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1 INTRODUCTION

Higher-order abstract syntax (HOAS) is an elegant and deceptively simple idea of encoding syntax and more generally
formal systems given via axioms and inference rules. The basic idea is to map uniformly binding structures in our object
language to the function space in a meta-language thereby inheriting a-renaming and capture-avoiding substitution. In
the logical framework LF [Harper et al. 1993], for example, we encode a simple object language consisting of functions,
function application, and let-expressions using a type tm together with the constants as follows:

lam : (tm — tm) — tm.

app : tm — tm — tm.

letv: tm — (tm — tm) — tm.

The object language term (lam x.lam y.let w = x y in w y) is then encoded as (lam Ax.lam Ay.letv (app x y) Aw.
app w y) using the LF abstractions to model binding. Object level substitution is modelled through LF application; for
instance, the fact that ((lam x.M) N) reduces to [N/x]M in our object language is expressed as (app (lam M) N) reducing
to (M N). This approach can offer substantial benefits: programmers do not need to build up the basic mathematical
infrastructure, they can work at a higher-level of abstraction, encodings are more compact, and hence it is easier to
mechanize formal systems together with their meta-theory.

However, this approach relies on the fact that we use an intensional function space that lacks recursion, case analysis,
inductive types, and universes to adequately represent syntax. In the logical framework LF [Harper et al. 1993] for
example we use the dependently-typed lambda calculus as a meta-language to represent formal systems. Two LF
objects are equal if they have the same fy-normal form. Under this view, intensional functions represent syntactic
binding structures. However, we cannot write recursive programs about such syntactic structures within LF, as we
lack the power of recursion. We only have a way to represent data. In contrast, to describe computation we rely on the
extensional function space. Under this view, two functions are (extensionally) equal if they behave in the same way, i.e.
when they produce equal results when applied to equal inputs. Under this view, functions are opaque.

1.1 Intensional and Extensional Functions — A World of a Difference

To understand the fundamental difference between defining HOAS trees in LF vs. defining HOAS-style trees using
inductive types, let us consider an inductive type D with one constructor lam: (D — D) — D. What is the problem
with such a definition in type theory? - In functional ML-like languages, this is, of course, possible, and types like D can
be explained using domain theory [Scott 1976]. However, the function argument to the constructor lam is opaque and
we would not be able to pattern match deeper on the argument to inspect the shape and structure of the syntax tree
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that is described by it. We can only observe it by applying it to some argument. The resulting encoding also would
not be adequate, i.e. there are terms of type D that are in normal form but do not uniquely correspond to a term in the
object language we try to model. As a consequence, we may need to rule out such “exotic” representations [Despeyroux
et al. 1995]. But there is a more fundamental problem. In proof assistants based on type theory such as Coq or Agda, we
cannot afford to work within an inconsistent system and we demand that all programs we write are terminating. The
definition of a constructor lam as given previously would be forbidden as it violates what is known as the positivity
restriction. Were we to allow it, we can easily write non-terminating programs by pattern matching - even without
making a recursive call.
apply : D —» (D — D) omega : D Omega : D
apply (lam f) = f omega = lam (Ax — apply x x) Omega = apply omega omega
Here we simply write two functions: the function apply unpacks an object of type D using pattern matching and the
function omega creates an object of type D. Using apply and omega we can now write a non-terminating program that
will continue to reproduce itself.
This example begs two questions: How can we reason inductively about LF definitions if they are seemingly not
inductive? Do we have to simply give up on HOAS definitions to model syntactic structures within type theory to
remain consistent?

1.2 Towards Bridging the Gap between Intensional and Extensional Functions

Over the past two decades, we have made substantial progress in bringing the intensional and extensional views closer
together. Despeyroux et al. [1997] made the key observation that we can mediate between the weak LF and the strong
computation-level function space using a box-modality. The authors describe a simply typed lambda-calculus with
iteration and case constructs which preserves the adequacy of higher-order abstract syntax encodings. The well-known
paradoxes are avoided through the use of a modal box operator which obeys the laws of S4. In addition to being simply
typed, all computation had to be on closed HOAS trees. Despeyroux and Leleu [1999] sketch an extension of this line of
work to dependent type theory — however it lacks a normalization proof.

BeLuGaA [Pientka and Cave 2015; Pientka and Dunfield 2010] took another important step towards writing inductive
proofs about HOAS trees by generalizing the box-modality to a contextual modal type [Nanevski et al. 2008; Pientka
2008]. This allows us to characterize HOAS trees that depend on a context of assumptions. More importantly, BELuGA
allows programmers to analyze these contextual HOAS trees using case distinction and recursion. Exploiting the
Curry-Howard isomorphism, inductive proofs about HOAS trees can be described using recursive functions. However,
the gap between full dependent type theories with recursion and universes such as Martin-Lof type theory, and weak
dependent type theories such as LF remains. In particular, BELUGA cleanly separates representing syntax from reasoning
about syntax. The resulting language is an indexed type system in the tradition of Zenger [1997] and Xi and Pfenning
[1999] where the index language is completely different from the computation language which is used to write recursive
programs. In BELUGA, contextual LF is taken as the index domain. This has the key advantage that meta-theoretic proofs
are modular and hinge on the fact that equality in the index domain is decidable. However, this approach also gives
up a lot of expressivity; in particular we can only express properties of HOAS trees, but we lack the power to express
properties of the functions we write about them. This prevents us from fully exploiting the power of metaprogramming
and reflection.

1.3 The Best of Both Worlds

In this paper, we present the Martin-Lof style dependent type theory Cocon where we mediate between intensional
syntactic structures and extensional computations using contextual types [Nanevski et al. 2008; Pientka 2008]. Following
BELUGA, we pair a LF object together with its surrounding LF context and embed it as a contextual object into
computations using the box-modality. For example, [x,y + app x y] describes a contextual LF object that has the
contextual LF type [x:tm, y:tm F tm]. In contrast to BELUGA, we also allow computations to be embedded within LF
objects. For example, if a program ¢ promises to compute a value [x:tm, y:tm F tm], then we can embed ¢ directly
into an LF object writing 1am Ax.1am Ay.app |t] x. In general, we can use a computation that produces a value of type
[¥ + A] when constructing a LF object in a LF context ® by unboxing it together with a LF substitution that moves
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the value from the LF context ¥ to the current LF context ®. This is written as | ¢]5. In the example, we omitted the
substitution as the computation already promised to produce a value in the appropriate LF context.

Being able to embed functions into LF objects is key to express properties about function we write about them.
For example, we might implement a function that evaluates a tm-object and another function trans that eliminates
let-expressions from our tm language. Then we would like to know whether both the original term and the translated
term evaluate to the same value.

Allowing computation within LF objects, might seem like a small change, but it has far reaching consequences.
To establish consistency of the type theory, we cannot consider normalization of LF separately from normalization
of computations anymore, as it is done in Pientka and Abel [2015] and Jacob-Rao et al. [2018]. As Martin-Lof type
theory [1973], CocoN is a predicative type theory and supports an infinite hierarchy of universes. This allows us to
write type-level computation, i.e. we can compute types whose shape depends on a given value. Such recursively
defined types are sometimes called large eliminations [Werner 1992]. Due to the presence of type-level computations
dependencies cannot be erased from the model. As a consequence, the simpler proof technique of Harper and Pfenning
[2005] which considers approximate shape of types and has been used to prove completeness of equivalence algorithm
for LF’s type theory cannot be used in our setting. Instead, we follow recent work by Abel and Scherer [2012a] and Abel
et al. [2018] on proving normalization of our fully dependent type theory using a Kripke logical relation. Our semantic
model highlights the intensional character of the LF function space and the extensional character of computations.
Our main contribution is the design of the Kripke-style model for the dependent type theory Cocon that allows us to
establish normalization. From the normalization proof, we derive type uniqueness, subject reduction, and consistency.

We believe Cocon lays the foundation to incorporate the methodology of logical frameworks into systems such as
Agda [Norell 2007] or Coq [Bertot and Castéran 2004]. This finally allows us to combine the world of type theory and
logical frameworks inheriting the best of both worlds.

1.4 Outline of the Technical Development

Before delving into the technical details, we sketch here the main structure of the technical development. Cocon
consists of two mutually defined layers: LF to define HOAS and computation to write recursive programs. The syntax
and typing rules of CocoN together with definitional equality are described in Sec. 2. We distinguish between two
different kinds of variables, LF variables and computation variables. In particular, we define two different substitution
operations. We then proceed to prove some elementary properties about LF (Sec. 3.1) and computation (Sec. 3.2), in
particular well-formedness of LF contexts, LF Weakening and LF Substitution properties. For LF we also establish
functionality of LF typing from which injectivity of LF function types follows.

Similarly, we establish some elementary properties about computation-level contexts and computation-level sub-
stitutions. We then proceed to define weak head reductions for LF and computations (Sec. 4) and show that they are
closed under weakening (renaming).

Using weak head reduction, we define semantic equality using a Kripke model (Sec. 5). Our model is Kripke-style in
the sense that it is closed under weakening. It contains all well-typed terms in weak head normal form (whnf) and is
built on top of definitional equality. We do not define semantic typing, but say a term is semantically well typed, if it is
semantically equal to itself. Since we embed computations inside LF terms, our typing rules for LF and computations are
mutually defined, and one might wonder how we can break this cycle to arrive at a well-founded definition of semantic
equality. We consider two LF terms M and N that weak head reduce to a | t], and [t’], resp. semantically equal, if
the computations ¢ and ¢’ are definitionally equal and the corresponding LF substitutions are semantically equal. This
allows us to first define semantic equality for LF objects and subsequently semantic equality for computations breaking
the cycle.

As we allow type-level computation, semantic equality for computations cannot be inductively defined on the
structure of computation-level types. Instead, we use semantic kinding for types as a measure to define the semantic
equality for computations.

Our semantic equality definitions are stable under renaming (weakening). We also prove symmetry, transitivity and
type conversion for semantic equality that are the cornerstone of the development. This allows us to show that our
semantic definition for terms is backwards closed and that neutral terms are semantically equal (see Sec. 6). Using the
Kripke-model, we then show normalization and subject reduction (see Sec. 7). Logical consistency follows. The full
development including the proofs can be found in the accompanying long version.
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Summary of Contributions.

o We describe Cocon, a Martin-Lof style type theory with an an infinite hierarchy of universes and two intertwined
layers: on the LF layer, we can define HOAS trees referring to values produced by computations and on the
computation layer we can write recursive functions on HOAS trees and exploit the power of large eliminations.
We mediate between these layers using contextual modal types. This allows us to bridge the gap between the
intensional LF function space and the extensional function space used for writing recursive computations.

e We give a Kripke-style model to describe semantic equality for well-typed LF objects and well-typed compu-
tations highlighting the difference between intensional and extensional functions. Using this model we prove
normalization.

2 COCON: COMPUTATION IN CONTEXTUAL TYPE THEORY

Cocon combines the logical framework LF [Harper et al. 1993] with a full dependent type theory that supports recursion
over HOAS objects and universes. For clarity, we split CocoN’s grammar into different syntactic categories (see Fig. 1).
The LF layer describes LF objects, LF types, LF contexts; the computation layer consists of terms and types that describe
recursive computation and universes. We mediate the interaction between LF objects and computations via a (contextual)
box modality following Pientka [2008]: we embed contextual LF objects into computations, by pairing an LF object with
its LF contexts and we embed computations within LF objects by unboxing the result of a computation. This allows
us to not only write functions about LF objects, but also establish proofs about such functions and opens the way for
metaprogramming and writing programs using reflection.

LF Kinds K = type | I[Ix:A.K

LF Types AB == aM;... M, | IIx:A.B

LF Terms M,N == AxM | x| c| MN | [tls
LF Constants a,c == tm | lam | app

LF Contexts Y. o ==y || ¥,x:A

LF Context (Erased) ¥, & ==y |- | ¥, x

LF Substitutions o u= - | wky | oo M

LF Signature X x= tm:type, lam :Iy:(Ilx:tm.tm).tm, app:IIx:tm.IIy:tm.tm

Contextual Types T = VA | PHA

Contextual Objects C = Ve M

Sorts u u= U

Domain of Discourse 7 u= 7 | tm_ctx

Types and oI, s==u | [T | (y:71) >

Terms t,s |y||'C'||t1t2|fnyzt|rec13‘l’t

Branches B = (p =t | Yomn, fm, fu = tapp | Yom, fin = tian)
I ('ﬁ = tx | l//sy’fy = ty)

Contexts r w= - | T,y: 7

Fig. 1. Syntax of CocoN

2.1 Syntax

Logical Framework LF with Embedded Computations. As in LF we allow dependent kinds and types; LF terms can be
defined by LF variables, constants, LF applications, and LF lambda-abstractions. In addition, we allow a computation ¢
to be embedded into LF terms using a closure | t],. Here the computation ¢ eventually computes to a contextual object
that depends on assumptions ¥ following Pientka [2008]. Once computation of ¢ produces a contextual object ¥ M
we can embed the result by applying the substitution o to M moving M from the LF context ¥ to the current context ®.
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We distinguish between computations that characterize a general LF term M of type A in a context ¥ using the
contextual type ¥ + A and computations that are guaranteed to return a variable in a context ¥ of type A using
the contextual type ¥ r# A. This is essential when describing recursors over contextual LF terms, but also generally
important when mechanizing formal systems and it is smoothly integrated in our type theory.

For simplicity, we fix here the LF signature to include the type tm and the LF constants 1am and app . This allows us
to for example define recursors on tm-objects directly.

