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leading to them. The occupied storage is not explicitly returned to the pool of available

memory locations. It may then happen that the computer runs out of storage, while actu-

ally not all storage is being used. The task of a garbage collection algorithm is to return

formerly used storage to the pool of available space.

IU,th,is_clg$efyE--ai,ql..at n_.general method for deriving garbage collection algorithms.

The underlying idea is to stafi from a simpler "base algorithm" that is correct and well-

understood, and to derive a concuffent garbage collection algorithm by applying transfor-

mations or by superimposing additional control. We will show that solutions to the termi-

nation detection problem can be almost mechanically transforrned into solutions to the gar-

bage collection problem. It turns out that virtually all existing (on-the-fly) garbage collec-

tion algorithms can be obtained by applying the transformation to a suitable termination

detection protocol. Several new, highly parallel garbage collection algorithms can also be

derived by following this approach.

In section 5.1 we introduce the garbage collection problem and present the transfor-

mations of Termination Detection algorithms to garbage collection algorithms. In section

5.2 we present a number of examples of the transformation. We conclude in section 5.3

with additional observations and remarks.

5.1 The Transformation

5.1.1 Garbage Collection

In many applications of computer systems the data is organized as a directed graph of

varying structure. In this graph a fixed set of nodes exists, called the roofs, which are the

allowable enffy points of the structure (for example, because these nodes are identified with

the variables of the program). A node is called reachable if there is a directed path of

edges leading from a root to the node. We refer to the subset of the reachable nodes as

the data structure. Non-reachable nodes, i.e., nodes not belonging to the data structure, are

called garbage nodes. A user program, also called the mutator, can add or delete edges

between reachable nodes. The mutator never adds or deletes edges to or from garbage

nodes. New nodes are allocated from a set of free nodes, called the heap,when new nodes

are needed. The heap is mostly implemented as a linear list or a more general linked

structure. We assume that there is a special root pointing to the heap, so heap nodes are
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appended to the heap.

Many algorithms for graph marking are based on a sequential traversal algorithm for
directed graphs, like Schon and Waite tSW67l, or Wegbreit twe72l). These algorithms
have the disadvantage that the mutator must be "fiozen" during tire marking phase. These
garbage collectors are often called as an interrupt routine when the heap is (nearly) empry,
and thus cannot be used in real-time applications. In the past ten years several algorithms
were developed for on-the-fly garbage collection, in which the graph marking phase can be
run conculTently with the mutator and yet it is guaranteed that all reachable nodes are
being marked. See e.g. Dijkstra et al. lDij78l, Ben-Ari [Beti4l, Hudak and Keller tHKg2],
or Hughes [Hu8-51. We study on-the-fly garbage collection in considerable detail in this
chapter.

It is useful to distinguish several computational models for the on-the-fly garbage col-
lection problem. In the early papers the problem was considered for the classical von Neu-
mann type computer. There is one central processing unit, having access to one array of
memory cells, and this processor runs the mutator program as well as the garbage collec-
tion program. Dijkstra et al. tDijTSl considered the possibility of using a second, special
purpose' processor dedicated to garbage collection only. In this cornputational model there
are two processors (or processes) working on the same data indepenclently and con-
currently. To minimize exclusion and synchronization overheads, the actions of the two
processes are to interleave in as small a "grain" as possible. More recently, research has
focussed on a more distributed type of compurer system (see [HK82, Hu85]). The underly-
ing motivation originates from the development of functional programming languages
(LISP, SASL, etc). Functional programs are quite suitable for clistributed evaluation and
employ the kind of data structure we have defined. Here we assume a "pool" of proces-
sors, with each processor having its own array of memory cells. Of course, a child of a
cell may now reside in the memory of another processor (i.e., links may be "interDroces-
sor' ').

