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ABSTRACT

Eigenvalues and eigenvectors of a large sparse symmetric matrix A can be found
accurately and often very quickly using the Lanczos algorithm without reorthogonali-
zation. The algorithm gives essentially correct information on the eigensystem of A,
although it does not necessarily give the correct multiplicity of multiple, or even
single, eigenvalues. It is straightforward to determine a useful bound on the accuracy
of every eigenvalue given by the algorithm. The initial behavior of the algorithm is
surprisingly good: it produces vectors spanning the Krylov subspace of a matrix very
close to A until this subspace contains an exact eigenvector of a matrix very close to
A, and up to this point the effective behavior of the algorithm for the eigenproblem
is very like that of the Lanczos algorithm using full reorthogonalization. This helps to
explain the remarkable behavior of the basic Lanczos algorithm.

1. INTRODUCTION

The effectiveness of the Lanczos algorithm [1] in computing eigenvalues,
and perhaps eigenvectors, of large symmetric matrices has led to consider-
able interest in the algorithm and its properties; see for example [2] to [7],
[10] to [16]. Here we will extend the work in [2] and [4] to derive some
properties of the algorithm which may help in the development and use of
reliable computer programs, and also give more understanding of what is
actually happening in such a computation and what can be expected, as well
as more confidence in the reliability of the computed results. We will only
consider the basic Lanczos algorithm, as opposed to any block version such
as in [7], and we will not include any reorthogonalization, such as in [6].

The Lanczos algorithm can be considered as a way of producing a
symmetric tridiagonal matrix and a set of vectors related to our given
symmetric nXn matrix A. These can then be used to solve several different

LINEAR ALGEBRA AND ITS APPLICATIONS 34:235-258 (1980) 235

© Elsevier North Holland, Inc., 1980
52 Vanderbilt Ave., New York, NY 10017 0024-3795 /80 /060235 + 24$01.75




236 - C. C. PAIGE

problems. It was shown in [3] that some variants of the basic Lanczos
algorithm do not work at all well, and that we need only consider the
variants labeled Al and A2 in [4]. A rounding error analysis of A2 was given
in [2], and the analysis for Al was given in [4], together with a summary of
the results for A2. Although the bounds for Al were superior, the author had
not then encountered computations showing any significant difference be-
tween Al and A2. Much more testing and thorough work by Lewis ([5] and
later personal communications) showed that Al was clearly superior in some
very large problems, and from now on we will concentrate our attention on
this variant.

In Sec. 2 we will present the basic algorithm Al and summarize the
results of the rounding error analysis given in [4]. In [3] it was suggested that
the last elements of the eigenvectors of the tridiagonal matrix could be used
to indicate how well the eigenelements of A were approximated, and in Sec.
3 we will show that this approach always gives reliable information. As a
result we can always obtain useful intervals containing eigenvalues of A,
though at present we cannot determine multiplicities of eigenvalues without
computing eigenvectors. An approach to determining multiplicities was
suggested in [3], but the method of [6] would seem preferable. In Sec. 3 it
will also be shown in what way the computed eigenvalues and eigenvectors
from the Lanczos algorithm correspond to Rayleigh quotients of A; in
particular it will be shown that the computed eigenvalues always lie between
the extreme eigenvalues of A to within close to machine accuracy.

In Sec. 4 we will indicate just how quickly the first few eigenvalues of A
can be found. First we will show that we must obtain at least one very small
interval containing an eigenvalue of A by the nth step. Next we will show
that for the eigenproblem the algorithm behaves remarkably like the
Lanczos algorithm using full reorthogonalization, at least until a very small
eigenvalue interval is found. At this point several eigenvalues and eigenvec-
tors of A are usually represented very accurately, and so the initial group of
eigenvalues is found to near machine precision after about the same number
of steps that the algorithm with reorthogonalization would take. This result is
based on Krylov sequences and says little about orthogonality, and of course
the algorithms with and without reorthogonalization behave quite differently
as producers of orthogonal vectors.

It has not been proven that all eigenvalues of A will eventually be given,
whereas such knowledge would be important for some problems (see for
example [13]). W. Kahan [14] has encountered cases where the initial vector
is orthogonal to some eigenvectors, and even with rounding errors all
computed vectors remain orthogonal to these, so the best we could hope to
prove is that an eigenvector of A with a nonnegligible component in the
initial vector will always eventually be found by the Lanczos process, with
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perhaps some reasonable restriction on the dimension of the problem.
Computations in [4], [13], and elsewhere in the literature support this
possibility, as do the computations mentioned at the end of Sec. 4.