LF contexts. LF contexts are either empty or are built by extending a context with a declaration x:A. We may also use
a (context) variable ¢ that stands for a context prefix and must be declared on the computation-level. In particular, we
can write functions where we abstract over (context) variables. Consequently, we can pass LF contexts as arguments to
functions. We classify LF contexts via schemas — for this paper, we pre-define the schema tm_ctx which classifies a LF
context which consists of tm declarations. Such context schemas are similar to adding base types to computation-level
types. We often do not need to carry the full LF context with the type annotations, but it suffices to simply consider the
erased LF context. Erased LF contexts are simply a list of variables possibly with a context variable at the head.

At the moment, we do not support computation on context at the moment - this simplifies the design. Recall that
the head of a context denotes a possibly empty sequence of declarations. This prefix should be abstract and opaque to
any LF term or LF type that is considered within this context. In other words, a LF term M (or LF type A) should be
meaningful without requiring any specific knowledge about the prefix of declarations. Second, it would be difficult to
enforce well-scoping and a-renaming. To illustrate, consider the following LF term app x y in the LF context x:tm, y:tm.
If we were to allow type checking to exploit equivalence relations on LF contexts that take into account computations
on LF contexts, we can argue that since x:tm, y:tm is equivalent to copy [x:tm, y:tm], app x y should also be meaningful
in the latter LF context. However, now the LF variables x and y are free in app x y.

LF Substitutions. LF substitutions allow us to move between LF contexts. The empty LF substitution provides a
mapping from an empty LF context to a LF context ¥ and hence has weakening built-in. The weakening substitution
written as wky, where ¥ describes the prefix of the range that corresponds to the domain; in other words it describes the

weakening of the domain ¥ to the range ¥, XA In general, we may weaken any given LF context with the declarations
XA. The generality of weakening substitutions is necessary to, for example, express that we can weaken a LF context 1.
We may write simply id, if |3?4| =0.

Weakening substitutions do not subsume the empty substitutions — only the empty substitution that maps the empty
context to a concrete context x,:Ap, .. ., x1:A1 can be expressed as wk. where we annotate the weakening substitution
with the empty LF context. For example, we would not be able to represent a substitution with the empty context as the
domain and a context variable ¢ as the range using a weakening substitution. Our built-in weakening substitutions
are also sometimes called renamings as they only allow contexts to be extended to the right but they do not support
arbitrary weakening of a LF context where we would insert a declaration in the middle (i.e. given a context x:A1, y:As3
we can weaken it to x:A1, w:Ag, y:A3).

From a de Bruijn perspective, the weakening substitution wk. which maps the empty context to x,:Ap, ..., x1:A1
can be viewed as a shift n. Further, as in the de Bruijn world, wky, .4, ... x,:4, can be expanded and is equivalent to
-, Xn, . . .,x1. While our theory lends itself to an implementation with de Bruijn indices, we formulate our type theory
using a named representation of variables. This not only simplifies our subsequent definitions of substitutions, but also
leaves open how variables are realized in an implementation.

LF substitutions can also be built by extending a LF substitution o with a LF term M. Following Nanevski et al. [2008],
we do not store the domain of a substitution, but simply write them as a list of terms. We resurrect the domain of the
substitution before applying it by erasing types from a context. To apply a substitution ¢ to a term M in an erased
context ¥, we write [o/¥]M.

Contextual Objects and Types. We mediate between the LF and computation level using contextual types. We consider
here general contextual LF terms that have type ¥ +- A, and contextual variable objects that have type ¥ r4 A.

Computations and their Types. Computations are formed by computation-level functions, written as fn y = ¢, that
are extensional, i.e. we can only observe their behaviour, applications, written as t; t2, boxed contextual objects, written
as [C], and recursor, written as rec? B ¥ t. We annotate the recursor with the typing invariant 7 and recurse over the
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values computed by the term ¢. The LF context ¥ describes the local LF-world in which the value computed by ¢ makes
sense. Finally, 8 describes the different branches we can take depending on the value computed by t. These branches
can be generated generically following Pientka and Abel [2015]. We focus on in the rest of the paper on the iterator
over contextual objects of type [¥ + tm]. In this case, we consider three different branches: 1) In the LF variable case,
(¥, p = ty), the variable p stands for a LF variable tm in the LF context i and has type [{ F4 tm] and ¢, is the body of
the branch. 2) In the app -case, written as (i, m, n, fi, fn = tapp), we pattern match on a LF term app m n in the LF
context 1. The recursive calls are denoted by fi, and f;, respectively and tapp describes the body of the branch. 3) In
the 1am -case, written as (Y, m, f;n = t1an ), we pattern match on a LF term lam Ax.m where m denotes a LF term of LF
type tm in the LF context ¢/, x:tm. The recursive call is described by f, and the body of the branch is denoted by t1 4y -

For illustration, we also include other branches to construct also recursors over contextual objects of type [¥ 4 tm],
i.e. variables of type tm in the LF context ¥. In this case, we only consider two branches where ¥ = ¥/, x:tm: in the first
branch ( = t) we pattern match against x and ¢ will be instantiated with ¥’; in the second branch, (¢, y, fy = ty),
the LF variable we are looking for is not x, but is somewhere in ¥’. In this case, y denotes intuitively a LF variable that
is not x and has type [ +4 tm] and we will instantiate ¢ with ¥”; fy is the recursive call on the smaller LF context ¥’
and ty is the body of the branch. We also include branches for recursing over LF substitution which have either the
contextual type [¥ + ®] or [V +4 ®]. Here we consider two cases: either the LF substitution is empty then we choose
the first branch, or it is of the shape o, m and f; denotes the recursive call on the smaller LF substitution o.

Computation-level types consist of boxed contextual types, written as [T], and dependent types, written as (y :
71) = 2. We overload the dependent function space and allow as domain of discourse both computation-level types
and the schema tm_ctx of LF context. To form both functions we use fn y = t. We also overload function application
t s to eliminate dependent types (y : 71) = 72 and and (y : tm_ctx) = 13, although in the latter case s stands for a LF
context.

CocoN is a pure type system (PTS) with infinite hierarchy of predicative universes, written as Uy where k €
Nat. The universes are not cumulative. We use sorts u,k € S, axioms U = {(U;, Uj41 | i € Nat}, and rules R =
{(Ui, Uj, Unax(i,j)) | i-j € Nat}. Universes add additional power.

Example 2.1. To illustrate the syntax of Cocon, we write a program that counts the number of constructors in a
given tm. The type of the function is 7 = (¢ : tm_ctx) = (m: [{ + tm]) = nat.

fnl,//=>fnm=>rec](¢,p = 0
| lﬁ,m,nafn,fm = fn +fm +1
| Y. m, fin = fm+1)ym
The first branch describes the variable case where p describes a variable from the LF context iy which has type
[ +4 tm]. The second branch describes the application case; here f, and f;;, respectively denote the recursive calls
and have type nat. The third branch describes the lambda case where f, is the recursive call made on the body of the
lambda-term.

Example 2.2. Next we implement copy of type 7 = (¢ : tm_ctx) = (m : [{ F tm]) = [¢ F tm]. We abbreviate the
identity substitution wky, by simply writing id.

fnl//:>fnm:>recf(¢,p = [Yrlplal
[y, mn, fo, fm = (¥ +app Lfnlid Lfmlid 1
[, m, fm = [yrlamdx.lfmlia 1)y m

In this example the input and output type depends on i; in particular the type of the recursive call f, in the lambda
case will be [, x:tm + tm].

Example 2.3. We return the position of a LF variable in a LF context by writing a function pos that has type
I = () :tm_ctx) = (x: [¢ +4 tm]) = nat.

fny = fnx=recd (Y = 0
1.y fy = 1+f)¥x
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2.2 LF Substitution Operation

Our type theory distinguishes between LF-variables and computation-level variables. We have substitution operation
for both. Let’s consider first a few examples to get a better intuition. Let’s look at a few examples to get a better intuition.

Examples 1. Consider the LF term app [ [x,y - app x y”wkx,y w. This LF term is obviously well-typed in the (normal)
LF context x:tm, y:tm, w:tm and applying the substitution wky, ; to app x y is meaningful as wky, 4 expands to -, x, y.
When we apply -, x, y to unbox [x,y + app x y], we resurrect the domain and apply [, x,y / -, x, y](app x y).

Examples 2. What about considering the a-equivalent term [[x’,y’ + app x” y"1}wk, ,? — Again we observe that
wky, y expands to -, x,y; when we apply -, x,y to unbox [x’,y" + app x’ y’], we resurrect the domain and apply
[x,y /- x",y"](app x’ y’) effectively renaming x” and y’ to x and y respectively.

[o/¥](Ax.M) = Ax.M’ where [o,x/¥,x](M) = M’ provided that x ¢ FV(c) and x ¢ ¥
[c/¥](M N) =M’ N’ where [6/¥](M) = M’ and [¢/¥](N) = N’

[o/¥)(Lt]o) = Ltler where [0/¥](c") = 0"

[o/¥](x) =M where lookup x [c/¥] =M

[o/¥]c = c

[o/%]() =
[a/‘i’](wk&)) =o' where truncg (o/¥) = ¢’
[o/¥](c’, M) = 6", M’ where [¢/¥](c”) = ¢” and [¢/¥](M) = M’

Fig. 2. Simultaneous LF Substitution for LF Objects

We define LF substitutions uniformly using simultaneous substitution operation written as [o/%]M (and similarly
[o/¥]A and [¢/¥]K) (see Fig. 2). As LF substitutions are simply a list of terms, we need to resurrect the domain to
lookup the instantiation for a LF variable x in o. This is always possible. When pushing the substitution through an
application M N, we simply apply it to M and N respectively. When pushing the LF substitution through a A-abstraction,
we extend it. When applying o to a LF variable x, we retrieve the corresponding instantiation from o using the auxiliary
function lookup which works mostly as expected. When applying the LF substitution o to the LF closure |t] we
leave t untouched, since t cannot contain any free LF variables and compose ¢ and ¢’.

lookup x [0, M/¥,x]=M
lookup x [0, M/¥, y] = lookup x [o/¥]
lookup x [wkﬁ,/\i’] =x where x € ¥
lookup x [o/¥] = fails otherwise
Composition of LF substitution is straightforward. When we apply o to wky,, we truncate o and only keep those
entries corresponding to the LF context ¥. Recall that wky, provides a weakening substitution from a context ¥ to
another context ¥, mAwhere |E’4| = n. The simultaneous substitution ¢ provides mappings for all the variables in
¥, X. The result of [o/¥, X]wkg, then should only provide mappings for all the variables in ¥. We use the operation
trunc to remove irrelevant instantiations. The definition of truncation is straightforward.
truncy (o/¥) =0
truncy (o, M/d, x) = truncy (0'/(i>)
truncy (wk(\i,’f)/‘i’, %) = wky
truncy (-/-) = fails ¥ # -



Computation-level Substitution for Terms

{t/y}fnx = ¢') =fnx = {t/y}t’ provided x ¢ FV(t)
{t/y}(t1 t2) = {t/y}t1 {t/ylt2

{t/yhrect BY 1) =rec? {t/y)by | {t/y}by (t/y}¥ (t/y}t  where B=by|...|by
{t/y}[C1 = [{t/y}(O)]

{t/y}(y) =t

{t/y}(x) =x where x # y
{t/y}() ok

{t/y}(¥,x: A)  ={t/y}¥,x: {t/y}A provided (¥, x) ¢ FV(t)
Computation-level Substitution for Branches

{tlyyx=1) == {t/ylt') provided ¥ ¢ FV(t)
Computation-level Substitution for Contextual Objects

{t/y}(¥ + M) = {t/y)¥ + {t/y}M provided ¥ ¢ FV(¢)
¥ ro)  ={t/y}¥+{t/ylo provided ¥ ¢ FV(t)
Computation-level Substitution for LF Objects

{t/y}(Ax.M) = Ax.{t/y}M

{t/y}(M N) = {t/yiM {t/y}N

{t/y}(Lt']s) = Lt/ Lt ry)o

{t/y}(c) =c

{t/y}(x) =x

Computation-level Substitution for LF Substitutions

{t/y}() ok

{t/y}(a. M) ={t/ylo, {t/y}M

Wydwkg) =Wk )

Fig. 3. Computation-level Substitution

2.3 Computation-level Substitution Operation

The computation-level substitution operation {t/x}t’ traverses the computation ¢’ and replaces any free occurrence of
the computation-level variable x in ¢” with t(see Fig. 3). The interesting case is {¢/x}[C]. Here we push the substitution
into C and we will further apply it to objects in the LF layer. When we encounter a closure such as |t” |, we continue
to push it inside ¢ and also into ¢t”’. When substituting a LF context ¥ for the variable ¢ in a context ®, we rename the
declarations present in ®. This is a convention. It would equally work to rename the variable declarations in ¥. For
example, in {(x:tm, y:tm)/lp}(t/;, x + lam Ay.app x y ), we rename the variable x in (,/;,x and replace ¥ with (x:tm, y:tm)
in (, w F lam Ay.app w y). This results in x, y, w - 1lam Ay.app w y. When type checking this term we will eventually
also a-rename the A-bound LF variable y.

