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ACCURACY OF THE LANCZOS PROCESS FOR THE
EIGENPROBLEM AND SOLUTION OF EQUATIONS*

CHRISTOPHER C. PAIGET

Abstract. In [STAM J. Matrix Anal. Appl., 31 (2010), pp. 2347-2359] it was shown that k steps
of the finite precision Lanczos process for tridiagonalizing an n X n Hermitian matrix A could be
viewed as an exact Lanczos process for a (k 4+ n) x (k +n) augmented Hermitian matrix, producing
exactly orthogonal vectors. Here we use this and related results to prove the highly accurate behavior
of the finite precision Lanczos process when used for finding the eigensystem of A, or for solving
linear systems Az = b. It turns out that the finite precision process mimics the exact process in
iterative rather than n-step ways, and makes available backward stable results. These results are
also complete, such as making available the complete eigensystem of an A with discrete eigenvalues.
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1. Introduction. Some notation used in this paper is described at the start
of section 3. Given A = A¥ € C™ ™ and a vector v; € C" of unit-length, i.e.,
vily; = 1, one “good” implementation (see the Appendix for a more precise description
of “good”) of the Hermitian matrix tridiagonalization process of Cornelius Lanczos,
see [16], [23, (2.1)—(2.8)], and, e.g., [8, §§10.1-10.3], uses the following two 2-term
recurrences (see also [13]). Compute uy := Avq, then for k=1,2,... (symbols u and
w in (1.1) are used only in this description and the Appendix, nowhere else)

(1.1) ap = v,’;{uk, Wy = U — Vg, Byl = —|—(w,fwk)1/2,
stop if Bi41 is small enough, else

Vgt1 = Wi/ Prt1, Ukt1 = AVky1 — VBrt1-

If we define Vi 2 [v1,...,vx] € C"*¥ then in theory this gives after k steps
(1.2) AVy, = Vi Ty + vis1 86116 = Vi1 Tt 1,k VAV, = I,
where the real symmetric tridiagonal matrix 7} has diagonal elements ay,...,ax
and positive next-to-diagonal elements (s, ..., 8k, and, again in theory, the process

necessarily stops in ¢ < n steps with V; and T}, while £y41 = 0.

Lanczos originally presented his tridiagonalization process in [16] for solving the
eigenproblem of A, for if T, has eigendecomposition T;Y = YA, Y7 = Y1, then
A(VpY) = (V,Y)A. He also mentioned it would be useful for solving linear systems
Az = b, and in [17] Lanczos adapted such a solution to the case of general square A,
see [17, §3], and then mostly treated the symmetric positive definite subcase. This
was equivalent to taking 81 = ||b||2, v1 =b/f1, and at the k-th step of the Lanczos
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process (1.2) computing the approximation zj = Vi 2 where Tz =e181. In theory
this gives the solution x at the ¢-th step, and is mathematically equivalent to Hestenes
and Stiefel’s method of conjugate gradients (CG) in [15], and, e.g., [8, §11.3].

1.1. Finite precision. With finite precision computation the Lanczos process
produces a sequence of n-vectors v;, each with a Euclidean norm that is 1 to almost
machine precision, but with a possible severe loss of orthogonality. In fact Vi can
become very rank deficient. Because of this the process can continue indefinitely
with 841 never negligible, so that the resulting algorithms for finding eigenvalues or
solving equations behave quite differently from the exact cases.

To simplify the presentation we use the word “essentially” (without quotes) in
the sense illustrated by: “essentially equal to” (also “~”) meaning “equal to within
O(e)|| 4|27, and “£” similarly, where if ||y|l2 = 1, then “y € Range(Ps3)” means “y +
O(e)||A|l2 € Range(Ps)”. Here, together with the computer floating-point precision
¢, O(€) may be polynomially dependent on the number of steps k, the dimension n of
A, and the maximum number of nonzeros in a row of A, see [25, §3.2]. The bound on
the accuracy of computed eigenvalues can grow as k2, but in [21, §8.7] it was stated:
“In practice well separated eigenvalues of A (this includes multiple eigenvalues too)
have been found to have an error proportional to k, and since if the maximum possible
error is proportional to k2 the expected error would be proportional to k for stochastic
errors, the above bound is probably a very good one.”

DEFINITION 1.1. We say that a possible solution to a given problem involving Ty,
or A is “backward stable” if it is the exact solution to that problem with a perturbed
matrix A4+0A or T+ E where the norm of the backward error §A or E is bounded
by O(e)||A|| in the above sense, even if that solution does not arise from a numerical
computation. Ezamples are {X, A} in (13.8), iy, in (14.4), and % in (14.5).

In [24] it was shown how a special (k+n) x (k+mn) unitary matrix can be defined
from any sequence of k unit-length vectors in C™. This was used in [25] to show
that k steps of a good implementation of the finite precision Lanczos process such as
(1.1) produce a tridiagonal matrix T} that satisfies an exact Lanczos process for a
(k 4+ n) x (k4 n) augmented matrix Ay, see Corollary 7.1, where the vectors vy are
the computed vectors normalized to have exact length 1.

Here we use the results in [24, 25, 34] to prove that the Lanczos process eventually
makes available at least one of every eigenvalue of A, or the solution of Az = b, in
a backward stable manner, but this can take k > n steps. The terminology “makes
available” is used instead of “produces”, because the Lanczos process alone does not
produce, for example, a backward stable solution of Ax = b. Further computations
are needed, and the analyses of these could be combined with the analyses here.

A key part of the analysis here is the unitary matrix Q*) in (4.4),

H
A [ Sk ‘ (Ix —Sk)Vy, c Ylktn)x(k+n)

k k
(13) QW= i
0 Tel] = W80 [ 1 —-viT—si)vi#

This, along with Sk, is introduced in Theorem 4.1. In the arithmetically exact case of
the Lanczos process S = 0 and Qg’;) =1, — VkaH, VkHV;~C = I}, so that if A has no
multiple eigenvalues and the process goes to completion, Qgg) = 0. The finite precision
implementation mimics this case to the extent that for A with all distinct eigenvalues,
HQg;)HF N\ 0, and if Q(Qg) = 0, then n of the eigenvalues of T} are essentially the n
eigenvalues of A, while all converged eigenvalues of T}, are also essentially eigenvalues
of A, i.e., T can have repeats of eigenvalues of A.
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Our purpose is to apply this analysis to obtain an increased understanding of
how the Lanczos process performs for large sparse Hermitian matrix problems such
as the eigenproblem and solution of linear systems, see, for example, [16, 17, 15,
30, 4]. Because the Golub-Kahan bidiagonalization of a general possibly non-square
matrix [7] can be formulated as an Hermitian Lanczos process, the results here can be
extended to understanding the use of this bidiagonalization in solving least squares
problems, singular value computations, and related problems; see, for example, [7, 31,
32, 6, 33, 12]. This analysis can be useful for more adventurous algorithms, see for
example Carson and Demmel [2], and perhaps even for unsymmetric Lanczos and CG-
like methods, see for example [28, 37]. Similar ideas could help simplify and improve
earlier analyses such as that in [29].

The rest of the paper is organized as follows. In the next section we give a brief and
incomplete history, followed by the notation used here with some helpful background.
In section 4 we summarize the crucial theorem on obtaining the unitary matrix Q)
in (1.3) from k unit-length n-vectors, the columns of Vi, while section 5 applies this
to show that the Lanczos process is always on a useful path, and section 6 derives
some properties of that unitary matrix Q) that we need. Section 7 summarizes
the result of the rounding error analysis in [25]. This shows that the finite precision
Lanczos process behaves as a higher dimensional exact Lanczos process for a slightly
perturbed (k + n) x (k + n) matrix Ay. Section 8 introduces the Singular Value
Decomposition (SVD) of S in (1.3), and how it defines important subspaces related
to Vi. Sections 9-12 are devoted to convergence and rate of convergence of the
process, showing how the Lanczos process makes available backward stable eigenpairs
of A for those eigenvectors that are represented in the initial vector v1. When A has no
multiple eigenvalues so that eventually Qgg) = 01in (1.3), sections 13 and 14 show how
the Lanczos process makes available backward stable solutions for the eigenproblem
and solution of equations. Section 15 gives an example of the Lanczos-CG process
solving Ax = b. Section 16 discusses how all these results might be extended to the full
analyses of various practical methods. Finally there are a few additional comments
and a summary in section 17, while the Appendix provides extra explanatory material.

2. A brief history. The early development of our understanding of the finite
precision tridiagonalization process of a symmetric matrix A proposed by Cornelius
Lanczos in [16] has been discussed by Parlett [36] and by Meurant [18], see also
Meurant and Strakos [19]. The work here was initiated with [21, 22, 23], where several
of those results were clarified and simplified by Panayotov [35], see also [27], but these
and other works seemed incomplete. A breakthrough arose with the realization in
[24] that an early idea on loss of orthogonality in modified Gram-Schmidt (MGS)
outlined by Bjorck and Paige in [1] could be extended to apply to any sequence
of unit-length vectors v;. This approach was applied in [25] to give an augmented
backward stability result for the Hermitian matrix Lanczos process [16]. But using
this to prove the convergence and accuracy of methods based on the Lanczos process
has not been easy, so to provide tools for this study, many relevant results were derived
by Paige and Wiilling in [34]. In particular they derived the SVD of Sy in (1.3), and
that is very effective in the analysis.

One of the guiding lights in this area has been Beresford Parlett, who, with several
students and colleagues greatly improved the use and understanding of the Lanczos
process. See, for example, [36] for explanations and clarifications of many of the im-
portant ideas and relations. In particular Anne Greenbaum, once a student of Parlett,
and (initially quite independently) Zdenék Strakos, developed our understanding of
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the practical behavior of the Lanczos process and its use for both the eigenproblem
and CG; see, for example, [9, 10, 39, 11, 40]. To put the present study in context, an
augmented result on the stability of the Lanczos process was initiated by Greenbaum
n [10]. Following this, Strakos and coworkers developed illuminating results on the
practical behaviors of the Lanczos process and CG via an analysis based on the funda-
mental relationship with the theory of orthogonal polynomials and Gauss quadrature
of the Riemann—Stieltjes integral; see the survey paper [19] for a nice description, and
[20] for further developments and an extensive literature survey.

The augmented matrix approach here is based solely on ideas from matrix theory
and an extension of the groundbreaking concept of backward stability for numerical
algorithms developed largely and very effectively by Wilkinson whose work in, e.g., [41,
42], strongly motivated the work leading to this paper. See the note by Hammarling
and Higham [14] for valuable history on Wilkinson and backward error analysis.