5.1.2 Graph Marking

In this section we develop the heuristics for transforming a termination detection protocol
into an on-the-fly garbage collection algorithm. The graph marking algorithm will consist
of a set of marking processes with a termination detection algorithm superimposed on it.
The set of nlarking processes is always (almost) the same one, while many different termi-
nation detection algorithms are used. For this reason we refer to the superimposition as a
transformation of the termination detection algorithm. For an extensive description and
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Proof: Obvious, because all cells are white in the initial state' -'-l

Allprocessesarewaidngtobeactivatedintheinllars|1.--.:'"ou'.",nothinghappens
unlessplocessesareactivated.Thesystemisstartedbyexecutionofthefollowingcode:

MARK-ROOTS:
forall r e roots do activate r'

TheexecutionofMARK_ROoTSmaintainslAV.Someschedulingmechanismwillbe

assumed or provided fo' tt'e execution of the set of processes'

Lemma 5.1'2'3: 1NV remains true (while processes in -IP execute;'

Proof:Initially/NVholdsasstatedinlemma5.|.2.z.Theactivationofanodeby
MARK_ROoTS tnviJy maintains 1NV. we proceed to show that 1MV is maintained by

theexecutionofunnrl(j).Tothisend*","-u,kfirstthataftertheactivationofacell
thecellisactiveorblack.Second,*.u,"anadditionalinvariantsayingthatbefore
MARKI(')arrivesatthestatementStop,allchildrenofjhavebeenactivated.

Noedgesareadded,andweconsiderthetruthoflNVwithrespecttoanedge(,,j).INy

"un 
u"-uior","a oniv l, ('l , 

o::::'1:^#il;:*ily;:l'J": ;;:":'T:iil';lili
black. But (1) ffansitions to passrve lnttc ::'i':""^"^. ^i t Hence we have our addi-

arrivesatthesmtementStopithasactivatedallchildrenofj.Hencewehaveol
tional invariant trrat now ali children t,uu. u""n activated' Thus' when i becomes passlve

and black, j is active or black' !

Lemmas 5'l'2'2and 5'1'2'3 show that Il/V is an invariant of the system'

Lemma5.|.2.4zUndertheassumptionthatanactiveprocesseventuallyexecutesitsnext

statement, the system will terminate'

Proof:Fconsistsofonlyafinitenumberofprocesses.Eachofthenrisactivatedatmost

once and runs to completion in finite time' I

Crucial for the correctness of our heuristic is the following lemma:

Lemma5'1'2'5:Uponterminationofthesystem'allreachablecellsareblack'

Proof:Uponterminationallcellsarepas.sive'andnl::ll":.usetheyhavebeenactivated)

all roots are black. upon termination all ceils are passive and hence (by./NV) edges with

ablackSourcehaveablacktarget.Acellisreachableifitisarootorthereexistsapath
of edges rro* J roo, r the node. nf inau"tion it follows that the reachable cells are

black. I
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respects the graph marker's invariant /AV. Thus, although deletions make the collector

work "slower", they do not affect correct operation. Therefore deletions are allowed to

take place concurrently with the graph marker algorithm'

A more serious problem is the addition of edges. The mutator may decide to add an

edge between a passive black cell and a passive white one, thus violating /M7' In this

case the system as introduced in the previous subsection is incorrect' The following classi-

cal example, due ro Dijkstra et al. lDljz8l, shows that it is impossible to construct a safe

graphmarkingalgorithmwithoutmodifyingthemutatolprogram.Supposeaandbare

reachable nodes and c is a node that is reachable only via a and b ' Let the mutator enter

the loop

rePeat

DELETE (a,c); ADD (a'c);

DELETE (b,c) ;ADD (b,c)

until false.

Thus at any moment the da6 structure is in one of the three states shown in figure 5'1'

Now assume the mutator always brings the graph into state 3 when the marking algorithm

is inspecting a, andinto state 2 when the marking algorithm is inspecting b' Then the

collector never "sees" c and c will remain unmarked' The conclusion is that in order to

obtainacolTectgraphmarkingsystem,itisnecessruytoputoverheadsonthemutator
actions. We require the mutator to activate nodes also, in order to maintain 1MV' From

now on addition of edges is done by (atomically) executing the following code:

Figure 5.1
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the path, starting at i and stepping from successor to successor, passes through every pro-

cess exactly once and returns to i.

The termination detection algorithm is an example of our general construction of algo-

rithms for Distributed Infimum Approximation; see section 4.2.5.3. It can be seen as a dis-

tributed version of the following code:

repeat

st/ccc.ss '.= true 
"forall procnesses P do

wait until p is not active :

visit p

end

until saccess.