2.4 LF Typing

We concentrate here on the typing rules for LF terms, LF substitutions and LF contexts (see Fig. 5). The rules for LF
types and kinds are straightforward (see Fig. 4). All of the typing rules have access to a LF signature ¥ which we omit
to keep the presentation compact. In typing rules for LF abstractions Ax.M we simply extend the LF context and check
the body M. When we encounter a LF variable, we look up its type in the LF context. The conversion rule is important
and subtle. We only allow conversion of types — conversion of the LF context is not necessary, as we do not allow
computations to appear directly in the LF context and we can keep part of the LF context abstract. However, we deviate

8



[0+ A:type |and|T;® + K : kind |LF type A is well-kinded and LF kind K is well-formed

T+%:ctx aKey LYrP:NIx:AK L;YrM:A TI;¥YFA:type TP, x:Ar B:type
I;Yra:K ;¥+PM: [M/x]K T; ¥+ [Ix:A.B : type

I;9+A:K’ ;9K =K :kind T'+Y:ctx Y- A:type I¥,x:Ar K : kind
I;9+-A:K T; ¥ + type : kind ;¥ + IIx:AK : kind

Fig. 4. Kinding Rules for LF Types

T;¥ s M: A|LF term M of LF type A in the LF context ¥ and context I' describes a variable

YrM=x:A Y(x)=A Yy M:B T;¥FB=A:type
;P e M: A ;e M: A
DYrFM= |ty : [0/D)(A) Trt:[@rsA] ;¥ tso: D
'Y M: A

T;¥+M:A|LF term M has LF type A in the LF context ¥ and context I'

¥, x:Ar M: B Trt:[@rA]lorTrE:[Prs A] T;9F0: @
L% F Ax.M : [Ix:A.B DYk |ty : [0/D)A
F'r¥%:ctx ¥Y(x)=A I'YrM:B TI;¥+B=A:type
I''Yrx:A TI'YErM:A
Y -M:TIx:AB T;39F-N:A TrW:ctx c:A€Y
I’Y+MN:[N/x]B Yrc: A

LF substitution ¢ provides a mapping from the LF context ¥ to ®

N

Pr¥xA:ieX 1 gy L@ro:¥ T0rM:[o/¥]A
p—

F;‘I’,x:Al—wk\i,:‘I’ I;or-:- Ii®ro,M: ¥, x:A

LF substitution o from LF context ® to the LF context ¥ is a weakening subst.

N
¥, x:Ar O'Ewk\i,:‘lf

—
'Y, x:Abtse 0 : ¥

Fig. 5. Typing Rules for LF Terms and LF Substitutions

from Cave and Pientka [2012] in the rule that allows us to embed computations into LF terms. Given a computation ¢
that has type [¥ + A] or [¥ +4 A], we can embed it into the current LF context ® by forming the closure |t], where o
provides a mapping for the variables in ¥. This formulation generalizes previous work which only allowed variables
declared in T to be embedded in LF terms. This enforced a strict separation between computations and LF terms. The
typing rules for LF substitutions are as expected.

Last, we consider the typing rules for LF contexts (see Fig. 6). They simply analyze the structure of a LF context.
When we reach the head we either encounter a empty LF context or an context variable y which must be declared in
the computation-level context T.



LF context ¥ is a well-formed

FT I'(y)=tm_ctx rT Tr¥:ctx T;¥FA:type
I'k-:ctx I'ty:ctx 'Y, x:A:ctx

Fig. 6. Typing Rules for LF Contexts

2.5 Definitional LF Equality
We now consider definitional LF equality. We omit the transitive closure rules as well as congruence rules, but concentrate
here on the reduction and expansion rules. For LF terms, equality is 7. In addition, we can reduce |¥ + M]s by simply
applying o to M.

For LF substitutions, we take into account that weakening substitutions are not unique. For example, the substitution
wk. may stand for a mapping from the empty context to another LF context; so does the empty substitution -. Similarly,
wky,, ...x,, is equivalent to wk.,x1, ..., xp.

I'WYr-M=N:A| LFTerm M is definitionally equal to LF Term N at LF type A

Y+ M:IIx:A.B ;9. xArMi:B TP +-My: A
LYFM=AxMx:[Ix:A.B T;¥ + (Ax.My) My = [My/x]M; : [M3/x]B
IN®-rN:A TI'¥+ro: D
LYk [[®FNs = [0/PIN : [0/D]A

LF Substitution o is definitionally equal to LF Substitution ¢’

T+ ®,x:AyB:ct
F : D
T'rFY:ctx XALYD X

;¥rwk.=-:- F;CD,x:A,ﬁ F wkéx = wkg, x : @, x:A

[[¥ro=o':d ;¥YrM=N:[0/D]A
I’Yro,M=0',N:®,x:A

Fig. 7. Reduction and Expansion for LF Terms and LF Substitutions

2.6 Contextual LF Typing and Definitional Equivalence

We describe typing and equivalence of contextual objects in Fig. 8. This is standard. We lift definitional equality on
LF terms to contextual objects. Note that we overload notation, writing ¥ for a LF context ¥ where we have already
erased type declarations, but we sometimes abuse notation and write ¥ for taking a LF context ¥ and erasing its type
information.

2.7 Computation Typing

We describe well-typed computations in Fig. 9 using the typing judgment I - ¢ : 7. Computations only have access to
computation-level variables declared in the context I'. To avoid duplication of typing rules, we overload the typing
judgment and write 7 instead of 7, if the same judgment is used to check that a given LF context is of schema tm_ctx.
For example, to ensure that (y : 71) = 7 has kind u3, we check that 7; is well-kinded. For compactness, we abuse
notation writing T + tm_ctx : u although the schema tm_ctx is not a proper type whose elements can be computed. In
the typing rules for computation-level (extensional) functions, the input to the function which we also call domain of
discourse may either be of type 7; or tm_ctx. To eliminate a term ¢ of type (y : 71) = 72, we check that s is of type
71 and then return {s/y}r; as the type of ¢ s. To eliminate a term of type (y : tm_ctx) = 7, we overload application

10



Contextual Type T is well-kinded

IYrA:type I;¥FA:type
Tt (PrA) Tk (¥ Hrs A)

Contextual Objects C has Contextual Type T in context I'

I;9-M:A ;e M: A
TF@EM):(PrFA) Tr M : (¥ A

I'+C=C":T| Definitional Equivalence between Contextual Object

IT'YFM=N:A
TP rM)=(FFN): (FrA)

Definitional Equivalence between Contextual Types

T'r¥=®:ctx I'YHA=B:type
F'r(¥+A)=(@FrB)

F'r¥=®&:ctx I’Y+A=B:type
' (¥rse A) = (D+s B)

Fig. 8. Typing and Equivalence Rules for Contextual Objects

simply writing ¢ s, although s stands for a LF context and check that s is of schema tm_ctx. This distinction between
the domains of discourse is important, as we only allow LF contexts to be built either by a context variable or a LF type
declaration. We can embed contextual object C into computations by boxing it and transitioning to the typing rules for
LF. We eliminate contextual types using the recursor.

In general, the output type of the recursor may depend on the argument we are recursing over. We hence annotate the
recursor itself with an invariant 7. We consider only the recursor for contextual LF terms where 7 = (¢ : tm_ctx) =
(y: [¥ F tm]) = r, but other recursors follow similar ideas. To check that the recursor rec! B ¥ t has type {¥/v, t /y}r,
we check that each of the three branches has the specified type 7. In the base case, we may assume in addition to
¥ : tm_ctx that we have a variable p : [/ 4 tm] and check that the body has the appropriate type. If we encounter
a contextual LF object built with the LF constant app , then we choose the branch bspp, . We assume 1 : [tm_ctx],
m: [ +tm],n: ¢ Ftm], as well as f, and f;;, which stand for the recursive calls on m and n respectively. We then
check that the body tapp is well-typed. If we encounter a LF object built with the LF constant 1am, then we choose the
branch by g . We assume ¢ : [tm_ctx] and m : [{, x:tm + tm] together with the recursive call f;;;, on m in the extended
LF context i, x:tm. We then check that the body t1,y is well-typed.

2.8 Definitional Equality for Computations

We now consider definitional equality for computations concentrating on the reduction rules. We omit the transitive
closure and congruence rules, as they are as expected.

We consider two computations to be equal, if they evaluate to the same result. We propagate values through compu-
tations and types relying on the computation-level substitution operation. When we apply a term s to a computation
fny = t, we f-reduce and replace y in the body t with s. We unfold the recursor depending on the value passed. If it is
¥ + lam Ax.M], then we choose the branch t1am - If the value is [¥ + app M N1, we continue with the branch tapp - Ifit
is |"i’ F x7, i.e. the variable case, we continue with #;,. Note that if ¥ is empty, then the case for variables is unreachable,
since there is no LF variable of type tm in the empty LF context and hence the contextual type [- F4# tm] is empty.

We also include the expansion of a computation ¢ at type [V  A]; it is equivalent to unboxing t with the identity
substitution and subsequently boxing it, i.e. t is equivalent to M+ Lthk@T .
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Well-formed Context: | + T _ P Trz:u
- [ FT,x:T

Typing and Kinding Judgments for Computations ‘ Trt:r ‘and‘ I'r7:u ‘

FT F'rfi:uy Tymib12:up

_— I
Troup:up (ur,uz) €3

reT
, Uz, ER ———
Try:71) =1m:u3 (w1, 2, u3) Tr([T):u

y:7el v Trt:(y:f1)=r Trs:fy LNy:hrt:rg Try:T)=>1n:u

Try:7 I'rts:{s/ylm IF'rfny=t:(y:71) >
'rC:T Frt:r/ Trr'=r:u
F'r[C]: [T Trt:r
Schema checking of LF Context ;Well-Formedness of Schema
T T F'r¥:tm_ctx I'YFA:type IV FA=tm:type
I'rtm ctx:u T F-:tm_ctx T'r Y, x:A:tm_ctx

Fig. 9. Typing Rules for Computations (without recursor)

3 ELEMENTARY PROPERTIES OF TYPING AND DEFINITIONAL EQUALITY

We now state and prove some basic properties about our type theory before we give its semantic interpretation and
show that all well-typed terms normalize. For stating the theorems succinctly, we refer to judgments that only depend
on the computation context I' using Jcomp and judgments that refer to both the computation context I' and the LF
context ¥ with Jf.

Jeomp = {t:t,t=t":7}
IiF {(M:AM=N:AA:K,A=B:K,K :kind,K =K’ : kind,oc: ¥,0 =¢" : ¥}
Next we prove some elementary properties for LF and computations. As we separate the LF variables from the
computation-level variables, we establish first properties such as well-formedness of context, weakening and substitution,
for LF and then we prove the dual properties for computations.

3.1 Elementary Properties of LF
THEOREM 3.1 (WELL-FORMEDNESS OF LF CONTEXT).
(D IFD =TrHY,x:A Y :ctxthenC = THY:ctxandC < D.
@) IfD=T; ¥+ JrpthenC: THY:ctxandC < D.

Proor. 1(1) by induction on the structure of ¥’; 2(2) by induction on T; ¥ + JF.
First statement: If O =T+ ¥, x:A, ¥ thenC = T+ ¥Yand C < D

Case. V' = -
D :TrEVY, x:A:ctx by assumption
CuTrY¥:ctxandC < D by inversion

Case. V' =¥ x":B

D:TrFY,x:A Y x":B: ctx by assumption
D:TrHY,x:A Y and D’ < C’ by inversion
Cu:Tr¥YandC <D by IH



Case. D =

Case. D =

Recursor over LF Parameters 7 = (¢ : tm_ctx) = (q: [{ k¢ tm]) = 7
Trt:[¥Pretm] TrI:u T =>be): T Tr(,q fg=>be): T

Trrecl (f = be | .9, fg = be) Wi : (Y)Y, t/y)e

Branches where 7 = (¢ :tm_ctx) = (y: [ Fg¢tm]) = 7
T,y s tm_ctx + be : (Y, x:tm)/¢, [Y,x + x1/p}r
't (Y =be): 1
T,y :tm_ctx,q : [{ b4 tm'|,fq Aq/plt F be AW, xtm) /Y, (T, x + Lwakﬂ/P}T

TF (g fg=be): 1

Recursor over LF Terms 7 = (¢ : tm_ctx) = (y: [y F tm]) = 7
Trt:[¥Yrtm] T+T:u Trby: T Fkbapp:I TFbpam: 7

T +rect (by | bapp | b1am ) ¥ t: (¥/¢, t/y}e

Branches where 7 = (y :tm_ctx) = (y: [¢ +tm]) >

L,y :tm_ctx,p: [ ¢ ke tm] F ty 2 {p/y)T
TrW,p=ty): 1

Iy :tm_ctx,m:[¢ +tm],n: [ Ftm]
Sfm Amfytr, fn : {n/ylc b tapp : {[ ¥ +app Lmliq Lnliq1/y}r

'k (¢, m, n,fn,fm = Z'app) T

T,¢:tm_ctx,m: [¢,x : tm + tm],
fm {(p,x : tm)/¢Y, m/y}r F o oHam (/Y. [ ¢ F lam Ax.[mliq 1/y}r
Try,m, fm = tam : 7

Fig. 10. Typing Rules for Recursors

Second statement:If D = T; ¥ + JipthenC = T+ V¥ :ctxand C < D.

'k Y:ctx aKeX
I''Yra:K

CuTrY¥:ctxandC <D

'Y, xA-rM:B

¥+ Ax.M : IIx:A.B

C':Tr¥,x:A:ctxandC’' < D
CuTrY¥:ctxandC <D

LEMMA 3.2 (LF WEAKENING). Let ﬁ =yi:B1,...,yg:Bg.

— — —
IfT;¥,y:B+ Jif andT + (¥, x:A,y:B) : ctx thenT; ¥, x:A, y:B + JLF.

