e
I'la+b+1) ea+1)(b+1) - (1+a+1) (1+5H)

nn+a+b+1) ol/n
~(ntat+1)(n+b+1)

1/n

(a+b+1)
e(a+1)(b+ 1) -

s 1

oo

(a+b+1) H (n+1)(a+b+[n+1]) n
Aat Do+ ) M ar i+ o+m+nt1

lo—o[ n(a+b+n)
(a+n)(b+n)

n=1

1/n

[e.o]

Where 7 is the Euler-Mascheroni constant. Noting that

1 &= n N
- lim N Un = lim N - S
= n:1n+1 [Nféo H 1/n] H nt1° N s H e R

concludes the problem. O

Problem 2. Given a function f, it’s Mellin transform is

_ o z—1
2) = /0 Fldt

Find the Mellin transform of sin and cos on the strip 0 < R(z) < 1. Use the Mellin
transform of sin to show that

[T e [T
0 {1:‘/2 2 0

23/2

Solution. Let z be such that 0 < R(z) < 1 and integrate f(w) = e~*“w*~! over the contour

Figure 1. Contour
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By Cauchy’s theorem,

R
/ e Y dw
1/R

T2 it fpit\ P it R /2 . o '
:/ e~ R’ (€> gt - / ie™ (—iw)* ' dw —/ e e (Re™) " Rie' dt
0 R R 1/R 0

The left hand side tends to I'(z) as R — oo. The first integral and the third integral on the
right hand side tends to 0 as R — oo. Thus

00 1 e e} . 1 .
I'(z) = / e YwHdw = — e dw = —M(e)(z)
0

iz z
2 0 1

That is, M(e'*)(z) = i*T'(z). Since i* = cos (72/2) + isin (72/2), we have
M(e)(2) = M(cos)(z) 4+ iM(sin)(z) = cos (12/2) T(2) + isin (12/2) T'(2)
Ergo, after considering the cases where z is real, we deduce that
M(cos)(z) =cos (mz/2)T(z) and M(sin)(z) = sin (7z/2)T'(2) VO < R(z) <1
as desired.

For the second part of the problem, we first extend the Mellin transform of sin to the
strip —1 < R(z) < 1. Since at z = 0 the Gamma function has a pole of degree 1 while
sin has a zero of degree 1, sin (72/2)I'(z) in entire in the strip —1 < R(z) < 1. By the
principle of analytic continuation, M(sin)(z) = sin(wz/2)I'(z) for all =1 < R(z) < 1.
Finally,
°° sin(x)

Misin(0) = |

s
= lim I'(2) sin (72/2) = ~
. dz ll—>0 (z)sin (7z/2) 5

and

73/2 2

| s = re1y2)sin (-nya) = —20(1/2) <_ﬁ> v
0

Problem 3. Show that on the half-plane £(z) > 1,

1 o] xsfl
) = T3 /0 =19

Solution. Since e~ < 1 for all z > 0, we may use a geometric series to solve the problem;

00 .735_1 oo oo [e'e) o o 1 0
dz = Z ey = Z e ST dp m 0 Z — et dt
0 er—1 0 n=1 n=1 0 n’ 0

n=1

=3 1) = CIT()
n=1

g






Chapter 6

Conformal Maps

Lecture 19

Definition 6.1. Given open sets U,V € C, a conformal map (or bihomomorphism) f : U =V
is a bijective holomorphic function. If such a function between U and V exists, we say that U
and V are conformally equivalent or biholomorphic.

In this chapter, the notation U, V' will denote open subsets of C.

Lemma 6.2. If f : U — V is holomorphic and injective, then f'(z) # 0 for all z € U.

Proof. By way of contradiction, let zgp € U be such that f'(z9) = 0. Without loss of gener-
ality, we may assume that 0 = zp = f(z0) = f’(20) (otherwise consider f(z + z9) — f(20))-
Since f is holomorphic in some neighbourhood of zy, we may find a power series expan-
sion

f(2) =ap+ a1z +az®*+... Vznear0

By the assumption f(0) = f’(0) = 0, the coefficient ag, a; are 0. Let N > 2 be the least
natural number such that ay # 0 and define g to be a function such that f(z) = 2%V g(2).
Since ¢g(0) # 0, there exists some neighbourhood D of 0 on which g does not vanish. Thus,
there exists a holomorphic function G such that ¢ = g on D.. Define h(z) = zeCZ)/N
and note that f(z) = h(z)". By the open mapping theorem, h(D.) contains some 24-
neighbourhood of 0. Therefore there exists z1, zo such that h(z1) = 6, h(z2) = se’& in
which case

