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1. Introduction

In this paper we will study how Newton Polygons can be used to easily extract
information about the roots of polynomials and power-series over Ω. Given a
polynomial f(X) =

∑n
i=0 aiX

i Newton Polygon is defined as the convex hull1

of the sets of points {(i, νp(ai))}ni=1. In the case of a power series, the Newton
Polygon is defined in the same way but with n = ∞. Consider the following
examples:

(1) Consider the polynomial f(X) = 1 + pX + p−1X2 + pX3. The Newton
polygon will be as follows:

x

y

(0,0)

(1,1)

(2,-1)

(3,1)

(2) Secondly, suppose we have the power series f(X) =
∑∞

i=0 p
i2X i, then

our polygon will be as follows:

x

y

(0,0)

(1,1)

(2,4)

(3,9)

Date: Thursday 10th August, 2017.
1The slopes of the segments of the polygon strictly increase as one moves along the x-axis.
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(3) Finally, consider the power series f(X) =
∑∞

i=0 pX
i. Then notice that

the associated Newton polygon is exactly the non-negative side of the
x-axis.

In remainder of the paper, if f(X) is a polynomial, than it will be assumed
that f(X) ∈ 1 + Ω[X]. If f(X) is a power series, than it will be assumed that
f(X) ∈ 1 + Ω[[X]]. Note that under these assumptions, 0 may not be a root of
any polynomial or power series. If ξ is a root of f(X), it therefore follows that
νp(ξ) is finite.

2. Polynomials

Here we shall prove a lemma which relates Newton polygons to polynomials
in Ω[X]. This lemma shall be generalized to power series in the next section.

Lemma 2.1. Let f(X) ∈ 1 + Ω[X] and let ξ1, . . . , ξn be the roots of the polynomial.2

Denote −νp(ξi) by λi for each i ∈ {1, 2, . . . , n} and suppose that one of the segments
of the polygon has slope λ and length l. Then there exists a set S ⊆ {1, . . . , n} of size
l such that λj = λ for all j ∈ S.

Proof. Without loss of generality, we write

f(X) =
n∏
i=1

(1−X/ξi)

such that {λi = −νp(ξi)}ni=1 is listed in increasing order.
Set λn+1 = ∞ and let r ≤ n be the least natural number such that λ1 = · · · =

λr < λr+1. For the proof, it is sufficient to show that the first segment of the
Newton polygon is indeed from (0, 0) to (r, r · λ1). This would imply that the
lemma holds true for the first segment of the polygon. Then it is easy to see by
induction that the statement also holds true for every following segment of the
polygon.

We now prove the above claim. We may write the function f(X) as 1 +∑n
i=1 aix

i for some {ai}ni=1.
First, we claim that for all i ∈ {1, . . . , r}, the points (i, νp(ai)) lie above or on

the segment with ends at (0, 0) and (n, n · λ1). For each such i, we may express
ai as the sum of all possible products combining i many distinct elements from
the set {1/ξ1, . . . , 1/ξn}. It follows that for each i, we have

νp(ai) ≥ min
k1,...,ki∈{1,...,n}

−νp (ξk1 · ξk2 · · · ξki) ≥ i · λ1

We now claim that for i ∈ {r + 1, . . . , n}, the points (i, νp(ai)) lie strictly above
the segment with ends at (0, 0) and (n, n · λ1). This is because in this case, we

2Note that these are not necessarily distinct, but such that f(X) = (1 − X/ξ1) · (1 −
X/ξ2) · · · (1−X/ξn).
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have

νp(ai) ≥ min
k1,...,ki∈{1,...,n}

−νp (ξk1 · · · ξki) ≥ (i− 1) · λ1 + λr+1 > iλ1.

Finally, we claim that νp(ar) = r · λ1. We have

νp(ar) = −νp

 ∑
k1,...,kr∈{1,...,n}

(ξk1 · · · ξkr)


The first term of the abive sum, ξ1 · ξ2 · · · ξr has valuation r ·λ1. Every other term
has some element ξk with k ≥ r + 1, and therefore has valuation strictly greater
than r · λ1. It follows by the isosceles triangle principle that νp(ar) = r · λ1.