2. THE ALGORITHM AND ITS ROUNDING ERRORS

For a given nXn symmetric matrix A and nonzero n-vector b, k steps of
the variant of the Lanczos algorithm we will consider here can be described
as follows:

B:=+(bTh)"?, (2.1)
0,:=b/B, 2.2)
u,;:=Av,, 2.3)

and for j=1,2,..., k repeat steps (2.4) to (2.8):

w;:=u; = ;0 (2.5)

/2
Bi+1:=+(w{w’)l >

if f;.,=0 thenstop, (2.6)
U,'+1:=w,‘/18f+1 (2.7)
“f+1’=Av,'+1—:Bf+1U,'- 2.8)

This algorithm is simple, elegant, and easy to program, and produces a
sequence of vectors v,,..., v; and a symmetric tridiagonal matrix Tj, where
we write

a; B
PN a B?_, a2
Vk=[ul,...,vk], T.= 5,

By oy
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In theory VV,=I and B,,,=0 for some k<n, in which case each
eigenvalue of T} is an eigenvalue of A. But on a computer orthogonality is
usually completely lost, and there need not even be a small 8, in (2.6).
Even so, the algorithm is amazingly effective, and it is our purpose here to
show why this is so.

A rounding error analysis of (2.1) to (2.8) was given in [4] for a floating
point digital computer with relative precision €. The results will be used
extensively here and for easy reference will now be summarized. Suppose A
has at most m nonzero elements in any row and

lAll=a, |IAl}=ao, (2.10)

where ||- || without a subscript will always represent the 2-norm and | A| has
elements |a;|, a;; being the elements of A. The computed results were
shown to satisfy
AV =V, T+ By g +10k+ 8V, (2.11)
8V,=[8v,...,80], Li=[e,....e],

lofo,—1|<eo/2,  j=1,2,....k+], (2.12)

while for j=1,2,..., k with 8, =0,

[[80]| <oe,y, (2.13)
Bisilvfv,. .| <20, (2.14)
|B2+al+B, — | A ||®| <4j(3eq+e, )0 (2.15)

It is assumed that

Bio1#0, j=1.2... ki  k(3eg+e,)<I;

to=2(n+d)e<t; & =2(7T+male. (2.16)
Here ¢, and ¢, are twice the values given in [4], and by increasing the

restriction on k here we could similarly decrease our error bounds. The
existence of the bounds is far more important than the exact size of
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the multiplicative constant. Note that n in (2.16) comes from vector inner
products, while ma comes from matrix-vector multiplications.

Perhaps the key to understanding the computational behavior of the
Lanczos algorithm is an expression for the loss of orthogonality. It was shown
in [4] that if R, is the strictly upper triangular matrix such that

VIV, =R} +diag(v]v,) + Ry, (2.17)
then
T, Ry — Ry Ti=Br1\Vitis16x +OR,, (2.18)
where 8R,, is upper triangular, and it can be shown that
I8R, || 2< 2a2[2(5k—4)e§+4(k—1)eoel+k(k—1)ef], (2.19)

subscript F representing the square root of the sum of squared elements.
Expressions of this form are messy, and in order to make the work a little
more tractable and the results understandable, we will regularly simplify and
thus weaken bounds. The important result is that the bounds exist, and since
in many cases even tight bounds would not be approached in realistic
examples, indications will be given where possible of the likely errors. If we
define

£, = V2 max(6eq,e,), (2.20)

then (2.19) gives
|8R, || p<koey, (2.21)

where we realize that for very large k the bound is effectively V2 koe,.

This section has described one variant of the Lanczos algorithm and its
rounding errors. The computed V; and T, can be used in solving many
problems involving A, and the results here can be used to analyse the
methods used, but here we will restrict ourselves to the eigenproblem of A.
We will assume that no further rounding errors occur; for example, we will
assume the eigendecomposition of T is known exactly. The analysis will thus
show the potential of the Lanczos algorithm for the eigenproblem. However,
since we know the remaining computations are very well behaved, the
analysis will in fact give us all the understanding we need. Chapter 9 of [2]
also considers rounding errors in the remaining computations.




240 C. C. PAIGE

3. ACCURACY OF THE COMPUTED EIGENVALUES

Here we will examine how accurately the eigenvalues of T, will ap-
proximate those of A, but to do this we first have to give a long series of
definitions and results. Let the eigendecomposition of T, be

T,.Y R =Y diag(p?), (3.1)

where the orthonormal matrix Y*) has jth column y{* and (i, j)th element
(%), and the eigenvalues are ordered

u{9>pf? > > pfd. (3:2)

If p{* is an approximation to an eigenvalue A, of A, then the corresponding
approximate eigenvector is z{*’, the jth column of

Z® = yy®, (3.3)