Define an observation period of a process to be the time between two subsequent visits.

Then "visitp" means:

if p was active since last visit then strcce.ss :- f alse.

Distributing this code is easy. The leader repeatedly sends out a boolean token on the ring'

containing the value of saccess. To maintain the necessary information between two visits

of the token, we assume there are two states for a passive process, namely blue and idle.

(These srates are black and white, respectively, in [DFGU3]. We use other terms to avoid

confusion with the marking colors.) Blue processes are passive processes that have been

active earlier in their current observation period. Idle processes have been passive during

their entire cunent observation period. So active processes that finish their job initially

become blue. Only after the token passes does the process become idle. Active processes

do not pass the token until they have turned blue.

The leader starts by sending out a true token. An idle process passes the token

unchanged. A blue process passes the token as false to its successor and becomes idle, In

this way a blue process reports the fact that it was active in the last observation period.

When the leader recovers the token as true and is passive itself, termination is concluded.

If a false token is recovered, a new (true) token is sent out.

Lemma 5.2.1.1: The DFG protocol satisfies the safety condition (see also theorem 4.1.3.2).

Proof: Assume the leader concludes termination. No process tunted the token into false,

so all processes were idle when they passed it. Hence all processes were passive during

the entire last observation period. It follows from the way the observation periods are

determined that there is a point in time where all processes were passive. This state is
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Table I

marking colors

white black

detector states

active

blue

idle

gray "blue" (2)

..(1) blue

white black

Remember that a process colors its associated cell black before turning passive. Hence
combination (1) in table I never occurs. The statement"color(i):= btack" in MARKI is
immediately followed by "stop.". State (2) occurs only between the execution of these two
statements. Now, if we replace these statements by "color(i):= btue", we skip this state.
(Note that the color of a node now indicates not only whether it has been marked or not,
but also the state of its associated process.) The four remaining possible values of color(i)
now have the following meaning:

white: node i is not marked and MARKl(i ) is idle.

Sray: MARKl(t) has been activated but has not run to completion ye1 It is still
active, and node i is not yet miLrked.

blue : node i is marked and MARK1(i ) is a blue process.

black: node i is marked and MARKl(i) is a passive process.

In a gray node i the following transcription of MARKl musr be executed:

forall 7 e children(i ) do

if colorQ) = white then color (j):= gray ;

color(i) := blue.

The leader starts the termination detection algorithm by sencling a token <0> onto the
The token circulates, and is changed by the processes it passes as follows:

- White or black processes add 1 to the token valr.re.

.ing.

- Gray processes keep the token until they become blue, and then act as blue
processes.

- Blue processes change the token into <0>, and change themselves to black.
A process that increases the value of the token to N concludes termination.

A natural choice for the successor of i is of course S(i) = i+l mod N, and we can
let the token start its journey in cell 0. We now combine the termination detection algo-
rithm with the MARKI processes, add a "scheduler" for the MARK1 processes. and
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(x MARK_ROOTS *)

forall r e roots do color(r):= graY ;

token := 0 ; cell := N- 1 ;

repeat

token := token+l ; cell := (cell+l) mod N :

if color(cell) = gray then

begin (* execute tt4ARKl(cel/) *)

forall 7 e children(cell)do

if colorQ) = white then colorQ) := gray ;

color(cell\ := blue

end :

if color(cell) = blue then

begin token := 0 ; color(cell):= black end

until token = N.

Note that all gray processes are eventually scheduled and hence the system is still

guaranteed ro terminate. The derivation of a graph marking algorithm is now complete.

All components (marking processes and MARK_ROOTS, scheduling, and termination

detection) are put together.

We apply a few simplifications to the resulting code. In the following transformation

step we eliminate the color blue and combine the two if-statements to one. Observe that a

node is blue only between the completion of MARK1 in that node and the assignment to

color in the subsequent (second) if-statement. In fact, the blue color is used only to

"trigger" the second if-statement in the main loop. Conversely, because processes can

turn blue only as a result of the first if-statement, the second one is not executed if the first

if-statement is not. Hence either the statements are both executed, or neither of them is.