Putting the above claims, together, it follows that the first segement of the
polygon has indeed ends (0, 0) to (r, r · λ1) as recquired. �

3. Power Series

Remark 1. Note that there may be three types of Newton polygons. There may
be infinitely many finite segments, finitely many segments such that the last
segment hits points which are arbitrarily far out or finitely many segments such
that the last segment does not hit points which are arbitrarily far our (see 3).
Consider where each of these converge.3

Lemma 3.1. Let f(X) = 1 +
∑∞

i=1 aiX
i. Let c ∈ Ω be such that νp(c) = λ ≤ λ1

where λ1 is the first slope in the Newton polygon of f . Assume furthermore that f
converges in the closed disc D(pλ)4 and define the power series

g(X) = (1− cX)f(X)

Then the Newton polygon of g is exactly the segment (0, 0) to (1, λ) joined by the
newton polygon of f . Moreover, f and g have the same radius of convergence.

Proof. Note that by showing that f and g have the same final slope, denoted
λf in their respective Newton polygons, it follows that both converge in D(λ−f ).
For the convergence part of the proof it is therefore sufficient to show that f
converges on the boundary if and only if g converges on the boundary.

We begin by proving the lemma for the special case c = 1, λ = 0. We may
write g(X) = 1 +

∑∞
i=1 biX

i where bi = ai+1 − ai for i ∈ N where a0 = 1. It
follows that

νp(bi) ≥ min {νp(ai), νp(ai−1)}
with equality holding if and only if νp(ai) 6= νp(ai−1). It follows that the points
(i, bi+1) lie on or above the Newton polygon of f . Moreover, if (i, ai) is a vertex,
then since we have assumed the first slope to be greater or equal to 0,5 we must

3Consider the Newton polygon of f(X) = 1 +
∑∞
i=1 p

iXi.
4Note that f must converge in D(λ−1 ).
5We have 0 = λ ≤ λ1.



4 DANA BERMAN

have that νp(ai+1) > νp(ai). It follows that if ai corresponds to a vertex, then
νp(bi+1) = νp(ai). The Newton polygon of g must therefore be as described by
the lemma until the last vertex, if such a vertex exists.

In the case where the Newton polygon of f has a last vertex, it remains only
to prove that the final slope of the Newton polygons f and g, which we denote
λf and λg respectively, are equal. By the above argument, we already know that
λg ≥ λf . Suppose for the sake of contradiction that λg > λf . Then for some large
i, the point (i + 1, νp(ai)) would lie below the Newton polygon of g. It follows
that νp(ai+1) = νp(ai+bi+1) = νp(ai). By induction, we obtain that νp(aj) = νp(ai)
for all j ≥ i. But this is a contradiction to the assumption that f(X) converges
in D(pλ) = D(1).6

Since the points (i, bi+1) lie on or above the Newton polygon of f , it is clear
that if f converges in some disc, then so does g. It remains only to show that
if g(X) converges in D(pλf ) then so does f(X). This can be shown by a similar
argument as above.

Recall that the proof so far only covers the special case c = 1, λ = 0. If we
are not in that case, then the lemma may be applied to f1(X) = f(X/c) and
g1(X) = (1−X)f1(X). One may then write g(X) = g1(cX). �

Lemma 3.2. Let f = 1 +
∑∞

i=1 aiX
i have Newton polygon with first slope λ1 and

suppose the for some i, (i, νp(ai)) lies on the first segment. Suppose furthermore
that f converges in D(pλ1). Then there exists an x ∈ Ω such that f(x) = 0 and
νp(x) = −λ1.

Proof. As in the proof of the previous lemma, we begin by considering the case
λ1 = 0. Note that this implies that νp(ai) ≥ 0 for all i ∈ N and that νp(ai) → ∞
since f(X) in the disk D(1) by assumption. We know that there exists some i
such that νp(ai) = 0, we therefore let N be the maximal such i.

For any n ∈ N, consider the polynomial fn(X) = 1 +
∑n

i=1 aiXi. By Lemma
2.1, we know that for n ≥ N , each such polynomial has exactly N zeros which

we denote Sn =
{
ξ
(n)
1 , . . . ξ

(n)
N

}
, each with valuation (order) λ1 = 0.

We know build a sequence (xn)∞n=N and claim that it converges to some x ∈ Ω
such that f(x) = 0 and νp(x) = −λ1 = 0 thereby proving the lemma for the case
λ1 = 0.