Uy N
fl) = BN (1) = 0V = (8% ) = bV (z2) = ()
But this contradicts the injectivity of f. O

Proposition 6.3. The inverse of a conformal map is also a conformal map.
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Proof. Given a conformal map f : U — V, it suffices to show that f~! is holomorphic. For
any z,w € V and zp, wp € U such that f(z0) = z, f(wo) = w,

S = ) 1
z-w (f(20) = f(wo))/ (20 — wo)
Since f’(z0) # 0, we may take the limit as w — z which yields [f~!]'(z) = 1/f(z0). Since
z was arbitrary, we conclude that f~! is holomorphic. O

Theorem 6.4. Themap F: H — D, z — Z—ifrom the upper complex planeHl = {z € C | S(z) > 0}
Cog. . cq - 1

to the unit disk D is a conformal map with inverse G(w) = 17,

Proof. It is clear that F' is holomorphic in H, it therefore remains to show that F' indeed

maps to D, G maps to H and F is bijective. To see that F' maps to D, it suffices to note

that any point z € H is closer to i than to —i. Furthermore, to see that G maps to H, pick

w = u+iv € D and write

%(G(w)):%(l—u—iv) 1—u—iv:§R<1—u—iv>

Thutiv) Ttutiv 1+u+iv

:%<ﬂ—u—hwl+u—w»

(I+u+iv)(l+u—iv)

1 —u? —o?
= >0
(1+u)? + 02
Finally, a few algebraic manipulations yield F(G(w)) = w and G(F(z)) = z, hence F is
bijective. O

Remark 6.1. This type of transformation is called a Mébius transformation (or fractional
linear transformation). Specifically, it is any transformation of the form

az+b

S cz+d

Some useful conformal maps.

(1) For any 0 < a < 2, then map z — z“ is a conformal map between the upper half
plane H = {z € C | ¥(z) > 0} to the sector S = {z € C | 0 < arg(z) < ar}.

(2) The map z % is a conformal map between the upper half disk, i.e. the set

{z € C||z| <1,3(2) > 0}, and the first quadrant {z € C| R(z) > 0,3(z) > 0}.

. . . w—1
The inverse map is given by w — {=.

(3) If log is the principle branch of the logarithm, then the map z — log(z) is confor-
mal from the upper half plane to the strip {z € C | 0 < J(z) < 7}. Furthermore,
the this map is also conformal from the upper half disk {z € C | I(z) > 0, |z] < 1}
to the strip {z € C | R(z) < 0,0 < ¥(z) < 7}. The inverse of this map is given by
w e,
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(4) In a similar vein, the map z + €'* takes {z € C | —7/2 < R(2) < 7/2,3(z) > 0}
to the upper half disk.

Lecture 20
The Dirichlet Problem. We wish to solve the Dirichlet boundary problem

{Au:O in

u=f on )
where A denotes the Laplacian (Au(x) = 1", 92 u, where in our case we will usually
have A = 92 + 85) A function u for which Au = 0 is called harmonic. If 2 = D, then the
solution is known to be

1 (21— —i 1—|z?
u(z) = — eV)———df = — w)——— dw for |z] < 1
O =50 |} 1m0 =gr | S 4

Theorem 6.5. If F' : V. — U is holomorphic and uw : U — C is harmonic for some open sets
U,V, then uo F is harmonic.

Proof. This theorem can be proven by simply computing the Laplacian of wo F. O

As an application of the above theorem, we solve the Dirichlet problem in the case Q2 =
{z+iy |z € R,0 <z < 1} with boundary condition f : 92 — C. Here, f is a continuous
function such that lim, o f(7 +1y) = 0 for y = 0, 1. We first find a conformal map from
D — Q and it’s inverse. From results in the previous lecture, we know that there exists

a conformal map from D to H given by w + ii7% with inverse z + ==2. Furthermore,

1+w i+z
Z %log(z) where log is the principal branch of the logarithm is a conformal map from

H to Q. Finally,
1 1—=z2 17— e™
F(z)= -1 ; G(z) =
(2) = 2 los <Zl+z>’ ()= e

are, respectively, the conformal D — €2 and it’s inverse.
Now, we may define a function f(z) = f(F(z)) which is defined for all z on the

boundary of D. Note that at 1, —1 the function f is evaluated as a limit to be 0. Then the
solution to the Dirichlet problem on the unit disk with boundary condition f is

