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PROPERTIES OF A UNITARY MATRIX OBTAINED FROM A
SEQUENCE OF NORMALIZED VECTORS*
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Abstract. In [SIAM J. Matriz Anal. Appl., 31 (2009), pp. 565-583] it was shown how a special
(n+k) x (n+k) unitary matrix can be defined from any sequence of k vectors in C™ having unit
Euclidean norms. This unitary matrix can be called an augmented orthogonal matrix when applied
in the analysis of any algorithm that seeks to compute k orthonormal n-vectors, but where the
computed, then theoretically normalized, vectors v; in Vi = [v1,...,v;] have a significant loss of
orthogonality. These unitary matrices can occur in other situations, being in fact products of k
particular Householder matrices (unitary elementary Hermitians), and they have many interesting
theoretical properties. Several new results concerning them have been collected here so that they
can be easily referenced, our main purpose being to facilitate the rounding error analyses of iterative
orthogonalization algorithms which lose significant orthogonality, such as the Lanczos process and
its many related procedures. A key component of the analysis is the k X k strictly upper triangular
matrix Sy arising from V. The singular value decomposition of Sj reveals the CS decomposition of
the (n+k) X (n+k) unitary matrix, the null space of Vi, and properties of the orthogonality and
loss of orthogonality resulting from its columns. Among other things these properties are used to
analyze the passage towards a complete set of orthonormal vectors in C” and the contribution to
orthogonality of any subsequent unit norm vector vy 1.
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1. Introduction. The so-called Modified Gram-Schmidt (MGS) method for
computing a sequence of orthonormal vectors vy, vs,... in C” from a given sequence
in C™ is well known for its significant loss of orthogonality if used in finite precision
computation. Following a comment by Sheffield [17], Bjorck and Paige [1] proposed a
class of matrices for analyzing the MGS method which showed just how this orthogo-
nality was lost, and how it could be regained [1, 2]. In [9] Paige pointed out that the
unitary variant (obtained by restriction to unit length vectors v;) of the more general
matrix in [1, Theorem 4.1] could be applied to any sequence of unit length vectors
v;, opening up the possibility of more complete analyses of any such orthogonaliz-
ing algorithms. The approach was applied in [10] to give a new stability result for
the symmetric matrix tridiagonalization process proposed by Lanczos in [8]. A more
complete history of the development of these ideas was given in [10, section 2.2].

The above unitary variant can be called an augmented orthogonal matrix when
applied in the analysis of any algorithm that seeks to produce k orthonormal n-
vectors, but which significantly loses orthogonality. Theorem 3.1 here summarizes the
relevant part of [1, Theorem 4.1], while Theorem 2.1 here summarizes the relevant
part of [9, Theorem 2.1], which extends the original results in the directions required
here. These augmented orthogonal matrices have several interesting properties, and
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we collect the new ones we have encountered here so that they can be easily referenced
in the analysis of any relevant algorithm. Such results are needed, for example, to
complete the analysis of the symmetric Lanczos process started in [10], while the
combined approach of the style of analysis in [10] with the results here would lead
to a different analysis of MGS-GMRES (the MGS variant of GMRES by Saad and
Schultz [14]) than the analysis given by Paige, Rozloznik, and Strakos in [12].

The MGS and MGS-GMRES methods orthogonalize each new vector against all
the previous supposedly orthogonal vectors, and so are reasonably well behaved. As
a result MGS applied to m x n linear least squares problems and MGS-GMRES
applied to n x n linear systems of equations have been shown to be n-step methods
in finite precision [1, 12]. They produce vectors which can quickly lose orthogonality,
but the matrix having these vectors as columns can only become rank deficient at a
satisfactory numerical solution to these problems. In contrast the symmetric Lanczos
process [8], the orthogonal bidiagonalization algorithm of Golub and Kahan [5], and
the orthogonal tridiagonalization algorithm of Saunders, Simon, and Yip (see [15, 6,
13]) only orthogonalize against recent vectors, the remaining orthogonalizations being
implicit. The supposedly orthonormal matrices can rapidly become numerically rank
deficient, and the resulting analyses are much more difficult, encouraging this study
of the theoretical properties of the concomitant augmented orthogonal matrices.

These augmented orthogonal matrices are in fact products of Householder matri-
ces (unitary elementary Hermitians) and this work will add to previous results such
as those given by Schreiber and Van Loan in [16]. The style of approach in [10] has
also been applied by Paige, Panayotov, and Zemke in [11] to the unsymmetric ma-
trix tridiagonalization process proposed by Lanczos in [8]. After k steps applied to
an n X n unsymmetric matrix A this produces two n x k matrices Vj, and Vk which
ideally satisfy VkH Vi = I, but which in practice rapidly lose biorthogonality. The
understanding gained here could also ease the completion of that analysis.

We have only applied the results of this paper to general unit Fuclidean norm
vectors, and to the symmetric Lanczos process [8], and so our comments on numerical
behavior will largely be limited to these cases. However, we are confident that many
of these comments will apply more widely, especially to the methods mentioned above.

1.1. Notation and terminology. We will use “2” for “is defined to be”, and
“=" for “is equivalent to”. Let O, and I, denote the n X n zero and unit matrices,
respectively, where e; will be the jth column of a unit matrix . We will say @1 € Cnxk
has orthonormal columns if Q¥Q, = I and write Q; € U™**. For singular values we
will write o(-), ordered o1(B) > 02(B) > --- > 0. We will denote the Frobenius norm
by ||Bl|r £ /trace(BH B), the Euclidean norm by |[|v||2 £ Vv v, and the spectral
norm by || B|l2 £ omax(B). We will write V; j 2 [v;, vi41,...,v,] and Vj, 2 V; j. Here
R{-} means “the real part of”, N/(B) denotes the null space of B, and Bf denotes
the pseudoinverse of B. For simplicity p; € P; will mean that p; is a column of the
matrix P;.

We will often index matrices by dimensional subscripts as in Vj, when the (k+1)st
matrix can be obtained from the kth by adding a column, or a column and a row.
This holds for V;, € C*** and Sj, € C***. Otherwise, we will use superscripts, as in
Q™ and then subscripts will denote partitioning, as in Q¥ = [ng)| Qék)]. We will
often omit the superscript -(¥) (but not others, e.g., -*+1)) when the meaning is clear.

We use “sut(-)” to give the matrix in parentheses with its lower triangle set to
zero; thus sut(a) = 0 for a scalar a. To paraphrase the later result (2.3) where an
important matrix Sy will be defined, we will say there is no loss of orthogonality
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when [|Sk|l2 = 0, some loss of orthogonality when 0 < ||Sk||2 < 1, and complete loss
of orthogonality when [|Sg|l2 = 1. See also Remark 5.1 for the definitions of “zero
triplets” and “unit triplets”, and (6.10) for n?.

2. Obtaining a unitary matrix from unit Euclidean norm mn-vectors.
The next theorem was given in full in [9]. It allows us to develop a theoretical
(n+ k) x (n+ k) unitary matrix Q%) from any n x k matrix Vj, with unit Euclidean
norm columns.

THEOREM 2.1 (see [9, Theorem 2.1]
‘/}‘ é [’Ul,...,Uj] € C™J with HUng =1,
triangular matriz Sy, as follows:

). For integers n > 1 and k > 1, and
j=1,....k+1, define the strictly upper

(2.1) Sk & (Ik+Uk)7lUk ZUk(Ik+Uk)7l € Chxk, U ésut(VkHVk)

(where clearly I, £ Sy and Ij, + Uy are always nonsingular). Then

(2.2) Ui Sy = SiUy, Ukz(Ik—Sk)ilskZSk(Ik—Sk)il, (Ik—Sk)71=Ik+ Uy,
(2.3) |ISkll2 <1; ViEVi =T ||Sklla=0; ViV, singular < ||Sk|2 = 1.