3. Additional notation and remarks. We use “2” for “is defined to be”, and
“=" for “is equivalent to”. Let I,, denote the n X n unit matrix, with j-th column e;.
We say Q1 € C™** has orthonormal columns if Q¥ Q; = I;, and write Q; € U™*".
We denote the Frobenius norm by || B||r, the Euclidean norm by |[v]2 £ VoHv and
the spectral norm by [|B||2 £ 0max(B), the maximum singular value of B. We write
Vj 2 [v1,v2,...,v;] and use Range(B) to denote the range of B.

We often index matrices by dimensional subscripts as in Vj when the (k+1)-st
matrix can be obtained from the k-th by adding a column, or a column and a row.
This holds for Vj, € C*™** and Sj, € C***. Otherwise we usually use superscripts, as
in Q)| and then subscripts denote partitioning, as in Q%) = [ng)| Q;k)]. We often
omit the particular superscript -*) when the meaning is clear (but do not omit any
other superscripts, e.g., we do not omit '(’”1)). The integer ¢ is described just after
equation (1.2), it denotes the concluding step of the exact Lanczos process.

Stating definitions and results from [23] will simplify the presentation a little.
Assume that for the computed T}, in (1.1)(1.2), where (with Y =Y *) and M =M *))

(31) T.Y =YM, YTYzIk; Médlag(ﬂlvaﬂk)v Yé [ylvaa'“vyk]'

Remark 3.1.  If Tj is the leading k x k block of a real symmetric tridiagonal
matrix 7}, of the form in (1.2) and (T}, + Ex)3 = §fi, 579 = 1, then for all m > k

~ 1] _[3 =~ A [EL 0 1
|:Tm+Em:| |:?é:| = |::g:| /7'7 E,, é |: Ok 0:| _€k+1(ﬁk+lezg) |:g:| ’

and there is an eigenvalue of T}, within || Ep,||2 < ﬁk+1|eggﬂ+|\ﬁk||2 of fi, [42, p.87]. We
say that fi (as an approximation to an eigenvalue of any T;,,, m > k) has “converged
to within ||E,,||,". If ||Em||2 ~ 0 we say that “/i has converged”, so that {f, [¥]}
is a backward stable eigenpair of T, in the sense of Definition 1.1. It is largely the
nonzero Bkﬂefg ~ 0 that forces us to use many expressions involving “~~”. 0

Remark 3.2. Orthogonality of vgy1 can only be lost in the direction of those

ka](-k) for which u§-k) has converged, see [23, (3.18)]. This follows because it was shown

in [23] that (Bk+1egy§k))v,?+1vky§k) ~ 0, j=1:k, sec Remark 3.1 with Ej =0. O
Remark 3.3. If an eigenvalue p; of T, from the finite precision Lanczos process on

A = A" has converged, then it is essentially an eigenvalue of A, see [23, Theorem 3.1],
and in fact a backward stable eigenpair {p,, Viy, } for A, where p, = 1j, ||[Viyr|l2 = 1,
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is then available from the Lanczos process, see [23, (3.3) & Corollary 3.1]. O

Remark 3.4. Tt follows from [23, (3.18)] and Remarks 3.1-3.3 above, see also

[21, (8. 32)] that orthogonality of the v; in (1.1)—(1.2) is not lost until the first eigen-

pair {M] ,y]( )} of T}, and hence the approximate eigenpair {u§-k)7 kaj(-k)} of A, have
essentially converged. |
Remark 3.5. It Was proven in [21, §8.6.1, pp.122-126], with a summary in [23,

(3.28)], that if {uj Y5 )}7 cee {pyﬂs,y](-?s} are s + 1 eigenpairs of T that are close
to each other but sufficiently separated from the rest, then

Jj+s
(3.2) vakyf)nQ ~ st 1 O

i=j

Remark 3.6. If an elgenpalr {,uj 2 Yj )} of T} has converged in the sense of

Remark 3.1 so that Bgy1|e yj \ ~ 0, then ug- ) has essentially converged to an eigen-

value \; of A, see Remark 3.3. Also orthogonality of vi41 is not significantly lost in

the direction V;gyj(-k) until ,u;k) has converged, see Remark 3.2. But such loss of orthog-

onality allows the same eigenvalue of A to be approximated again later. Therefore
we mainly consider the first time any eigenvalue ,ugk) of Ty converges to an eigen-

value of A, and call {uyc), y](k)} a “first converged” eigenpair of T} (with respect to
A), and {uj ), Viy (k)} a “first converged” eigenpair of A. In this case we know from
Remark 3.5 that \\ka§k) |2 ~ 1 if ,ug Jis a well-separated eigenvalue of T}. d

Remark 3.7. If AZ=ZA+R with A diagonal, Z"Z~1I, then (A—E)Z=ZA\ with
EA2R(ZHZ)='ZH and ||E||2~||R||2. So {A, Z} are backward stable for A if R~0. O

4. Obtaining a unitary matrix from unit-length n-vectors. The next the-
orem was given in full with proofs in [24]. Tt allows us to develop an (k+n) x (k+n)
unitary matrix Q®) from any n x k matrix Vj, with unit-length columns.

THEOREM 4.1 ([24, Theorem 2.1]). For integersn > 1 and k > 1, and V; 2

[V1,...,v;] € C"™J with |jvj|la = 1, 5 =1,...,k+1, define the strictly upper triangular
matriz Sy, where Uy, is the strictly upper triangular part of VkHVk =I+U;+ U,f,

(4.1) Sk é (Ik + Uk)ilUk = Uk(Ik + Uk)71 S (Cka
where I, =S, and I, = Uy are clearly always nonsingular. Then

(4.2) U,S, = SkUk, Uk:(Ik—sk)ilskESk(Ik—Sk)il, (Ik—Sk)71 = I+ Uy,
(4.3) |ISkll2 < 1; V,,CHV;.C =I1<|Sk|l2=0; V,f[V;.C singular < ||Sk|l2 = 1.

Most importantly, Sy is the unique strictly upper triangular k X k matriz such that

S | =SV c lktm)x (i)

(k) (k)
(4.4) QW = | 2 [
g’i) ‘ é’;) - Vk(Ik*Sk) ‘ In*Vk(Ik*Sk)VkH
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We also write Q%) = [ng) ‘ ng } Define

Sk } & Skex, then with (4.2) we have

k n
Iy 1—S,_1)VH
(45) Skek:(Ik—Sk)Ukek: |:( k=1 kO 1) klvk:| s Sk+1:(Ik—Sk)VkH’Uk+1,
Sk Skt1

(k+1) Sk+1
4.6 = = 0 0 . O
(14.6) @ [ Vier1 (g1 — Skt1) } — —

Vily — Sk) | vrs1 — Visitr

Perhaps the simplest proof of Theorem 4.1 so far is that given in [26]. In [24] the
above construction was called an orthonormal augmentation of a sequence of unit-
length vectors, and Q%) an augmented unitary matriz.

5. Applying Q) in Theorem 4.1 to the Lanczos process. The tridiagonal
matrix T}, arising from the finite precision version of the Lanczos process in (1.1)—(1.2)
can be viewed as the result of a unitary similarity transformation applied to a strange,
slightly perturbed, higher dimensional matrix, as we now illustrate.

THEOREM 5.1 ([25, Theorem 3.1]). After k finite precision steps of a good imple-
mentation of the Lanczos algorithm with A = A and v, leading to the computed Byi1
and tridiagonal matriz Ty, see (1.2), let Vi1 =[v1,v2,...,v+1] be the matriz of com-
puted Lanczos vectors normalized to have unit length. Then if Q%) € Uk+n)x(k+n) 4
as in (4.4) in Theorem 4.1, and Ay & A— vgy1Bks10H — kakJrlv,fH = A we have

Ty, | exBrr1vf T. O
51) QWHA QW =T, é[ BEL | A AR T B
(5.1) Q £Q = orriBeicl ' A, =2

T, O g®
Toi1 12 ., H® =pg®H= 2 H®|,<0(e)||All2. O
e |5 T db h| IHOL<0@Al,

More precise bounds for H*) are suggested in [25, §3], with a correction suggested
by Carson and Demmel in [2, §5]. The corresponding Lanczos process in Corollary 7.1
might facilitate an understanding of Theorem 5.1.

5.1. The Lanczos process always behaves well. No matter how large &
is in Theorem 5.1, we can in theory apply at most n—1 exact unitary sumlarlty
transformations to 7} in (5.1) to complete its tridiagonalization, giving Q(k)HAkQ
Tk+n, so that the eigenvalues of Tk+n are exactly the eigenvalues of Ag, that is,
essentially all of the eigenvalues of A together with essentially all of the eigenvalues
of Tk.

Not all eigenvalues of T, will have converged, and so not all eigenvalues of T;H_n
will essentially be eigenvalues of A. But every converged eigenvalue of T}, is essentially
an eigenvalue of A, see Remark 3.3, and eigenvalues of the developing T} never lose
their level of convergence, see Remark 3.1. Because this is true for all k, it shows
that the Lanczos process is always on track for the eigenproblem, the accuracy of
approximation to eigenvalues of A is only limited by the slowly growing size of the
backward error H®*). It follows from the above that the eigenvalues of T}, essentially
lie between the smallest and largest eigenvalues of A. A more precise result is given
in Theorem 17.1 in the Appendix.
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6. Some properties of Q) in (4.4). Our analysis of the computational Lanc-
70s process uses properties of the sub-blocks of Q) in (4.4)-(4.6). From (4.5)

Sp+1 = (Ig — Sk)VkHka = Qg)vkﬂ, so together with (4.4) and (4.6)
(6.1) Q% vr1=[Ln—ValTo—Sk)VilJoks1 = Vi1 — Visia1 = Q% era,

(k)
Sk k
(6.2) (’H‘l) A [Uk.H _;;SM_J %,%)] V41 = Qé )Uk;+1.

