EAUCHEMIN RASSARD REPEAU OUTIER and OMERANCE

ABSTRACT

only

not

generate test

rithms,

RIEF S PRIMALITY TESTING

P RP NP almost O(m^{O m)} m RP ZPP

P

Rabin(n) = verdict

n returns verdict verdict prime composite

prob[Rabin(n) = ‘‘prime’’ n = 1 whereas

prob[Rabin(n) = ‘‘prime’’ n ≤^1⁄4. n Rabin(n) composite n Rabin(n prime

function RepeatRabin(n,k) {n k } var i done i ← 0 repeat

i ← i + 1 done ← (Rabin(n) = ‘‘composite until done or i ≥ k if done ‘‘composite’’ { } ‘‘prime’’ { } . k prime

RABIN’S T GOOD ? Let n n > v and u n− 1=2^vu, where u

R_n a ∈_n* a^u ≡ n --- j ≤ j <v and a^{2j u} n } .

n* a 1≤ a <n a ,n) = 1} and n =_n* whenever n # R_n ≤ #_n*/ #X X n −_n

function Rabin(n)

{n n >1} a ← n− 2 if a ∈ R_n ‘‘prime’’ ‘‘composite

Whenever n # R_n − 2)/(n −_n n − for n much

(ϕ(n)/2^{r − 1} − 2)/(n − r n and ϕ(n) = #_n* n still

, =127× ϕ(42,799)/4 = 10, never ×5×7×11× , a ∈ { } any ×10^9 (using { } one n = 79,003 (=199× ,215,031, =151×751×28, #R_n = #_n*/ (# R_n − 2)/(n − 3) ∼ m+7)(24m+ m+ m+

Fermat n :

F_n a ∈_n* a^{n− 1} ≡ n)} .

n ⊂ F_n n >_n =F_n èèR_n

n p^m p and m ≥_n handle n n

n n n

polynomial p n prob[Rabin(n) = ‘‘prime ≥ 1/p(n n n

. Let n v and u n− 1=2^vu u è/-è/-a ∈ H_n --- j <v n,a^{2j u} + n ii) # H_n ≥ #R_n . Proof. a ∈ H_n i a^{2i u} ≡ n ≤ i ≤ v because a ∈ F_n i =0 a ∈/ R_n j =i− x =a^{2j u}

x ≡/ n i x ≡/ − n)

a_n x ≡/ ± n x^2 ≡ n n,x+ n [20].

n =p_1^{m1}p_2^{m2} p_r^{mr} n Let p_i − 1=2^{vi} u_i i u_i

min{v_i 1≤ i ≤ r }

# F_n =_{i=1}Π^r gcd(n − 1,p_i −

# R_n =

1+ 2_r − 1

2^{r τ} − 1 i^{=1}Π r gcd(u,u_i ) . But gcd(n − 1,p_i − 1) = gcd(2^vu^{vi} u_i ) = 2^{min(v,vi )}gcd(u,u_i ) ≥ 2^τgcd(u,u_i ) because v

# F_n ≥ 2^{r τ}_{i=1}Π^r gcd(u,u_i ) .

Therefore,

# R_n

# F_n ≥

1+ 2_r − 1

2^{r τ} − 1

2^{r τ} = 2^{1− r τ} (2^{r − 1} − 1) +1

2^r − 1

≥ 2^{r − 1} (because 1) .

# F_n ≥ 2× #R_n (because r ≥ n is # H_n =#F_n − #R_n ≥ #R_n .

2^{r +x− 1} ≤ #F_n /#R_n ≤ 2^x (2^r − 1) < 2^{r +x}

x =_{i=1}Σ^r v,v_i ) ] ≥ 0 .