Most importantly, Sy, is the unique strictly upper triangular k X k matriz such that

gg>] . St | =SV

(k)
11
&)= {Vk(fk—sk) [ o= ViTe=Sp)

(24) QW= [ 0)
21

e Ym+k) x(n+k)

o = Q" 1@
We also write Q) =<1 _ | 2. With (2.2) we have Sky1 = {sok Skgrl}, where
k n

(2.5)  spar = (I — SK) Vi vpa,

Skt1

{ Viet1(Te41 — Sk+1)

Vil — Sk) | vkt1 — Vasitr

k+1
(26) Q" =

:| Sk Sk+1

One consequence of Theorem 2.1 is that while ||Sk||2 < 1, ||Sk||2 gives an indica-

tion of the overall loss of orthogonality in the (unit length) columns of Vj; see, e.g.,
[12, Lemma 5.1] and [9, Corollary 5.2].

3. Some properties of the unitary matrix in Theorem 2.1. In [9] the
construction in Theorem 2.1 was called a wunitary or orthonormal augmentation of
an array or sequence of unit length vectors (the “augmentation” from Vj to ng) in
(2.4)), and the full Q%) will be called an augmented orthogonal matrix. Here Q) is
the equivalent of the more general matrix in [1, Theorem 4.1] restricted to unit length
vectors vj, giving elementary orthogonal projectors P; as follows.

THEOREM 3.1 (see [1, Theorem 4.1]). Let Vi, = [v1,...,vx] € C***  and define

~ —€;
B PAT-oll 5e [

]e@”*k, P AT —ppt, j=1,...,k
J
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Then with Sy as in (2.1) and the partitioning we use throughout this paper

~~ = k S | (I-Sn)VH
*k) = pp,... D = k k
¢ v L Vil = Sk) | I = Vil — SV
o0 levz U1H7:)2U3 e leP2773 < Pr_qvk 1;1H732733 < Pr
0 0 vilvg oo PPy Pr_qug | 0 P3Py Py
(3.2) = | : : : : :
0 0 0 - ol vy, v Py,
0 0 0 . 0 vl
L vi Pz PiPavg -+ PiPy---Proivg PPy Pr

QW™ is unitary if and only if |vjlla = 1 for j = 1,...,k (in which case Q™) is the
matriz in (2.4)); and Sy = 0 if and only if VIV, is diagonal.

Proof. Because it is useful here, we give a quick induction proof of how the form
I—Vi(I—Sp)VH of Q) in (3.2) is equivalent to PPy - - - Pg. Since Sy = [0] we have
Qélz) = I —v1vl = P;. Suppose there is equivalence up to k, then using (2.4)-(2.6),

I-8, — Vi
él;+1) -7 [Vk Uk“} [ k 3k+1:| [ k }

0 1 UI€{+1
(33)  =1-=Vill = S)Vi" = (01 = Viswr1)vily
= Qb — [ =ViI =SVt vialollyy = Qb (T —visrvfly) = Q5 Prs,
completing the proof of this part. O

Here we only consider unit length vectors v;, so the P; will always be orthogonal
projectors. This is important for Qgg) = P;1--- Pk, but note how these projectors
occur throughout (3.2). Note from (2.4)-(2.6) that Q**Ve;; is just Qék)/Uk;JF]_ with
a zero inserted after the kth element, since from (2.4) and (2.5) Q§’§>vk+1 =58p41 and

(3.4) Vkt1 — Viskrr = [T = Vi(I = Sp) Vi Jopyr = Qé’?vm =Pi- PrUgt1-

With the norm of the last column in (2.6) being unity, this also shows that

k
(3.5) 1= [lsist I3 + [lorsr — Viseral3 = llsral3 + 11Q8 vera |3

We note that the ﬁj in (3.1) are Householder matrices (unitary elementary Her-
mitians; see, e.g., [7, section 5.1]) when the v; are unit length vectors. This implies
that Q¥ is a product of k Householder matrices of a particular form.

The expression for Q(¥) in (2.4) is a special case of the matrix in [1, Theorem 4.1],
but the relationships of Sy to Uy were not realized in [1]. The relationships (2.1) and
(I4+Ug)(I—Sk)=1Iin (2.2) were first published by Giraud, Gratton, and Langou (see
[4, (3.1)]), where [4] extended ideas from [1]. It was also pointed out in [4, section
3.1] that Sy is closely related to the T-factor of the YTY-representation derived by
Schreiber and Van Loan in [16] for products of Householder matrices. For Q) in
(2.4),

I
Vi

—Ix

Yé{ } T 2 Sp—1I, I+YTYH=Ik+n—[Vk](Ik—sk)[—lk Vi =QW.
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4. The singular value decomposition (SVD) of Si. When we first encoun-
tered Sk in [1] we did not realize that it was meaningful for any sequence of unit
length vectors. We did realize that there was a lot of structure in its elements (see
(3.2)), but had only a very limited appreciation of what properties this led to. We now
document several properties of the SVD of Sj when it arises from a general matrix
Vi with unit length columns. This SVD is used throughout this paper, and turns out
to be important for further work we intend to publish later.

Let Sy, be Sy, less its zero first column and last row, with SVD Sy, = W R $(k) p(k)H
This will be used in Remark 5.1 and later, but because we apply matrices of singular
vectors to the right of n x k Vi, we seek final results using the SVD of k x k S}, rather
than that of Sy, while maintaining the relationships (with obvious notation)

(4.1) Sp = WWE® p0H A [W(k) o] F(k) 0] [0 P(k)H:| B {O S’k:|7

0O 10 o]|L 0 | |0 0

- (k) 0
(4.2) w§’“)é{“’g‘) } p§’“)é[p<k>], j=1 k=1 w Le, p e,
J

where this uvz,ik) and p,(f) will always correspond to the added zero singular value in
going from Sy to Si. Then we have the derived vector updates when k — k+1:

(4.3) ViW® = [V W o] = Ve WERD = [y, R+ ],
ViP® = [V, P® 0] = Vi PRFD = [V g PEHD ]

We often omit the superscript -(*) for readability, and write, e.g., S = WX PH.
We never omit other superscripts such as -(#+1) so, e.g., W will always mean W),
Py, will always mean Pl(k), Yo will always mean Egk), ete. From (2.3) we know that
Omax(Sk) < 1, and we will see that unit singular values are crucial in the analysis.
Also, if V;HV), = I, then Sy = 0 in (2.1), and it will help to group and label the
singular vectors of Sy according to its unit and zero singular values.

DEFINITION 4.1 (partitioned SVD of Si). Let the k x k matriz Sy in Theorem
2.1 have my unit and ny zero singular values. Let

(4.4) Sp=WxPH=wW,PH+W,5, P,
I-S.SE =wr*wH = wor2whH +wswi

denote the SVDs of Sy, and I — SkS,f, where

W = [wy, ..., wg] = [Wi, Wa, Ws] € UF** Wy e uF>me Wy e ur>m,
P=p,....ps] = [P1, Py, Ps] €UM*, Py e U™ ™, Py e UM,
Y = diag(oy,. . .,0k) = diag(In, , X2, On, ),

(4.5) T2 2 I, -2 T =diag(v,..., ) =diag(Om, 2, I, ), T2 positive definite.