@2

H
i
strictly upper triangular we see S1=0, so from (4.4) we have Q22 ="P1, and we use

For j=1:k+1 define the orthogonal projectors P; £ vjv Because Sy, is

$ =il = S), QW =1, — sV, Q% =1, - Qv

I, —S; —s
Virr = [Vi, vkt Iit1 — Sk = [ g 0 ’ fﬂ} ,

to prove several things with (6.2), in particular that Q22 = <P

(6.3) QYT =Viy1 (Ins1 —Ska1) = Vi (In—Sk), vk 1= Viesir1] = [Q, QS5 vp41],

_ H H
(6.4) (kH) (Ik+1—5k+1)Vk+1 [(Ik Sk)‘%H Skﬂvkﬂ} {ng Pk“] ;
k+1 Uk+1

k (k+1 k
(6.5) ( H) =1I, Q21+ )Vk+1_l le)vkr Q22 U/C+1Uk+1_Q22 (In Uk+1vk+1)

The decrease in ||Qg§)||p is crucial. First ||Qg§+1)||2 < ||Qg§)||2 because

k+1) ~(k+1)H k
(6.6) . 52+) = gz)(I

k k k (k
99 — Uk 100 1) Q5 W= QW QW — Qf )Uk+1vk+1Q M

This and (6.3) with ng) 2 I,, show how ||Q§];)||F decreases and HQ(QI?HF increases:

k 1 1 k+1)H k k

(6.7) QST 12 = trace[QYs QST = 1O 12 — 1Q% vir1 2,
k k k j

(6.8) 1RSI = 1QW 1% + 110 vk 13 = XX 1QR w4113

Ideally Sgqq = 0, 50 in (6.1) QW vpr1 = vpy1, and [|QS)]|2 = n — k decreases
by 1 each step. Computationally, see Remark 3.4, until the first eigenpair converges
there is negligible loss of orthogonality, and then HQg;)kaHg ~ ||vk11]l2 = 1 also,
but once orthogonality is lost convergence can become very slow.

To facilitate an understandmg of the subsequent theory we now give an example

indicating how HQQQ V12 = ||Vk+1—ViSk+1]]2 and ||Q22)||F can behave in practice.
Remark 6.1. All computations are carried out in MATLAB™ using IEEE
double precision floating-point arithmetic (unit roundoff v = 27%% ~ 10716). The
computed results involving the theoretical Q*) have rounding errors, and therefore
are approximations. To limit cancellation errors we always compute Qg];)vk+1 instead
of vg11—ViSk+1, and compute Q(kH) via Q ( " U;C+1vk+1) see (6.1) and (6.5). For

ease of reference we sometimes call ||Q22 Vg+1]]2 the “Q-change”, see (6.7), (6.8). 0O

EXAMPLE 6.1. The Lanczos process has difficulty with close eigenvalues, espe-
ctally when there are one or more very well separated eigenvalues, so to illustrate how
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100 :
Q22 F-NORM
=——— Q-CHANGE 2-NORM
0 ———— BETA*Q-CHANGE 2-NORM
100 + + :
10°°
1070
1)
=
o
g
107"
107
107
10*30 i i T i i T i i i
0 5 10 15 20 25 30 35 40 45
ITERATION k

Fi1c. 6.1. Plots of ||Qg 7, ||Q<k)vk+1H2, and ﬁk+1||Q22 Uk+1l||2 obtained from the Lanczos
process with vy in a 6 dimensional eigensubspace of A = AT € R10x10,

||Qg§)||% decays even with this very poor behavior, the process was applied to a random
symmetric matriz A € R19%10 with eigenvalues \; = 1% 0.00001, i=1:9, and Ao = 1.
The initial vector v1 was a random combination of the eigenvectors of A corresponding
to eigenvalues A1, A2, A3, Mg, A5, A10, to show how the others will also be found.

The results are plotted in Figure 6.1. Not until k = 12 was Vj, recognized as
having rank 10. It can be seen from a standard plot, but not this semi-log plot, that

||Qé |% follows the correct path, decreasing from 10 by 1 each step until step 5 when
the first eigenvalue of A has converged to O(e)||A||, at which point the rate of decrease

of ||Qg§)||% slows. Unlike the exact process that would give f7 = 0, the computational
process only gave B7=0.000001595485258, and so did not stop.

The line at the top, the red line, represents values of HQ&IS)HF The second line
from the top, the blue line, represents values of ||Qg;)vk+1||2, the Q-change. Al-
though we know ||Qg;)vk+1|\2 < ||Qé’;)\|2, it is remarkable how close ||Qg;)vk+1|\2 was
to ||Qg;)||2, rarely departing too far from it for more than a step at a time. This,
with (6.7), is one reason that ||Q(2]§)||F decreases so rapidly here, even after orthogo-
nality and linear independence have been lost. But this does not always happen, see
section 15. The rate of convergence is discussed in section 12.1.

At k=19, Byi1 = 0.000000185699582 and [|QS) vy1]2 = 0.000000000258131, so
the process could be stopped with ,Bk_,_lHQg;)vk_,_ng < 10716, see the green, and low-
est, line, even though HQg;)kaHg and ||Qé];)||p = 0.000000008678201 are still a long
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way from zero. Nevertheless, at k=19, to 1075 all the eigenvalues of A have been
given accurately, where A9 = 1 appears 5 times, each of A1, A2, A3, Ay, and A5 ap-
pear twice, but the second value of A3 = 0.000030000000035 has not yet converged.
Remember ||Sk|l2 < 1 in (4.3). For later interest the computed version of Sig9 here
has 9 essentially unit singular values indicating the amount of loss of linear indepen-
dence of the columns of the ideal Vig € R9%19 6 essentially zero singular values,
with the others being 0.000000008678156, 0.000000000028064, 0.000000000001571,
and 0.000000000000007, all less than HQ%IZ)HF = 0.000000008678201.

The red line shows how ||Q§’§)||F decreases quite rapidly. However ||Q§’;)||F and

HQ;IE)/U]CJFl”Q are not zero to 15 decimal places until step k=32, well after all eigen-
values had been found to full precision at step k=19. At step k=32, S3s has 10
essentially zero and 22 essentially unit singular values, to 15 decimal places. It turns
out that Qgg) = 0 implies that the SVD of Sy (see Definition 8.1) is S, = WP,
where Wy, Py € UF*(:=1) " and that explains this.

This example emphasizes that while the theory here concentrates on the effect
of ||Q§§)|| r decreasing until it stabilizes (at zero in cases like this where A has no
multiple eigenvalues) we expect the practical Lanczos process to produce accurate

results well before ||Qg§) |7 stabilizes.

7. The “Exact” Finite Precision Lanczos process. A simple rounding error
analysis of a good finite precision implementation of (1.2) gives, see, e.g., [22],

(7.1) AVy, = ViTy +vis1Ber1€t + Er = Vi1 Thos1.k + Exy, || Exll2.r < O(6)||All2,F,

but this has limited applicability. We base our analysis on a theorem from [25].

COROLLARY 7.1 ([25, Corollary 3.2]). With the assumptions and notation of
Theorem 5.1, there is an exact Lanczos process for the Hermitian matriz Ay in (5.1),

Tk 0 Sk‘ _ Sk Sk
(7.2) ([o A] +H<k>> [Vk(ISk):l - I:Vk(ISk):|Tk + [WHJ‘};SHJ Br+1€k »

S
S P B e

This follows by multiplying (5.1) on the left by Q®), and taking the first k columns.
Here ¢"t1) is the last column of ngﬂ)

We call (7.2)—(7.3) the “exact” finite precision Lanczos process because the com-
puted Tj41, is seen to be the exact result of k steps of an exact Lanczos process with
exact orthogonality arising from the strange Hermitian matrix Ay with its O(e)||A||2
Hermitian backward error H*) the only rounding error component. To help under-
standing, if H*) = 0 then S, and sk+1 will be zero, the top block-row of (7.2) will
be zero, while the bottom block-row will correspond to the ideal Lanczos process.

Even in practice the first column of Sy is zero, so the first column of ng) is
(07, »7)T. But a nonzero rounding error term H ) leads to some nonzero elements
in each sy41, and so in the top of ¢**+1). For the ideal V}.4; with unit length columns
and the resulting ideal sp11 it is even possible to have some |[sg4+1]l2 = 1, so that
Vk+1 = ViSk+1, increasing the rank deficiency by one in going from Vi to Viyi.
Nevertheless the augmented system (7.2) is still an exact Lanczos process.

The k-th step of the Lanczos process produces oy and fg11, so it seems strange
that the full T} is part of Ay, because T}, then seems to appear fully on both sides of

Sk+1 (k+n)x (k+1)
eU , 4.6), (6.2).
Vk+1— VkSk-s-J see (4.6), (62)

with its zero (k+1)-st element removed. O
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equation (7.2). But this is just an artifact that is necessary to make A; Hermitian.
Because e} Sy = 0, we see from (7.3) that the k-th row of ng) is zero, and so the
k-th column of T} is not used in AkaC) in (7.2). Thus (7.2) shows how Tyyqx is
developed from T}, ;1. We use Corollary 7.1 to show just what is happening in the
finite precision Lanczos process.

Remark 7.1. Because T}, is tridiagonal the columns of ng) form an orthonormal
basis for the Krylov subspace K* (.Ak,Ql 61) This means that B= (ng))HAngk) =Ty
gives Br11 =ming ||AkQ§k)— ng)BHp, i.e., Ty, minimizes the residual for ng) as an
approximate invariant subspace for the matrix Ay, see Parlett [36, §12.7,13.1]. 0

8. The singular value decomposition (SVD) of S;. We derive the SVD
Sy = WHESE pOH when S, in (4.1) arises from any matrix Vi with unit-length
columns. We remind the reader that we often omit the superscript -(*) for readability,
and write, e.g., S, = WXPH but never omit other superscripts such as -1,

From (4.3) we know that 0.5 (S;) <1, and we show that unit singular values are
crucial in the analysis. Also if V2V, =1 then Sy =0 in (4.1), and it helps to label
the singular vectors of Sy according to its zero, unit, and in between singular values.
Briefly, zero singular values correspond to no loss of orthogonality, unit singular values
to loss of linear independence, and intermediate singular values to loss of orthogonality
but not loss of linear independence. The rest of this section comes from [34].

DEFINITION 8.1 (Partitioned SVD of S, [34, §4]). Let the k x k matriz Sy in
Theorem 4.1 have my unit and ny, zero singular values with SVD

(8.1) Sp=wxPH=w,PH+W,5, P, 1-S,.SE=wD*WH =w,r2WH+wswH,
W=W® =(w,... we] =W, Wa, W3] € UFF Wy € UR*me Wy € U
(8.2) P=PW =[py,.,py]|=[P1, P2, P| €Uk P UM ™ Py e URE pyelUb*ms,
n=x®) Edlag(al, o) =diag(ly,, X2,0,,), X2 € R*%> k= 0p+mp+ng,
r2arn—x2 r=r dlag('yl,...,%)Ediag(Omk,Fg,Ink), Ty positive definite,
where the singular values 0, 1 < j <k, of S in »=%®) are arranged as follows,
(83) l=01=--=0m, > Om+1 = " > Omptly > Omptl+1 = - = 0 = 0.