We will need some properties of Tj. If u,-(k), i=1,..., k=1, are the
eigenvalues of the matrix obtained by deleting the (t+ 1)st row and column
of T}, and ordered so that

pi 20> p > S b, (34)

then it was shown in [8] that

k
2 .
(n(t,i)l,]) = H 8¢(t+1’ 1’k)’ (3.5)
i=1
i7f
(k) _ (k)
“’—', ,'=1,2,_._,7'_1’
. “(ik)—nu‘(ik)
S(e+L i k) =1 (3.6)
Bﬁ;‘, i=i+1,...,k,
By

0<8,(t+1,7,k)<1, i=1,...,j—1,j+1,... k. (3.7)
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Next if we apply T, to an eigenvector of T, t<k,

T}{[uﬁ”%[u&" o } (3.8)
0 .Bc+117(¢tr)31

then from [9,p. 171]

8, = Bror|ni)| > min [plO—pl0],  t<k. (3.9)
1

Derintrion 1. We will say an eigenvalue p!”) of the ¢Xt¢ symmetric
tridiagonal matrix T, has stabilized to within §,, if for every k>t we know
there is an eigenvalue of T, within 8,, of p'*. We will say u{") has stabilized
when we know it has stabilized to within yk%e,, where y and 8 are small

positive constants.

We see from (3.9) that after ¢ steps p'") has necessarily stabilized to
within 8,,, and this quantity will be much used in the remaining analysis.
Another useful result is obtained from (3.8) by multiplying it by y{*'7 to give

i
(t)
(uw—w)y;“f[ v ]=.3,+m$’531, 0, (5.10)

A basic result is given by applying eigenvectors of T; to each side of
(2.18):

(l"'(t )—p.(i ))y{( ) R‘yi( )_Bk Iz,( ) U4 117&,-) +8$1-), (3.11)
k) Z (k)T k
egi) = y,-( ) 831 y,.( ),

|e{¥| <koe,, (3.12)

from (2.21). If we take j=1i, then

i eif’
2Ty, =~ ; (3.13)
’ (Bk+1'n$:kj))

so that with (3.9), z}k) is almost orthogonal to v,,, if we have not yet
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obtained a small eigenvalue interval about ,u.(,."), and the eigenvector ap-
proximation z ;") does not have a small norm. The possibility of this eigenvec-
tor approximation having a small norm also causes difficulty in showing that

when p{* has stabilized then z{*) is effectively an eigenvector of A.

DeFINITION 2. We will say an eigenpair (i, z) represents an eigenpair
of A to within § if we know that

lAz-pzll s
=]

It follows that if (i, z) represents an eigenpair of A to within §, then
(i, z) is an exact eigenpair of A perturbed by a matrix whose 2-norm is no
greater than 8, and if p is the Rayleigh quotient of A with z, then the
perturbation will be taken symmetric [9, p. 175].

We see from (2.11) that

Azi(k) - .“'(ik)z;k) =Br+ 177(Ic’;')vk+ 1 H6V; yf(k)’ (3.14)

so from (2.12), (2.13), (3.9), and [9,p. 171], if A, are the eigenvalues of A,
then

k k), (k
20— oz

i
k
(B3l

I
min| A, —p{®| <
i

. 8,j(1+ey) +k' %08,

(3.15)
[E3s

and if
28] =1, (3.16)

then ( p.(,.k), z,gk) ) represents an eigenpair of A to within about §,,. Unfor-
tunately computations carried out by the author indicate that (3.16) need not
hold; in fact norms of 107% have been observed on a computer with
e=10"1.

We see from (2.12) and (2.17) that

12099 2= 1= 25T,y 0 4 y P Tding (oTo,~ 1) y®,  (3.17)

the last term on the right hand side having magnitude no greater than ¢,/2.
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We use (3.13) to obtain the significant part of the (¢+ 1)st column of Ry:

D)
ViTo,1= Y®b,, e/b,=— e , (3.18)
Bt+lntr)

which with (3.10) and (3.5) gives

Do S S ] g
y TRy =~ 3 7, > —yf r (3.19)
t=1 r=1 ;Bt+1

== 2 (m+1 1) 2 (k) —r (3'20)

MY

et k

——Z E o 1 8(+Lj.k). (321
t=1r=1 IL, ) i.;ll
ivf

i%s(r)