The singular values oj, 1 < j < k, of Sy, are arranged as follows:

(4.6) l=01==0m, > Omp+1 >+ > Ok—ny, > Oh—np+1 = - =0k = 0.
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These singular vectors of Sy combine with (2.4) to reveal key properties of Vj:

(4.7)
w[P]_ Sy P B W Wads | 0 | [WA]W2%s|0
© M_[Vk(fk—SwP}_ Vie(PL=W1) | Vi(Pa—WaXo)[ViPs | | 0 | Vals V3]
(4.8)
mu|W|_ SEw B P | BPY | 0 | [P[RY[0
“ [0]_{Vk(fk—5k)HW]_ Vi (Wi—Py) [V (Wa=Po0) [Vi s |~ | 0 [TRT, [T3 ]

where [V3, V3] and [Va, V5] are defined by (4.7) and (4.8), and defined again in the
following theorem. The first equality in each of (4.7) and (4.8) follows directly from
the structure of Q*), and the second by applying (4.4). But the columns in each
expression are orthonormal, giving the structure in the fourth expressions. Then,

with (4.5), each of [\72, ‘73], [\72, ‘A/g] has orthonormal columns that span Range(Vj).
This structure is very revealing, and is used to prove the following theorem.
THEOREM 4.2 (range and null space of Vi; SVD of Vi (I, —Sk) and Vj, (I, —Sk)™;

CSD of Q) and expression for QQQ)). With the notation in Theorems 2.1 and 3.1 and
Deﬁmtzon 4.1, define Vo & Vk(PQ_WQEQ)FZ , Vi & 2 V. Ps, Vg 4 Vk(Wg—szg)Fz

and V3 2 Vi, Ws. Let the columns of Vo comprise an orthonormal basis of Range(Vk)
Then

(4.9) Range(Vi)=Range([Va, Vs]) =Range([Va, Vs]) L Range(Vp), rank(Vi)=k—my,
(4.10) N (Vi) = Range(P,—W,), P —W; € Chxmr rank(P; — W) =my

We define the matrices V 2 [‘70,\72, Vs] € U™ and VA [‘A/o, ‘72,\73] cynxm,
The SVDs of Vi(I, — Si) and Vi (I, — Sp) in (2.4) are given by

(4.11)  Vi(Ie—5Sk) = Voo P + VsPH and Vi (I, — Si) ™ = Vol oW + VsWH |

and the CS-Decomposition (CSD) [3, 18] of Q™) is given by

@iz gb [0 S | esgw [P0

' =10 [V =S | Lo ValTi— S0V 0V
[ In, 0 0 0 0 0
0 ¥ 0 0 r, 0

B 0 0 O, 0 0 I, :[ Diy | Dy ]

10 0 0 [Ligemy 0 0 || Dau| D
0 Iy 0 0 ¥, 0
0 0 I, 0 0 Oy,

where n—(k—my) > 0 since from (4.9) k—my = rank(Vy) < n. When rank(V;)=n
the I, _(x—m,) term disappears. The trailing nxn block Qg;) can be expressed as

(4.13) g;) =P Py =VDoVH = [‘70, Va] diag( L, — (k—my)> —22)[‘707 ‘72]H

Proof. The results in (4. 9) follow from (4.7), (4.8), and the nonsingularity of T'y
and [ — Si, while V and V are unitary because of the definition of Vo and the unitary
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columns of (4.7) and (4.8). Then (4.10) follows since Vi, (P, — W1) = 0 in (4.7), and
from Sy P, = Wi we have rank(P; — W) = rank((I — Sk)P;) = my. The first SVD
in (4.11) follows by multiplying Vj(I—S)P in (4.7) on the right by P, the second
by multiplying Vi (I—Sk)”W in (4.8) on the right by W#. For (4.12) D and D1
follow from (4. 11) Dy is given by Sy = WX PH in (4.4), while Dgy follows since @
is unitary and VO (L, — Vi (I — Sk) Vi ]Vo = L, (k—m,), since ‘A/O’TJV;.C = 0 by definition.

Then (4.13) is obvious from (3.2) and (4.12). O
If k =2, va L vy, and v # vy, then we see from (4.7), (4.8), and (4.3) that
Vg(z) = [v1] while V3(2) [v2], so, in general, Range(VB ) + Range(Vg( )) in (4.9).

We will analyze the “input” vector vgy1 in terms of its components in the ranges
of \A/O(k), ‘A/QUC), and ‘73(k), and consider the “outputs”, the desired orthonormal sets, as
172(k+1) and ‘Z)’(kﬂ), or as %(kﬂ) and %(kﬂ). So both (4.7) and (4.8) are essential.

An interesting example of the structure in V) arises from the finite precision
Lanczos process [8], where computations show that k& < n steps can create a large
numerical rank deficiency in Vi corresponding to many singular values of Si being
unity to essentially machine precision. Equation (4.9) shows that k —my < n, so that
if £ > n, then Si has at least k — n singular values which are exactly 1.

For a given vy the vector sp11 is immediately available via (2.5), but knowing
Sk+1 only provides part of viiq1. The next corollary reveals the close relationships
between certain orthogonal components of vy and spy1.

COROLLARY 4.3. With the notation in Theorem 2.1, Definition 4.1, and Theorem
4.2, using unitary matrices V= [Vo, Vg, V3] and W = [Wl, Wo, W3] at step k,

(4.14)W1]{Sk+1 =0, Sgpy1 = WQFQ‘/}QHU]CJ,.l + Wg‘/}gHUk_i_l,
(4.15) vk = VoV lvep + VaVolopn 4+ VaVl o

= VoV ok + Vol ' Wil sipr + VaWyT i,
(4.16) spy1 € Range(Wa) < Vilvpyr =0, spe1 € Range(Ws) < Vilvpyr = 0.
Proof. With the expression for sii1 in (2.5) and using (4.4) and (4.8),
W spr = W = S)Vil oy = (W — POV oy =0,
Wilsipr = Wil (I = S)Viflog = (W3 = SoP Vil oy = DoV ogs,
Wilsipr = Wil (I = S Viflogn = WiV oy = Vo,

giving (4.14), then (4.16) holds since I' is positive definite, and (4.15) follows. O
This corollary, especially (4.14), will help in section 8 to analyze the effect of vy
on orthogonality in terms of its components in the ranges of VO, Vg, and V3

5. Persistence of unit and zero singular values of Si. Because S is the
leading principal submatrix of strictly upper triangular S, for k£ < ¢, its SVD has
other useful properties. The next corollary proves the persistence (mg41 > my and
nk41 >ny) of unit and zero singular values of Sy, as k increases, with similar properties
for their singular vectors. Here we need superscripts.

COROLLARY 5.1. With the notation in Theorem 2.1 and Definition 4.1, if £ > k

and [i" 2“““ 125y, then [W(; | and [Plék)] give left and right singular vectors of Se:

(®) (®)
5.1) S [Pb ]: [W(l) } (W o] s = [PMH 0], W SE <o
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W
[P(k ] gives right singular vectors of Sy, and if {WB)} 4 W(E) W1 € CkXne | then

23

H | Sk
0

(5.3) efw® = ¢TI TP — ¢l

P (© (k)
(5.2) Sy 0 =0, O—VV3 ng 78, Range(W,5) C Range(Ws™),

Proof. To prove (5.1), note from (4.4) that

0 0 0 |’
k)H k)H k)YH ~(ke k)H k)YH ~(ke
(W o] S0 = Wi s, wHsGo] = [p0H whHsEn],

proving the first part of (5.1), then from (2.3) and 6? times this second equation
: k)H (k) H g (ke k)YH (ke
12 [ [w®H o] el = 171+ 17 SE I = 1+ 7 SE3

so that |\w§.’“)H5§§f)||§ =0,j=1,...,my, completing the proof of (5.1).

The first two parts of (5.2) follow immediately from the SVD (4.4), and the last
part follows since then Range(Wl(é)) CN(SH) = Range(Wék)).