~ oo 1o Fi
i) = o [P0~ p)fe)dp
T Jo
where
.2
P.(0) 1—r

T 1—2rcosf + 12
Ergo, the solution in our original space is u(z) = G(4(2)).
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Schwartz Lemma.
Lemma 6.6 (Schwartz’s lemma). If f : D — D is a holomorphic function with f(0) = 0, then

(1) |f(2)] < |z| forall z € D,

(2) If for some zg € D, |f(20)| = |20, then f is a rotation, i.e. f(z) = cz for some c with
=1,
(3) |f(0)| < 1. If equality holds then f is a rotation.

Proof. Consider the power series expansion of f about 0;

ap + a1z + ag2® + - -

Since f(0) = 0, we must have ap = 0. Thus, f(z)/z is holomorphic on the unit disk and
since f maps to D, we may pick z € D, |z| = r and note that

fel 1 _1

z

Tl
By the maximum principle[3.17} | f/z| < 1/r for all z with |z| < r. Letting r tend to 1, we
conclude that |f(2)/z| < 1for all z € D. If equality holds at some point zp inside the disk,
then f(z)/z attains a maximum inside the disk and by the maximum modulus principle
must therefore be constant. Finally, define g(z) = f(2)/z on D and note that

(0) = im 2 = 40

z—0 z

If | f'(20)] = 1, the g attains it’s maximum at the origin (recall that by (1), g : D — D, thus
absg(z) < 1for all z € D). We conclude that g = ¢ for some |¢| = 1 and therefore f(z) = cz
is a rotation. U

Automorphisms of the unit disk. An automorphism is a conformal map from a set to
itself. We denote the set of all automorphism on D by Aut(ID). This is a group with com-
position being the group operation and the identity element is the map z — z. Obviously,
any rotation map is an automorphism of the disk. Furthermore, for any a € C with
lal <1,

a—z

Ya(2) =

Cl-az
is an automorphism of ). We have shown in problem 3 of chapter 1 that the above is
indeed an automorphism of D and ¢! = v,.

Theorem 6.7. If f is an automorphism of the unit disk, then there exists « € D and 0 € R such

that f(2) = €1, (2).

Proof. Since f is an automorphism of the unit disk, there exists a € D such that f(a) =
0. Define g = f o1, and note that g is also an automorphism of the disk and ¢(0) =
f(¥a(0)) = f(a) = 0. Ergo, by Schwartz’s lemma, |g(z)| < |z| for all z € D. Moreover,
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since g € Aut(D), we also have g~ € Aut(D), g~ *(0) = 0 and again by Schwartz’s lemma,
|97 (w)| < |wl for all w € D. Now, fix z € D, w = g(z) and note that

[zl = |97 0 g(2)| = |g7 (w)| < Jw| = lg(2)] < |z]

Ergo, by part (2) of Schwartz’s lemma, there exists § € R such that g(z) = €?z. Finally,
we conclude that since g = f o t,, f = go ;' = go1)s. Thatis, f(2) = e, (2). O

Corollary 6.8. The only automorphisms of the unit disk that fix the origin are rotations.

i—z

Automorphisms of the upper half-plane. Fix the conformal map F': H — D, z — ==
and consider the homomorphism of groups

[:Aut(D) — Aut(H), ¢+ FlogpoF

Furthermore, I' has an inverse which is given by the map ¢ + F o o F~!. Thus, T is
bijective, i.e. I' is an isomorphism and Aut(D) = Aut(H).

Define now

‘a b
== (2 )

For each M € SLy, it’s associated map is

a,b,c,d € R and det(M) = ad — bc = 1}

az+b
cz+d

fu(z) =

Theorem 6.9. Every automorphism of H takes the form fas for some M € SLq and, conversely,
every map associated to a matrix M € SLy is an automorphism of the upper half plane.

Proof. The proof is separated into multiple steps.
Step 1. If M € SLy, then fj; maps from H to itself. Furthermore, if M, M’ € SLy, then
faeo fur =
Indeed, if &(2) > 0 then
(ad —bc)3(2)  S(2)

= >0
ez + d? ez + d|?