Proor. By induction on the first derivation.

by assumption

by IH

by inversion on well-formedness rules for LF contexts

[m]



Reduction and Expansions for Computations

I'tfny=t:(yfh1))=>n Trs:n IF'rt:[¥rA]
T't(fny=t)s={s/ylt:{s/ylm Tr[¥r Lthk@T =t:[¥+A]

let B=(),p=tp | Ysm.n, fm, fn = tapp | Y1, fn = t1am )
and 7 = (Y :tm_ctx) = (y: [y rtm]) = 7
T'rY¥:tm_ctx ;¥ xitmbe M :tm 'r71:u
T +rec! BY ¥ lamAx.M] = {0} tran : {¥/¢, [V F 1am Ax.M]/y}z
where 0 = ¥/y, [V, x v M]/m, rec! B (¥, x:tm) [¥, x - M1/ f

T'FY¥:tm_ctx I +-M:tm 5%+ N :tm I'v71:u
T +rec! BY[Y+app M NT = {0)tapp : {¥/1, [V + app M N1/y)r
where 0 = ¥/y, [¥ + M]/m, [¥ + N1/n, rec! BY [V + M1/ fp, rec! BY [¥+ N1/fp

xtmeV¥ T +rY¥:tm_ctx 'r7:u
T+rect BY Y rx]={(¥/y, [¥+x1/pity : (T/Y. ¥+ x]1/y}r

Fig. 11. Definitional Equality for Computations

—
I'¥,y:B:ctx aK el
Case. N
Y, y:Bra: K
—
'Y, x:A y:B: ctx by assumption
F;‘I’,x:A,y—:I)Sl—a:K by rule
- ’ - ’ ’ ’
Y, y:Br A" : type 'Y, y:B,x:A" + B" : type
Case.

— 7 ’ ’
Y, y:B+IIx":A".B" : type

;0 x:A y:B + A : type by IH
I'FY,x:A y—B) : ctx by assumption
T'+Y, x:A, y_:B), x": A’ : ctx by rules for well-formed LF contexts
D =T Y, yTB),x’:A’ F B’ : type by premise
T,¥, x:A, yB,x":A’ + B’ : type by IH
I, x:A, y_])3 F IIx":A’.B" : type by rule

[m]

LeEmMA 3.3 (LF VARIABLE Lookup). LetT + ¥ : ctx and ¥(x) = A.
IfT;0F 0 : Y thenT; &+ M : [0/Y]A and lookup x [o/¥] = M.

Proor. By induction ;& + o : V.

—
'Y, y:B:ctx

Case. N
I';¥Y,y:BF wk\i, P



xeW¥
lookup x [wk\i,/‘i’] =x

(¥, y:B)(x) = A

by assumption ¥(x) = A
by definition of lookup

since ¥(x) = A

—
I;¥,yBrx: A by typing rule
[dro: ¥ L0+ N:[c/¥']B
Case. where ¥/(x) = Aand x # y
I;®ro,N:¥, yB
[;OFM: [0/¥]A by IH

I;®0FM:[o,N/¥,y]A

[;0Fo: ¥ [;d+M:[o/¥]A

Case.
I;0+-o,M: ¥V, x:A
lookup x [J,M/‘i”,x] =M
[;d+M:[c/¥]A
L+ M: [o,M/¥, x]A

since y ¢ FV(A)

where (¥, x:A)(x) = A

by def. of lookup
by premise
since x ¢ FV(A)

O

LEmMMA 3.4 (LF SuBsTITUTION). If T;¥ + Jir and T;@+ o0 : ¥ thenT;Q + [o/¥Y]ILF.

Proor. By induction on the derivation on the first derivation using well-formedness of LF contexts (Lemma 3.1) and
LF weakening (Lemma 3.2). In the LF variable case, we refer to Lemma 3.3. Most cases are straightforward; we only

show a few cases, the others are similar.

FFY:ctx ¥Y(x)=A
Case.

I'Yrx:A

I[P+ M: [0/¥]A and lookup x [o/¥] =M
I;9F [0/¥]x: [0/P]A

a:KelX I'FW:ctx
I'Yra: K

Case.

I'k®:ctx
[6/¥](a:K)eX
I+ [c/¥]a:[0c/¥]K

IY+EA:type I''Y,x: A+ B: type

Case.

I''¥ - IIx:A.B : type

IO+ [0/¥]A: type
I'F®:ctx
IF'r®,x:[0/P]A:ctx
I;oro:¥
I;®0,x:[c/¥Y]Aro: ¥
T;0,x: [6/Y]AF x : ([o/¥]A)

by Lemma 3.3
by subst. def.

by Lemma 3.1
as K is closed and [¢/¥]K = K
by rule and substitution def.

by IH

by the lemma 3.1 using I';® o : ¥
by rule

by assumption

by Lemma 3.2

by rule



I;®,x:[0/¥]Aro, x:¥,x: A by rule

[;9,x: [0/¥Y]A+ [0, x/¥,x]B : type by IH

I 9 F Ix:[o/Y]A. [0, x/¥, x]B : type by rule

[0+ [0/¥Y](IIx:A.B) : [o/¥]type by substitution def.
Trt:[® FAlorTkt: [P kg A] ¥Yro @

Case.

;Y- |ty : [0/ /1A

[0+ [0/¥]0’ : @ H
L0+ e w)e : [[0/P]0’/D]A by rule
T;0F [o/Y](Ltls) : [c/¥]([c’/D"]A) by substitution def.
'Y+ M:IIx:A.B I’YEN:A
Case.
I;¥Y+-MN : [N/x]B

[0+ [0/¥Y]M: [o/¥](I1x:A.B) by IH
;0 [0/Y]IM : Ix:[0/¥Y]A.([0, x/¥,x]B) by substitution def.
[0+ [0/¥]N : [0/¥]A by IH
I;0+ ([o/¥]IM) ([c/¥]IN) : [[c/¥]N/x]([o, x/¥,x] B) by rule
I+ [c/Y](MN) : [c/¥]([N/x]B) by definition and composition of substitution

—
T'FY, x:A: ctx

Case. ,
F;‘I’,x:Al—wk\i,:‘I’

Ii®&ro:VY, XA by assumption

I;®ro’: ¥ by inversion where ¢ = ¢/, My, ... M;

L0k [0/, X](wky) : ¥ using the fact that ¢’ = truncy (o /¥, %) = [0/, *](wky,)
¥ro’ @ ;Y -M:[6//d]A

Case.

Vo' M:d ,x: A

[0+ [0/¥]0’ : @’ by IH
[;0F [0/PIM : [0/¥]([c’/D']A by IH
[0+ [o/¥IM : [[o/¥]c’ /D ]A by substitution def.
[0+ [0/¥]o’,[c/PIM: D", x: A by rule
I;0F [0/¥](c’,M):®",x: A by substitution def.

O

We omit here the substitution lemma for the restricted LF typing judgments ;¥ +4 M : AandT; ® +4 o : ¥. However,
it is worth noting that when we apply an LF substitution o where I'; ® +- o : ¥ to M where I'; ¥ +4 M : A we are not
guaranteed to obtain a variable and hence we can only conclude T'; @  [o/¥]M : [o/¥]A. We can only guarantee that
we remain in +# if the LF substitution is a variable substitution.

LEmMA 3.5 (LF CONTEXT CONVERSION). Assumel + ¥, x:A: ctx andT'; ¥ + B : type.
IfI; ¥, x:AF JiF andT; ¥ + A= B : type thenI; ¥, x:B + JiF.

PRrooOF. Proof using LF Substitution (Lemma 3.4).



TFY,x:A:ctx by assumption

I'-V¥:ctx by inversion
I'FY¥,x:B: ctx by rule
I;¥,x:B+ wk\i, : ¥ by rule
I;¥,x:B-x:B by rule
I''Y+B=A:type by symmetry
¥, xBrx:A by rule
¥, x:BFx: [wk\i,/‘i’]A as [wk\i,/‘i’]A =A
I; ¥, x:B+ wk\i,,x (¥, x:A by rule
I;¥,xBr 9 by Lemma 3.4 and [wk\i,,x/‘i’, x99 =9

m]

LeEmMA 3.6 (FuNcTIONALITY OF LF TYPING).

LetT';¥ o : ®andT; ¥ F oy : @, andT; ¥ + 01 = 0y : @.

(1) If® = ®;, xi:A, yA and T; @ + x; : A then T3 ¥ + [01/3](x1) = [02/8](x:) : [o1/B](A).
(2) FT;®F ¢ : @ thenT; ¥ r [01/®)o = [02/D]o : ©'.

(3) IfT;®@ v M : A thenT; ¥  [01/®IM = [02/®IM : [01/D]A.

(4) IfT;® + A : type thenT; ¥ + [07/®]A = [02/D]A : type.

Proor. We prove these statements by induction on the typing derivation [;® + M : A (resp. I;® + o : ®’and
T;® + A : type) and followed by another inner induction on T; ¥ + 01 = 03 : @ to prove (1).

We concentrate first on the variable case (1).
—
I' + @9, x0:A0, y:B : ctx

Case. N
T'; @, x0:Ao, y:B F Wk(i> x = Wk(po,xo 1 ®g, x9:Ap

Letx; € ®gand @y = e, xp,, . . ., x; where o stands for either the empty context or a variable. Then lookup x;[Wke x, ... x /%n ..., x1] =
Xi

Subcase. xj = xg

lookup x; [wk&),x(}/@o,xo] = xg since x;j:A; € (9o, xp : Ag)
lookup x; [wke,, x0/Po, x0] = x0 by lookup
Subcase. x # xo and x; € xp, ..., X1
lookup x; [wk&),x/cbo,xo] = xj since x;j:A; € (Do, xp : Ag)
lookup x; [wk%,xo/fi)(),xo] = lookup x; [wk%/fi)o] =xj

since lookup x;[Wke x,,....x, /9 Xn ..., x1] = x;
F;<I>0,x0:A0,y_:ﬁ Fxi=x;:A; using A; = [Wke x,,,...,x;_/® Xn, ..., xi—1]A;

I;¥Y+ro=0¢":® T;¥+M=N:[c/D]A

Case.
I;¥Y+o,M=0',N: D, y:A

Subcase. x = y
lookup x [0, M/®, x:A] = M by def. of lookup



lookup x [¢/,N/®, x:A] = N by def. of lookup
;¥ +M=N:[o/d]A by premise
;¥ +-M=N:[o,M/d,x]A since [0, M/, x]A = [o/®]A
¥Yro' =0:@

Case.
I5Yro=0":®

LY - [o7/9](x) = [0/D](x) : [07/D]A by IH
;¥ F [6//D]A = [0/]A by IH
0¥k [0/®](xi) = [07/D](xi) : [07/](A) by type conversion

]

LEMMA 3.7 (EQUALITY INVERSION). IfT; ¥ + A = IIx:B1.By : type orI'; ¥ + IIx:B1.Ba = A : type then A = [Ix:A1.A2
or some Ay and Az andI'; ¥ + A1 = By : type and I'; ¥, x:A1 + Ay = By : type.
A dA dT; ¥+ A B yp dT; ¥, x:A1+FA B yp

Proor. By induction on the definitional equality derivation. O

LemMma 3.8 (INJecTIvITY OF LF P1-TYPES). If ;¥ + IIx:A.B = IIx:A’.B’ : type then ;¥ + A = A’ : type and
I;¥,x:A+ B= B :type.

PRroOF. By equality inversion (Lemma 3.7). O

3.2 Elementary Properties of Computations
THEOREM 3.9 (WELL-FORMEDNESS OF COMPUTATION CONTEXT).

(1) If D ::+ T, x:7,T" then C :: + T and C is a sub-derivation of D, i.e. C < D.
2) IfD = T;¥ + Jif then C :: + T and C is a sub-derivation of D, i.e. C < D.
(3) If D =T + Jeomp then C :: + T and C is a sub-derivation of D, i.e. C < D.

ProoF. (1) by induction on the structure of I'/; (2) and (3) by mutual induction on D.
First statement: If O = + T, x:#,T’ then C :: + T and C is a sub-derivation of D, i.e. C < D.
Case. T’ = -

D v Txit by assumption
C:+TandC <D by inversion

Case. T =T", y:#’

Dk T, x1, T, y:1’) by assumption
D v Tx:t, T” and D’ < D by inversion
+tTandC < D by IH

For the 2nd and 3rd statement we show a few cases; most of the cases are straightforward and follow either directly by
applying the induction hypothesis or by the premises of a rule. We only show one case.

T'rt:
Case. D = ‘

F'rt=t:r
C:+rTandC <D by IH



FNythirt=s:n

Case. D =
I'tfny=t=fny=s:(y:71) > n

C'u+ly:f1andC’ <D
C z+tlTandC <D

LEmMMA 3.10 (COMPUTATION-LEVEL WEAKENING).
(1) Ifl“l,Fg + gycomp and + Fl,y : 7,15 then Fl,y cr,Ih F g%omp

2) IfT1, ;¥ + Jip and v T,y : 7,1 then T,y : 7,10, ¥ + JiF.

ProoF. Proof by mutual induction exploiting Lemma 3.9.