Finally, (5.3) follows directly from the definitions in (4.1). O

Remark 5.1. If we call {1,w§k),p;k)}, pgk) € Pl(k), the unit (SVD) triplets of S,

and {O,w](-k),p;k)}, pg»k) S Pg(k), the zero triplets, then we have shown that any unit
(or zero) triplet of Sy implies there is a unit (or zero) triplet of all Sy having Sy as
leading principal submatrix. Singular vectors are not unique when there are repeated
singular values, but we can always obtain an SVD of S, with essentially the same unit
triplets as Sy, and essentially the same p; in each zero triplet as Sy, for £ > k. We
show this by advancing one step from the SVD of Sy, to that of Si1 in (4.1). Suppose
the SVD of Sj; has my, unit and ny, zero triplets, then from (4.1) and (4.4) define

(5.4) [ aw®, [po] 2 PP, j=12 [0 0] 2w [0 0] 2 PP

§ Sk 3] A g W o7
L}} 2 Skt1; [Ok Er} L Spyr; WWH = [ 0 1 in (5.5) below;

so that W® = [») Wz““) W] and P*) [P( ) P(k) , P{M]. Note from (4.14)

that Ole(k)H —Wl( , so we then have (see ) and Definition 4.1)

0 0 0
(5.5) { WT | o ] [ S | 8 ] [ PO 0] | 0 =B o | Wb
' 0 |1 0o 0 |1 0 0 Ony | WP

0 0 0 | &

I, 0 0 ] 0 0 0

|0 sl o0 Wi 0 sP w5 o

0 0 [On,1 e1p® 0 0 p®) 0
0 0 0 0 ] 0 0 0 Ony—1
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Here there is a unitary transformation diag(Iy_,, , H®H) from the left of the second
expression (top right matrix) to transform it to the third, where from (5.4) and (4.14),

. ~ i (k) H ~
(5.6) WM s= Wi =DV, [W?’er S]:Wé’“)HskH:%f’“Hka,
(5.7) HOTWO sy = gOHYI ey p®), )2V g o

The fourth expression is obtained from the third by shifting the last column to become
the (k—ny+1)st. Then the unitary transformations required to give the SVD of the
central ((k—my)— (ng—1))-square submatrix of the fourth expression (and so of Sy 1,
and thus of Si41 via (4.1)) do not alter Wl(k), *®) o P , but W(k) —>W( ‘g ®
We then permute so that any new unit or zero trlplet will be added to the end of the
previous ones in Sy, ensuring that earlier unit and zero triplets of Sy will have more
trailing zeros. We will use this structure from now on.

We have shown that each singular vector of a unit triplet of Sy will simply have
zeros appended to it to become a singular vector of later Sy, £ > k, and similarly for
the columns of P?fk), with equivalent results for Si. This extends (5.3) as follows.

COROLLARY 5.2. With the notation in Definition 4.1 and the construction in
Remark 5.1, for unit and zero triplets the singular vectors of Sk41 in (4.1) satisfy

Ty (k+1 T k+1
Mp1 =My :>ekW1( ):O, €k+1P1( )=0.

egwl(k+1):(egw(k+l) T P(k+1)_(T (k+1)

mk+l:mk+1 Mig41 ) Mpg41? ek+1 1 +1pmk+1 )emk+1'

T k+1
Nk+1 ="k = ekHP?f )—0
ey k41 T k+1 T k+1
N1 =np+1 Wg( )= =Cny> ek+1P( )= = (eg41P}, ( ))enk

Proof. From (5.4) el W= I WF0 Tkt — T yirtE 1 0], e, PFD=

eI P T +1P(k+1) TP 0], and the results follow from the transformations

in (5.5) as follows. If mgyq = my, then W = [Wék)] and PFTY = [P%k) ], proving
line 1. Then line 2 follows from
e

(5.8) mps1=mp+1= W= [ :

e |, peen- |

If ngy1 = ng, then Pékﬂ) [ ?ék ], proving line 3. From (5.5)—(5.6) ngt1=ni+1is

only possible if Wg( H sp41 = 0, so that p(¥) = 0, and line 4 follows from (4.2) and

(5.9)
0
pl(CkJrl)]’ pl(ckﬂ):[ﬁ(“rl)]' 0
k

< i (k) 5 5 (k)
Npsr =npl = WD = [WB 0}  pD { P
EXAMPLE 5.1. [t is possible that mpy1 =mr+1 and ngr1 =nk+1 simultaneously:

o 1| 3 0

<10 11 _ _
Va= |20 U?,—Sg—{gffff] n2=1, n3=2,
- Y - - Y — —
o 00 0 mo=0, mz=1L1.

It can be shown here that v3 = es € Range(f/;@)), see item 3 in Table 1.
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6. Properties of Q22 in (2.4). We repeat the useful (4.13) here for ease:
(6.1) Q%) =V diag(In—tsmys —S2, On )V = oV — 15,V

If V}, has all orthonormal columns, then from (2.1) and (2.4) S;, = 0 and Q(k) =1-
Vi V;H. In this ideal case QZQ) has k zero singular values and n— k unit singular values,
so that the squared Frobenius norm HQ(J ) |2 %, j =1,...,k, decreases by one each step,
and we will have Q;; = 0 In general, if Q22 = 0, then from (6.1) n = k — my,
while E(k) V0 , and V2 are nonexistent, so from (4 9) Range(Vy) = Range(f/g(k))
gives a complete set of orthonormal vectors in VB( € C™". For example, with

the finite precision Lanczos process, when ||Q22 |% ~ 0 we can show that the Ritz
approximations are very accurate. It also follows from the augmented stability result
in [10] that all the eigenvalues of A whose eigenvectors have nonnegligible components

in v1 have been well approximated, so we need to understand how ||Q2 )|| % decreases.
Now [Vo, Va, V3] € U™, and since QQZ Vo = Vp and QQZ Vs = 0, both QQZ and

I-— Qg;) behave like orthogonal projectors on Range([%, ‘73]), but not on Range(‘//\'g).

Here 170(]“)170(]“)}1 is an orthogonal projector Which is sporadically decreasing in rank.
LEMMA 6.1. For the pseudoinverse Q22 of Qg’;) in (6.1)

(62) QF =WV -0y, (@™ = @EN,
(63) (k)Q22 — (k)HTQ(k)H _ ‘70‘70H + ‘72‘72H, Q(k)TQé];) _ ‘70‘70H + ‘/}2‘/}2H

Also with Definition 4.1 and the notation in Theorem 4.2,

(6.4) N(QY) = Range(Vs),  N(Q%") = Range(V3),
(6.5) (I— QN = ViWaly, (I - QW™ = ViR,

Proof. Equations (6.2)—(6.4) follow directly from (6.1) and the properties of the
pseudoinverse. Then (6.5) follows from (6.1), (4.8), and (4.7). For example,

(I — QUNVaTy = (Vo + Va30)Ty = Vi(Wa — PySo + PoSy — WoX2) = ViWLT2. O

Since it can be important that Qgg) — 0 rapidly, we now show that the singular
values of Q22 , and so ||Qg;)|| F, are always nonincreasing with k. We then show in
(6.10) how the decrease in ||Qg§)||p relates to ||sk11]/2.