These singular vectors of Sy combine with (4.4) to reveal key properties of Vj:

(84) QMp— {Skp]: Wi | WS, [0 ] [wa|wan|o
VT VTSP Vi (P Vi (Pa=Was) [V | T | 0 [Tl [T |

(8.5)

Q(k)H[W]:{ Siw ]: Py | PyYo | 0 Pi|Py%5| 0
0 Vi (I, — Si)EW Vk(Wl—Pl)‘V (Wo—P,335) ‘VkWS ‘VZFZ ‘V?)

where [Vz, V3] and [V, V3] are defined in the following theorem. The first equality in
each of (8.4) and (8.5) follows from the structure of Q®), and the second by applying
(8.1). But the columns in each expression are orthonormal, glvmg the structure in
the fourth expressions. Because T'y > 0, each of [Va, V3], [Va, V5] has orthonormal
columns that span Range(V}). This structure is used to prove the following theorem.
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THEOREM 8.2 (Range & null space of Vi, [34, Theorem 4.2]). With the notation
in Theorem 4.1 and Deﬁmtzon 8.1, define Vy & Vk(PQ—WQEg)FQ_ , V3 2 V. Ps, V2
Vie(Wa— PoXo)T'y L and V3 2 ViWs. Let the columns of Vo comprise an orthonormal
basis of Range(Vy)*. Then defining V! ):[Vo, Vg,Vg] and V(k)é[vo, Vz,Vg],

(8.6) Range(Vi,)=Range([Va, V3]) = Range([Va, V3]) L Range(Vo), rank(Vi)=k—m,
(8.7) N(V}) = Range(P,—W,), P —W; € e CkXme rank(Py— W) =my,
(8.8) VR =V 2 [V, Vo, VBl e UM, VR =V A& [V, Va, V3] € UM,
(8.9) Q%) = Vo, Vol diag(Ln— (k) —52) Vo, Vo] = VoV — Vaa Vi,

where this last can be seen by substituting the SVDs (8.1) and (8.10) in QW) and
using the CS-Decomposition (CSD, see [5, 38], or for example [8, §2.5.4]) of Q). O

Range(‘N/g(k)) in (8.4) and (8.8) is crucial for the analysis: we will later show that
if an eigenvector of A lies in Range(VS(k)) then it is available at step k of the process.

Remark 8.1. In Definition 8.1 it can be seen that W and P, are arbitrary up to
a right orthogonal transformation Wi Pl = (W1 Z)(P1Z)H, Z € U™>™x while Py
and W3 are each arbitrary up to individual right orthogonal transformations. ]

Theorem 8.2, with (8.4) and (8.5), gives expansions for Qg and Q(k)H
(8.10) QW =v5,(1—8,)=ValL PH+VsPE QW (I—-8,) =TT oWH+ VW,
while (4.5) can be expanded using (8.5) to give a new expression for sj41

Ski1 = W(k)W(k)H(I . Sk)VkHka —w® [0, %(k)rék)7 ‘73(19)]H,Uk+1
(8.11) = Wék)rgk)%(k)Hvkﬂ + W?Sk)f/:a(k)Hkav Wfk)HSkﬂ = 0.
Section 9 discusses non-generic cases of the Lanczos process, while sections 10,
11, and 12 prove convergence and consider rate of convergence. Because sections 10,
11, and 12 are lengthy and difficult, some readers might want to skip from here to

section 13 on a first reading to see the important results that follow when Q22 =0,
i.e., that the Lanczos process makes available backward stable solutions.

9. Early termination of the exact Lanczos process. For k£ < £ in section 1,
the exact Lanczos process (1.1)—(1.2) gives for Q%) and Q*+1) in (4.4)

k k
(k) = 11 12 | kH
©.1) o 7Q()‘ ()70‘ v |
QW] W[ L-viv
(k+1) (k+1)H

_ k) H _ k) _
= Q3 — Vk+1Vk415 21 = [Q21 ,Ukt1] = 12 )

k+1
Q%

so that U]C+1UI€I+1 is taken from Qé’;) while vg11 is added to Q(Qﬁ) and Q§’;)H.
The vectors vy, ..., v, k < £, of the process on A span the Krylov subspace

(9.2) Ki(A,v1) 2 span{vy, Avy, ..., A¥"1v;} = Range(V}),
where the Lanczos process can stop with 8,11 =0, £ < n. If A has the eigensystem

(9.3) AX=XA, XHX=1I, X=lz,...,2,], A=diag(\i,...,\n),
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and viz; =0 then x; L K1(A,v;) for all k, and cannot be found by the process, giving
(9.4) xf{Qéﬁ) =0, xf{Qg;) =z xf{Qg;)ka =y, 1 =0, for all k,

k _
so that QéQ) can never be zero. These v{x; =0 can occur for two distinct reasons:

Item 1. The original v; might be such that vffx; =0 when )\; is a singleton.

Item 2. If A has multiple eigenvalues the ideal Lanczos process will stop with £ no
greater than the number of distinct eigenvalues of A. Suppose A\; = Ao = A3
with Xy 2 [x1, 22, 23]. Then Xj is arbitrary up to multiplication on the right
by a unitary matrix, and could theoretically be altered to be X 12 [#1, %2, 23]
where v X; = [¢1,0,0], so that vF2; =0 for i=2,3.

These possibilities are pertinent to our analysis. Example 6.1 tested Item 1,
and found that the eigenvectors orthogonal to v, were quite quickly introduced by
rounding errors. However we cannot analyse this, or assume this will always happen,
so we need v z;| > 0 to prove convergence of distinct eigenvalues \; of A.

Remark 9.1. For Item 2, computed ||Qg’;)|| r tends to stabilize at a significant
nonzero value if A has multiple eigenvalues. 0

In the Lanczos process with vy 2 b/81, B1 2 ||b||2, neither case of £ < n limits
solving Az =b, nonsingular A=A, Take x=V,z where AV, =V,T, and Tyz=e1 ;.

10. Preliminaries for convergence theory. Our proof of convergence in sec-
tion 12 for an eigenvector z; of A is based on showing that V3(k) develops so that
x; £ Range(Vg(k)), or equivalently, see (10.7) below, that xf{Qg;) ~ 0.

The Lanczos process (7.2) gives, see (4.4), (6.2), and Theorem 5.1 for H;; = Hi(]l.c),

(10.1) (Tx + H11)Sk + H12Q21 = SkTy + sp11Bk1161
(10.2) (A + Ho2)Q21 + H21Sk = Qa1 Tk + Qo2vk41Bk16t
where ng Vk+1 is then appended to Q " to give Q(k+1) [ (2];), Qg;)vlﬂ_l], see (6.3),

while Q22 vk+1vk+1 is subtracted from Q22) to give Q(kH = Qgg)’PkJrh see (6.5).

Now ||Q22 |% decreases by ||Q22 vt1]|3 each step, see (6.7), where with (9.3)

k n k
(10.3) Q% vr1]3 = 1IXH QS v 12 = S0 |2 Q% v ]2,

and we now show that |mf{Q§]§)vk+1|2 is also the amount that folQéﬁ)H% increases
and ||a:f{Qg;)||% decreases each step. Using (6.3) and (6.6),

(k+1) k) Ak k k
(10.4) [l Q513 = (@5, Qb onsal I3 = It QAT + I Q35 v,
(k+1) k k
(105) o/ Qi VI = 4 Q21 — It QL5 vk
so that |z Q22 v41]? contributes to the decrease in both ||acHQ2 )||2 and ||Q22 [%.
The proof of convergence in section 12 shows that ||.TiHQ22 ll2 N\« 0 based on (10.5).

In (12.10) we derive a lower bound on \xf{Qg;)karﬂ to assess the rate of decrease.
If eventually ||acf{Qg§)||% = 0, then from (4.4), Theorem 8.2, and (8.10),

k k
(10.6) 1 =[lz7[Q%), QW12 = =FQ% |12 + l+FQ%) |12,
(10.7) Q(k) 0@HQCHQ(k)HQ:l(:)xieRange(V?,( )@Qé’i)HxieRange(Pg(k)),
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W__»

where these results hold when is replaced by “~” throughout this paragraph.

Fortunately, the desirable subspace Range(‘N/S(k)) never decreases.

LEMMA 10.1. For ‘Zs(k) in Theorem 8.2 Range(f/?,(k)) - Range(V(kH))

Proof. From (8.8)—(8.9) we see that Range(f/:s(k)) =N( g;)H) see also [34, (6.4)].
But Q(’H_l) (k)(kakaka) in (6.5), so that Range(V(k ) C Range(V(kH)) d

If z; § Range(Vg( )) we now show that the eigenpair {\;, z;} of A is essentially
available from all k& > m steps of the Lanczos process. We give the proof assuming
z; § Range(ffg(m)). A proof with the more precise x; € Range(‘w/?,(m)) follows trivially.

THEOREM 10.2. For the Lanczos process (1.1) applied to A resulting in (7.2)
with Theorem 4.1 and Definition 8.1, consider the eigensystems (3.1) and (9.3). Let
X; €U such that AX; =X;A; denote j columns of X where X; § Range(f/:;(m)),
see Theorem 8.2. For k > m define }7j E}N/j(k)g Qgi)HXj, 1735‘73(16) éVkP?Ek), then

(10.8) Y; 2 QWX ~ PPVHX, € Range(PL >), Y; e UM S.Y; ~ 0,
(10.9) X, ~Vi¥; ~ Q21 Y POy QWX ~0, YHVEWVY, ~ T
(10.10) [Tk (W HS + SEH{S Vs PY; ~ YjA]» VY, ~ I, Brel¥; =0,

so for k>m, {A;, %(k)} are j converged backward stable eigenpairs of Ty,.

1t follows from this that A; and X; ~ ka’j(k) are essentially available from the
Lanczos process, where {A;, ka/j(k)} are j backward stable eigenpairs of A.

Pmof From Lemma 10.1 X Range(V(m)) = X; £ Range(v(k)) for all k£ > m.