Thus the blue color can be eliminated by combining the two if-statements into one. This is

done in the next version of the program, where also the "shorthand" shadeQ) is intro-

duced for "if colorA) = white then colorQ) := gray":
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ADD(irt):

children(i) := children(i) + {j} ;

shadee ). i

Because the DELETE action preserves the invariants of the system it can remain
unchanged, as argued in section 5.1 .2.2. Because we assumed (section 5.1.1) that the heap
nodes are reachable nodes, the "extension" of the data sffucture with new nodes is not a
new type of mutation, but rather a series of additions and deletions of edges between
reachable nodes. This concludes the derivation of the essential phase of the on-the-fly gar-
bage collection algorithm of Dijkstra et at. [Diji-g].

5.2.2 A Highly Parallel Garbase Collector

As in section 5.2.r we assume here that the mutator and collector processors share one
array of memory cells. In this section we introduce a highly parallel garbage collector, i.e.,
a collector that consists of many garbage collecting processes. The collector and its under-
lying termination detection protocol are generalizations of those in section 5.2. 1.

5-2.2.1 A Highly Parallel rermination Detection protocor.
basically consists of sequentially visiting all processes. The protocol
following code, where the passing of the token ensures that the inner
cuted sequentially.

DFG:

repeat

SUCCESS := TrUE ;

forall processes p do

begin wait untilp is nor active ;

if p is blue then

begin success 7 f alse ; p becomes idle end
end

until success.

(This is the original version, not the floating leader variant.) The fact that the DFG proto-
col executes the inner loop sequentially is not essential, and also is not used in its correcr-
ness proof' Hence any protocol is correct in which all processes are visited exactly once
during each iteration of the main loop. An extensive study of the structure of terminarro:.

The DFG prorocol

is described by the

loop is in fact exe-
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processors available for garbage collection. The simplest faversal scheme for the
processes is to partition the set M of cells into ,t parts, and assign each garbage collection
processor to a part. So let {.t, | 1<i <k } be a partition of M. The marking system is
given by:

forall r e roots do shade (r) ;

repeat

SUCCCSS := trUE :

foralt j e {1,..,t} pardo

forafl pe,S; do visit(p)
until szccess.

See Cohen [Co85] for a more detailed garbage collection algorithm along these lines. This
visiting scheme has the disadvantage that the parrition of the memory cells musr be fixed in
advance' It is not possible to adapt the workload of a processor to its speed dynamically.
This is possible in our second scheme, suited for two processors. Let the two processors
start at opposite ends of the cell array, and work towards each other. when they meet
somewhere, all processes have been visited. Call the two garbage collecting p.o""rr",
GCA and GCB. We can describe the two processes as follows:

GCA:

foralf r e roots do shade (r) ;

repeat

synchronize ;

success := true :

a:= 0;
synchronize ;

repeat visit(a) ;

a := a+l
until a >b ;

synchronize

until saccess.

GCB:

repeat

synchronize ;

b := N-I;
synchronize ;

repeat visit(b) ;

b := b-l
until b <a ;

synchronize

until szccess.

Here the statement synchronize is a synchronization primitive: it is assumed that aprocessor that comes to this statements waits until the other processor also comes to a
statement synchrqnize. Then they pass this point in the program simultaneously. The
reader is invited to improve on this argorithm in two ways: (1) decrease the
synchronization overheads, and (2) make a dynamic scheme for more than two processors.



tu
i:

F,s
r'!

::-lIP-+

t*1

r5a

ta: ,!d
&.J t:

fr- :-

s-\ {.
!:

L?:
;":

&"', Fl

i.

: .,.,

Ft', ?'

F-' E

,
::1.

i:. lr-

i-I
t-
t:
fa.-

t--- '

a. ..

| .-.

!-;
[-;

i
i;",

t..
t-
i ",:

i'l
!..

i.'"

r.
F"

&-

r +..