COROLLARY 6.2. For the lagging pm‘ncipal nxn block Qg;) of Q%) in Theorem 2.1

consider the eigenvalues /\ ) a i (Q (k)H), s0 /\Ek) =1, i=1,...,n—(k—myg), from
(4.12), (4.6), and A% =( fﬁ’k 2, i=n—(k—mg)+1,...,n. Then for k=1,2,3,...,
6.6) ATV <A™ i=1 o Q% e < 1QW Ja.r,

(6.7) Q22 ver1 #0 & [|Q k+1)HF < HQ(k)HF < /\l(»kH) < /\Ek) for at least one i,
(6:8)  {lIsksalla = 1} & {Q8 ve1 = 0} & {Q%™ = @)1,

6.9) rank(Vi) <n= Q¥ . =1, Q¥ =0 = rank(Vy) = n.
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In all cases the squared Frobenius norm of Qg’;) decreases each step as follows:

k k+1 k
(6.10) My 2 1QW 210%™ 112 = Q% vk 12 =1 — sk 13
S(kYH k)5 (k)H
= IV a3 + 1=V 1|12,
k
(6.11) QW2 =n—(k—|Sk2) =n—n3 —nZ — - —n2, 2L

Proof. Equation (3.3) shows that

k k k k k
(6.12) 52+1) 52+1 = Q22 PkHQ( = sz)sz - ng)vk+1U£I+ng2)H,

which together with Weyl’s inequalities (see, e.g., [19, pp. 102 and 104]), yields
k k H k (k (k+1)H k) ~(k)H
Q59 Q™) — 1105 v I3 < M(Q5 Q%) < X(Q% Q™)

proving (6.6). Next, (6.12) leads to
(6.13) ZA“”” QST 12 = trace(QSE TV QAT = 1QW 1%~ Q% v |12

k k
—ZM ) 1Q¥ vk |12,

proving (6.7). The first equality in (6.10) follows from (6.13), the second from (3.5),
and the third from (6.1), then (6.11) follows with (4.12). The first implication in (6.8)
follows from (3.5), the second from (3.3). If rank(V}) < n, there exists nonzero v
such that V;v = 0, so that Q22 v =wv (see (2.4)) proving the first part of (6.9). The
second part also follows from the form of Q*) in (2.4). |

7. Effectiveness of vi41. We will consider two obvious ways of measuring the
effectiveness of v41 in contributing to orthogonality, and show their relationship.

Let 0 2 0(vgs1, Vi) be the acute angle between vyy; and Range(V}), then an
indicator of the lack of orthogonality in vy, is cos?#. We can, therefore, consider
sin? @ as an indicator of the effectiveness of vy, in contributing to orthogonality.
From (4.9) let Py, 2 [Va, Vs][Va, Vs] be the orthogonal projector onto Range(Vj)

([Va, Vs] = [ (k) V(k)])7 then cos 0 = || Py, vg1||2, and from (4.15) with v, jvpq1 =1,

2 H H {ri{H H {r{/H
cos” 0 = v Py vk = U Va Vo Okg1 + 030 VeV vk,

(7.1) sin?f =1 —cos® 0 = U,Zrl‘A/o‘A/OHka = |V vrga I3, 02 0(vpgr, Vi)

However, we saw in section 6 that it can be meaningful for ||Qa2||% to decrease as
fast as possible, and then 77, | in (6.10) is the desired measure of effectiveness, where

(7.2) Mo = [Qa2vks1l3 = 1 — llsir1]l3 = sin? O(vp, Vi) + [|ZoVaops 3.

Thus 77, is an upper bound on the orthogonality indicator sin® ¢, while [[sx41[|3 is a
lower bound on the loss of orthogonality indicator cos? . Here we choose 77,% 41 as our
indicator of effectiveness of vg1, first because it measures the decrease in ||Qa2||%,
and second because, as we will show in the next section, the component of viy; in

Range(ffg) contributes to the improved orthonormality in [VaI's, V3]; see (4.7).
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8. Orthogonality obtained from vg4;. Ideally vi41 L Range(V), but when
it is not, we need to examine the effect of the different possible unit norm vgy;. We
see from (6.10) how |[|Q22/% is reduced by the components of vj1. We have also seen
the effect on si1 in Corollary 4.3. We now show the possible resulting my1 and

nk41 in (4.6), before looking at the contributions of vj11 to the orthonormal matrices
Vz(kJrl)’ VB(kJrl)’ VQ(I@+1)7 and Vg(kJrl).

From the definitions of my and nj. in Definition 4.1, (4.9) shows _that the rank
deficiency my = k — rank([Va, V5]) can increase only if vi11 € Range([Va, V3]), so
(8.1) Villogin # 0= myp = m, vk L Range(Vo) = mysr = my+1,
while from (5.5)(5.7) npr1 = ng+1 < p® 2 [VHviiq |2 = 0, so
(8.2) kg1 L Range(‘A/p,) S npe1 = ngp+1.

These implications lead to Table 1, which gives the values of my; and ngq resulting
from the possible nonzero projections of vi1 on the ranges of ‘A/o, ‘72, and ‘73, where
[Vo, Vo, V5] = [‘A/O(k), %(k), ‘73(]6)] is unitary; see (4.9). For example, item 1 is equivalent
to vpy1 € Range(Vy) = {mus1 =mp & nppr =np+1} in (8.20). Table 1 can also be
derived from observations on (5.5)—(5.7) with (4.1).

TABLE 1
mpy1 and ngyq resulting from possible components of vjy1.

Item V41 has nonzero components only in: Implication | mpy1= | ngy1=
1 Range(Vp) = my ng +1
2 Range(Vo) & Range(V3) = my, ng +1
3 Range(V5) & mi+1 | np+1
4 Range(V5) = mp+1 | ng
5 Range(\’}g) & Range(\73) = mp+1 | ng
6 Range(\’}o) & Range(\73) = my, ng
7 Range(Vo) & Range(V2) & Range(V3) = my ng

We will use this table to divide the analysis into four cases: items 1, 2, and
3, items 3, 4, and 5, item 6, and finally item 7. Item 3 appears twice, once for
ng+1 =nk+1 and once for my1 =my + 1, while for items 6 and 7 only the dimensions

of Eék) increase. Where possible, the following case descriptions will use the central
block in the last matrix of (5.5) to find the contributions of vx41 to the orthonormal

matrices \72(k+1), ‘73(k+1), \72(k+1), and \7?)(“1). All the results here assume (4.1) and
the construction in Remark 5.1, and we will take the decrease 7, in HQS;)H% as a
simple measure of the effectiveness of vp41 (see (6.10)), where ideally 07, = 1.

8.1. Case 1. Items 1, 2, and 3: vj41 J_Range(?g), SO Np1 =nk+1; see (8.2).
Here S41 has one more zero singular value than S, and the next theorem derives
(k+1) and @(kﬂ).

the resulting new vectors leading to orthonormal ‘73
THEOREM 8.1. With Definition 4.1 and the notation in Theorem 4.2, if

(8.3) Vg1 = ‘70‘70HU1€+1 + VoV v 1,

then ‘A/g and ‘73 are each updated with one new column as follows:

(8.4) V&M=V Wit = [VeWi™ Lvpr] = Vit W™ og, vpea ) = V3™ o]

(8.5) ‘N/;z,(k“) =[Va g+ ngkﬂ), v1]= [Vz,kpgfk)7 Vk+1]9;(<k+1), v1), ‘73(k) = [%7kP§k)7 v1),
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where
(8:6)  Virpy ™= VoV — VoS Wi o Q%) Mo [l L Range(Vi)

is the desired new vector inserted into ‘73 to produce orthonormal 173(k+1), mcereasing
the dimension of the null space of Dag and Qas in (4.12).

Proof. From (8.3) and (5.7) we see that p®) = 0 in (5.5), so there is a new zero
singular value and ‘73 1) has one more column than V3. With (4.8), (4.3) shows that
XA/B(kH) Vit W(kH) Vi VV?)(]’CJr ) ,Uk+1], and since ng1=ny + 1, (5.9) proves (8.4),
so that Vs gives the first nj, columns of V3k+ ) Similarly (4.7), (4.3), and (5.9) prove
(8.5), where V3 =V}, P3 gives nj, columns of V3(k+1). To find ‘/2)k+1p§{;k+1): Vk+1pl(€k+l):
‘Z;(kﬂ)enk in (8.5) and (8.6), note from (6.4) and (3.3) that

0= le;+1)H‘~/3(k+1)

EYH (k41
= (I — v QW VY,

meaning Qgg)HVka(kH) is proportional to viy1. But 173(k+1) has orthonormal
columns, so that 173( H View p(kH) =0, giving Vk+1p,(€ D e Range([%, "72]), see The-
orem 4.2 and ||‘~/3(]’CJr1 én,|l2 = 1. Thus with (6.3) and (6.2) we obtain (8.6) via

QWM QW Vi I = Vi pl T = QW o1 1Q58 Mo 15

= (V"= VoS5 Wi o | QS5 Tonya [l L Range(Vs). D

It might seem strange that (8.4) implies vg+1 L vk, but from (4.3) %enk = v,
and the criterion for case 1 is vj41 J_Range(%), S0 it is necessarily true for case 1.