The last equatlon has this form because t of the »{*) in (3.4) are the
eigenvalues p{). The mdex s( ) indicates that the numerator of §,,(t+1,
i, k) cancels w1th 1/ ( —pf") in (3.20), and we know s(r)# j. These three
equations give some useful insights. From (3.17), ||z{*'|| will be significantly
different from unity only if the right hand sides of these last three equatlons
are large. In this case (3.19) shows there must be a small §,,= f, 1|, and
some u'*) has therefore stabilized. Equation (3.20) shows that some ) must
be close to u(k and combining this with (3.19) we will show that at least one
such pl? has stabilized. Finally from (3.21) we see that there is at least one
) close to u(,k , so that p{*) cannot be a well-separated eigenvalue of T,.
Conversely if p (k) s a well—separated eigenvalue of T, then (3.16) holds, and
if u{*) has stabilized, then it and z{® are a satisfactory approximation to an
elgenvalue-elgenvector pair of A. We will now quantify these results.
We note from (3.12) and (2.21)

t t t
S (e9P< Y I () =||8R, || 1<t %3, (3.22)

r=1 r=1s=1

and using the Cauchy-Schwarz inequality,

2 t t
( S et ) < (WP S 1< %22, (3.23)
r=1 r=1
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In a similar manner (3.21) with (3.7) gives

lyPTR,y | < k2o, (3.24)
Y; kYj . ’ ’
i i 61/2?:?|”(ik)__“(ik)|
which is a weak bound, but shows that if
min | {8 — i[> k5 20e,, (3.25)
then
0.42< | z(M | <14, (3.26)

with obvious implications for (3.15). Just as in (2.21), we can effectively
replace ¢, by V2 & when k is very large, but it will still give a very
conservative result. Note from (3.3) and (2.12) that

k

k
2 112{)1*—k

i=1

k
<2 (3.27)

It was also proven in [2, pp. 122—126] that if ;L(,."), cess y(,.’_‘,_)s are s+1 eigenval-
ues of T; which are close to each other but separated from the rest, then

j+s
2 2P )*=s+1. (3.28)

i=j

This result was proven for a different variant of the Lanczos algorithm, but
will also hold here with “separated” interpreted similarly to (3.25). The proof
is too lengthy and awkward to reproduce here, but the result has an
interesting possible explanation. It is possible to have several close eigenval-
ues of T} corresponding to one simple eigenvalue of A; if this is the case
here, then the columns of

z,= [z, z%] (3.29)

&

will all correspond in some sense to one eigenvector z of A having z7z=1.
Ideally Z ,=ze” where e is the vector of ones, but because of the inde-
terminacy of eigenvectors corresponding to equal eigenvalues we apparently
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obtain Z,=ze”() for an “arbitrary” orthogonal matrix Q. This still gives
(3.28), yet any particular column of Z_ can have arbitrarily small norm.

So far the results here have been parallels of results in [2] and [4], but we
now give a new one.

Lemma 3.1. Let T, and V, be the result of k steps of the Lanczos
algorithm in Sec. 2 with (2.16) and (2.20), and let R, be the stnctly upper
triangular matrix defined in (2.17). Then for each eigenpair ([.L (") ) of Ty,
using the notation of (3.1) and following, there exists a pair of mtegers (r, t)
with 1 <r<t<k such that

Bear|m 1<, 18—l | <y,
e 371/2k%ge,
'kz_'
"y Ry P

Proof. For r<t<k write, using (3.10),
(k)
() 77:+1
KT *hi
= (Bpm))” yf< ) [g ] _”(:) (3.30)
so with (3.19) and (3.20)
- t
y Ry == Xl X vel, (3.31)
t=1 r=1
= —e’cy,
where e is the vector with every element unity, C is upper tnangular with
(r,t) element v,,¢'!), and g contains the last k— 1 elements of y (k) Letting E
be the (k— 1)-square matrix with (r, t) element e!!) and comblmng this with
(3.22) gives
|y Ry M| <IICTe || <kM2Cll g (3.32)
<k'2 max |, || Ell s
r<t<k

< k20£2 [ ‘Yrtl
V3

>
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where we take the particular r and ¢ giving the maximum. For this r and ¢,
(3.30) then gives the desired results

k%oe,
8 =Brss || < —————, (3.33)
V3 yM Ry
k%ce
|uf—pl| < —?Tz"—(;)— : (3.34)
|\/§y,' R,y; | m

CommeNTs. Bounds proportional to k3’2 have been found for each of
these expressions individually, but the author has been unable to show that
one (r,t) pair must satisfy both these tighter bounds simultaneously. The
present expressions show that if || z{*)|| is significantly different from unity,
then for some t <k there is an eigenvalue of T, which has stabilized and is
close to p{*. This will be used to prove that stabilized eigenvalues of T, are
always close to eigenvalues of A, and so the Lanczos process does not
produce any “spurious” eigenvalues.