S(f(2) =

We omit the proof of the second part which is also a straightforward calculation. Since
every matrix in SLg is invertible, we conclude that fy; € Aut(H). Indeed, fy; : H — His
holomorphic and it’s inverse is fj\}l = fuy-1.
Step 2. Given z € H, there exists M € SLy such that fa/(z) = i.
Let d = 0 and note that (as in step 1)
S(/(2) = 28

ez)?
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Thus, let ¢ € R be such that the above evaluates to 1, then the matrix

0 ¢!
=0 %)

isin SLy and (far, (2)) = 1. Finally, if b = —R(far, (2)), then far,ar, (2) = 1 where

1 b
=)
Step 3. If 0 is real, then I'(far,) = F o far, o F~1 corresponds to the rotation of angle

—20 in the unit disk. Here,
cos) —siné
My = (sin@ cos 6 )

Indeed, it may be verified that F o fy, = e 2¥F.

Step 4. Suppose f € Aut(H) with f(z9) = 7 and consider the matrix M € SLg such that
far (i) = zp. Then g := f o fyr is an automorphism of the upper half-plane and g(i) = .
In particular, F o go F'~1 is an automorphism of the unit disk which fixes the origin and
by corollary Fogo F~!isarotation. By the previous step, there exists # € R such
that Fogo F~! = Fo fy, o F7l, ie. g = fu,. Recalling that g = f o fas, we find that
f= -ty 0

Remark 6.2. Note that fy; = f_s, thus Aut(H) 2 SLy. Therefore, we define PSLy, the
Projective special linear group, the group which identities the matrices M € SLy with
—M. Then Aut(H) = PSL,.

Lecture 21

Riemann mapping theorem.

Theorem 6.10. Suppose that ) is a proper (2 # (), C) simply connected open subset of C, then
for any zy € Q) there exists a unique conformal map F : Q@ — D such that

F(z) =0, F'(2)>0

Corollary 6.11. Any two proper simply connected open subsets in C are conformally equiva-
lent.

Some initial remarks. It is curious that the above theorem holds for sets such as the upper
half-plane but cannot be extended to the entire complex plane. Indeed, if f : C — D is
a conformal map, then since f bounded and entire, by Louisville’s theorem f must
be constant which is absurd. Furthermore, by invariance of domain, if f : Q@ — Dis a
conformal map, then since D is simply connected {2 must also be simply connected. This
can easily be proven by associating any curve v C  to a curve v/ = f(y) € D. Thus,
the conditions of the theorem are not just sufficient, but also necessary for the existence
of a conformal map. The theorem also states that if F, G are two conformal maps from
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Q) — D which map some 29 € 2 to the origin, then F = G. Indeed, since H = F o G~}
is an automorphism of the unit disk which fixes the origin, H(z) = €z for some 6 € R.
Moreover,
(0) = F'(20)
~ G'(%0)
Ergo, €. Then F o G~'(z) = H(z) = z and we conclude that F = G.
Over the remainder of the lecture, we will prove the existence part of the Riemann
mapping theorem.

/

e = H'(0) = F'(G"(0)) [G™'] >0

Montel’s theorem.

Definition 6.12 (Normal family). A family F of holomorphic functions is said to be normal if
every sequence in JF has a subsequence which converges uniformly on every compact subset of
Q). We do not require for the subsequence to converge to a function in F, i.e. F is not necessarily
closed.

Definition 6.13. A family F of holomorphic functions is said to be uniformly bounded on
compact subsets of Q) if for each compact set K C €, there exists a constant B > 0 such that
|lf(z)] < Bforallze K, f € F.

Definition 6.14. A family F of holomorphic functions is said to be equicontinuous on a com-
pact set K if for all € > 0, there exists § > 0 such that for all z,w € Q with |z —w| < §,

1f(2) = f(w)| < e forall f € F.

Definition 6.15. A sequence {K},2, of compact subsets of Q is called an exhaustion if Ky is
contained in the interior of Ky for all £ € N and any compact subset of ) is contained in K,
for some ¢ € N.

Theorem 6.16. Suppose F is family of holomorphic functions on Q which is uniformly bounded
on every compact subset of ), then
(1) F is equicontinuous on every compact subset of €,

(2) Fis anormal family.