In (8.3) vg41 with the component \72172 Vkt1 € Range(f/z) is inserted in \73 to give
17(k+1) (bee (8.4)), while the vector Vk“pfC Y with a relatively larger component of
VoXy Wi v11 € Range(Va) is inserted in Vi to give V(kH) (see (8.5)~(8.6)), where
[Vg, V3] is an already developing orthonormal set. This suggests that [Vg, V3] _might
be the more useful set of “output” vectors in applications of this theory than [Vg, V3]
which is so useful for examining the components of the “input” vector vj1.

Note that in case 1, both ‘73 and \73 just have one column added, while \72 and Vs
are altered without an increase in their number of columns (this number will decrease
if v, € Range(V3) as in item 3 of Table 1, see section 8.2 below).

8.2. Case 2. Items 3, 4, and 5: vpyq L Range(‘Afo), S0 miy1 = my +1; see (8.1).
Since Sj4+1 has one more unit singular value than Sy, we derive the corresponding
right and left unit singular vectors and the resulting (redundant) derived vectors.
THEOREM 8.2. With Definition 4.1, the notation in Theorem 4.2, f 2 ‘A/QHka,
&V vz, 12 /T3 TR T 4%, and B 2[5 "1, if Ufoys = 0, then

—1 —1
(8.7) Bu=z, BYz=u, UA|: qu , zé{Fpr} pt wfu =272 =1.
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There is a new unit triplet {1,@%@,;11),13%;31)} of Siy1 (and Sky1 see (4.2)), and the

resulting new columns Vk+1p,(7]§:+11) of Vk+1P1(k+1) and Vk+1wq(7]1€:11) of Vk+1W1(k+l) are

(k) —1 ~
(8.8) p(Hl):{PQ f EQf]“_lv Vi1 ph ) = (Vi BT " So Vo' 4+ Dvgga ™,

ME41 1 MEk41
(8.9) @kt =(Wal'y 'V + WV urap ™,
(8.10)  Viprwl ) = (ViWal3 'V + VsV o

Proof. First, Vi vpy1 = 0 implies f2 f 4 p? = 1; sce (4.15). Note with (5.6) that
B is just the center block of the last expression in (5.5). Thus evaluating Bu, B z,
ufu, and 2z and using the stated properties proves (8.7), and so reveals the new
unit triplet. Therefore, applying the parts of v in (8.7) appropriately to the right of
the P matrix in the first expression in (5.5) gives ﬁﬁ,’f,jjf in (8.8). Then Vkﬂpﬁ,’fjjf
follows from (4.2). Similarly applying 2z from (8.7) appropriately to the left of the

third expression in (5.5), then using H®e,p = Wilspyy = ‘73Hvk+1 from (5.7), gives

I 0 0 wH R
pi T =07, FITS pel 1|0 T 0 W = PR ofl Ve
0 0 H®WH||WH
proving (8.9). Then since Vi = V3 Ws in (4.8), (8.10) follows from (4.2). O

Note from (8.8)(8.10) that for V1 (W T-PF ), - asin (4.8) and (4.10),

(8.11)  (VigrwED = Vieap ) = [Vi(Wa= PaSo) U5 V3T + VBV — Tog 1,

Mg41
2(‘72‘72H + ‘73‘73H — g1 = —‘70‘70HUk+1 =0.

Since ‘70Hvk+1 =0 here, we want ||ZoV,vy11]|2 to be as large as possible in (6.10).

If v € Raunge(‘%)7 which is item 4 in Table 1, we see that p = p = 1 in

Theorem 8.2, and 77, = 0 in (6.10), so Vkﬂpﬁ,’fjjf = Vkﬂw,(ff;ﬁlf = V41 makes no
contribution to the orthogonal vectors. If vi41 € Range(Vs), which is item 3 and is
thus also in case 1, this creates a new column of V;kﬂ) solely from Range(V2) via

(8.6), as well as producing the redundant vector in (8.8) and (8.10); see (8.11).

8.3. Case 3. Item 6: vy = %%Hvkﬂ + ‘/}3‘/}3}[1]]@4_1, where both components
are NONZero.

Here Sk 1 has one new singular value o added to those of Egk). For simplicity we
take Egkﬂ) = diag(Eék),U) before possible reordering, where 02 + 2 = 1 from (4.5).

THEOREM 8.3. With Definition 4.1 and the notation in Theorem 4.2, if
(8.12)

vk = VoVl opsr + VaViluggr, v 2 (Vi vksall, 0 2 [V opga ]2, 70 > 0,

and £ 2 k—ny+1, then 'y:’ylgkﬂ) =1 — 02, where ozaékﬂ) is the end new singular

value in (unordered) Egﬁ'l) with the singular vectors ﬁgkﬂ) and uﬁékﬂ) of Spi1. The

resulting new columns VkaEkH) of Vk+1P2(k+1) and Vk+1wék+1) of Vk+1W2(k+l),
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and oy 2 VOIS e, and iy 2 VETITE e, in (4.7) and (4.8), are
(8.13) py““) =ey, Vk+1p§k+l) =Vk+1,

(814) Vk+1w§k+l) :‘73‘73H’Uk+10'_1,

(8.15) 7 = VoV vk 11 L Range([V, V4)),

(816) 0y = (VW o1~ Vol okgao®)o " L Range([13", V).

Proof. Tn (5.5) W5 = 0 (see (5.6)) and so oékﬂ) = pF) = |WH s 112 =
||1//\})Hvk+1||2 (see also (5.7)), then (8.13) follows from (5.5) and (4.2), while 'yékﬂ) =
vV 1—(0§k+1))2 = ||V vps1l2; see (8.12). Now [W:)Eg)H ?] = Wék)H in (5.4) is trans-
formed from the left by H™ in (5.5) (see (5.6)-(5.7)) to give the last ny+1 rows of
W EEDH  which are

wFHDH
(8.17) ot 1H
Wik

H®HWH WsH®) 0 (k+1) (k+1)
= [ 0 1 o a]=Lw Tw ]

Thus with VW5 = \73 in (4.8), H®e pth) = ‘Angv;H_l in (5.7), and o = U§k+1) = pk),
Vk+1w§k+1) =ViWsH®e; = ‘73‘73H11k+10_1,

proving (8.14). From these and (4.7), for (8.15),

(k+1)

‘72(k+1)1ﬂgk+1)€éfmk =Vir1(py wé

) R1) e PO
oy 2 0) =41 —VaVa vpr1 =V Vg Urya,

so with (4.9), (8.15) holds. Similarly from (4.8), (8.13), and (8.14) with (8.12),
by 2 %(kJrl)FékH)ezfmk = Vk+1(wék+1) - ngH)U) = %‘//\},Hvkﬂffl — Uk410

Sy oo P,
=VaV5 vppi07 — (Vo o1 + VaVi 7 vpg) o,

which with 1—0?=+? shows 97 is correct in (8.16), so 7y L Range(ffg). Multiplying
the last equation in (8.17) on the left by Vi1 and using (4.8) gives

819 [AWH®, ] = [THO), ] = [V, 500].
We will prove that @Hf/\'g(k“) =0 in (8.16) by showing that the last nj4; columns of

9 % (8.18) are zero. From (8.12)
yooopr = [V v 377 = 1V onsa 302 = 09* = 7%0* =0,
and now we show o0# VsH*®) = vp™ el to complete the proof. From (8.16) and (5.7)
H(k)H?BH@U = H(k)H‘A/BHUk_H’y = elp(k)’y. 0

The orthogonality result in (8.16) holds from the general form in (4.8), but the
proof was given here to gain an understanding of how this occurs in a specific case.
Since VOVOH vg+1 gives the total contribution to ¢y in (8.15), but contributes a

smaller amount to ¢y in (8.16), this again suggests that [Va, V3] might be the more
useful set of “output” vectors than [Va, V3] in applications of this theory.
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8.4. Case 4. Item 7: vi11 L Range(‘A/j), j=0,2,3.