The sequence is constructed as follows: let xN = ξ
(
1N). The for each n ≥

N , we define xn+1 = ξ
(n+1)
j where j ∈ {1, . . . , N} is such that |xn − xn+1|p is

minimal. In order to prove that the sequence is convergent, it is sufficient to
show that it is Cauchy. To see this, first note that for any n ≥ N one has

|fn+1(xn)− fn(xn)|p = |fn+1(xn)|p =
∏

ξ is a root of fn+1

∣∣∣∣1− xn
ξ

∣∣∣∣
p

(1)

6Consider x = 1.
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The Newton polygon of each fn+1 tells us that, other than the roots in Sn+1, i.e.
the terms ξ(n+1)

j , any root has valutaion strictly greater than zero, and therefore
has norm strictly less than 1. It follows that for each root ξ 6∈ Sn+1, one has
|xn/ξ|p > 1 and therefore |1− xn/ξ|p = 1. Returning to equation 1, one can see
that

|fn(xn)− fn(xn+1)|p =
N∏
i=1

∣∣∣∣∣1− xn

ξ
(n+1)
i

∣∣∣∣∣
p

=
N∏
i=1

∣∣∣ξ(n+1)
i − xn

∣∣∣
p

since
∣∣∣ξ(n+1)
i

∣∣∣ = 1 for any i ∈ {1, . . . , N}. Finally, it follows from our choice of xn
that

|fn(xn)− fn(xn+1)|p ≥ |xn+1 − xn|Np
Using the above, we can show that we indeed have a Cauchy sequence since:

|xn+1 − xn|Np ≤ |fn(xn)− fn(xn+1)|p =
∣∣an+1x

n+1
n

∣∣
p

= |an+1|p
n→∞−−−→ 0.

It follows that our sequence is Cauchy, and therefore xn → x for some x ∈ Ω. It
is clear that νp(x) = 0 and remains only to show that f(x) = 0. To see this, we
write

|fn(x)|p = |fn(x)− fn(xn)|p =

∣∣∣∣∣
n∑
i=1

ai(x
i − xin)

∣∣∣∣∣
p

Now note that |ai|p ≤ 1 and
∣∣∣∑i−1

k=0 x
kxi−1−kn

∣∣∣ ≤ maxk∈{0,...,i−1}
∣∣xkxi−1−kn

∣∣ = 1.

Furthermore, we have that xi − xin = (x− xn)
∑i−1

k=0 x
kxi−1−kn and therefore,

|fn(x)|p =

∣∣∣∣∣
n∑
i=1

ai(x
i − xin)

∣∣∣∣∣
p

≤ |x− xn|
n→∞−−−→ 0.

We therefore have limn→∞ fn(x) = f(x) = 0 as required.
For the general case, i.e. λ1 6= 0, we may pick c ∈ Ω such that νp(c) = λ1.

We consider the function g(X) = f(X/c) which satisfies the conditions with
λ1 = 1 and find x such that νp(x) = 0 and g(x) = 0. Then for the function f , x/c
satisfies the requirements of the lemma. �

Lemma 3.3. Consider f(X) = 1+
∑∞

i=1 aiX
i and let α be such that f(α) = 0. Then

g(X) =
f(X)

1−X/α
converges in D(|α|p)

Proof. By assumption, we know that f(X) converges at α and therefore onD(|α|p).
Note also that dividing by (1−X/α) is equivalent to multiplying by

∑∞
i=0X

i/αi.
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It follows that we may writes g(X) = 1 +
∑∞

i=1 biX
i where (definiting a0 = 1)

bi =
i∑

k=0

ak/α
i−k.

Then to see that g(X) converges in D(|α|p) we note that

∣∣biαi∣∣ =
i∑

k=0

aiα
k = fi(α)

i→∞−−−→ f(α) = 0.

�

Theorem3.4 (p-adic Weierstrass Preparation Theorem). Let f(X) = 1+
∑∞

i=1 aiX
i

and suppose f(X) converges on D(pλ). Then let N be the total length of all segments
of the Newton polygon of slope ≤ λ if it is finite. Otherwise, let N be the greatest i
such that (i, νp(ai)) lies on the Newton polygon.7 Then there exists a unique polyno-
mial h(X) ∈ 1 + XΩ[X] of degree N and a power series g ∈ 1 + Ω[[X]] convergent
and non-zero in D(pλ) such that

h(X) = g(X)f(X).

Furthermore, the Newton polygon of h is uniquely determined by those properties
and coincides with the Newton polygon of f up to (N, νp(aN)).

Proof. As in Lemma 3.1 and Lemma 3.2, we reduce our problem to the case
λ = 0.