Tueorem 3.1,  If, with the conditions and notation of Lemma 3.1, an
eigenvalue pi*) of Ty is stabilized so that

81 = By |1 | < V3 koe,, (3.35)

then for some eigenvalue A of A

N, —p{® | <(k+1)0e,. (3.36)

Proof. (i) Suppose (3.35) holds. If

3 3
|y TRy <5 — 5 (3.37)
then from (3.17)
28] >3, (3.38)

and using (3.15), (2.20), and (2.16), it follows that (3.36) holds. The other
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possibility is that (3.37) is false, and then we take i=1 and write
ty=k,  rn=j. (3.39)

(ii) In this case we know from (3.33) and (3.34) in Lemma 3.1 that there
exist positive integers 7, , and ¢,,, with
1 <8<t (3.40)
such that
tfoez

V3 (% _50/2)

t

( (tiv1)
triTivy? p"i

‘)—Mrl+l <

<V3 tloe,. (3.41)

If the equivalent of (3.37), and so (3.38), holds for (7, },¢,,,), then for some
eigenvalue A of A

’}\s —y,(,f‘:l‘)| < 662[2\/5 tX(1+e,)+ (2ti+,)1/2] , (3.42)

which gives

M= B < =i+ 3 [ -l
1

To+1
p=

13V3 ¢2 i
<o, —6—'+(2t,-+1)1/2+\/§ > tp2
p-l
<(k+1)0e,, (3.43)

as required by (3.36), this last following from (3.39) and (3.40). If the
equivalent of (3.37) does not hold, then we replace i by i+1 and return to
().

We see that T, =a;, y{¥ =1, so that z{" =v, certainly satisfies (3.38),
proving that we must encounter an (7, %) pair satisfying (3.38), which
completes the proof. [ ]

CommenT. It is clear from the derivation that (3.36) is not at all tight
for realistic problems and is no indicator of the obtainable accuracy using the
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Lanczos algorithm. In practice well-separated eigenvalues of A are usually
given with an error no worse than koe times a small constant. The following
shows we have an eigenvalue with a superior error bound to (3.43), and that
we also have a good eigenvector approximation.

Cororrary 3.1, If (3.35) holds, then for the final (1, t) pazr in Theorem
3.1, (ul9,V,y{") is an exact ezgenpan'for a matrix within 5t%ce, of A.

Proof. Theorem 3.1 shows that if there is a j, 1 <j <k, such that (3.35)
holds, then there exist r and ¢, 1 <r<t<k, such that

8, <V3 tloe,, |2 >3, (3.44)
and both p{* and p{® are close to the same eigenvalue of A. It follows from
(3.14) that

(A+8AN )z =pz(, (3.45)

. e
6 2 t
sA'H = (:Bt+17’trvt+1+8 tyr( )—_}_
2812,

| 8AL) || < 5t%0e,,

so z{*), which lles in the range of V,, is an exact eigenvector of a matrix very
close to A, and p'*) is the correspondmg exact eigenvalue. [ ]

ComMmenT. This is clearly also the result we obtain for a stabilized,
well-separated eigenvalue of T, where the exact meaning of these terms is
given in (3.35) and (3.25) respectively.

We now consider the accuracy of the [.L(") as Rayleigh quotients. Without
rounding errors "’ is the Rayleigh quotient of A with z(*), and this gives the
best bound from (3 14) and (3.15) with e=0. Here (3. 13) and (3.14) combine
to give

(K)TA 5 (k) _ | (K)p (k)T (k) = __ o(K) (k)T (k)
2 MAZN — pVz g e +z; OV y, (3.46)

so that if (3.16) holds, then ,u‘,." ) is remarkably close to the Rayleigh quotient
p‘,k). In fact, if (3.25) holds, then

|p{F) = uiP| < Bkoe,. (3.47)
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If ||z("’ || is small, then 1t 1s unlikely that u{*) will be very close to p(k) but
this is because a small 2 ’ ) will probably have a relatively large roundmg
error component and so p;*) will probably be inaccurate. On the other hand,
(3.28) suggests that at least one of a group of close eigenvalues will have
I z(k) == 1, and for this (3.47) follows. In fact (3.20), (3.23), and an argument
like that used in Theorem 3.1 show that every ¥ lies within k5/ 2ge, of a
Rayleigh quotient of A, and so with (2.16) and (2 20), all the pL ) lie in the

interval

Apin( A) — k¥ %06, <plP) <A (A) + k206, (3.48)

This is different from (3.36) in that here we do not require p{*) to have
stabilized.

To complete this section we emphasize that whatever the size of &, the
eigenvalue p,(,.") of T, with eigenvector yi(k) has necessarily stabilized to
within 8,; = Bi,,le{y®|. If p{*) is a separated eigenvalue of T}, so that

(3.25) holds, then it follows from (3.26), (3.14), and (3.15) that the eigenpair
(W Ve (349

represents an eigenpair of A to within
2.5(8,,+ k' %o¢, ), (3.50)

and apart from reducing the constant to about unity, this is about all we can
say. But if p{*) is one of a close group of eigenvalues of T}, so that (3.25) does
not hold, then we have found a good approximation to an eigenvalue of A.
For in this case either (3.37) holds, in which case (3.38), (3.14), and (3.15)
show that (3.49) represents an eigenpair of A to within (3.50), or there exists
1< r<t<k such that