n =R_n when n r =

n x 1 < gcd(x,n)<n n n n (n)− n n v and u that n− 1=2^vu u

i) a (a ∈ RH_n ≤ a <n and • a^u − n • a^{2j u} + n ≤ j <v ;

ii) a (a ∈ FH_n ≤ a <n and • a^{n− 1} − n-splitter. n ⊂ RH_{n n} n H_n n (n)− . Let n n > p_1^{m1}p_2^{m2} p_r^{mr}

n = H_n ∪ FH_n ; n ∩ FH_n ;

iii) # FH_n = n − #F_n − n_{i=1}Π^r (1− p_igcd(p^i − 1,n− 1) ) ≥ n (n)− 1 . n iv) # RH_n = n − #R_n − n_{i=1}Π^r (1− p_igcd(p^i − 1,n− 1) ) .

x ≥ k ≥ 1, x^k − x − x + k a ≥ 2, i ≥ j ≥ u ≥ 1, a^{2i u} − a^{2j u} − a^{2j u} + j <i. n ⊂ F_{n n} ∩ H_{n n} ∩ FH_n and R_n ∩ FH_{n n} ∩ RH_n p #{a 0≤ a <p and a^{n− 1} ≡ p) gcd(p − 1,n − 1). c ≥ max{x +c/x 1≤ x ≤ c 1+c.

Proof v and u n− 1=2^vu u a ∈ RH_n a^{n− 1} − a^u − by a^{2j u} + j <v_n , gcd(a^{n− 1} − 1,n)> n a ∈ F_n by a ∈/ R_n a ∈ F_n èèR_n =H_n n then a ∈ FH_n by n ⊂ H_n ∪ FH_n .

a ∈ H_n ∪ FH_n a ∈/ R_n a^{n− 1} − 1,n)> p Clearly, a^{n− 1} ≡ p p either a^u ≡ p a^{2j u} p j <v a^u − 1,n)> a^{2j u} +1,n)> j <v n since a ∈/ R_n a ∈ RH_n n ∪ FH_n ⊂ RH_n .

n ∩ FH_{n n} ⊂ F_n . ≤ a <n a ∈ F_n , a ∈ FH_n a^{n− 1} − 1,n)=1.

#{a 0≤ a <n a^{n− 1} − 1,n)=1}

= n_{i=1}Π^r (1− p_i

gcd(p_i − 1,n− 1) ) .

i ≤ i ≤ r

#{a 0≤ a <pi and a^{n− 1} ≡ pi ) gcd(pi − 1,n − 1) .

Therefore,

#{a 0≤ a <pi^{mi} and a^{n− 1} ≡ pi ) pi^{mi − 1}gcd(pi − 1,n − 1) .

#{a 0≤ a <pi^{mi} and a^{n− 1} ≡/ pi )}

= p_i^{mi} − p_i^{mi − 1} gcd(p_i − 1,n − 1) .

a ≤ a <n and a^{n− 1} ≡/ p_i ≤ i ≤ r by i=1Π^{r (p}i^{mi − p}i^{mi − 1gcd(p}i^{− 1,n − 1)) = n}_{i=1}Π^r (^{1−} pi^{gcd(pi − 1,n− 1)} )^.

a^{n− 1} ≡/ p_i 1≤ i ≤ r a^{n− 1} − 1,n)=1. x_i p_i − 1,n − α(n Π_{i=1}^r p_i n β(n) (α(n Π_{i=1}^r (p_i −

# F_n = Π_{i=1}^r x_i

# FH_n = n −_{i=1}Π^r x_i − n_{i=1}Π^r (1− x_i /p_i )

= n −_{i=1}Π^r x_i − α(n)n_{i=1}Π^r (p_i − x_i ) .