We were able to obtain singular vectors in cases 1, 2, and 3 because we knew the
new singular value 0, 1, or 0 = Hf/\},(k)HUkH |l2, but this is not possible here. This case
is similar to case 3 in that the dimensions of only 35 change, but different in that
usually no elements of Egk) and Egkﬂ) are the same. Because of this difficulty we will
not pursue the singular value and vector effects, apart from noting that in (6.10)

(8.19) 1> 1 — [V oesa |3 > ni iy = IV vk 13+ 1122V v |13 > 0.

8.5. Special cases. If v, L Range(Vs), then from (5.5) and (5.6) W Q(k)Hé =0,
and the SVD of Sj, can easily be updated without an iterative process.

Now look at items 1 and 4 in Table 1 more closely. These give the two extreme
cases ||sg+1]2=0 (the ideal case) and 1 (no improvement; see, e.g., (6.8)).

THEOREM 8.4. With the notation in Definition 4.1 and Theorem 4.2 we consider
two extreme cases. First, we give results for the case when vi1 € Range(Vp):

(8.20) g4 ERange(‘Afo) S Spr1=0& VkHka =0= {mgr1=my & npp1=nr+1}.
If vgy1 € Range(%), the new zero triplet of Sk41 is {0, w,(ckﬂ),pl(fﬂ)}: {0, ek, €xt1},

(821) Vit WED = [ W W g vppa], Vit PETD = [V, PR g, 0],

k k k k
(8.22) p,(c +1)lei 1 —o, Vk+1p;(.C T Vg1 L V1c+1w;(C =,
and the singular vector component w,ikﬂ)p,(ckH)H of Sk+1 is strictly upper triangular.

Now for the case when vi41 € Range(f/\'g),

(8.23) wis1 € Range(V3)  |lsii1lla=1 < {ser1=WaVivp1 & [V vpgal2=1}

H,
& Vg1 = Vi Sgg1 = {Sk Sk41=0& mpp1=mp+1& nkH:nk}.

If vp41 € Range(%), the new unit triplet of Siy1 is

k+1 k+1 s
{15 w1(nk+%7p1(nk+)l} = {17 [ k(-)H] 7ek+1}a
(8.24) Vk“w,(,]f:i)l = VikSk41 = V41 = Vk+1pgf:i)17 pﬁf:i)leff:ii =0,

and the new singular vector component w,(,]f:ﬂpgfji)lH is strictly upper triangular.

Proof. First, assume that viy41 € Range(Vp). The sequence (8.20) follows from
(4.14), (4.9), and Table 1. Since [$] £ sp41 =0, the first line of (5.5) clearly provides
the SVD of Sy 1 which then has the new triplet {0, w,gkﬂ),p,(fﬂ)} ={0, ek, er}. The
corresponding new triplet of Sy follows from this via (4.2), while (8.21) follows from
(8.4) and (8.5). Then (8.22) follows immediately using V7 vi 1 = 0.

Now assume that vy € Range(V3). The top line of (8.23) follows from (4.14), the
next two-way implication and S,f Sg+1 = 0 from the orthonormality of the columns in
(2.6), while my4+1 and ng4q follow from Table 1. Then the unit triplet of Si41, and
so (8.24), follows from (8.8)—(8.10) by using vig+1 € Range(f/\'g) and (8.23). O

EXAMPLE 8.1. Here mpr1=mp+1 with ||sir1ll2<1. If v3=v1 and vivy=1/2,

01/2 1 1-1/2 —3/4 01/23/4

ng[ 01/2], (I—I—Ug)lz[ 1 —1/2]2[—53, ng[ 01/2],
0 1 0
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so that Sy has singular values 1/2, 0, and Ss has singular values 1, 1/4, 0, where

lIske1ll2 = |ls3]|2 = 13/16 < 1. Here the unit singular vectors of Sz are w§3)T =
%[2, 1,0] and pgg)T = %[0, 1,2], so that in contrast to the case of myy1 = my+1 in

Theorem 8.4 (see (8.24)) wgg)pgg)T is not strictly upper triangular.

Remark 8.1. We want to maximize rank(V;) = rank([Vz, V5]) = rank([Va, Va])
while hopefully maximizing the orthonormality rank(‘%) = rank(V3); see (4.7)~(4.8).
The cases we have treated in this section help us to understand how any given vy
will contribute to this. We can see from Theorem 8.4 that when sg11 =0, tA]a((]e~C icli)eal
&

case, the new vector viy; L Vi, becomes a new unit norm column of both
Vk+1W§k+l) and V3(k+l) :VkHPB(kH) (see (8.21), (4.7) and (4.8)), and so increases

o~

the orthonormality nj. Next, if vy € Range(Vs) so that ||sg+1]l2 = 1, the worst
case, then from (8.24) Vk+1w7(7]f:ﬂ = Vk+1p§,]f:i)1 =gy 18 the new unit norm vector
added to both VWi and Vi P;. Tt follows from (8.20)-(8.23) that every other case
is intermediate in that 0 < ||sg+1l2 < 1. Clearly VizW; and Vi P, are repositories
for vectors which are redundant because they lie in the range of already obtained

orthogonal vectors.

9. Lengths of derived vectors arising from the SVD of Si. In the com-
putational Lanczos process some accuracy measures are inversely proportional to the
lengths of certain derived vectors. Thus it is important to study the lengths of the
derived vectors Vip; and Vyw; in (4.7) and (4.8).

COROLLARY 9.1. With Definition 4.1, and Sy and Uy, as in (2.1),

(9.1) {pf' Urp; = wi'Upw; and |Vipjll2 = [Vew; |2}, j=1,....k,

(92)  Vew; =Vip; Vp; € Py |[Vew,ll2 = [[Vapjll2 = 1 Vp; € P,
1-0 1+ 0,
(9.3) T 2 < |IVipsll3 < . t: for all columns p; of [P, Ps],
(9.4) I(I = Sk)psllz = llp; — wjoslla > k" Vp; € P;  rank(P — WX) = k.