)

tr>

p(ik) —p.(r')| <V3 k%o,

as can be seen from Lemma 3.1. It then follows from Theorem 3.1 that u(") is
within [(k+1)3+ V3 k2]oe, of an eigenvalue of A. As noted earlier, bounds
like this last one are not at all tight. The §;; and y(,-k) can be computed from
T} quite quickly (see [3]), and these results show how we can obtain intervals
from them which are known to contain eigenvalues of A, whether §,; is large
or small.
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4. CONVERGENCE OF EIGENVALUES

Theorem 3.1 showed if an eigenvalue of T, has stabilized to within
V3 kZoe,, then it is within (k+ 1)%¢, of an eigenvalue of A, no matter how
many other eigenvalues of Tj are close, and Corollary 3.1 showed we had an
eigenpair of a matrix within 5k%oe, of A. We will now show that eigenvalues
do stabilize to this accuracy and give an indication of how quickly this
occurs.

It was shown in [2] that at least one eigenvalue of T, must have stabilized
by k=n. The argument is based on (3.13), which indicates that significant
loss of orthogonality implies stabilization of at least one eigenvalue. In fact, if
at step k

8, = Bip1 P> V3 ke,  1<j<i<k, (4.1)

then we have with (3.18) and the bound (3.12)

k—1
t3 1

R.|%< — {5,
” k“F “~ 3k4 12

(4.2)

and if 0, > - - - > o, are the singular values of V,, then (2.17) and (2.12) give

0.41<0, <0, <186. (4.3)

Note that if (4.1) does not hold, then we already have an eigenpair of a
matrix close to A, and many eigenvalues of A are usually given accurately by
this time. If we now consider the yi(k) giving smallest §;; for T}, we see from
(3.18) and (3.12) that

I ﬁkﬂnf?VkTka | < k¥ %oe,. (4.4)

TuEOREM 4.1.  For the Lanczos algorithm in Sec. 2, if n(3g,+¢€,) <1,
then at least one eigenvalue of T, must be within (n+1)%¢, of an eigen-
value of the nXn matrix A, and there exist r < t <n such that (u*),z(") (see
(3.1) to (3.3)) is an exact eigenpair of a matrix within 5t%ce, of A.

Proof. If (4.1) does not hold for k=n, then an eigenvalue has stabilized
to that accuracy before k=n. Otherwise (4.1) holds for k=n, so from (4.3)
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V.. is nonsingular, and then (4.4) shows that for the smallest §,; of T,

3/2
n (¢ X33
5 .< 2

- 04 <V3 noe, (4.5)

if n> 2, since || Vv, 411l 2 04 || x4 || >0.4 from (4.3) and (2.12). The case of
n=1 is trivial, so at least one eigenvalue must have stabilized to within
V3 kZge, by k=n, and from Theorem 3.1 this eigenvalue must be within
(k+1)%¢, of an eigenvalue of A. In fact Corollary 3.1 shows that there is an
exact eigenpair (', z{"), r<t <n, of a matrix within 5¢%a¢, of A. [

CommENT. In [10] Scott shows how to arrange a problem so that even
without rounding errors no eigenvalue of A is given accurately until step
k=n, and the above result seems to be all that can be said in the most
general case.

Having shown that the Lanczos algorithm gives at least one eigenvalue of
A to high accuracy by k=n, we now show just how quickly we can expect to
find eigenvalues and eigenvectors of A in practice. To do this we will first
consider the Krylov sequence on which the Lanczos algorithm and several
other methods are based (see [9]). For symmetric A one way of using k steps
of the Krylov sequence is to form an n Xk matrix V whose columns span the
range of

[01, Avy,.nn, AN o) (4.6)
and use the eigenvalues of
VIAVy=uvTVy 4.7

as approximations to some of the eigenvalues of A. Clearly the Lanczos
algorithm does just this in a very efficient way when there are no rounding
errors. As k increases these approximations improve, and for the error-free
case Kaniel [11] obtained a priori bounds showing just how good these
approximations can be: for many distributions of eigenvalues they can be
very impressive. Kaniel's results were essentially correct, but as the proofs
were a little faulty they were reworked in [2].

Kaniel’s results therefore apply to the theoretical Lanczos algorithm.
Here we will describe how in the presence of rounding errors the Lanczos
method with full reorthogonalization closely approximates the theoretical
method, and in what way the Lanczos algorithm without reorthogonalization
does the same.
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In the presence of rounding errors, k steps of a correctly programmed
Lanczos algorithm with full reorthogonalization form kXxk T and n Xk V so
that the columns of V span the exact Krylov subspace of A +8A starting with
v,. A fairly sloppy analysis in [12] shows that for the algorithm there under
mild restrictions on problem size, and taking k > 100 to give simpler bounds,

| 8A || <(67+1.6ma)k* %0, (4.8)
|[VIAV-VTVT || < 1.02||8A | (4.9)
NVTV—I| < 15ke. (4.10)

As a result the Lanczos algorithm with full reorthogonalization forms Krylov
subspaces for a matrix very close to A, and the eigenvalues of T are very
close to those of (4.7). It thus approximates the error-free case nicely.