Now Y 2 QEX; P3V3HX from (8. 10) so Y, Range(Pg) and SkY ~ 0 from
(8.1). But then V3HX P3 YJ, and X Vg,V3 Xj V3P3 Y] Vi Py PH YJ VkY
Also Q1Y = Vi(I — Sk)Y ~ ViY; ~ X;, while QI X; ~ 0 from (8.8)(8.9), where
VkY X; € U™ and YHY XHV3V3 ; ~ I; completes (10.8) and (10.9). Next
applying XJH to the left of (10.2) and replacing XjHQm by ?JH gives with (10.9)

MY+ X (HooQor o+ HonS4) # VI Te, E® 2(Q5)Hyy) + S{HY),
(10.11) Y;A; = T.Y; — EM X, ~ [T}, — E® V3P

Therefore from Remark 3.7 {A;, j} are backward stable eigenpairs of Tj. Finally,
multiplying (7.2) on the right by Y; gives with (7.3), (10.8), (10.9), and (10.11),

Ty O ) \| 0 0 = (k) (k+1)
({O A}+H Xj X, A; -I-Q ME Xj+q 5k+1€k

so with AX; = X;A;, E® =~ 0, Q} KHQW) — I, and Hq(k“)Hg = 1, this shows that
ﬁk+1ekY ~ 0, completlng (10.10) and showmg that {A],Y} are converged back-
ward stable eigenpairs of Tj. Then AVY ~AX; = XA = VkYA which with
Y’jH Vv Vk?j ~ I; and Remark 3.7 proves backward stability of {A;, Vk}N’j(k)} for A. O

If an eigenpair {ug ,yj(k)} of Ty has converged then in the exact case of (1.2)

AkaJ(,k) = ka§k)u(k), and {u§k), ka§k)} is a backward stable eigenpair for A. The
computational Lanczos process modelled by (7.2) parallels this very nicely:
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COROLLARY 1() 3. With Ay in (5.1), if V(k) in Theorem 8.2 has developed s0
that x; ,’iRange(V3 ) for some eigenvector x; of A, ij = ;)\, then y]( A6221
satisfies Tky( ) ~ k))\ with ﬁk+1ek y( )~ 0, ||yj ||2 ~ 1, and Skyj(k) ~ 0. Thus

multiplying (7.2) on the right by j y]. gives

(k) ~(k) o (k) ~(k)y (k) (k) Sk ~(k) 0 (k) ~(k) | _
Ale yj "“Ql yj )‘,77 j |:Vk(I Sk):| N[ng](k):|7 ”Ql yj ||2N1-

Proof. Because x; SRange(‘N/g(k)), all these results follow immediately from The-
orem 10.2. Note how this parallels the ideal case, with A instead of A. O

11. Converged eigenpairs. The next definition arises from Theorem 10.2.

DEFINITION 11.1. For the Lanczos process described in Corollary 7.1 the eigen-
pair {\;,x;} of A has converged (really: “been converged to”) if x; & Range(Vg(k)),

We now examine what converged eigenpairs of T), mean for eigenpairs of A. For

converged {,ul(-k), ygk)} of Ty, multiplying (10.1) and (10.2) on the right by y(k):

K3

(111) T y(k) (k)'ugk)’ ||yz(k)|| = a TkSky( S S y(k) ( )7 ﬁk+ egyz(k)% 07
(11.2)  AQWY™ = AV (T — Sy ~ Vi1 — i)y = QL ®) ™),

’L
DEFINITION 11.2. A group of essentially equal eigenvalues of M = MY is “suf-
ficiently separated” if they are separated by & from their neighbours where § is large
enough so that if My ~ yu, yfy = 1, with p essentially in this group, then we must
have y & “the invariant subspace for this group”. This requires O(e)||M|/d =~ 0, see,
g-, [8, §8.1.3], so this is a strong restriction on §, but for Ty, we remove it later.

In the next theorem it should not be confusing if we use the same notation Y; for
the original Y; and Y; transformed from the right by some unitary transformation.

THEOREM 11.3. With (3.1) and the background and results of Corollary 7.1,

suppose that ,u( PCINNPS pgk) are sufficiently separated from the other eigenvalues of
Ty and are com;erged so that (11.1) and (11.2) hold for i = 1:t. Then there exists

a right unitary transformation of Y; 2 [ygk), - ,yt(k)] and a (t—1) x (t—1) upper

triangular R = {p;;} = [r1,...,7t—1] with nonnegative diagonal elements such that
0 R H
(11.3) SpYy ~ tlo o Yy =1, Spy1=0, Spy2=yip11, 0<pin <1,

(114) AVigy = Vil ), 1~ PSPy Vi = VPO Ty Vil ~ 1,
where {ugk), Vieyr } is a backward stable eigenpair of A. Next with Yax 2 [y2, Y3, - - -, Yt]

(115)  AQPY, ~ QWviM,, M, & diag(ul®, ..., 1), YHQPHQPY, =1,

T, 0O (k) Sk 0 Y;1R
11.6 ~ Y, = Y, ~
L6 A {0 A]’ @Y [Vk(I_Sk) FE Vi | Ve(Yau =Y R) |

(1L7) (Viy) "Vigirr = (Viy)) "ViYeoirs, 12 |rll3 4+ 1Vi (g1 — Yaeari) |13,
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fori=1:t—1. In particular (11.4) with (11.7) for i=1 gives

(11.8)  Vayillz=1, (Viy))™Viyemp11, 1aph+|[Viyel3+031—2071, [Viyzll2~1.

Proof. Because T}, essentially has a t-dimensional invariant subspace correspond-
ing to Mgk) RS ,ugk), from (11.1) we must have S;Y; € Range(Y:). Therefore
for any right unitary transformation of Y; there exists B = {f;;} € C'** such that
SrY: = Y;B. We can take B to be upper triangular via the Schur decomposition,
giving Sgy1 & y1511 so that 511 =~ 0 because S has all eigenvalues 0. Next B can
be unitarily transformed from the left with ¢—1 rotations to strictly upper triangu-
lar form with real nonnegative next to diagonal elements p;;, giving upper triangular
R={pi;} =[r1,...,r—1]in (11.3). This with (11.2), Definition 8.1, and Theorem 8.2
gives (11.4), where from Remark 3.7 {,ugk), Viy1} is a backward stable eigenpair of A.

Combining (11.3) with Corollary 7.1 gives (11.5) and (11.6), while the orthonor-
mality of the columns of ng)Y} in (11.6) gives (11.7), and (11.8) follows. O

If one or more essentially equal eigenvalues of T}, have converged, then (11.4) shows
that there is at least one backward stable eigenpair {;A’“), Viy1} of A, with Vg1 §

Range(f/g(k)), the requirement for convergence of an eigenvector of A in Theorem 10.2.
But we have not found a proof of convergence based on such converged eigenpairs of
Ty.. However there are fascinating results for repeated eigenvalues of Tj.

COROLLARY 11.4 (Repeated eigenvalues). With the background and results of
Theorem 11.3 if /,Lgk)% .- ngk) are repeats of ugk), so there is only one eigenvector
of A corresponding to these t converged eigenvalues of Ty, then in (11.6)

(k)y Sk 0 Yy N A0 Tt

(11.10)  Spy1~0;  Swpyj~yj—1, Viy; = Viyi, §=2:t; Yaou 2 [y2,..., 0,
(11.11) 4 gRange(P?fk)), Vi gRange(Vg(k)), ||ka§k)||2%17 B:tSRange(Pl(k)),

and the {,ug-k), V;cyj(-k)} are essentially identical backward stable eigenpairs for the one
eigenpair of A.

Proof. Because there is only one eigenvector of A for these ¢ eigenvectors of Ty,
and [|[Viy1]l2 =~ 1, there exist scalars (j, j=1:t—1in (11.6) such that ng)yj+1 gives

(11.12) Vi1 G =~ Viyj1—ViYeoary, j=Lit=1 Viyi(G + p11) = Viye.

With (11.8) this last gives {3 ~ 0, p11 = 1, r1 = e1, Viy1 = Viys. Since it is true for
i =1, suppose that ¢; = 0 and r; = ¢; in (11.12) for i=1:5—1<t—1, then in (11.6)

0
Viyr

Y, 1
0

Y ar;

( ) kY1 kY2 kYj Q1 j+1 Vk(yj+1—Y}_17‘j)

where orthonormality gives r; =~ e;p;; and so (11.12) gives Viy1 ({5 + pjj) = Viyjt1-
But then from (11.7), (11.8), (11.13) (Viy1)" Viyj+1~ (Viy1) ¥ Viyjpi; = pj; > 0 and

G0, 1=p5; = Vi (yirr—vioi) 3= IViyisal3—03,, IVigiarlla=l, pj;~1,

so that Viyj+1 = Viy1. Therefore (; = 0, r; = e;, and Viyj41 = Viyy for j=1:t-1,
proving (11.9) and (11.10). From (11.10) ||Sky;ll2 = [lyj—1ll2 = 1, so (11.11) follows
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from Definition 8.1 and Theorem 8.2. The backward stability follows from (11.4),
(11.13), and Remark 3.7. The results hold for t=1, except then there is no Y5,;. 0O

Remark 11.1. When there are repeats, (11.10) shows that yi,...,y; essentially
form the start of a Jordan chain of principal vectors of Sk, see, e.g., [42, §39, pp.42-3].
Therefore if there is a mix of different repeats and non-repeats in a converged group
of close eigenvalues ugk) SRR ,ugk) of T}, in theory there is a unitary transformation
of Y; that will group each chain in its correct order, leading to Jordan blocks of
the form shown in (11.9), so that we do not require “sufficient separation” to split
all the converged eigenvectors into their respective blocks. Each block starts with a
y; £ Range(Ps piF )) followed by its repeats, if any, in Range(P( )) see (11.11). It follows
that a converged eigenpair {,U,J ,y(k)} of Ty in (7.2) has p; (k) essentially an eigenvalue
of A, and it is either first converged, see Remark 3.6, w1th Y; (k) ¢ Range(Pé )) or it is
a repeat with yj( ),’i Range(Pl( ))7 and in each case {,uj , kaj )} is a backward stable
eigenpair for A with ||ka(k) ll2 =~ 1. |

DEFINITION 11.5. As soon as an eigenvalue u n {uik), yjk)} of Ty, has ﬁrst con-

verged to an eigenvalue \; in {A;, x;} of A, we define {u(k) ka } with HkaJ l2~=1
as our approximation to {\;,z;}, so that this common pmctlce 18 tdeal.

To complete this section we show that if there are no repeats in u; ~ -+ ~ p; in
Theorem 11.3 then there is a Y; giving V,Y; € U™*t.
COROLLARY 11.6 (Unrelated eigenvalues). With the background and results of

Theorem 11.3 if none of u;k)%o . ~%,u§k) are repeats, so there are exactly t converged
eigenvectors of A corresponding to these t eigenvalues of Ty, then in (11.6) R~0 and

(11.14)  YHAY, =1,, Y, € Range(P{"), ViY; € Range(Vi\™), VoY U™,

S, 0 ... 0
11.15)  S.Y;~0 (k)y, —
( ) R0, Q7Y [ Vie(I— S)] [kal kaj’

where each {,u] ,ka] )} s a backward stable eigenpair of A.