F Fl, rz
Case.
I, I + - :ctx

Frl,y:f,rz
N,y: 7, F - :ctx

Fl,rg,y’:‘f'll-t:‘[g rl,rgl-(y/:fl)ﬂleu

Case. D =
O,Ltfny =t: @y #H)>n

H“l,y 17,1

+ F],rz,y’ 17

NL,Ihr 71 :u

rl,y:‘f',rg FT iU

FhLy: 50,y 0 6

Fl,y:f,l"z + (y’ : f']) =>T2:U

rl,y:T,Fz,y/ T ktiTy

Ny:o,Lirfny="t:(y :4)=>n

y 7 e (I1,Tz) F (1, Tz)
Case. D =

I, I I—y’:f’

y’:‘f’l S (I‘l,y:%,l"z)
l—rl,y:’;,rz
rl,y:‘f’,rg I—y/ .t/

LEMMA 3.11 (COMPUTATION-LEVEL SUBSTITUTION).
(1) If+ T,y : ,T" andT v t : 7 then+ T, {t/y}T’

@) IfT,y:t,T;¥+ Jpand T+ t: 7 thenT, {t/y}T";¥ + {t/y) ILF.
B IfTy:t.T" F Jeomp and T+ t: 7 thenT, {t/y}T" + {t/y}Tcomp.

Proor. By mutual induction on the first derivation exploiting Lemma 3.10.

by IH
by well-formed context rule
O

by assumption
by rule

by assumption
by Lemma 3.9
by inversion
by IH

by rule

by IH

by IH

by rule

by since y” : ' € (T3, [2)
by assumption

by rule

u]

We show here a few cases. Most cases are straightforward and only require us to apply the induction hypothesis.

Part 1.
Case. T’ = -

FLy: 7
FT

by assumption
by inversion



Case. T’ =Ty, x:1%

FLyt,Toand T, y: 7, To F 7o s u
F T, {t/yllo

L {t/y}To + {t/y}to : u

F L {t/y}lo, {t/y} 7o

F T, {t/y}(To, x:70)

Part 2.
' e (T,y:%,T7)

F Ty, T

Case.
Ly, T +y o ¢

Subcase: y':t’ € T.

{t/yly’ =y’
{t/yyt' =
F L {t/ylT’
y:t' € (T, {t/y}T”)
L{t/y)T' vy’ 77

Subcase: y:t’ € T’.
FT {t/y)l’
’~{t/y}z“" € {t/y}T’
y:At/y)t" € (T, {t/y)T")
L At/yll" by’ {t/y}e’

wherey # ¢’

y:¥ € (T, y:7,T) F Ly, T/
Case.
Lyt T'vry: ¢
Frt:7
kT {t/y)T’
{t/y}t =7

T {t/y)T" + {t/y)y : {t/y}T

T, y:f,l"',x:ﬁ Ft' i

F,y:f,F’l—(x:i’l)ﬁrzzu

Case.

Lyt,T'rfnx =t (xf) =
L, {t/y} (X7, x:71) + {t/y}t : {t/y}fz
T {t/ylT, x:{t/y}tr + {t/y}t": {t/y)m
LAt/yT F {t/yd((x - 1) = Tz) {t/y}u
T {t/y)T" v (x : {t/y}t1) = {t/y, x/x)r2) : {t/y}u
L {t/y)T" F {t/yd(fn x = t') : {t/y}((x:F1) = 12)

Lyt,T'vt':(x: %) > 1

Lyt,T'rs:n

Case.

Ly, +t's: {s/x}ry

20

by inversion on assumption
by IH (part 1)

by IH (part 2)

by rule

by subst. def.

by subst. def.

by subst. def. and the fact that y ¢ FV(#’)
by IH (part 1)

by previous lines

by rule

by IH (part 1)
by previous lines
by previous lines

by rule

by assumption

by IH (part 1)

by subst. def. and the fact that y ¢ FV(r)
by Lemma 3.10

by IH (part 2)
by subst. def.
by IH (part 2)
by subst. def.
by rule and subst. def.



T {t/y}T’ F {t/y}t’ : (x: {t/y}t1) = {t]y, x/x}r2 by IH (part 2) and definition of substitution
T {t/y)T’ + {t/y}s : {t/y}t1 by IH (part 2)
L {t/ylT" = ({t/y}t") ({t/y}s) - ({t/yds/x}({t/y, x/x}2) by rule
T, {t/y}T7 F {¢/y}(t’ s) : {t/y}({s/x}T2) by definition and composition rules of substitution

m]

Last, we define simultaneous computation-level substitution using the judgment . For simplicity, we
overload the typing judgment simply writing ' - ¢ : 7, although if 7 = tm_ctx, ¢ stands for a LF context.

FTY I'c0:T T/rt:{0)F
' T"vO,t/x:T,x: 7
We distinguish between a substitution 6 that provides instantiations for variables declared in the computation context
I', and a renaming substitution p which maps variables in the computation context I to the same variables in the context

2,
I'" where I'" =T, x:7 and I’ + p : T. We write I'” <, T for the latter. We note that the substitution properties also hold
for renamings.

LEMMA 3.12 (WELL-FORMED CONTEXTS FOR SUBSTITUTIONS). IfT" + 0 : T thent+ I”.

Proor. By induction on the structure of the derivation of T’ + 6 : T.

FIY
Case.
| R
T by premise
I'+0:T I''vt:{0)F
Case.
I''v0,t/x:T,x: %
T by IH

O

LEMMA 3.13 (WEAKENING FOR COMPUTATION-LEVEL SUBSTITUTIONS). Lety be a new names.t.y ¢ dom(I'’). IfT” + 6 : T.
andT’ v 7 :u thenT',y:7+6:T.

Proor. By induction on the first derivation using Lemma 3.10.

I

Case.
k-

FTY by premise
I'ri:u by assumption
Fly: 7 by rule
Iy:tr-:- by rule

I'v0:T I''vt:{0)%

Case.
I'+0,t/x:T,x:7

IMy:t+0:T by IH
IMy:trt:{0)F by Lemma 3.10
Iy:t+0,t/x:T,x: 1 by rule

]
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COROLLARY 3.14 (IDENTITY EXTENSION OF COMPUTATION-LEVEL SUBSTITUTION). Lety be a new name s.t. y ¢ dom(I'”)
andy ¢ dom(T). If T’ + 0 : T andT’ + {0}% : u thenT’,y : {0}F + O,y/y : T, y:t.

Proor.
IMy:{6}t+0:T by Lemma 3.13
FIy: {0)F by Lemma 3.12
Iy: {0}t ry: {0} by typing rule
Iy:{0}t+r0,yly:T,y:¢ by rule
[m}

LEMMA 3.15 (COMPUTATION-LEVEL SIMULTANEOUS SUBSTITUTION).

(1) T+ 0:T and ;¥ + G thenT’; {0} + {0} JLF.
@) IfT + 0 : T andT v Teomp then T’ + {6} Feomp.

Proor. By mutual induction on the second derivation using Lemma 3.9 and Lemma 3.13.

xt el +T
Case. —8MM
I'rtx:7T
I’'+6:T by assumption
T+ 0y, t/x:Ty,x:tand 6 = Oy, t/x, 61 and T = Iy, x:7, T} by inversion
T/ Ft:{0)7 by inversion
I’ Ft:{0)t since 7 does not depend on the variable in (x:7,T7)

I+ {0}x : {O}F

rl—t:(y:‘f’l)i‘[z T'rs:7g
Case.
I'rts:{s/ylm
F{0)s: {0}1
F{O} {0} ((y: T1) = 12)
F{O}t: (y: 9}71) =1{0,y/yln
F({0}) ({0 ) Os/y} (16, y/y}r2)
F{O}(Es) S/y ({0.y/y}r2)
F{ON¢s) : ( s/ylrz)

Ty:f1+t:1m
Case.

T'rfny=t:(y:11) >

I'v6:T

I—F,y:fl

T'rT:u

I"F{0}t1:u

r y:{@ﬁl—@,y/y:l",y:fl

}
{0} F{0,y/ylt - {0, y/ylw
F’ F fn y=10,y/ylt: (y: {0)71) = {60, y/y)n
OYfny =1t): {0} ((y: T1) = 12)

L,y :tm_ctx,p: [ ¢ k& tm] F ty 2 {p/y}T

Case.

T'rW,p=ty): 1

where 7 = () : tm_ctx) = (y: [y +tm]) = 7

since {#}x = t and t does not depend on the variable in (x:7,I})

by IH

by IH

by subst. definition

by rule

by subst. definition

by compositionality of substitution

by assumption

by Lemma 3.9

by inversion

by IH

by Lemma 3.14

by IH

by rule

by subst. definition
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I'v6:T

FL, ¢ ctm_ctx,p: [ ¢ k4 tm]

F T, ¢ : tm_ctx

T, ¢ :tm_ctx F [ k¢ tm]

I/ +tm ctx:u

I’ F{O}tm ctx:u

I, ¢ s tm_ctx + 0,¢/y : T, : tm_ctx
I, :tm_ctx k[ ke tm] 1

let 0, = 0,9/y.p/p

T, ¢ s tm_ctx,p: [ e tm] F Oy : T,¢0 : tm_ctx, p: [ s tm]

Iy s tm_ctx,p: [ ¢ ko tm] F {0}t : {p/yH{bu}T
I {0}y, p = t) {O}T

by assumption

by Lemma 3.9

by inversion

by inversion

by typing rule

by subst. def. since {f}tm_ctx = tm_ctx
by Lemma 3.14

by typing rules

by Lemma 3.14

by IH and by definition of substitution
by rule and by definition of substitution
O

Next, we show that we can always extend a renaming substitution.

LEMMA 3.16 (WEAKENING OF RENAMING SUBSTITUTIONS). Lety be a new name s.t. y ¢ dom(I”’).

IfT" <p T andT’ 7 :uthenT’,y:7 <, T.

Proor. Follows from Lemma 3.13.

O

COROLLARY 3.17 (IDENTITY EXTENSION OF RENAMING COMPUTATION-LEVEL SUBSTITUTION). Lety be a new name s.t.

y & dom(I'’) andy ¢ dom(T).

IfT" <, T and T’ v {p}7 : u thenT', y:{p)7,T" <p 4y T, y:t.

Proor.
Iy : {p}F <p: T
Iy dplt <pyjy: Ty

LEMMA 3.18 (COMPUTATION-LEVEL RENAMING LEMMA).

(D) IfT" <p T andT; ¥ + Jir thenT'; {p}¥ + {p} IiF-
(2) IfT" <, T andT + Jeomp then T’ + {p} Jecomp-

by Lemma 3.16
by rule
[m]

Proor. By induction on the second derivation using Lemma 3.9 We show a few cases.

Casep=XTEL T
Trx:7T
I'<,T
I <py x/x Lo, x:T and p = po, x/x, p1 and T = T, x:7, Ty
I"Fx:{po}t
I+ x:{p}t
I+ {p}x: {p}t
Trt:(y:11) =1 F'rs:f
Case. D =
I'tts:{s/ylr

I+ {p}s: {p}t1
'+ {pit: {p}((y : T1) = 1)
I+ iplt: (y: {p}t1) = {p,y/ylm
I+ ({p}t) Upls) : pds/ylp, y/y)r2)
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by assumption

by inversion

by inversion

since 7 does not depend on the variable in (x:7, 1)
since {p}x =y

by IH

by IH

by subst. definition
by rule



T" F{p}(t s) : {{pts/y}(ip, y/ylr2) by subst. definition

T+ {p}(ts) : {p}({s/y}r2) by compositionality of substitution
Iy: T1ht:Ty
Case. D =
Trfny=t:(y:71) > n
I"<,T by assumption
C = +T,y: 7 and moreover C is smaller than D by Lemma 3.9
F'r71:u by inversion
I"vF{p}t :u by IH
Iy:{ptn <py/y Y11 by Lemma 3.16
Iy {ptti Fip.y/ylt : {p.y/ylee by IH
I'rfny = {p,y/ylt: (y: {p}t1) = {p,y/yln by rule
I'F{p}fny=1):{p}((y: 1) = 12) by subst. definition

Case. D =T+ recI(lﬁ,p =ty | Ym0, fu, fm = tapp | Yom, fm = tram ) £ {[Y]/¥, t/y}T

where I = (f : [tm_ctx]) = (m: [¢ F tm]) = 7.