We will now show in what way the ordinary Lanczos algorithm parallels
these results. '

Tueorem 4.2.  For k steps of the Lanczos algorithm in Sec. 2 with (2.16)
and (2.20), and k such that (4.1) holds, the Lanczos vectors span Krylov
spaces of a matrix within (3k)*/%o¢, of A.

Proof. 'We have from (2.11)

AVi=Vii1Tiwy 1+ V4, (4.11)

where T, ; is the matrix of the first k columns of T;,,, so that with (4.3),
(2.13), and (2.20),

a -1
(A+8A,)Vi=Vi o Thwr k5 8A, = =8V (VIV,) "V,

184 || p=trace(5A,84% )" <(3k)" 2 ae,. (4.12)

Since Ty, is tridiagonal with nonzero next to diagonal elements, we see that
for j<k+1, v,,..., v; span the same space as the first j Krylov vectors for
A +8A, starting with v,, n

ComMENT. This important result says that until an eigenvalue of T, _,
has stabilized, i.e. while (4.1) holds, the vectors v,,...,v;,,; we compute
correspond to an exact Krylov sequence for a matrix very close to A. We




LANCZOS ALGORITHM 253

cannot in general find an equivalent symmetric perturbation 84, with a
small bound, but this does not worry us too much, as even with complete
reorthogonalization we can say no better, at least before an eigenvalue has
stabilized — and the bound (4.8) is actually worse than that for (4.12). In
fact the result (4.12) is better than we could hope for if we computed the
Krylov sequence directly. As a result of this and (3.45), the Lanczos algo-
rithm can be thought of as a numerically stable way (in the backward error
analysis sense [9]) of computing a Krylov sequence, at least until the
corresponding Krylov subspace contains an exact eigenvector of a matrix
within 5k2s¢, of A. However, it can be shown that a Krylov subspace can be
very sensitive to small perturbations in A.

In the particular case here where T, and V; are used to solve the
eigenproblem of A, if we follow (4.6) and (4.7) we would like the eigenvalues
and vectors of T, to be close to those of

VIAViy=pV{Viy,  yTy=1, (4.13)
as we showed would be the case with full reorthogonalization. In fact with
(4.1) holding, the range of V, is very much what we would expect using full
reorthogonalization, so the eigensolutions of (4.13) correspond closely to

those we could obtain in the Lanczos method with full reorthogonalization,
and would thus approximate the error-free case nicely.

TueEOREM 4.3. If V, comes from the Lanczos algorithm in Sec. 2 with
(2.16) and (2.20), and (4.1) holds, then for p and y in (4.13), (p,V,y) is an
exact eigenpair for a matrix within 2.58+2k'?ce; of A, where we have
defined

n=ery, 8= Bys1lml. (4.14)

Proof. Define

r=AViy—uViy (4.15)
=Vi(Tx—pI)y+ By 1nrs1 +6Voy,
where we make use of (2.11). Since from (4.13) V'r=0,

(Ty—pl)y= _(VkTVk)—lva(Bk+ank+l+6Vk y), (4.16)

7=Pi( Brs1M0k+1+8Viy), (4.17)
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where P, is the projector orthogonal to the range of V,. But (4.4) gives with
(2.12), (2.13), and (4.3)

IVifora [ <(3k) ™2 (4.18)

2_ . T _..T _.T T ~loT,
| Progirll ™ =0k 1 Py 1 =V 10k 41 Uk+1Vk<Vk Vk) Vitrsrs

(4.19)
1-gq—2/k<||Poog,  |1E< 1+¢,, (4.20)
rl| <8(1+e,)+ (k/2)%0e , 4.21
0 2
041< ||V y| <1.6. (4.22)
We then have from (4.15)
Ty T
» 1y Vi
(A=8A)V,y=pV,y, A=

Vel ®
1 8A | o= HQ’IEII <2.58+2k2ge,, (4.23)
which completes the proof. |

If we now order the eigenvalues ,u.(ik) of Ty so that

8’(1 >8k2> N >8kk’ (4.24)

and in the remainder of Sec. 4 assume (4.1) is also true for i =k, then for any
eigenpair of (4.13), Eq. (4.16) gives

6k
I Ty —nyll <(7+ 6—H)k‘/zoem, (4.25)

. ks
|y —n|= minlu‘,-"’—u|<(7+ %—)kmvsz
i kk

68

T (4.26)

<7k 2%0e,+
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In fact, for any t>k

T‘[ g ] - [ B:kﬂyvel ]

and combining this with (4.25),

6ae, \2]'/2
minlp‘i‘)—u|<7kl/2o£2+8 1+k3 ——2
f Ok
1/2 .
< 7k1/2o£2+8(1 + %) : (4.27)
We can combine (4.26) and (4.27) to give
mﬁn|u(i')—y(,ﬁ)| < 14kY%ge,+2.56  if k>6, (4.28)
i

so that an eigenvalue of T} close to y has certainly stabilized to about 2.58,
where from (4.23) p is within about 2.58 of an eigenvalue of A.