Proof. Let K be a compact subset of Q and B > Osuch that |f(z)| < Bforallz € K, f € F.
Choose r > 0 such that D3, (z) C Q for all z € K and z,w € K be such that |z —w| < r.
By Cauchy’s integral formula[7} if y is the circle of radius 2r about w then

6= r) = 5 [ 160 (25 - 725 ) 6

1 1
1O - 2| ae< 2

— B _
iow ‘@<%V1”

E=2)E—w)| 772w a2
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In particular, |f(z) — f(w)| < C|z —w| for some constant C' which is independent of
f,z,w. We conclude that F is indeed an equicontinuous family.

We prove the second part of the theorem with a diagonalization argument. Let {f,,},~,
be a sequence of functions in F and {wj}‘;il a sequence of points which is dense in €.
Since F is uniformly bounded, the sequence f,(w;) is bounded for every j € N ({w;}
is itself a compact set). By the Bolzano-Weierstrass theorem, there exists a subsequence
{fn1} of {fn} such that {f, 1(w1)} converges. Likewise, there exists a subsequence {f, 2}
of {fn,1} such that {f,2(w2)} converges. Then note that {f,2(w;1)} also converges. We
continue as such and function a sequence {f;,;}7,_; such that {f, ;(wx)},_, converges
for every k < j. Finally, let g, = f,» and note that {g,(w;)} -, converges for every j € N.

We show that g converges uniformly on every compact subset K of 2. For any ¢ > 0,
we may pick 6 > 0 as in the definition of equicontinuity and let M be large so that the
disks Ds(w1), ... Ds(war) cover K. Fix N such that |gp,(w;) — gn(w;)| < € foralln,m > N
and j =1,2,..., M. Therefore, for all z € K, z € Ds(w;) for some 1 < j < M. Thence,

19n(2) = gm(2)| < |gn(2) — gnl(wi)| + |gn(ws) = gm(ws)| + |gm(ws) — gm(2)] < 3e
0

Proposition 6.17. If Q@ C C is an open connected set and {fn} a sequence of holomorphic
injective functions converging to f uniformly on every compact subset of €2, then f is either
injective or constant.

Proof. By way of contradiction, suppose that f is neither injective nor constant and let
21, 22 € C be distinct numbers such that w := f(z1) = f(z2). Define the sequence g(z) =
fn(2) = fn(z1) which,by injectivity, has no zero other than z;. Furthermore, g, tends to
f —w on every compact subset of 2 and g is not identically zero. Whence, z2 must be an
isolated zero of g and by the argument of principle,

/ /
2mi Jy gn(2) 2mi J, g(2)
for some sufficiently small circle . O

z=1

Lecture 22

Proof of the Riemann mapping theorem. Let (2 be a simply connected proper open subset of
the complex plane. We prove the theorem in three steps;

(1) Q2 is conformally equivalent to a simply connected open subset of D containing
the origin.

(2) By step (1), we may assume without loss of generality that € is a simply con-
nected open subset of D containing the origin. There exists a holomorphic injec-
tive function f : @ — D which fixes the origin (i.e. f(0) = 0) such that if ¢ is an-
other holomorphic injective function which fixes the origin, then | f/(0)| > |¢’(0)].
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(3) The function f as in step (2) is a conformal map from €2 to the unit disk.

To prove (1), since € is a proper subset, we may first pick & € C\ Q. Then the function
from Q to C given by z — 2z — o has no roots and thus there exists a holomorphic function
g on Q such that e9®) = z — a. Note also that g is injective since if g(z1) = g(z2) then
21 —a = 29 — . For fixed w € €2, we claim that the map

1
9(2) — (g(w) + 2m0)
is injective and holomorphic. Since g is injective, so is G. Furthermore, to see that G is
holomorphic, it suffices to show that g(z) # g(w) + 2mi. Indeed, if equality holds then
z# wbuted? = 2 —a = w—a = 9™, Finally, we need to show that G maps to
a bounded domain, so that a simple translation and re-scaling yields a conformal map
from Q — D. By way of contradiction, suppose that G is not bounded, then there exists a
sequence z, such that G(z,) — oo, i.e. g(2zn) — g(w) + 27mi. But then z, tends to w since
Zn —a = e90n) — e9(W) — 4y — o and by continuity of g, g(2z,) — g(w) # g(w) + 27i.