Trit:[¥Ftm]
T, y:tm_ctx, m:[ ¢, x:tm F tm], frn:{[ ¥, x:tm1 /¥, m/y}t v f1am : {@/¢, [ ¢ F lam Ax.|mliq1/y}T
T, yitm_ctx, m:[ ¢ - tm], n:[ ¢ Ftm], fiw:{m/ylz, fn 2 {n/y}t v tapp:{[ ¥ + app Lmlig Lnlig1/y}z

T, ¢:tm_ctx, p:[ ¢ k¢ tm] + ¢y : {p/y}r by premise
T’ + {p}t: {p}[¥ F tm] by IH
'k {p}t: [{p}¥ F tm] by subst. definition
I’ F tm_ctx by rule
IV, ¢ : tm_ctx + ¢ : tm_ctx by rule
I/, ¢ : tm_ctx F ¢ : ctx by rule
I, ¢ : tm_ctx; ¢ + tm : type by rule
I, ¢ s tm_ctx + / k4 tm : type by rule
I',¢ :tm_ctx b [ b4 tm] 1 u by rule
I, ¢ tm_ctx,p: [ §f ks tm] <(p.y/v.p/p) I,¢ :tm_ctx,m: [ ¢, x:tm F tm] by Lemma 3.16
I, ¢ s tm_ctx,p: [ ¢ kg tm] F @ /Y, p/pYte < {p. ¥ /Y, plylT by IH (since 7 does not depend on I'’)
I’ F tm_ctx by rule
IV, : tm_ctx + ¢ : tm_ctx by rule
I/, ¢ : tm_ctx F ¢ : ctx by rule
I/, ¢ : tm_ctx F ¢, x:tm : ctx by rule
I, : tm_ctx; ¥, x:itm + tm : type by rule
I',¢ s tm_ctx b [, x:tm F tm] : u by rule
I, ¢ s tm_ctx,m: [, x : tm + tm] F {[¥, x:tm] /¢, m/y}T 1 u by assumption and Lemma 3.9
I/, y:tm_ctx, m:[ ¥, x : tm + tm] <o,y /,m/m) Ts Yitm_ctx, m:[¢, x:tm + tm] by Lemma 3.16

I, ¢ s tm_ctx,m: [ ¢, x : tm F tm] F{¢/¢, m/m}{[ ¢, x:tm] /¢, m/y}7) 1 u
by IH (since 7 does not depend of T'’)

I/, getm_ctx, m:[ ¢, x  tm F tm], frp:{[ ¥, x:tm] /¥, m/y}r
S/ mim fonfr) Do ¥itm_ctx, m:[ ¢, x s tm b tm], fno{[ ¥, x:tm1/y, m/y}e by Lemma 3.16
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I,y s tm_ctx,m: [, x:tm+ tm], fi : {[ ¢, x:itm] /¢, m/y}r
Fip. ¥/ mim, fn/ fmYtiam < /¢, T ¢ + lam Ax.Lmlig1/y}t
by IH (since 7 does not depend on I'’)

With a similar argument, we have :
I ¢ ctm_ctx,m: [ ¢ Ftm],n: [ [¢)etm], fin - {m/y}r, fu : {n/y}z
Spy/dmimunin Ly stm_ctx,m: [ - tmln: [ ¢ Ftm], fi 2 {m/ylz, fo : {n/yle

So we have by IH:
I, itm_ctx, m:[y b tm], n:[y - tm], fins{m/ylr, fa:{n/y}e = {pltapp < {[ ¢ + app Lmlig Lnlia1/y}7

So we have

I + {p}rec (¢ p=to | Y.mn, fu, fm = tapp | ¥sm, frn = t1am )t ApY AT/ Y. t/y)7)

4 WEAK HEAD REDUCTION

Before we define the operational semantics of CocoN using weak head reduction, we characterize weak head normal
forms for both, (contextual) LF and computations (Fig. 12 and Fig. 13). They are mutually defined. Any computation-level
term ¢ that is unboxed within an LF object (i.e.| t]) must be neutral and not further trigger any reductions. We leave
the substitution o that is associated with it untouched. LF substitutions are in whnf.

: LF term M is in weak head normal; : LF term M is in weak head neutral

wne t wne M
whnf Ax.M whnf [t], whnfM wne (lamM) wne (app M N) wnex

: LF substitution ¢ is in weak head normal form

whnf (o, M) whnf - whnf wky,

: LF type A is in weak head normal form

whnf A whnf B
whnfa M;...M, whnf IIx:A.B

Fig. 12. Normal and Neutral LF Terms and LF Types

LF types are always considered to be in whnf, as computation may only produce a contextual LF term, but not a
contextual LF type. LF contexts are in weak head normal form, as we do not allow the embedding of computations
that compute a context. Similarly, the erased context, described by ‘i’, is in weak head normal form. Further, contextual
objects C and types T are considered to be in weak head normal form.

Computation-level expressions are in weak head normal form, if they do not trigger any further computation-level
reductions. We consider boxed objects, i.e. [C], and boxed types, i.e. [T], in whnf. The contextual object C will be
further reduced when we use them and have to unbox them. A computation-level term ¢ is neutral (i.e. wne t) if it
cannot be reduced further because it contains free variables. Variables are neutral, applications t s are neutral, if ¢
is neutral, and recI(l,//,p =ty | Vomn, fm, fn = tapp | Yom, fin = tam) ¥ ¢t is neutral, if ¢ is neutral. We note that
weakening preserves weak head normal forms.

LEMMA 4.1 (WEAKENING PRESERVES HEAD NORMAL FORMS).
For LF Terms:

(1) If whnfM andT’ <, T andT; ¥ + M : A then whnf {p}M
25



: Computation (type) t is in weak head normal form
wne

whnf [T] whnf(y:71) = 2 whnfu whnf(fny = 1) whnf [C] whnf ¢

whne t whe s r=|tls wnet
wne y wne (t s) wne (recI B (¥)s) wne (recI B(¥) M r r])

Fig. 13. Normal and Neutral Computations

(2) Ifwne M andT’ <, T andT;¥ + M : A then wne {p}M.
For LF Substitutions

(1) If whnfo andT’ <, T andT; ¥ + o : ® then whnf {p}o.

(2) Ifwne o andT’ <, T andT; ¥ + o : @ then wne {p}o.
For Computations:

(1) Ifwhnft andT” <, T andT v t : T then whnf {p}t.
(2) If wnet andT’ <, T andT + t : T then wne {p}t.

Proor. By induction on the first derivation.
m]

We define weak head reductions for LF in Fig. 14 and for computations in Fig. 13. If an LF term is not already in
whnf form, we have two cases: either we encounter an LF application M N and we may need to beta-reduce or M
reduces to | t]s. If t is neutral, then we are done; otherwise t reduces to a contextual object ¥ + M1, and we continue
to reduce [o/¥]M.

: LF Term M weak head reduces to N s.t. whnf N

whnf M M N\ A M [N/x]M"N\p R M N\ fR wneR

M\ M M N \iF R MN N\IFRN
ENTEFM] [6/¥YIMNUFN tN\on wnen
Ltlo L N Ltlo iF Lnlo
: LF Substitution o weak head reduces to ¢’ s.t. whnf ¢’
whnf o

o \LF 0 wk. \JLF - WK ) SLF Wk, x

Fig. 14. Weak Head Reductions for LF Terms, LF Substitutions, LF Contexts, and LF Contextual Terms.

If a computation-level term ¢ is not already in whnf form, we have either an application #; ¢, or a recursor. For an
application #; t2, we reduce t;. If it reduces to a function and we continue to beta-reduce otherwise we build a neutral
application. For the recursor rec! 8 ¥ t we also consider different cases: 1) if ¢ reduces to a neutral term, then we
cannot proceed; 2) if ¢ reduces to [$’  M], and then proceed to further reduce M. If the result is | ¢’ |5, where ¢ is
neutral, then we cannot proceed; if the result is N where N is neutral, then we proceed and choose the appropriate
branch in 8. We note that weak head reduction for LF and computation is deterministic.

LEMMA 4.2 (DETERMINACY OF WHNF REDUCTION).
(1) If M \yLF N1 and M | F Ny then N1 = Nj.

2) If o \\LF 01 and o \(LF 02 then o1 = 03.
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: Computation-level term t weak head reduces to r s.t. whnf r
whnfr A Nfrny=t {B/ylt\ov N\ w wnew
tN\t B2 \y U B tp \y Wiy
t\ys wnes ENTY FM] M N\ Lt )e wnet’
recl BY ¢\ rec! BY¥s recIB‘I’t\,recIB‘I’(‘i’l—l_t'Jg)
ENTPFM] MNUFN wneN B< (9) (P+-N)\ o
rec! Byt N v
let B=(Y.p=to | ¥,mn, fim, fu = tapp | Yo, frn = t1am)

(¥/y, T¥ + M1/m, [¥+ N1/n, rect BY ¥+ M1/ fin, rec? B[+ N/ fultapp \u
B < (¥) (¥ Fapp M N)\ v

/0, TV Fx1/pito o (¥, T¥,x F M]/m, rec? B (¥, x:tm) [¥,x v M1/ ft1an N\ 0
B« (¥)(¥rx)\ov B < () (¥ lam Ax.M) \, v

Fig. 15. Weak Head Reductions for Computations

(3) Ift \\t1 andt \ t thent; = t;.

ProoF. By inspection of the rules. O

Our semantic model for equivalence characterizes well-typed terms. To facilitate our further development we
introduce the following notational abbreviations for well-typed weak head normal forms (see Def. 4.3) and show that
whnf reductions are preserved under renamings and are stable under substitutions.

Definition 4.3 (Well-Typed Whnf).

GYEM N FN:A & TT9rM:AandT5 9 N:Aand ;9 - M =N:Aand M N\ N
T;%ro; \fo2:® & ;¥tro;:Pandl;¥+or:PandT;¥ - oy =0y : @and o1 \y F 02
'rt N t':7 © Trt:randTrt' :randTrt=t" :7andt \(t’

LEMMA 4.4 (WEAK HEAD REDUCTIONS PRESERVED UNDER WEAKENING).

(D IfT;¥ - M N\F N:AandT’ <, T thenT’; {p}¥ F {p}M N\ {p}N : {p}A.
(2 IfT;¥ o \F o' : ®andT’ <, T thenT'; {p}¥ + {p}o \uLF {p}o’ : {p}D.
(B)IfTrt N\t :7andT’ <, T thenT’ v {p}t \ {p}t’ : {p}r.

Proor. By mutual induction on the first derivation using the computation-level substitution lemma 3.15, as renaming

I <, T are a special case of computation-level substitutions. O

LEMMA 4.5 (LF WEAK HEAD REDUCTION IS STABLE UNDER LF SUBSTITUTIONS). LetT; ¥ + o : .
(1) IfT;® F M N\ Lt1lo, : A then T; ¥ F [o0/DIM N\ F Lty /d)0, : [o/D]A.

(2) IfT;® v M \y.F Ax.N : TIx:A.B then T; ¥ + [6/®]M \uif [0/®](Ax.N) : [¢/®](IIx:A.B).

(3) IFT;® F M N\y(F x : AandT; ¥ + o(x) \uLf N : [0/D]A thenT; ¥ + [0/®IM \yif N : [0/D]A.
(4) IfT;® v M N\, F app My My : tm thenT; ¥ + [6/®]M N\, f [0/D](app My My) : tm.

(5) IfT; @ v M N\, F lam My : tm thenT; ¥ + [o/®]M N\ f [o/®](1am M) : tm.

(6) IfT; @ + 01 \uLF 02 : @ thenT; ¥ + [O‘/(i)]dl NILF [O'/CiD]O'z 1 @7,

Proor. By induction on M N\ r M’ relation that is part of the well-typed weak head reduction using Lemma 3.1
and 3.4.
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For (1): | If T;® - M N\y(F Lt1]e, : Athen T; ¥ F [0/®]IM N\ F L1 )i /10,

: [o/DA.

Case M = |t9]s, and to ™\ t1 and wne t;
I;orM: A

LOF [tle A

0¥k [0/DIM : [0/P]A

LY+ [0/®)(Lt1]e,) : [0/D]A
[o/@IM Ntk Lt /46,

[:® F [o/PIM \iF Lt /b0, [oc/®]A

Case M = to]o, and to N\, [+ M'1, [00/®'IM’ Nt Lt1o,

I;orM:A

Lo+ [tile : A

L;¥ ¢ [0/OIM : [6/D]A

LY [0/0)(Lt1]e,) : [0/]A
[[o/®]o0/D'IM" \uLF Lt1l(o /4]0
Ltol(5 /316y SLF L1l /60,

1

¥+ [0/®](Lto)oy) \LF Lt1)(g /4y,  [0/P1A

Case M = |t1]s, and wne t;
I;orM:A

[OF [tle : A

¥k [0/OIM : [6/D]A
LYk [0/®)(Lt1]e,) : [0/]A
[o/@)(Lt1)oy) = Ltr) (g /o,

wne Lt i,

[o/IM Noir Lty /6,

¥+ [o/®IM N\ir L, gy, © [0/91A
Case M = My Mz and M \y(F [t1]o,
Io-rM: A

Lo [tle t A

;¥ + [0/IM : [0/D]A

LYk [0/®)(lt1]o,) : [0/D]A

My N\iLF Ax.M” and [Ma/x]IM” \iF Lt
[0/ [Mz/xIM’" \uiF [0/@](Lt1]o,)

[0, [0/®IM2/®, x]M’ \F [0/@](Lt1)o,)
[o/®)M1 \utr [0/@](Ax.M")

[O'/Cb]Ml \LF /lx.[o,x/CI),x]M’
[[o/®IM2/x](0, x) = 0, [0/PIM;,
[o/®IM; [0/D]M2 \utF [0/®](Lt1)o,)

[

o /@) (M1 Mz) NuF Lty 4,
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by assumption

by assumption

by LF subst. lemma 3.4

by LF subst. lemma 3.4

since wne t1 and tp N\ #; and LF subst. prop.

by well-typed whnf (Def 4.3)

by assumption

by assumption

by LF subst. lemma 3.4
by LF subst. lemma 3.4
by IH (and subst. prop)
by whnf

by subst. prop. and well-typed whnf (Def 4.3)

by assumption

by assumption

by LF subst. lemma 3.4
by LF subst. lemma 3.4
by subst. def.

since wne 1
by whnf
by well-typed whnf (Def 4.3)

by assumption

by assumption

by LF subst. lemma 3.4
by LF subst. lemma 3.4
by inversion

by IH

by subst. def

by IH

by subst. def.

by subst. def.

by whnf rules

by subst. def.



For (3): |IfT;@ F M Ny f x : Aand T; ¥ + o(x) \uf N : [0/®]A thenT; ¥ r [o/®IM \,iF N : [o/D]A.