Proof. There are no repeats, so {,uj ,yj(- )

from Remark 11.1 Y; § Range(Pg(k)), so Y ~ P?Ek)Zt for some Z; € U™*t, This gives
V.Y =~ VkPék)Zt = VB(k)Zt € U™*t, completing (11.14). But ¥; § Range(Pék)) =
SkY: = 0, see Definition 8.1, proving (11.15). Multiplying (10.2) on the right by Y;
and using (11.14)—(11.15) with Remark 3.7 proves the backward stability. O

The fact that the ||[V4y;|2 &~ 1 in Corollaries 11.4, 11.6, improves on Remark 3.5.

}, j=1:t, are all first converged, and

12. Convergence of the finite precision Lanczos process. Here we ex-
amine convergence and rate of convergence of the Lanczos process in the sense of
Definition 11.1. We do this for each eigenvalue A\; of A with z; represented in ;.

LEMMA 12.1. For the Lanczos process (1.1) applied to A with initial unit-length
vector vy resulting in (7.2) with (4.4), consider the eigensystem (9.3). If |#fv;| >0
then HleQé’i)ng ||fogll)||2:|xfIv1| >0 and HxHQ (k) ||2 will increase, and ||acHQék)H%
decrease, strictly monotonically by |xf{Q( vry1]? each step unless :nHQ22 V41 =0.

Proof. Because lel)el =y, if [zfv;| > 0, we see that ||a:f{Q211)H2 = |zHv] > 0.
Then (10.4)-(10.5) show that ||z Q|2 will increase and [z Q%2 decrease by
|xf{Qg§)vk+1|2 each step unless :Uf{Qég)ka =0. O
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We want to prove that HxHQ(k) 12 N\, 0 for each relevant eigenvector z; of A, so
from Lemma 12.1 we need to understand what xf@é’é)vkﬂ =0 implies. If AX; =
X;\;, maximizing ||I~/3(k)HxZ||2 < 1, the length of the projection of x; on Range(f/g(k))
over x; € Range(X;), ||;|l2 = 1, maximizes ||xHQ )H2 and minimizes ||xHQ(k)H2.

THEOREM 12.2. Assume the conditions in Lemma 12.1, where for each essentially
multiple eigenvalue \; of A with AX; =~ X;\; we take a single eigenvector x; €

Range(X;), xfx;=1, that mazimizes ||V, v zill2 < 1. If |[zFv1| >0 then
(12.1) Qv ~ 0 = Tu(@e)"m) = (@5 "e)his Q5 aill2 > [affin | >0.

This shows that X\; is essentially an eigem)alue of Ty, but does not prove that it is a
converged eigenvalue of Ty,. If x; QQQ vjt1 =0 for j=k,k+1 then

(12.2) T@W2) ~ Qe N,  Brprel QW) ~ 0,
(12.3) (k) T § Range(ngk)), ||Q2§)Hxi||2 ~1, =z § Range(f/g(k)), Q22 ~ 0,

so that {\;, Qéﬁ)Hxi} s a converged backward stable eigenpair of Ty,. Then x; has been
converged to, and \; and x; are essentially available from the Lanczos process.

Proof. Lemma 12.1 and multiplying (10.2) on the left by z gives (12.1), since
(124) i .THQ21 + x; (H22Q21 + H21Sk) =x; Q Tk + :Eng;)Uk_Hﬂk_Heg.
Now suppose that a:{{Qg)ij ~0 for j = k,k + 1. Then from (6.3) and (12.4)

k41 k k k
2HQIY = 2P QN 2 Q% v ] ~ 21 QSY, 0],
P\z f{ +1)Jr (H(k+1)Q(k+1)+H(k+1)Sk+1)]ek+1 ~ xHQ(kH)TkHGkH
~ T (H2(5+1)Q k+1)+ H(k+ )Sk+1)€k+1 ~ T Q21 exBry1 ~ 0,

which with (12.1) proves (12.2). Now Q¥ z; = (P2F2‘72H + P3‘~/3H)mi L Range(Py)
from (8.2) and (8.10), so from Remark 11.1 the converged eigenvector Q% x; of T} in

(12.2) cannot be a repeat and must be first converged satisfying Q% z; £ Range(Pék))
as desired in (12.3), see also (11.4). Therefore we have from (8.10) with (12.1)

(125) Q4w ~ PPV QN e 2 VPV e, IV 2> 0.
Multiplying (10.2) on the right by Qgi)Hxl and using (12.2) and (12.5) gives
(12.6) AV~ VRV N, VRV > 0.

Suppose there are ¢ > 1 eigenvalues of A essentially equal to \; that are sufficiently
separated from the rest, see Definition 11.2, so that AX; ~ X;\;, X; € U™*!. It then

follows from (12.6) that 3z € C" such that X z R V(k)V(k)H € Range(V k)) But by
definition z;, ||z;||2 = 1, maximizes ||V3 H2ill2 < 1 over z; € Range(X;). Therefore
x; £ Range(vg(k)), so that (12.3) follows from (8.8)—(8.9). Since z; £ Range(Vg( )) it
follows from Theorem 10.2 that x; has been converged to, and \; and z; are essentially
available from the Lanczos process.
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This is what we want, because we need only prove that at least one eigenvector
x; € Range(X;) with |[zHv;|>0 will converge, see Item 2 in section 9. d

The next theorem proves that the Lanczos process obtains first convergences.

THEOREM 12.3. Assume the conditions, and the choice of eigenvector for any
essentially multiple eigenvalue, in Theorem 12.2. Then the computational Lanczos
process modelled in (7.2)—(7.3) eventually makes available backward stable approwxi-
mations to every such eigenpair {\;,z;} of A for which |xfv1|>0. If A has distinct
eigenvalues and |zfvi| >0, i =1:n, then HQ(QIS)H% decreases monotonically until
Q(Qg) ~ 0, when all the eigenvalues of A will have been satisfactorily approximated by
n eigenvalues of Ty, ensuring 173(]6) € U™ and with the notation in Definition 8.1
and Theorem 8.2, %(k), ‘72(k), %(k), Pz(k), and WQ(k) are nonexistent, while

(12.7) VR ey QB o, p®=[p® pP] QW =yFp*H

Proof. Theorem 12.2 shows that for any such eigenvector z; of A with |zHv|>
0, two consecutive steps with wf{Qg;)ka ~ 0 imply that xf{Qé’;) ~ 0, see (12.3).
Therefore from Lemma 12.1 we see that ||zZ Qé’;)HQ must decrease at least every
second step until it is essentially zero, giving z; £ Range(f/;k)), see (12.3). Then
from Theorem 10.2 backward stable approximations to A; and z; are available.

If A has n distinct eigenvalues each with |z v;| > 0, then it necessarily follows
that | XHQW || = |Q%)||; decreases until every eigenvector a; of A has been found
and satisfies z; € Range(f/g(k)). But this implies that X £ Range(f/;k)) in (9.3), so
that 173(@ € U™, This with Theorem 8.2 and Definition 8.1 shows that n; = n,
‘70(1@)7 172(k), ‘72(k), Pz(k), and Wz(k) do not exist, so that Qg;) =0and P*) = [Pl(k), P?fk)].
Then (8.10) completes (12.7). 0

12.1. Rate of convergence. We assume (i1 > 0 and use two measures of
eigenvalue separation. Define 51(’];) for i=1:n and eg-i-) for j=1:k via (3.1) and (9.3):

k k . k k . k
(12.8) o5 2 n—p”1 2 min NPl ) 2 =12 min (A -,
To depict how {\;, z;} is converged to, multiply (12.4) on the right by ¥ in (3.1):
(12.9) ;L‘g{QmY()\iIk—M) = [meggkarlBkJrlef—mf](HmSk—i-Hgngﬂ Y7 1=1:n.

Either 61(? = 0 here, or (A\;I,— M) is nonsingular, in which case

QoY = [l’fIvakHﬂkHe{—xf{(H215k+H22Q21)] Y (Nilg—M)™,
27 Q1Y |2 < || [#FQ22vk41Brr1et — 2l (Ha1Sk+H2Qa1)] Y||2 /51(13)

Either way we get a lower bound on the residual |aczHQgg)vk+1|ﬁk+1 in (12.4)

(12.10) |2 Q% vns1|Bir1 = 2 QS 11268 — |l (HSY Sk + Hiy QS -
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Similarly, multiplying (10.2) on the right by y](“ in Tkyﬁk) = y](k)u;-k) gives (12.11).
Then multiplying this on the left by X gives a useful lower bound. For j=1:k,

(12.11) (A+ Hgg)leyJ(-k) + H215ky§k) = Q21y§k)ﬂgk)+ Q22vk+1ﬂk+lezy§k)7
(A—M§k)fn)XHQ21y§k) =x" [Q22Uk+15k+1€;€y§k) — (H215% +H22Q21)y§k)} :
k k k k k k k k k
(1212) Q% ves1ll2Brs1ledy” > QL 5 (126" — |(HS Sk+ HS Q5 )y .

We saw in Theorem 10.2 that if ‘7}3(16) has developed so that x; £ Range(‘%(k)),
then z; has been accurately approximated by the Lanczos process, where from (8.8)—
(8.10) [|27QSY |l ~ 1 and QS ~0. So although initially [+ Q%[> > |z/vi| in
(12.10) could be small, it will essentially equal one by the time z; £ Range(Vg(k)).

Until the first eigenpair converges we will have S; =~ 0, and since from (4.4)

k k) (k L k) (k . .
1555113 + 18413 = 1, this gives Q513 ~ 1 in (12.12). Note with (8.10)
that Qé’i)yyc): (Voo PH + ‘@,P?f{)y](-k), where all first converged y'*) € Range(P?Ek)),
see Remark 11.1, giving ||Qgi)y§k) l2 & 1 for these in (12.12), while y§k) IS Range(Pl(k))

(k)”2

for all repeats, giving ||Qgi)y] ~ 0 for such repeats.

Initially ||Qg;)||§J decreases and ||Qg;)||% increases by about 1 per step until the
first eigenpair of A converges, see Remark 3.4, but after that (12.10) and (12.12) can
give insight on such changes. Until then, Qé’i)H g’i) ~ VHEV, ~ I

After that, we need bounds on how ||xf@é§) [l2 0. First, (12.10) shows that

k k k k k k
2 Q8 k1| > (27 QS (1268 — |2 (B S) + HEY QS)12)/ B,

where 0 < Bg11 < ||A]|2. Thus because 0 < |zHv;| < ||a:f{Qé§)||2 1, see Lemma 12.1

and (10.4), if there are no ugk) close to A;, see (12.8), |asiHQé§)vk+1\ will be significant,

and cause a significant decrease in fo{Q(Qg) |l2, see (10.5).