:':..

t3"
t:.*:

\-*
LI

.aluu alruq
ulqll{\ pa8B8ueun seuocaq 3 'Peluutural sI tuals{s eqr uoqiA (ssauenrl) az.tz.g Brrrua.I

'psleuFruel sI tualsfs aql 'pe8u8uoun sauooeq a ueq^\ (,{ta;es) ;f e.z.g Brurua-I

:euaqcs Suquu8rs srqt JoJ stcu; Buvrrolloy eqt ano:d
uellot{Js puu urlslfrq 'lsul eqt su a8ussaur tuarua8e8ua sll ,e1IIp alrug ur se8essau 1p
a8palmoulc' ol pounssu sr d '0 = ( 4 o pu' enrssed sr d su uoos sv .0 

< ( d) cr Jo o^rrc' sr
1r se 3uo1 se a8essau luaua8u8ua stt e8palmonlJu ol pa^\olp tou sr lr lnq .([0gsa] ut But
-1ou3ts pell!J sI uollce stqt) santacar ll se8usseur uorlulrlcu 1p e8pelmou>lcu ol parmbar sr
d 'raqteJ ou seq 3r pue s^{eunl! 0 = (gr)3 .e8ussau 

luaura8e8ue s,dgo repuas er4 sr nqto!
Jo 109)ltlJo s,d puu 'pa8e8ua euocaq ol rr pesnec luql aSussaru aql sr a3rssata uauta303
-ua s\'d ssecord pe8u8ua u! roc 'O<(d)J Jo 0< @lo gl pa7o*ua d ssacord B IIuc eA\

'rog luarua8pelaou
-{3u uB po^IeoeJ 1e.{ lou lnq luos suq d tuqt sa?essaru uortelrlc! Jo Jaqtxnu ar{l = ( d) c/

pue .pe8pel,nou

-{c! ta.{ lou 1nq po^reJal seq d leql se8essau uouu^nJ! Jo Jaqrunu oqt = ( d) 3
:SJalunOJ O,nt Sdaarl

d ssaco:d qceg 'g ssacord lercads euo sr ryo^uau oql ur ,(lnuce IIe Jo aJJnos lerlrur aql
lEql petunsse sI u 'sa8ussau uoIluAIlJE JoJ aueqJs luaura8pelmou{ce ue sr (locotord 5q
eql pellur :at;uaraq) uelloqrs puu urls4frq ,(q locorord aqt ,(lecrseg .IOSSA] ualloqJs
puB BJls{flc lo loro}ord uorlJalao uorlBurrural palnqlrfslo aqJ I.t 7.S

'pauoddns aq uuo suonJe Jolul
-ntu luexncuoc aJou 

^\oq 
puu .iuqlFo8lu srql Bursn pa^\ollu aq uec suorlou Jolelnur luarnc

-uoo 
^\ot{ 'Z'I's uoptes ol SulpJoccu uqluo8ls ralle) puu {BpnH eql ol uorluuuoJsuu!

sll 'locotord uelloqcs puu u4slfrq aql ssncsrp ad[ .()ZXUVI^q sassecord yo 24, ras
eql uo IO$SCI uatloqcs pue e-ns4frq Jo locolo:d uopcetep uoqguruual pelnqqsp aql Bur
-sodruFadns ,(q paurutqo sr ruqtFo8lu JIaI! luqr 1(oqs aA\ uorlJos srql uI .eunl ,{ue l! e^qce
eq uuJ sassacord Jolcalloc pu? Jolelnlu Jo Jequnu ,{re4rqre uy -tueuruoJr^ue palnqFnsrp
{ratarduroc E roJ arq'rrns sr l'ql rolce[oc e8eqru8 u palueserd tzsyH] ra[ex pup {BpnH

rallax puB {BpnH Jo urals,{s 3u14re141 aql E 7.S

qdur? aseqt ur

trz

'E I'Z'9 uorlJes ur s! pelpuuq oru suels^{s Burlreu
suollrB rolulnu luerrncuoJ .suoll)v JolBlntr^J IUOJJnJUOJ E Z.Z.S

uounurtolsuDq aLfi to sapuoxg 7.g



2t4
Topics in Distributed Alporithms

The algorithm is described as a very general, non-deterministic scheme (p is free to decidewhen it signals the other messages it receives). It is enough for p to maintain the numberof ACKs it still has to receive (D(p)), rather than keep a slt of unacknowredged messages.Also, when p acknowledges a message, p need not mention thc message concerned.