Case M = x where x € ® and whnf M
Iidrx:Aandx: A€ d

I;orM: A

LY F [0/OIM : [6/D]A
I;¥FN:[c/PlA

[o/®IM = [o/D]x = o(x)

[o/®IM \uLf N

Case M = M1 My and M | F x
Ii®drx:Aandx: A€ d

Iio-rM: A

¥+ [06/OIM : [6/D]A

My \LF Ax.M’ and [Mz/x]M’ \LF X
[o/®][M2/xIM" \utF N

[0, [0/®]Mz/®, x]M" \F N
[o/®IM; \utF Ax.[o, x]M’

[o/®IM e N A

I;9 F [0/®P]M \\LF N : [0/D]A

Case M = I_tlJUl and M \(F x
I'®drx:Aandx: A€ d
I;orM: A

¥+ [0/OIM : [6/D]A

N\ [ - M

o1 \uLr 02 and [02/®'IM" \iF x
[o/®]o1 \uLF [0/®]o,
[0/®]([02/®"IM’) \uLF N
[[o/®]o2/®" 1M’ N\ N
I-tIJ[cr/d)]Ul \LF N

¥+ I-tlj[a/d)]al NLF N :tm

since[OFM N\ Fx:A

since [0 - M N\ Fx: A

LF subst. lemma 3.4
sincel; % Fo:Pandx:Aed
by subst. def.

since o(x) \\ . N

since;O M N\ Fx: A
since[;O M N\ Fx:A

LF subst. lemma 3.4

by inversion

by IH using o(x) \\LF N

by subst. def.

by IH and LF subst. prop.

by whnf rules

by well-typed whnf (Def 4.3)

since;O M N\ Fx: A
since;O M N\ Fx:A
LF subst. lemma 3.4

since ['; @ - M \(LF x : tm
since ;@ F M \LF x : tm

by IH

by IH

by subst. prop.

by whnf rules

by well-typed whnf (Def 4.3)

For (6):|If ;@ + 01 \yLF 02 : ' thenT; V¥ + [O’/(iD]O'l N\LF [J/é’]o’g ol

Case. whnf o1 and 09 = 01

whnf [¢/®]oy

[o/®]o1 \F [0/®]o
I®ro;:® and ;D + 0y : &

¥+ [0'/<i>]0'1 :®and ;¥ + [0/&3]0'2 : P

0¥+ [0/®)or \iF [0/@]oy : @

by def. of whnf

by whnf

by assumption

by LF subst. lemma

by well-typed whnf (Def 4.3)
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Case. o1 = wk.

I;0F wk. :-
F'+®:ctxand T+ ¥ : ctx
rior.:.

- = [o/®]wk. = trunc.(c/D)
IR S

whnf -

“ \ULF -

[o/@1wk. \iF [0/8)
;¥ F [o/P]wk. \\LF [0/D]: -

—
Case. 01 = wké, . where ® = &/, x:A, x:A
oy = wk&),,x
L0k wks, - ', x:Aand T;® + wk;, : &’
2 X [
—
I¥PFo:d,x:A x:A

Sub-case: o = (a’,M,]\7I)
N —
;Y F (0! ,M,M): ®',x:A, x:A
[;¥Fo :® and ;¥ F M : [6/D]A
[o/®] (Wké',x) = trunc(i),,x(a/CD) =o' ,M
[o/®] (wks,) = truncg, (0/®) = o’
I;¥+to/, M\ o' ,M:d xA
DY+ [o/@)(wkg, ) \iF [0/@](wkg,x) : @7, x:A

Sub-case : 0 = wk&, -
,X, X

[o/®] (chb',x) = truncfb,’x(a/(D) = truncci),’x(wké,’x’;/ﬁ)',x, X) = wké,’x

[o/®] (Wkg, x) = truncg, (o/®) = wkg,
[o/®](x) = x

. ® y- ! . R Y
F,CID,x.A,x.Al—wkq),x\prkq),,x.d),x.A

by assumption

by well-formedness of LF context (Lemma 3.1)
by typing rule

by subst. def.

by typing rule

by whnf

by whnf

since - = [¢/®]wk. and [¢/d]- = -

by well-typed whnf (Def 4.3)

by assumption
by assumption and typing

by assumption

where o = (¢, M, M)
by inversion
by definition
by definition

since wne (¢, M)
by well-typed whnf (Def 4.3)

by definition
by definition
since o = Wk(i)’,x,;?

by \uLF rule and by well-typed whnf (Def 4.3)

For (4): If T;® + M \y_f app My My : tm then T; ¥  [6/®IM Ny F [o/D](app My My) : tm.

whnf (app M; Ma)

app My Mz \\LF app M1 M3
T;@+Fapp My My : tm
T; ¥ + [o/®](app My My) : tm
;¥ + app [0/®](My) [0/](My) : tm
whnf (app [o/®](My) [0/®](Mz))
;¥ + [o/®](app M1 M) \uLr [0/®](app My My)

Case.

:tm
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by assumption

by LF subst. lemma

subst. prop

by whnf def.

by subst. prop., \Lf rule, and Def. 4.3



M NF Ax.M" [N/xIM" \LF app My M
M N \JLF app M1 M

;9 F app M; Mz : tm
T;¥ + [o/®](app Mi My) : tm
I''®+-MN :tm
L9 F [6/®](M N) : tm
L;¥ + [0/®IM \uiF [6/®](Ax. M) : tm
LW - [o/D](IN/x]M’) \uiF [0/®](app My Mz) : tm
L%+ [0/D](M N) \uiF [0/®](app My M) : tm

Case.

ENTO F MY [o! /@ IM NiF app My M,
Ltlo” \uLF app M1 M;

¥+ [o/®)[0” /@ IM N [0/@)(app My Mp) : tm
DY L, )00 SLF [0/@1(app My M) = tm

Case.

The remaining cases for (2) and (5) are similar.

5 KRIPKE-STYLE LOGICAL RELATION

by assumption

by LF subst. lemma
by assumption

by LF subst. lemma
by IH

by IH

with [6/®]([N/x]M’) = [0, [6/P]N/®, x:tm]

by IH

by subst. prop., \,_r rule, and Def. 4.3

O

We construct a Kripke-logical relation to prove weak head normalization. Our semantic definitions for computations
follows closely Abel and Scherer [2012a] to accommodate type-level computation.

;¥ - MONLF Lt]o, s tm o typeof (T k1) = [®@1 Ftm] T+ ®q = &y : ctx
Y F N N\F L2]g, : tm typeof (T Ft2) = [ -tm] Trty=t: [@rrtm] T;¥IFor =02 : P

;YIEM=N:tm

;Y F M\ lamM’ : tm
;P FNNLFlam N :tm ;9 xtm - M x =N’ x:tm

;YIEFM=N:tm

;9 - M N\yLF app M1 My : tm
T+ N N\yLF app Ni Ny : tm

T;P9IFM;=Ny:tm ;91 My =Ny :tm

;YIEFM=N:tm

;0 - M N\LF x

tm ;P F N N\ Fx:tm

Y IEFM=N:tm

Fig. 16. Semantic Equality for LF Terms: | ;¥ IF M =N : A

We start by defining semantic equality for LF terms of type tm (Fig. 16), as we restricted our LF signature and these
are the terms of interest. To define semantic equality for LF terms M and N, we consider different cases depending on
their whnf: 1) if they reduce to app M; M, and app N1 N, respectively, then M; must be semantically equal to Nj; 2) if
they reduce to lam M’ and 1am N’ respectively, then the bodies of M’ and N’ must be equal. To compare their bodies,
we apply both M” and N’ to an LF variable x and consider M’ x and N’ x in the extended LF context ¥, x:tm. This has
the effect of opening up the body and replacing the bound LF variable with a fresh one. This highlights the difference
between the intensional LF function space and the extensional nature of the computation-level functions. In the former,
we can concentrate on LF variables and continue to analyze the LF function body; in the latter, we consider all possible
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inputs, not just variables; 3) if the LF terms M and N may reduce to the same LF variable in ¥, then they are obviously
also semantically equal; 4) last, if M and N reduce to | #; ], respectively. In this case t; is neutral and we only need to
semantically compare the LF substitutions ¢; and check whether the terms t; are definitional equal. However, what
type should we choose? — As the computation ¢; is neutral, we can infer a unique type [® + tm] which we can use.
This is defined as follows:

Type inference for Neutral Computations ¢ : typeof(I' - t) = 7

typeofTrHt)=7 N\ (yr1) =1 Tks:n xr el
typeof(I' + t s) = {s/y}r2 typeof (' F x) =7

IT={:tm_ctx) = (y: [y rtm]) =7
typeof (I + rec? B ¥ t) = {¥/y,t/y}z

LEMMA 5.1. IfT vt : 7 and wne t thentypeof T +t) =7’ andT + 7 =17": u.
Proor. By induction on wne t. O

Semantic equality for LF substitutions is also defined by considering different weak head normal forms (see Fig. 17).
As we only work with well-typed LF objects, there is only one inhabitant for an empty context. Moreover, given a LF
substitution with domain ®, x:A, we can weak head reduce the LF substitutions o and ¢’ and continue to recursively
compare them. Finally, for LF substitutions with domain ¢/, a context variable, there are two cases we consider: either
both LF substitution reduce to a weakening wky, or they reduce to substitution closure.

— —
GYroNLF-:- D¥ro’ N\p-:- DxAro \ip wky o ¢ F;l//,x:Al-o'\_,Lkal/,:g//

L¥lo=0":- F'W}?HFG:U':IP
;Yo \\LFo1,M:®,x:A
Yo' NFoo, N: O, x:A T;¥IFop=09:® T;‘I’\FM:N:[O'l/Cf)]A

YIiFo=0:®xA

Fig. 17. Semantic Equality for LF Substitutions: | I;¥ |- 0 = ¢/ : ®

To keep the definition compact, we again overload the semantic kinding and equality for types and terms. For
example, we define the judgment I' I 7 : u which falls into two parts: T' I 7 : w and T I tm_ctx : u where the latter is
simply notation, as tm_ctx is not a computation-level type. Similarly, we define ' It = ¢’ : T tostand for T+t = ¢ : ,
i.e. semantic equality for terms, and semantic equality for LF contexts where we write I' IF t = ¢/ : tm_ctx, although ¢
and ¢’ stand for LF contexts.

Our semantic kinding for types (Fig. 19) is used as a measure to define the semantic typing for computations. In
particular, we define T IF ¥ = #/ :uand T IF £ = ¢’ : 7 recursively on the semantic kinding of 7. ie. T I+ 7 : u. For better
readability, we simply write for example I' It = ¢’ : [T] instead of T |-t = ¢’ : t where 7 \{ [T],and T + T =T in
proofs. We note that to prove reflexivity for types, we would need to strengthen our semantic kinding definition with
the additional premise: VI <, T.T” Ik s = 5" : {p}#1 = I I {p,s/y}z2 = {p,s’/y}r2 : uz. This is possible, but since
semantic reflexivity for types is not needed, we keep the semantic kinding definition more compact.

;YIEFM=N:A ;s M=N:A
TP rM =@ rN):(FrA) TIr@FrM = +FN):(Frs A)

Fig. 18. Semantic Typing for Contextual LF Terms
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Frr\([Tl:u T+T=T FrrrNu:u u <u Trr\yxf:u whe (x f)
Fkr:u Flkr:u TlFr:u

TreN(@:n)=>mn:u VIV, TLIVIH{p}h:uw
VI" <, T.T IFs=s : {p}sy =T IF {p,s/ylrz 1 u FT

ER - -
TlFr:u (w1, up, u) € T'lFtm_ctx:u

Fig. 19. Semantic Kinding for Types (inductive)
Semantic Equality for Types: recursively defined by recursionon T IF 7 : u

T'lFtm_ctx =tm_ctx:u :S true

T[Tl =7":u Tk [T :uandT+T =T’
TFu =1":u oTrr’ ' Nu' :u

TE@y:f)=>n=r"ru:elTrt (Y 7)) =1 uand VI’ <, T.T" I {p}?) = {p}7] : uy and
VI’ <, T.T ks =s": {p}ty =T IF {p,s/yl2 = {p,s"[y"}7) s uz

where (ug,ug,u) € R

Tkxi=1":u ol \(xS:uandTFrxi=x5:u

Semantic Equality for Terms (Computations): by recursiononT |- 7 : u

T'lFY =% :tm ctx o THFY =9 :tm_ctx
TlFt=t'":[YFrA] oTrtNw:[PrAlandTHt' \yw’ : [P+ A] and
LY wlg=1wlg:A
Tkt=¢:u already defined above by recursion onT I ¢ : u’
we note that we have T' IF 7 : u where T+ 7 v’ : wand v’ < u;
hence using the sem. eq. for types is well-founded as we do so at a smaller universe u’
and our sem. eq. for types is recursively defined on T IF ¢ : u’
Trt=t':(y:f)=>n oTrt\w:(y:f1) = nandT+' \\w : (y: %) = 2 and
VI <, T.T Es=s": {plty =T Ik {plws = {p}w's" : {p.s/y}r

TlFt=t":x5% oTlrt\yn:xsandT ' \yn’:xSandwnen,n’andT Fn=n’:x5

Fig. 20. Semantic Equality

LEMMA 5.2 (WEAKENING OF TYPE INFERENCE FOR NEUTRAL COMPUTATIONS). Iftypeof(T' - t) = 7 andI” <, T then
typeof (I + {p}t) = ¢’ s.t. 7/ = {p}r.