G(z) =

We now suppose that €2 is a simply connected open subset of the unit disk containing
the origin and proceed to prove (2). Consider the family of functions

F={f:Q— D] fisinjective and holomorphic and f(0) = 0}

Note first that F is not empty since it contains the map z + z and s = supsc 7 | f'(0)| > 1.
By Cauchy’s inequality, f/(0) is uniformly bounded in F. Hence, we may pick a sequence
{fn} such that | f; (0)] — s. Since every function in F maps to the unit disk, F is uniformly
bounded and by Montel’s theorem there exists a subsequence {f,, } which converges to
some function f uniformly on every compact set. By proposition[6.17} f is either injective
or constant. Since f/(0) = s > 1, f must be injective and noting f is holomorphic and
f(0) = 0 concludes the proof of (2).

For the last part, let f be as found in (2) and it suffices to prove that f is also surjective.
We prove this by contradiction. Suppose there exists @ € D such that f(z) # « for all
z € {2 and consider the automorphism of the unit disk

Ya(z) =

C1-—az

a—Zz

The set U = 1 (f(Q2)) is a simply connected open subset of D which does not contain the
origin. We may therefore define a square root function g on U (take e exponent half of the
logarithm function defined on U). Define

h=vg@)0gotacf
which we claim to be in the family
F={f:Q— D] fisinjective and holomorphic and f(0) = 0}

The function h is clearly holomorphic, maps to the unit disk and h(0) = 0. To see that h
is injective, note that f,%,.,) and ¥, are known to be injective and g is injective since if
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2 — w. Now,

g(2) = g(w) then z = g(2)? = g(w)
leb;logilodjg_(la)Oh:waogilo¢g(a)oh::\IJoh

and ¥ is a holomorphic map from D — D such that ¥(0) = 0. Finally, by Schwartz’ lemma
|P’(0)| < 1 and we conclude that

|F/(0)] = [¥'(h(0))1'(0)| = [®'(0)| [1'(0)] < |1'(0)]

which contradicts our assumptions of f. O

Exercises and Solutions

Problem 1. Prove that f(z) := —3 (z + 1) is a conformal map from upper half disk to the
upper half-plane

Solution. Define Q to be the upper half disk and note that f is clearly holomorphic on €.
Moreover, if z € Q then z = re® for some 0 < r < 1,0 < 6 < 7 and

1 ; ; 1
Cx _ = cx(rpi0 & [ ,.—1,—10 _ - : —1 i (L
S(f(2)) = 5 (J(re )+ (r e )) 5 (rsin (6) + 7~ " sin (—6))
in(f) (1
:Sln()<—r>>o (1)
2 T
The above it greater than 0 since sin(#) > 0 whenever 0 < § < 7 and r~ > 7 for all
0 < r <1, thus f indeed maps to H.
To see that f is injective from 2 to H, suppose that z € 2, z # w, then
1 1
f(z):f(w)<:>z+;:w+a<:>z—w:zw(z—w)<:>zw:1 (2)

Ergo, |lw| =1/z] > 1,i.e. w & Q.
Finally, we will prove that f is surjective. Let w € H, then

1 2
fR)=w <= 24+ -=-2w <= 2°4+2wz+1=0
z

The above polynomial has two distinct roots, say z1, z2. Then f(z1) = f(22) = w and by
equation (2) we know that 2129 = 1. Furthermore, it is clear from equation that we
cannot have |z;| = |z2] = 1. Ergo, one of z1, 22 is in D. Without loss of generality, suppose
z1 = re' € D the it remains to show that z; is in the upper half disk, i.e. &(z1) > 0. If
this were not the case, then equation (1) would yield a contradiction to the assumption
S(w) > 0. O
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Problem 2. Prove that

u(x,y)z?]‘%(l—i_Z) z=x+1y

11—z

where u(0,1) = 0 is harmonic, unbounded and vanishes on the boundary.

Solution. The function w is harmonic since it is the real part of a holomorphic function.
Furthermore, u vanishes on the boundary of D since

( ) 1— |Z|2
u(z,y) =
Vo1 2030) + 2P
Finally, u is unbounded since u(0,y) diverges as y — 17. O

Problem 3. Let F' : H — D be a holomorphic function from such that |F(z)| < 1 for all
z € Hand F(i) = 0, then prove that
11—z

- Vze H
1+ z

[F(2)] <

Solution. Recall that G(w) = ZL%UU is a conformal map from D to H with inverse G~(z) =
Thus, The function F o GG is a holomorphic function from D to D and

By Schwartz’s lemma, |F o G(w)| < |w| for all w € D. Ergo, for any z € H

o=l (o ()

1—2

i+z°

11—z
14+ z
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