5.2.3.2 Derivation of the Graph Marking system. For the purpose of derivingthe graph marking system we assume that each message, except the engagement message,is acknowledged immediately. Hence the value of c (i ) can only be 0 (for an unengagedprocess) or 1 (for an engaged process). when running MARK2(i), a test for earlier acriva-tions is necessary anyhow. By the primitive activate(i, f ather) we mean: send an activa-tion message, containing the sender's identity father, to i. The receipt of this message by itriggers execution of the procedure ACTIVATE(i,f ather), which contains the code forMARK2(/) as well as rhe code for the DS protocol:

ACTIVATE(i, father):
if i was not activared before then

begin C(i ) := 1 ;

foralf 7 e children(i) do

begin auivate e ,i) : D (i) := D (i) + 1 end :

color(i) := black ;

whileD(i)>0ao
begin receive an ACK ; D(i):= D(i)_ 1 end:

signal(f ather) ; C (i ) := 0
end

else (* i.e., i is or has been engaged already *)
signal (father).

The primitive signal(f ather) means: send an acknowledgement b the node father.
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2t6 Topics in Distributed Algorithms

ACTIVATE(i, father):
if color(i) = white then

begin f ather(i) := f ather r color(i) := gray '

forall T e children(i) do

begin activateQ,i) : D (i) := D(i)+1 end ;

if D(t)= 0 then

begin color(i) := black ; signal(father(i)) end

end

else

signal (father).

STGNAL(i):

D(i):= D(i)- 1;
itD(i)= 0then

begin color(i) := black ;

The marking process is elegantly started

MARK-ROOTS:

E:

(* MARK_ROOTS *)

forallrerootsdo
begin activate (r ,E) ; D (E) := D (E)+ 1 end ;

whileD(E)>0do
begin receive an ack : D(E) := D(E)- 1 end.

Upon termination of E the marking has completed. Of course this part of the algorithm

can be written in message driven form also. This part is somewhat underdeveloped in

[HK82]. The original algorithm was suited only for graphs with one roor.

Y"_[uW i.gnored the scheduling of the processes. It is assumed that the run-time sys-

tem ensures that messages are eventually received and the procedures above are executed.

The algorithm can be run on an arbitrary number of processors, each with its own local

memory, and allows an arbirrarily large number of mutator processes to run concurrently

with it (under the restrictions derived in the next subsection). However, exclusive access

to cells is necessary. In [HK82] suitable "locking machinery" is built in to guarantee ex-

clusive access. This machinery is also ignored here.

5.2.3.3 Concurrent Mutator Activities. Some difficulties must be overcome when

we want to use the graph marker of the preceding subsection as a concurrent graph marker.

signal (f ather (i )) end.

and controlled by the following transcription of
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ADD_GRANDSON(a,b,c)

(* a is reachable, b e children(a), and c e children(b) *)

if color(a)= gray and color(b)= white then

begin activate(c,a) ; D (a) := D (a)+1 end ;

if color(a)= black and color(b)= gray then

begin activate (c ,b) : D (b ) := D (b )+1 ;

wait until ACTIVATE(c,b) is finished in c
end ;

children(a) := children(a) + {c }.

For more primitives that can be supported in a similar way, see [HKg2, Hug3].

5.2.3.4 Allowing more Concurrent Mutator Activities. with some efforr ir is
possible to implement a more general ADD operation under the HudaVKeller garbage col-
lector. Suppose the mutator adds an arbirrary edge (a,c). Overhead is not necessary in all
cases that can occur. If a is still white, or c is gray or black, nothing needs to be done.
The need for cooperation in implementing a general ADD operation is summaized, in table
III:

Table III

a

white $ay black

white

gray

black

(1) (2)

In two cases (see table III) special action is needed:

Case l: If a is gray and c is white, we can maintain the invariant by having a adopt c.
Case 2: If a is black already, this is impossible but c must be at least gray before the link
can be made. The solution is to find an arbitrary gray node b and force it to adopt c.
That is' we send c an activation message bearing b as sender. When this message is pro-
cessed by c , c is (at least) g1ay and the link can be made.

The ADD operation can be implemented by the following program:
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