Alternatively, it can be seen from (12.4) that |xiHQ(2];)vk+1|6k+1 is essentially the
norm of the residual when taking {\;, Q¥ z;} as an approximate eigenpair of T}, and
so the larger this residual, the larger the decrease |z Qgg)vk+1|2 in ||zH Qé’;)H% will
tend to be. So usually convergence will be good, however not always, as we now argue.

Remark 12.1. The bound (12.10) gives a possible explanation for the slowness
seen in Example 6.1. When \; is one of a group of very close eigenvalues of A,
55’? can be small, not because of the closeness of the ug.k) of T}, that will eventually
converge to \;, but because of the closeness of \; to other eigenvalues of T}, that have
already converged to close neighbours of A;. Small (51(? might allow |z Qég)vk+1| to
be unusually small, slowing the convergence to A;. This dependence on closeness of
eigenvalues would make it difficult, or impossible, to predict the rate of convergence
in general, so the best we can do here is to prove the convergence as in Theorem 12.3,

and indicate the possible rates of convergence as in (12.10) and (12.12). ad

Another approach is to notice from (12.11) that Qé’;)vk+1ﬂk+1e,’£y§-k)

is essentially
the residual when taking {pg-k), Qg’i)yﬁ-k)} as an approximate eigenpair of A. This is
bounded in (12.12), where if ug.k) has first converged to some eigenvalue of A, then
Q(Qﬁ)yyc)% kaﬁk) and \|Q(2]i)y§k)||2z1, see Corollary 10.3. We see from (12.12) that if

ugk) is not close to any eigenvalue of A, then the decrease HQ%IS)U;CHH% in ||Qé]§)||%,
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see (6.7), will be significant. But as in Remark 12.1 the rate of decrease could be slow
if u§k> was converging to an eigenvalue in a group of close eigenvalues of A.

13. Accuracy of the Lanczos process for the eigenproblem when Qgg):O.
Theorem 12.3 showed that when A has distinct eigenvalues and |zv;| > 0, i=1:n,

then HQgZ) |% decreases until Qgg) = 0. Here we give some new results and repeat some
of those in sections 10 to 12, because Qgg) = 0 quickly leads to very clean results.

In Theorem 12.3 Vi e U m = Q%) = 0, Q) = V{FpWH pt) — [p®) p{h],
From Remark 8.1 and (8.10) we can choose P?fk) = ]Sg(k) so that for this ~3(k) e g,

(13.1) v = v, PP =1, &) = V(I — Sp) = VW pWH— pRIH

It then follows from (8.1) and (8.11) that S, = WWPWH o = WP TR,
while from (6.2) vgy1 —ViSgr1 = Qé’;)ka =0, so (7.2)—(7.3) give at step k

T, 0O Hyy Hpp WPl WP W3‘73Hvk+1 T
o ([ Sl )PP [

From the bottom row we use P = [Py, ﬁ3] € UF** to derive the following results:

(A+Hyo)PF = PET, — HyyW, P, PHT, P = Hy Wi,
T} Ps = 153(A+ Hyp) + PW{HHy,,  (A4+-Ho) = (ﬁgHTkﬁs),

(13.3) (T, — PLW Hyy PP Py = Py(A + Hyy),
PIT P W Hyo | [PHT P W Hy,
H21W1 Pg{Tkpg H21W1 A+H22

TP, = PPPT,P, = Py (PFT,Py) + P3Ho Wi,
(13.5) (Ty — PsHyu Wy PP, = Py (PHT,Py).

~
~

(13.4) PHT,P= [

PHTLP| 0
0 [A+Hxn|

Because Hy1 W1 & 0 in (13.4), the eigenvalues of T}, can be split into two groups,
the n that are essentially the eigenvalues of ﬁdH Tkﬁg = A+ Hyy, and the k — n that
are essentially the eigenvalues of P Ty P;. The eigenvalues of ﬁdH Ty, 163 are exactly all
of the eigenvalues of A+ Hss, but also essentially n of the eigenvalues of T}.

With (13.1), (6.3) with Q%% = 0 gives

(13.6) PO _ oikth) — [ (k) 0} = [ﬁgfk’H 0} :

so for j >k the matrix of eigenvectors }535] ) in (13.3) is not meaningfully changed from
ﬁ?fk), while the eigenvalues of ﬁ?fj )HTjﬁ?Ej )= A—l—HQ(é) are essentially the same.

It seems that the roles of A and T}, have been reversed in (13.3), but on completion
of the exact case we have AV, = V,T; for some ¢ < n, where this can also be written
Ty Zy = ZyA with Z, 2 V| so that this “completed” finite precision case (13.3) in
some sense parallels the exact completed case.

The next development might seem strange because we are showing what is avail-
able from the Lanczos process, not how to compute it. Consider the eigensystem
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of (A+ Ha): (A+H22))? = XA where Aédiag(j\l, . ,S\n) and X € U™X". Define
Y & P,X € UM then from (13.3) with T}, 2 Tj,— PLWHH 2 PH and Vi, P; = I,,,

(13.7)  TpY = Tp PsX = P3(A+ Hy»)X = P XA = YA,
(13.8) (A4 Hp)X = XA, V¥ =ViPsX =X, (A+ Hy)VY = VYA,

Therefore, for the computed T}, once Qg’;) = 0, n backward stable eigenpairs A and Y
of T}, lead to a backward stable eigendecomposition of A. This has a parallel format
to the computational solution, where ¥ and A would be computed from T}, and then
VY formed to give the eigenvector matrix X.

So when Qgg) = 0, a complete backward stable eigendecomposition of A is available
from the computational Lanczos process.

In (13.3) and (13.5) we essentially have two eigensubspaces of T, Range(Pl(k))
and Range(ﬁg(k)) where P(*) = [Pl(k), ﬁék)] € U***. The n first converged eigenvectors
of T}, essentially lie in Range(]g?fk))7 see Remark 11.1, while all the others including
the converged repeats essentially lie in Range(Pl(k)).

All converged eigenvalues of T} are essentially eigenvalues of A, see Remark 3.3.
It follows that the eigenvalues of P T} P, that have converged, see (13.4) and (13.5),
must essentially be repeats of those of §3H Tk.ﬁg, i.e., superfluous, but not misleading.

14. Accuracy of the Lanczos process for solving systems of equations.
For solving linear systems Az = b with Hermitian positive definite A, in theory the
method of Conjugate Gradients (CG) [15] is equivalent to taking v1 (3, =b, viv; =1,
and computing approximations xy =V} 2, where Tjz;, =e1 51 with T}, and Vj41 coming
from the Lanczos process AV, = Vi, T} + vk+1ﬁk+1e£. This gives the residual

(141) TLk é b*AIk = b*AVka = bkaTkzkka_,_lﬂk_,_legzk :ka+1ﬂk+1e£zk,

and in theory this is zero no later than the n-th step. In practice we would stop if,
e.9- Imlle = Brrilel 2l < O Allslaellz + [bl]2), or earlier.

The above version is all we need here, but note that instead of solving Ty zi =
e1 31 explicitly, the computational method defines y;, £ L;‘gzh thereby allowing it to
sequentially factorize T}, carry out two forward solves, and form zj in the sequence

(14.2) Ty =LyLf, LiCH =V, Ly =e1B1, o= Cryr (= Vi, 'e1),

where Ly, is lower bidiagonal. We call this the “Lanczos-CG” method. For it to be
certain of working in practice we require Ty, to be positive definite. Theorem 17.1 in the
Appendix shows that for a good finite precision implementation of the Lanczos process
such as (1.1) the eigenvalues of T} essentially lie between the extreme eigenvalues of
A, so that Ty will be positive definite if A is sufficiently positive definite.

Assuming Qé’? = 0, we give an analysis of the Lanczos process for use in solving
Azx = b, A = A, whether A is positive definite or not. From (13.1), (13.2), and (4.2)

(14.3) Pyvy = (I=Sp) "V oy = (I=8p) " (I+ U+ U er = (I=Sp) " (T+ U er =er.
At step k let Zj be the solution of

(144) (A + HQQ)LZ']C =b= UIBL
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Multiply (13.3) on the right by Zj, define z;, 2 ]Sgik, and use Pyv; = e from (14.3)
and V3 =V, P3 = I, from (13.1), to give

(14.5) (T, — PAWHH,PIYZ = 181, 3 2 Ps@g, @ = ViePs@p = Vi

In the exact Lanczos-CG case (14.1) we took zp = Vjzk, where Tyzp = e15.
Here we also have %y = V2, where Z; in (14.5) is a backward stable solution to
Tizr = e151. Thus from (14.4) ) = Vi 2 is seen to be a backward stable solution to
Ax = b where Z; is a backward stable solution to T zr = €181, and this is as good as
can be expected with finite precision.

It is important to realize that this proof assuming Qg’;) = 0 did not require A to
be positive definite, or even nonsingular. All it required was a solution to (14.4). In
fact if A + Hos is singular and Zj is the minimum norm solution to (14.4), then Zj
would essentially be the minimum norm solution to (14.5). Therefore the Lanczos
process makes available backward stable solutions to all compatible systems Ax = b
with A” = A in this case.

Unlike the proofs for eigenvalues in section 12, the proof here for solving Az = b
assumed Qgg) = 0, and so ignored the case of possible multiple eigenvalues. But if a
multiple eigenvalue )\; has an eigensubspace spanned be the columns of X;, X X; = I,
the Lanczos process need only converge to X; X1 for this subspace, and this is
presumably what happens for each multiple eigenvalue in Theorem 12.2, so this would
presumably lead to a proof for convergence where there are multiple eigenvalues.

