
McGill University — COMP 531 (Winter 2018) HW2
Due date: midnight of Mar. 12th.

Instructions(important!): You are allowed to work with your classmates on solving
assignments, but you must write your own solutions independently.

If you read a solution from other resources (e.g. books, articles, ...), you should cite
each one of the resources. In this case, try to understand the solution first, and then write
down your solution without looking at the resources.

Present your solution in a clear and rigorous way. Clarity is as important as correct-
ness. You will lose points for a correct solution that is poorly presented.

If you can not find a solution of a problem, do not answer it, this will earn you 20%
of the points. If you have some non-trivial yet incomplete ideas to solve a problem, write
them down and indicate the gaps.

Submit your solution in class or to myCourses. Late submission will not be accepted.

Problems (each worth 20 points):

1. The exponential time hypothesis, so-called ETH, states that k-SAT cannot be solved in
subexponential time for any k > 2. Show that 2-SAT does not satisfy this hypothesis
by proving 2-SAT∈ NL.

2. Denote by f ◦ g the class of depth 2 circuits whose output gate is f and the gates at
the first level are g. Show that any symmetric function can be computed by linear size
MAJ ◦MAJ circuits.

Hint: Show that symmetric functions can be computed by threshold gates, and threshold
gates can be realized by MAJ gates.

3. Let C = (Cn) be a family of circuits constructed with binary AND and OR gates.
Assume that C has polynomial size and the graph of each Cn is a tree. Show that the
induced boolean function is actually in NC1, i.e., show that the circuit can be modified
to have O(log n) depth.

4. Assume that any boolean function of n variables can be computed by a constant-depth
threshold circuit of size O(2n/2/

√
n). Show that any symmetric function of n variables

can be computed by a constant-depth threshold circuit with O(
√
n/ log n) gates.

5. Let f : {0, 1}n → {0, 1} be a boolean function, denote d(f) the minimal depth of
a circuit that computes f using AND and OR gates with fan-in 2, together with
negation gates (if necessary) at the input level. Given f , the Karchmer-Widgerson
communication game Rf is defined as follows. Let X = f−1(1) and Y = f−1(0). Alice
gets an input x ∈ X and Bob gets an input y ∈ Y , and they need to find a coordinate
i ∈ {1, 2, . . . , n} such that xi 6= yi. Let CC(Rf ) denote the minimal number of bits
required for this task using a deterministic communication protocol. Show

(1) d(f) ≥ CC(Rf ).

(2) d(PARITY) = Ω(log n) where PARITY : {0, 1}n → {0, 1} is the parity function.
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