These results go a long way towards explaining the excellent behavior of
the Lanczos algorithm. When (4.1) holds with i <k, all the pairs (¢, V,y) in
(4.13) could, apart from normalization, have come from k steps of the
Lanczos algorithm with reorthogonalization. From (4.23) we know that any
pair (4, V,y) represents an eigenpair of A to within about 2.58, where 8 is
defined in (4.14). But (4.26) to (4.28) show that there is an eigenvalue wk) of
T, which is within about 8 of p for k> 12, and has stabilized to about 2.53,
and we know then that p{*) is within about 3.58 of an eigenvalue of A. Note
that for small k (4.26) does not say u and u{*) will be very close unless 8 is as
small as §;;.

It can also be shown that for each u{*) of T,

6kd,;
min |u—-u(i")[<(7+ k')k1/2082
pin (4.13) L

65
<TkY2qe,+ ( ul (4.29)

3k)/2’

so that when we know (p{®), V,y*)) represents an eigenpair of A to within
about 8;,, we know there is a  of (4.13) within about 8, of P, at least for
k>12.
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These results say that until an eigenvalue has stabilized, the Lanczos
algorithm behaves very much like the error-free process, or the algorithm
with reorthogonalization. It may not have all its eigenvalues close to those in
the latter processes, but the resulting eigenpairs will still represent those of A
to within about the same amount, and (4.29) shows that the most stabilized
eigenvalue of T, is very close to an eigenvalue in these latter processes.

These results help us to understand why in practice the algorithm will
give several eigenvalues to machine precision in the same number of steps
that the algorithm with full reorthogonalization takes. For example, using
FORTRAN double precision on the IBM 360 at McGill University in 1976,
Nabil Rafla took

100100 ) ) )
1 -4 6 —4 1
1 -4 6 —4
1 —4 5

L 4

and applied the algorithm with and without reorthogonalization. For v, =¢,
neither algorithm gave any eigenvalues of A to machine accuracy until step
78, but by step 85 both had given 42 eigenvalues of A to machine accuracy.
Then the algorithms diverged, the one without reorthogonalization only
finding 62 eigenvalues of A in 100 steps, and taking 350 steps to find all the
eigenvalues of A. This is perhaps a biased example in that high precision was
used and it took many steps before the first eigenvalue stabilized. With v,
the vector of ones, normalized, the first eigenvalues stabilized at k=40 and
the algorithms diverged at k=50 when both had found 32 eigenvalues to
machine accuracy. At k=100 the basic algorithm had only found 46, and the
first repeated eigenvalue appeared at k=110. All eigenvalues of A were
given by k=400.

It is hard to imagine there being a better algorithm than the basic
Lanczos algorithm when only a few eigenvalues of a large sparse symmetric
matrix are needed, and these eigenvalues are among the early ones to be
found, as will often be the case. Even when all the eigenvalues are required
the algorithm can be surprisingly effective; see for example [13].

It should be a straightforward exercise to show that the behavior de-
scribed here also holds for the skew-symmetric case, and that much of the
good behavior carries over to other more general problems (see for example
[15]). Section 4 of [16] indicates the relationship in finite precision between
the Lanczos algorithm and the method of conjugate gradients, and the
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results here could help in analyzing that method, though this may not be an
easy task. The author has found the variant of the conjugate gradients
method in Sec. 4 of [16] to be very reliable.

Finally the author would like to point out once more (see [2] and [4]) that
he is convinced that the expression (2.18) with the bound (2.21) will play an
important role in the realistic analysis of any algorithm based on the Lanczos
method, and this of course includes the conjugate gradient methods. Here
this expression and bound led to Lemma 3.1, and so to all the subsequent
results.

Talks with John Lewis, Beresford Farlett, and Henk van der Vorst were
very helpful to the author. Nabil Rafla carried out many computer experi-
ments that provided useful insights. The work was supported by Natural
Sciences and Engineering Research Council of Canada Grant A8652, and was
partly carried out while the author was on sabbatical from the Department of
Mathematics, Imperial College, London, England, enjoying the hospitality of
Mike Bernal and others in the numerical group.
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