15. Lanczos-CG for Axr = b. Example 15.1 shows how slow ||Qg;) |% can be in
decreasing to zero, even though convergence to the solution is fast, see Figure 15.1.
EXAMPLE 15.1.  The matriz A = gallery("wathen’, 20, 20); in Matlab is 1281 x

— . — Q22 FHORM
———RESIDUAL 2-NORM
— — &MNORMOF ERROR [

Q122 FHNORKM, RESIDUAL 2-NORM, ANORKM OF ERROR

i i i i i i i i i i
1000 2000 3000 4000 soon gO00 0o aonn 000 1a00o
ITERATION k

FIc. 15.1. Plots of ||z — ax||a, [|b— Azgll2, and |QSY ||F, A = AT € R1281x1281

1281 symmetric positive definite with random elements. It has no multiple eigenvalues,
but several are equal to the 5th figure. We took random x elements in [—1,1] and
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b2 Axx. Matlab’s condest(A) computed a lower bound for the 1-norm condition
number of A of about 1200, with ||z|2 = 20.4013, and ||b|l2 = 1768.6. Lanczos-CG
solving Az = b gave ||z—zk|| 4 = 1.54x10713 and the residual ||[b— Axy||s = 1.40%10712
in 279 steps, and stayed there, while ||Qg§) |% decreased from 1281 to 1037 in 279 steps,

where the ideal value would be 1281 — 279 = 1002. The value of HQ;IS)HF decreased
extremely slowly, only reaching 10710 at step 7123. Of course this is only an indication
of the theoretical ||Q§’;)||F value, because the computed ||v;|2 are not precisely 1, and

because of the rounding errors in computing ||Qg;)||2 This very slow, then late but
relatively quick decrease is not at all well understood, and is one of several properties
requiring more research. Fven so, a satisfying solution xp was found quite quickly.

With full reorthogonalization the Lanczos-CG solution stopped improving at k =
261 with ||x — zx||a = 1.64 % 10713 and the residual ||b — Azg||2 = 1.39 x 10712, and
these stayed there, while ||Q(2];)H% decreased from 1281 to the correct 1020 at k = 261.
Thus Lanczos-CG obtained just as accurate a solution as with full reorthogonalization
in only 18 more steps, even though ||Qg§) |% would not be zero in the ideal process until
k = 1281, and not essentially zero until much later in the computational process.

16. Practical computations based on the Lanczos process. In practice
we would like to provide some preprocessing of the problem such as preconditioning
of A, or choice of vy, in order to obtain the desired solution in a reasonable number
of steps. But as long as Corollary 7.1 still holds, everything in this paper will apply.

The analysis shows that the finite precision Lanczos process does make available
solutions that are backward stable. It is then up to the remaining computations in
any method to obtain these. For example different solution of equations methods
solve something like Ty 2z = e1 81 and compute something like z = V2 in different
ways, see for example (14.2). Previously the Lanczos process was considered to be the
weak part of such methods, and the remaining computations were considered to be
faultless in comparison. Now we see that the analyses of the remaining computations
should be included to show each overall method is backward stable.

For the eigenproblem of A that seems straightforward. We can find the eigenvalues
of T} in a backward stable manner, and can tell which e(ig)envectors have converged.
k

So as in Definition 11.5 we would take the & for which s;

|\ka§k) l2 =~ 1 and {ugk), kaj(k)} is a backward stable eigenpair for A.

The analysis for solution of equations is less obvious. The analysis (14.3)—(14.5)
did not require A or T} to be positive definite, it only required a solution of (14.4),
showing that the Lanczos process can be used to solve any compatible system of
equations with A¥ = A, so that is not a difficulty. If A is not positive definite then
T} could be singular for some k, and other methods than (14.2) are needed, such as
SYMMLQ [30] or MINRES-QLP [4]. The analyses of these could be combined with
the analysis of the Lanczos process to certify the overall methods. We would also like
to show that CG as implemented in [15] is backward stable.

Because of the close relationships between Golub-Kahan bidiagonalization (GKB)
[7] for general non-square matrices and Lanczos tridiagonalization for Hermitian ma-
trices, a variant of the analysis can presumably be used to prove that methods based
on the GKB are equally successful. Problems with skew symmetric matrices can be
handled via both the Lanczos process and GKB, see [12], and can also be analyzed.

has first converged, then

17. Comments and summary. The papers [24, 25, 34] come in a sequence,
each built on the earlier ones, and all leading to this one, which uses those results
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to prove the reliability and convergence of the Lanczos process for the eigenproblem
and solution of equations. We have shown in Theorem 12.3 that the finite precision
Lanczos process on a Hermitian matrix A essentially makes available a backward
stable eigenpair of A for every eigenvalue \; of A with |z v1|>0, and in sections 13
and 14 that when A has discrete eigenvalues having |z v;|>0, i=1:n, the process
behaves very like the exact process in that eventually T} makes available a complete
set of eigenpairs of A, or the solution of Ax = b, in a backward stable manner. But
because of the possibility of deriving many repeats of eigenvalues of A, the finite
precision Lanczos process can take many more than the ideal number of steps. Many
have suspected this for many years, so it is pleasing to see that it is true.

It would be nice to give a more simple derivation of the results in section 11, and to
obtain a greater understanding of how slow the convergence can be, see Remark 12.1.
When the relevant analyses have been done it might be useful to show what properties
of the exact processes hold for the finite precision processes. For example it follows
from [15], see [12, (12.1)—(12.3)], that in theory, i.e., with exact arithmetic,

S S S
pe S o, ST o < MR, AT MRy < AT,

lz =, " |2 < o~y 7%

for solutions xy and residuals 7, 2 b —Azy, of min, ||b —Az||2 where A has full column
rank, using LSQR [31] and LSMR [6]. Do these still hold with finite precision? What
optimality properties of such methods still hold?

Of course a most useful topic will be to turn the knowledge gained here into
practical computational advantage, perhaps by transforming the original problem
and/or by developing improved computational algorithms.

17.1. Summary of the finite precision convergence. This is a brief sum-
mary of some of the more important theoretical and experimental observations.

1. There may be several eigenvalues of T}, for any one eigenvalue of A, but every
converged eigenvalue of T}, is essentially an eigenvalue of A, and eigenvalues of
the developing T}, never lose their level of convergence. The Lanczos process
is always on track for the eigenproblem, the accuracy of approximation is
only limited by the slowly growing size of the backward error H*) in (5.1).

2. HQ$)||2F will decrease by approximately 1 each step until the first eigenpair
{\i,x;} of A has been found, at which point orthogonality can be lost.

3. Once orthogonality has been lost ||Qé’;)||% will usually start to decrease at
a slower rate, but will continue decreasing until all eigenpairs {\;, z;} of A
corresponding to distinct eigenvalues whose eigenvectors are not orthogonal
to v1, have been found. Rounding errors will usually extend this to z; L v;.

4. If |zHv1| > 0 then ||33{{Qg§)|\% N\ 0 until xiHQg;) ~ 0, at which point back-
ward stable approximations to \; and x; are available, see Theorem 12.3.
But once orthogonality is lost, the rate that |z Qé’;) |2\, 0 is problem de-
pendent. The decrease can be very slow if \; is one of several very close
eigenvalues, and finding a general lower bound on the rate of decrease would
be a daunting task, if at all possible. One key point is that when it gets there,
the Lanczos process never converges to wrong answers, see section 5.1.

5. If A has no multiple eigenvalues then HQg;) 1%\ 0, possibly very slowly.

6. If A has r repeated eigenvalues then for k > some 7, Qé’; seems to stagnate
at Qgé) A 172(”25”172“”’ with Eéj) € R™". Then while Range(~3(j)) is the
eigensubspace for the distinct eigenvalues of A, Range(‘N/Z(j )) L Range(~3(j ))

appeared to be the eigensubspace for the repeated eigenvalues of A.
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7. Lanczos-CG can converge in < or > n steps for Az = b, see section 15.

Appendix. This clarifies some ideas. First, what is a “good” implementation?
The general step for k>1 of algorithm (1.1) is mathematically equivalent to

(17.1) Wi 1= Avp — U — Vk—1Vk, ak::vlgAvk, Vi := Bk,
Bri1 = +(wiwy) /2, Vpt1 = Wi/ Brs1-

However to obtain orthogonality, we could instead have taken v, 2 v};{_lAvk. It was
shown in [21, §7.3 & §9.3] that this alternate choice is numerically unreliable. On the
other hand, implementations that are essentially equivalent to (17.1) with its choice of
coefficients were shown in [21, 22, 23] to have good properties, and we refer to these as
“good” implementations. In particular, in the real case the two 2-term recurrences in
(1.1) give the best error bounds, see [22, section 2], and apparently best performance.
But in the complex case (17.1) might be preferable, for if u, w, B, and C are real
with (B +iC)H = (B +iC), i £ v/—1, then

BT =B, ¢T=-C, «"Cu=0, (u+iw)?(u+iw)=u"u+w"w,

(u + iw)? (B +iC)(u + iw) = uT Bu 4+ w? Bw + 2wT Cu,
so that it is straightforward to compute oy and Sy to be real in (17.1).

For the complex case the best way to compute real ay, in (1.1) is not so clear, but
some numerical tests in [3] indicated that we can take the real part of the computed
oy, and this can be superior to using (17.1).

Next, section 5.1 mentioned that T} is positive definite if A is sufficiently so.

THEOREM 17.1. For Hermitian H®) in Theorem 5.1 the mazimum Amax (Tk)
and minimum Amin(Tx) are bounded as follows:

(172) )‘min(A) _Zle ”H(i) ||2 < Amin (Tk) < /\max (Tk) < /\maX(A) +Ef:1 HH(i) ”2

Proof. In Corollary 7.1 let @gk) be ng) less its zero k-th row, and let H*) be
H®) without its k-th row and column, then from (7.2)(7.3)

(173)  QQY = 1, T = QIVQY = QI diag(Ty 1, 4) + HOIQP,
where this is also true for & = 1 if we define Ty to be nonexistent. Now expand ng)
to a full unitary matrix Q%) = [@gk),égk)] € Utktn=—1x(k+n=1)  Because T}, is the

leading principal k x k submatrix of @(k)H[diag(Tk_l, A)+ ﬁ(k)]@(k), it follows from
the separation theorem, see for example [42, Ch.2 §47, p.103], that

WIT}] € Wdiag(Tp—1,A) + H®],  k=1,2,3,...,

where W[M] 2 {x Mz : ||z||2 = 1} is the numerical range of M, see e.g., [8, (7.1.4)].
Then from the eigenvalues of the sum of two matrices, see e.g., [42, Ch.2 §44, p.101],

Amas(Ti) < M A ma (Th—1)s Amax(A)} + Amax(H®),
Amax(T1) < Amax(A) + Amax(HD) < Amax(A) + [ HDVJ2.
This shows that max{Amax(71), Amax(A)} < Amax(4) + ||1[~I(1)||2» SO
Amax(To) < max{ Amax (T1); Amax (A)} + [HP |2 € Amax(A) + [[HV |2 + | HP |,

etc. This with |[H® ||y < |[H® |5 leads to the upper bound on Amax(T}) in (17.2).
The lower bound on Apin(T) follows similarly using Apin (H®) > —||H®||,. 1]
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