Ξ_n in r

Ξ_n (y_1 ,y_{2 r} ) =_{i=1}Π^r y_i + α(n)n_{i=1}Π^r (p_i − y_i

# FH_n = n_n (x_1 ,x_{2 r} ). ≤ x_i ≤ p_i − ≤ i ≤ r

# FH_n ≥ n − max_n (y_1 ,y_{2 r} ) 1≤ y_i ≤ p_i − ≤ i ≤ r }. Ξ_n

each y_i p_i − S { } x denote Π_{i ∈ S}(p_i −

Π i ∈/S^{(p}i^{− 1) (n)}/^{x and n β(n)}/^{α(n) (n y}i^{=p}i^{− 1}

for i ∈ S and y_i = i ∈/ S Ξ_n (y_1 ,y_{2 r} ) = x (n)/x x β(n) (n Ξ_n (n

# FH_n ≥ n (n)−

# H_n = #F_n − #R_n

OW G RABIN’S TEST ?

what

test gen-

erate

NP

function GenPrime(l,k) {l k } repeat

n ← l until RepeatRabin(n,k) = ‘‘prime’’ return n .

k

GenPrime

prob[GenPrime (l,k ≤ 4^{− k} k RepeatRabin^1⁄4 GenPrime m m×4^{− k}

1 1000000

1 ’’ is only prob[Rabin(n) = ‘‘prime^1⁄4 exactly^1⁄4 significantly larger^9×4^{− 25} ∼ 10^{− 6}.

Let X n Y_k RepeatRabin(n,k ‘‘prime’’ prob[Y_k X]≤ 4^{− k} not GenPrime X Y_k

n S n be S p n be p =#{n ∈ S n }/#S <p <

prob[X Y_k] = prob[Y_k] prob[X] × prob[Y_k X]

= prob[X] × prob[Y_k X] + prob[not X] × prob[Y_k not X] prob[X] × prob[Y_k X]

= 1 + prob[X] × prob[Y_k X] prob[not X] × prob[Y_k not X] 1

= 1 + 1− pp prob[Y_k X]1 1 ________________ 1. explicitly

RepeatRabin

≤ p^{− 1} × prob[Y_k X]

Y_k X] p k = X Y_k p^{− 1} × prob[Y_k X X Y_k]≤ 4^{− k} Y_k X]≤ 4^{− k} X Y_k]≤ 4^{− k} would be false should p Y_k X^{− k}.

GenPrime (l,k decreases l k). X Yk Yk X]

average

k = n

n /L(n)^{ξ(n)} L(n n^n and ξ →

n ξ(n)= Fermat congruence.)

n a_1∈ R_n a_2∈ R_n a_1 and a_2 n−

a_1∈/ R_n Y_k X]=(prob[Y_1 X])^k.

a_2∈ R_n ]≤^1⁄4 n

prob[Y_k X] ≤ 4_{k− 1} prob[Y_1 X] .

S n is

GenPrime (l,k l and k S l

p = prob[n n ∈ S] ∼ β/l, where log_{10}e^2 ∼

prob[Y_1 X] ≤ 1/P (10^{l− 1} where P (n L(n)^{ξ(n)}

prob[GenPrime (l,k = prob[X Y_k]

≤ p^{− 1} × prob[Y_k X] ≤ β4 P (10_{l− 1})l 4^{− k} .

l l /P (10^{l− 1})= GenPrime (l,k ≤ 4^{− k} for l

of GenPrime (l,k k, l /P (10^{l− 1} l GenPrime (l

conceptually

n k n − 4^{− k} ’’.

given

− k k such

no estimate

an n not complete loss.

is − k

any

PEN PROBLEMS # FH_n and # RH_n #F_n and #R_n RepeatRabin(n,k)=‘‘prime’’ when n l p^k and p /4^{k− 1} p k = p /4^{k− 1} p^k ξ(n l it k ≥ GenPrime (l,k ≤ 4^{− k}.

ACKNOWLEDGEMENTS

n ≡ RYPTO 86

Journal

REFERENCES [1 time’’, puting [2

[3 Rapport ´ ´´ ´ # [4 Computation [5´ RYPTO 86

Proceedings [6 [7 [8

[9 1986.

[10 SIAM [11 , [12 ,

[13 Seminumerical Algorithms [14 [15

[16 1980.

[17 , [18 25.10^9 ’’, [19 ing [20 MIT/LCS/TR [21 [22 , [23 SIAM