Proof. The facts that VTV, = I + Uy + U and ||p;||2 = ||wj|l2 = 1 lead to
(95)  IVapslls = 1+ 2R(p5 Urpy),  [Vaw; |3 =1+ 2R(w] Uwy), j=1,....k.
Combining (2.1) with the SVD of Sy, in (4.4) gives
(9.6) UyP=(I+Up)WE, WHU,=SP"(I+U), 0;=0% Upp; =0 w} Uy=0,
so if o; =0, (9.5) shows that (9.1) holds. If o; # 0, then from (9.6) for j =1,... k,

Urp; = wjo; + Urwjoy, ijUk = Ujij + Ujprk,

wUpw; = (0] Ukp; — 05) /05, pi'Urpj = (Wi Urp; — 05)/0; = 0} Upw;,

which with (9.5) completes (9.1). The first part of (9.2) follows from (4.7), the second
part from (9.5) with (9.6). From (4.7), (4.8), and I'3 = I — %2 in (4.5),

Val'g = Vi(Py — WaXa), Vol = Vi(Wa — P3%s),
(9.7) (Vo + VaX) = Vi(Py — WaSy + WaXy — PE2)I5 " = Vi Pl
Thus when p; is a column of P, we have

v + 0505 = Vip;;, 1+ 07+ 2R(0] 0;)0; = ||Vip,ll3(1 — 07),
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which leads to (9.3) for p; € P». If 0 = 0, then p; € Ps, and (9.3) follows from (9.2).
For any column p; of P, p; = (I — Sy)~'(I — Sk)pj, so

LT+ Sk + -+ Sy 2l = S)pillz < kI — Sk)pjllz = kllp; — wjosll2,

and x # 0= (P —WX)z = (I — S;)Px # 0, proving (9.4). a
Remark 9.1. Note the structure that follows from the SVD of S;. For all j =
1,...,k we have |[Vyw;||2 = ||Vipjll2, but with my unit and n; zero singular values

there is the additional information that Vyw; = Vip; for j =1,...,my; (1—0;)/(1+
O'j) S ||kaj||2 = HVkijg S (].—I—O'j)/(].—O'j) fOI‘j = mk+1, .. .,k—nk; and ||kaj||2 =
IVipjlle =1 for j = k—np+1,...,k, where these are exact since Sy is a theoretical
construct. We see from (9.2) that o; =1 = Vjyw; = Vip;, but (9.3) gives no useful
bounds on ||Vip,|l2 in this case. This is understandable in general because of the
indeterminacy of the SVD for repeated singular values. When o= 1, corresponding
to rank deficiency of Vi, the special case of Theorem 8.4 (see (8.24)) gives the only
useful bounds so far for the column lengths of Vi P and ViW;. It might not be
possible, but if o; < 1 and Vyw; = Vip;, then since each column of (4.7) has unit
length, 1 = 03 +||Vip;(1—0;)[|3, and [|[Vip;||3 attains the upper bound in (9.3).

After k steps of the finite precision Lanczos process on a large problem, trace(Egk))
is quite regularly seen to be very small, so we derive some bounds in terms of this.
Egk) is nonexistent if and only if my+ng =k (see (4.12)), and we denote this by
sy =o.

COROLLARY 9.2. With the notation in Definition 4.1 and Theorem 4.2 let Sk
have my, unit and ny, zero singular values. Then

(9.8) trace(PIW)| < trace(Z2), ||P1 — Wi||% — 2my| < 2trace(Es),
Yo =0 = {trace(PW1)=0 & ||Pi—W1||%=2my & ||ViP1||% =m4),
ke _og K 9
] 2 J
(9.10) a0 = > o, < |ViPL|% — my, < > o < 2trace(Xs).
Jj=mp+1 Jj=mp+1

Proof. From (4.4) we have PS5, P = PHWY, so

0 = trace(Sy,) = trace(P¥ Sy P) = trace( P W) + trace( Py Wy ¥s),
trace(PHIW,)| = [trace(PHEW,%5)| < trace(Xs)

since the diagonal elements of |PfW53| are bounded above by unity, while

| Pr — W% = trace((Py — W) (P, — W) = 2my, — 2R{trace(PW1)},
[[|Py — W12 — 2my| < 2|trace( P W,X,)| < 2trace(Es),

proving (9.8). Next (9.9) follows from (9.8) and (9.2) since then k = my+n, =
Ve Pi||% + || Ve Ps||% = Vi P1||% + ng. If £ # 0, 1 minus each term in (9.3) gives

—20; 20; .

1—(7j _1+0'j

and we sum and use ||[Vi P1||% = k — ng — ||Vi P23 to prove (9.10). a
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10. The cases of rank(Vy) =n and Qg?: 0. Although Qé?zO = rank(Vj)=
n (see (6.9)) it is not true that rank(Vy)=n = Qgg):(), since with 0 <cos 2 [vfwv,| <
L,

P1Povy = (I —v10 ) (T —vovi vy = —Prug (vl vy), || P1Pavi||2=sinb - cosb,

which is not zero, showing it is not even true for the n = 2 case.

It can be meaningful to take more than n steps, e.g., when the finite precision
Lanczos process is used to find a large number of the eigenvalues of a matrix. So one
may be interested in understanding what happenb in such cases.

From (4.13) we see that if Qg;) = 0, then VO V(k)7 and ‘72(k) no longer exist
and k = n + my, so that in (4.9) Vg(k), Vg(k) e Y ". Also from (6.10) ||s;||2 = 1 and
n? = 0 for each j > k. Then (8.23) and (8.24) hold in Theorem 8.4, and all future
vectors v; are redundant:

(10.1)
2 =0& j>k = pd)wll) =0 & |pl) ~w3=2 & Viwld) =Vipl) =v;.

In general, once rank(V}) = n, we have k > n and [‘72(”, 173“)] [V(j) V. j)] un=r
for j > k. Since ‘70(] ) does not exist, we see that only item 3 in case 1, and items 3,

4, and 5 in case 2 apply. From case 2 there must always be a new unit singular
value of Sj;1 and the results of Theorem 8.2 hold, the only addition being that

Vjy1 € [V( ) ‘7(”] Then, in theory, only in item 3 where v;41 € Range( ) do we
get V( having one less column, and V(j+ ) one more; see (8.4)— (8 6) without Vo. But
HQ(J)HF = |=Y||2., and from (6.10) this decreases by n%,; = |5 Vo "v;41]3 with

no singular value increasing, so that even if V(J H vjy1 # 0, in practice an algorithm

which produces the v; in an effective way w111 still lead to numerically singular, and
eventually numerically nonexistent, E( 9. Bach new numerically zero singular value
of £ will effectively result in an element of T'$
VB(] ): see the last matrlx in (4.7).

Finally when Q is very small but not zero, case 2 must hold, and then for j > k

very small Eéj_ ) in Theorem 8.2 gives u~ 1 and in (8.8) pgn Rej_1, p%in% ~ 0,

HP(J) w%i”% ~ 2, and Vjpg,{z = ijy(rjlz ~ vj, so that (10.1) holds approximately.

More precise results could be found from Corollary 9.2.

being unity, and a new column of

11. Summary. In sections 2 and 3 we summarized earlier results from [1, 9]
on producing an (n + k) x (n + k) unitary matrix Q*) from % unit Euclidean norm
n-vectors, the columns of Vi. A key component of this was the k x k strictly upper
triangular matrix Sy in (2.1).

In section 4 we described the special structure of the SVD S, = WHF x() p(k)H
and its connection to the CSD of the augmented orthogonal matrix Q®). In section 5
we used this structure to show that when the SVD is updated from k — k+1 the unit
singular values persist with their vectors essentially unchanged, while zero singular
values persist with their right vectors essentially unchanged. This leads to a simple
updating procedure for the SVD of S.

Based on the SVD of Sy and the CSD of Q) we derived several results on Q22 ,

Sk, Vi, and vp41. Section 6 was devoted to the study of nxn Q22 . In many situations
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it can be observed that Qgg) tends to zero numerically. It is shown how the process

g;) — 0 is related to the columns of Sy. In section 7 we proposed two measures of the

effectiveness of v41 in contributing to orthogonality, while in section 8 we investigated
what this viy1 actually does. We showed how it affected the rank deficiency myy1
of V41 and the number ng41 of zero singular values of Si41 (see Table 1) and then
looked at the orthogonal and redundant vectors resulting from vy 1.

We continued in section 9 by obtaining some lower and upper bounds on the
length of vectors Viyw; and Vip;. Since these are closely related questions, we showed
how various bounds can be obtained via the nonunit singular values of Sj. Finally,

in section 10 we investigated what happens when rank(Vj)=n and when Qgg):&
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