We prove by induction on N . Consider first the base case N = 0. This case
implies that we are looking for g(X) such that

g(X)f(X) = 1

since h has degree 0. We therefore already know that g(X) is non-zero onD(pλ).
We may write g(X) = 1 +

∑∞
i=1 biX

i and solve for the terms bi:

g(X)f(X) =

(
1 +

∞∑
i=1

aiX
i

)(
1 +

∞∑
i=1

biX
i

)
= 1 +

∞∑
i=1

(
i∑

k=0

akbi−k

)
X i

It follows that for each i ≥ 1, we have

bi + a1bi−1 + a2bi−2 + · · ·+ ai−1b1 + ai = 0

⇐⇒ bi = − (a1bi−1 + a2bi−2 + · · ·+ ai−1b1 + ai)

where a0 = b0 = 1. For the theorem in the case N = 0, it remains only to show
that g(X) must converge in D(pλ) = D(1). One notes that it is sufficient to show
that νp(bn) → ∞ as n → ∞. To prove this, first note that νp(ai) > λ = 0 for all

7Note that this second case implies that there is an infinite segment with slope λ. Since we
converge on the closed disc D(pλ), such a greatest i must exist.
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i ≥ 1 by hypothesis. It is therefore easy to verify by induction that νp(bi) > 0 for
all i ≥ 1.

Futhermore, since f(X) converges in D(1), we know that νp(ai) → ∞. We
may therefore pick any natural number M and find m such that νp(ai) ≥ M
whenever i ≥ m.

We fix M and claim that for any n ∈ N, if i > nm then νp(bi) ≥ min {M,nε}
where

ε = min
1≤k≤m

{νp(ak)}

Then letting n,M →∞, we have that νp(bi)→∞ as desired. We now prove our
claim by induction. When n = 0, the claim is trivially true as it is equivalent to
νp(bi) ≥ 0. Suppose now that the claim is true for n − 1. Then let i > nm and
write

bi = − (a1bi−1 + a2bi−2 + · · ·+ ambi−m + am+1bi−m−1 + · · ·+ ai−1b1 + ai) .

We now consider each individual term of the form akbi−k. First suppose that k >
m, then νp(akni−k) ≥ νp(ak) ≥ M . Suppose now that k ≤ m. Then νp(akbi−k) ≥
νp(bi−k) + ε and by induction hypothesis, νp(akbi−k) ≥ min {M, (n− 1)ε} + ε ≥
min {M,nε}. This proves the claim, and hence the theorem for the case N = 0.

We now suppose N ≥ 1 and assume that the theorem holds true for N − 1.
By Lemma 3.2 we may find α ∈ Ω such that f(α) = 0 and νp(α) = λ1 ≤ λ where
λ1 is the first slope of the Newton polygon. We now define

f1(X) =
f(X)

1−X/α
.

Then by Lemma 3.3, f1(X) converges in D(pλ). Moreover, letting c = 1/α, we
have f(X) = (1− cX)f1(X). Denote now the first slope of the Newton polygon
of f1 by η1. We first claim that η1 ≥ λ1. Suppose not, then by 3.2, there exists
β ∈ Ω such that f1(β) = 0 and νp(β) = −η1. It follows that f(β) = 0. But then,
the first slope of the polygon of f(X) would have to be strictly less than η1 (easy
to verify). This is clearly a contradiction, since the first slope is λ1. It follows
that we indeed have η1 ≥ λ1.

We will now use Lemma 3.1 on f(X) = (1 − cX)f1(X). The Lemma tells us
that the Newton polygon of f1(X) is exactly that of f(X), minus the segment
(0, 0) to (1, λ1). Moreover, f1(X) converges on D(pλ).

We may now apply our induction hypothesis on f1(X) and we obtain:

h1(X) = f1(X)g(X) =⇒ h(X) = (1− cX)h1(X) = f(X)g(X).

where h1(X) ∈ 1 + Ω[X] is of degree N − 1, and therefore h(X) is as required.
Note that since the power series g is left unchanged, it follows from the in-

duction hypothesis that it is indeed non-zero in D(pλ).
We now prove that h(X) is unique. Suppose h̃(X) = f(X)g̃(X) where g(X), g̃(X)

converge in D(pλ) and h̃(X), h1(X) ∈ 1 + Ω[X] are polynomials of degree N .
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Then, since h1(X) is uniquely determined by the induction hypothesis,

h̃(X) = (1− cX)f1(X)g̃(X) = (1− cX)h1(X) = h(X).

�

We now state the equivalent of our Lemma 2.1 for power series.

Corollary 3.5. Let f(X) ∈ 1 + Ω[[X]]. Suppose that there is a segment in the
Newton polygon of f which has finite length N and slope λ, then f has exactly N
roots (counting multiplicity) of valutaion −λ.

Note that there are further conclusions that can be easily derived from the
theorem. For instance, if f converges everywhere, then it can be factored into
an ifinite product of (1−X/r) over its roots. If a function converges everywhere
and has no zeros, it must therefore be constant.


	1. Introduction
	2. Polynomials
	3. Power Series