Proor. By induction on typeof(T' + t) = 7 using Lemma 4.4 (3). O
6 SEMANTIC PROPERTIES

6.1 Semantic Properties of LF

LEMMA 6.1 (WELL-FORMEDNESS OF SEMANTIC LF TYPING).
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(1) fT;$¥IFM=N:AthenT;9Y+M:AandT; ¥+ N:AandTF M =N : A
2) IfT;¥ -0y =02 : O thenT; ¥ + 01 : ®andT; ¥ Fop : @ andT; ¥ + 01 = 0 : .

Proor. By induction on the semantic definition. In each case, we refer the Def. 4.3. To illustrate, consider the case
where T; ¥ + M N\ F Ax.M’ : TIx:A.Band T; ¥ + N N\ F Ax.N’ : [Ix:A.B, we also know that T; ¥ + M = Ax.M’ : [Ix:A.B
and ;¥ + N = Ax.N’ : [Ix:A.B by Def. 4.3.

Further, we have that I'; ¥, x:A |- M’ = N’ : B. By IH, we get that I; ¥, x:A + M’ = N’ : B By dec. equivalence rules,
we have [; ¥ + Ax.M’ = Ax.N’ : IIx:A.B. Therefore, by symmetry and transitivity of =, we have [;¥ + M = N : [Ix:A.B.
The typing invariants are left implicit.

We show the expanded proofs below concentrating on showing = and leaving the tracking of typing invariants implicit.

LYo \GLF-:- r;‘IJI-O"\,]_F~:-
Case. ;YIFo=0":-
IYroy=-:-and; Yoy ==t by Def. 4.3
I'Yror=o0g:- by symmetry and transitivity of =

— —
I‘;lﬁ,x:Al— o \ULF Wkl/, :lﬁ r;l//,x:Al- o’ NILF Wkl/, :l//

Case. Ly, xAlFo=0:y
F;w,ml—alzwk]/,:lpandl";w,ml—azzwkw:gﬁ by Def. 4.3
T; 1,0374 Fop=o2: ¢ by symmetry and transitivity of =

;¥ + oy \LF O'II,M:(I),XZA
L;¥Fo2 \LF 0, N: ®,x:A T;¥I-o/=0):® I;¥YIFM=N: [01'/<i>]A

Case. T;¥PIFop =00 :0,x:A

IY¢Eop = al’,M :®,x:Aand ;¥ F oy =0),N : D, x:A by Def. 4.3
[¥ro/=0,:PandT;¥ - M=N: [0'1’/&)]14 by induction hypothesis
¥+ 0'1',M = crz’,N : P, x:A by dec. equivalence rules
I'Y+rop=o00:d,x:A by symmetry and transitivity of =

LY - M N\IF Ltilo, :tm typeof(T'F t1) = [@1 Ftm] T F ®p =Py : ctx
;9N \LF LtzJO-Z :tm typeof(F Fi)=[O2rtm] TrH=t: [P rtm] [;¥IFop =02: 0

Case. IYI-EM=N:tm

LYFM=|tle :tmandT; ¥ - N = [#2]g, : tm by Def. 4.3
;¥Yror=0p: D by induction hypothesis
LY E e, = LE2]o, : tm by dec. equivalence rules
I'YFM=N:tm by symmetry and transitivity of =

;Y M\ lamM’ : tm
Y ENNfFlam N’ :tm ©;¥ 1M =N’ :IIx:tm.tm

Case. ;9 IFM=N:tm

LYrM=lamM :tmand ;¥ - N = lam N’ : tm by Def. 4.3
[;¥ - M = N’ : [Ix:itm.tm by induction hypothesis
[;¥+lamM’ = lam N’ : tm by dec. equivalence rules

[YFM=N:tm by symmetry and transitivity of =
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Case.

T;
T;
T;
I

¥ - M N\LF app M1 M3 : tm

;9 N N\yLF app N1 Ny : tm ;YIEM;=Ny:tm ;P IFEMy; =Ny

:tm

IYIEFM=N:tm

YrM=appM;{ My:tmand ;¥ + N = app Ny Ny : tm
Y+My=N;:tmandT; %+ My = Ny : tm

Y+ app M1 My = app N1 Ny

Y-M=N:tm

Y FMNpx:tm ;P FNNLFx:tm

by Def. 4.3

by induction hypothesis

by dec. equivalence rules

by symmetry and transitivity of =

Case. ;9 IFM=N:tm
YrM=x:tmand ;¥ F N =x:tm by Def. 4.3
IYrM=N:tm by symmetry and transitivity of =
O
LEMMA 6.2 (SEMANTIC WEAKENING FOR LF).
(DIfT;¥I-FM=N:AandI’ <, T thenT"; {p}¥ IF {p}M = {p}N : {p}A.
@ IfT;¥IFo=0":®andl’ <, T thenT’; {p}¥ IF {p}o = {p}o” : {p}®.
Proor. By induction on the first derivation.
LY EMNILF Lo, s tm typeof(I' F t1) = [®1 - tm] T+ &g = Oy : ctx
;9N N\LF |.t2J0'2 :tm  typeof (T k) = [ - tm] ;¥ IFop=00:®; Tkt =ty: [P Ftm]
Case.
F''FM=N:tm
I {p¥ + {pIM N\uir {pH(Lt1lo,) s tmand T/ {p}¥ + {p}N \uiF {p}(Lt2ls,) : tm by Lemma 4.4
T {ph¥ = {pIM \uiF Liptal(p)o, s tmand T {p}¥ + {p}IN \uiF Liplt2]l(p)o, : tm by subst. def.
I {p}¥ IF {plor = {p } H{p)®y by IH
F’ F{p}®1 = {p}(I)g by Lemma 3.18
Fiplts = {plt2 r<I>1 Ftm] by Lemma 3.18
F{p}t = {p}t’: |'{p}<I>1 Ftm] by substitution def.
typeof(F’ F{p}t1) = [{p}®@1 F tm] by Lemma 5.2
typeof (I” + {p}t2) = [{p}P2 F tm] by Lemma 5.2
I {p}¥ Ik {p}M = {p}N : {p}tm by rule and substitution def.
O
LEMMA 6.3 (BACKWARDS CLOSURE FOR LF TERMS).
(1) fT;$IFQ=N:AandT; ¥+ M\ F Q:AthenTIFM=N:A
(2) FT;¥ - N=Q:AandT;% - M\ Q: AthenTIF N=M:A
PRrRoOF. By case analysis onI'; ¥ |- Q = N : A and the fact that Q is in whnf .
;¥ - Q NILF Ltlo, :tm typeof(I' k1) = [@1 Ftm] T F @1 = dy : ctx
;Y - N N\F L2l : tm typeof (' F 1) = [ -tm] Trty=t:[@rtm] T;¥IFor =02 : P
Case.
L;YIFQ=N:tm
LYFMN\FQ:A by assumption
whnf Q by invariant of | f
0= ltle since whnf Q

35



I¥YIFM=N:tm using M \y(F [t1]s, and sem. def.

[; %+ Q N\yr lam M’ : tm
I;YENNfFlamN’ :tm T;%IF M =N’ :Ilx:tm.tm

Case.

L;YIFQ=N:tm
LYFMN\FQ:A by assumption
whnf Q by invariant of | f
Q=1lamM’ by [;¥ F Q \yLF lam M’ : tm using whnf Q
IYIFM=N:tm using I; ¥ - M N\ F lam M’ : tm

O

LEMMA 6.4 (SEMANTIC LF EQUALITY IS PRESERVED UNDER LF SUBSTITUTION).

(1) ;¥ ko =0’ :®andT;® - M=N: AthenT; ¥ I+ [0/®]M = [¢7/D]N : [o/D]A.

2) fT;¥IFo=0¢":®andT;®IF 01 =03 : @ then[; ¥ IF [0/®]or = [0/ /D)oy : D’

Proofr. Proof by mutual induction on I';®@ |- M = N : Aand I;® IF 0 = ¢’ : ® using the fact that weak head
reduction is preserved under substitution (Lemma 4.5).

)| ¥Fo=0":®andT;®IF M =N :AthenT;¥ It [6/®]M = [67/D]IN : [c/D]A.

[0+ M N\F [tle, :tm  typeof(T Ft1) = [®1 Ftm] T+ Py =Py : ctx
I;0F N \LF |.t2J0'2 ttm typeof(F F tg) =[Py rtm] T;®lFor=00:P1 Trip=ty: [0+ tm]

Case.
I;®-M=N:tm
;¥ro:Pand ;¥ o’ i @ by well-formedness of semantic equ. (Lemma 6.1)
;¥ [0/DIM N\oiF [0/®](Lt1)s,) : tm by Lemma 4.5
T;¥ F [67/IN \uLF [0’/<i>](|_t2J02) ttm by Lemma 4.5
L;0 I [6/®]o1 = [07/d]os : B4 by IH
T;0 Ik [o/®]IM = [¢’/®]N : tm by well-typed
TOFrMNgpx:tm T;0FN N Fx:tm
Case.
I®IFM=N:tm

IV IFo(x) =0'(x): tm by[;®l-o=0":¥
;P Fo(x) \\p M :tmand T;® + o/(x) \yLp N : tm by I ¥ IF o(x) = 6’(x) : tm
PIFM =N :tm since both whnf M’ and whnf N’
T; ¥k [0/®IM \yf M’ : tm by Lemma 4.5
T;¥ + [0/®]N \yif N’ : tm by Lemma 4.5
T;0 Ik [o/®]IM = [¢’/®IN : tm Backwards Closure (Lemma 6.3)

Other cases are similar.

@) | ;¥ IFo=0":PandT;® Ik 1 = 0y : &’ then T; ¥ I+ [¢/®]oq = [0/ /D)oy : @'

Proof by induction on T;® |- o = ¢’ : ® using the fact that weak head reduction is preserved under substitution
(Lemma 4.5).

®rop \F-:- Ii®Fog \yF-:-
I;®lko1=0y:-

Case.
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L ¥+ [o/®)or Nt [0/@] - by Lemma 4.5

[ ¥+ [o/®loz \oiF [0/@] - by Lemma 4.5
[0/d] = - by LF subst. def.
IY I [o/®]oy = [o/®]oy : - by sem. eq. def.

— —
T;¢,x:AF 01 \JLF wk¢ ) T;¢,x:AF 02 \ULF wk¢ )

Case.

F;g‘),xTZHF o1=02:¢
LY+ [0/¢, ¥]o1 \uLF [U/¢’E]Wk¢ 1 ¢ by Lemma 4.5
[0/¢,X]wkg = truncy(a/¢,X) = o where T;¥ + o] : ¢ by LF subst. def.
¥k [0/, X]oa Lk [0/, X]wky « ¢ by Lemma 4.5
[0'/¢, ¥]wkg = truncy(a’/¢,X) = o, where [;¥ + o, : ¢ by LF subst. def.
F;‘I’Il—al'zcz':gb since[¥IFo=0":¢,%

I;0F 0 \_4LF O",M:(I)/,x:A
;9 + 09 \ULF 62.’,N:CI>’,x:A I;® - 01’ = 0'2’ : @7 IYIFM=N: [G’{/‘i)/]A

Case.
[P o1 =09 : 0, x:A

[ ¥+ [0/®lor \iF [0/®](a], M) : @', x:A by Lemma 4.5
T;¥ F [0/ /D)oy \uif [07/D)(c],N) : @, x:A by Lemma 4.5
[¢'/®](0),N) = [0’ /D]y, [0’ /DIN by LF subst. def.
[o/®](c]. M) = [0/D]o], [0/DIM by LF subst. def.
;¥ IF [0/®]o] = [0"/D]oy : @/ by IH
;¥ IF [0/®IM = [0’ /®IN : [0/®]([o]/D]A) by IH
T;¥[c/®lor = [6/ /D)oy : D/, x:A by sem. equ. def.

O
LEMMA 6.5 (SEMANTIC WEAKENING SUBSTITUTION EXIST).
IFT5 W, XA F why : ¥ then T3, X:A |- why, = why : 2.
Proor. By induction on the LF context ¥. Case. ¥ = -.
—
I x:AFwk. :- by assumption
T; ,374 FwkoN e by \, rule and typing
T; ,m - wk. = wk. : - by semantic. def.
Case. ¥ =¥, y:B
—
;¥ ,y:B,x:AF wk\i,, Y ¥’ y:B by assumption
—
LY, y:B,x:A+ wky, : ¥/ by typing
—
[;9,y:B,x:AlF wky, = wky, p’ by IH

I; 9, y:B, XAl y=y:B by semantic eq. for LF terms, the fact that whnf x, and B = [wkli,,/‘i"]B
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I; 9, y:B, XAr Wk\i”,y N wky,, v ¥, y:B by \, and typing rules

F;‘I",y:B,)ﬁ\ - wk\i,, y = Wk‘i" Y ¥, y:B by sem. eq. for LF substitutions

Case. ¥ =
Ty, XAF wky 1§ by assumption
T; 1//,x—A> Fwky t ¢ by “\, and typing and the fact that whnf wk,
T; waﬁl Fwky =wky 1 ¢ by sem. eq. for LF subst.
[m}

LEMMA 6.6 (SEMANTIC LF CONTEXT CONVERSION).

(1) IfT;¥,x:A1 FM=N:BandT;¥ + Ay = Ay : type thenT; ¥, x:A2 FM =N : B

(2) T;¥,x:A1 ko =0’ :®and[;¥ + A = Ay : type then [, ¥, x:Az IF o = 6’ : ©.

Proor. The idea is to use I'; ¥ + Ay = A; : type and build LF weakening substitutions T'; ¥, x:Az, y:A; IF wky, y =

wk\i,, y: ¥, x:A; and T, ¥, x:A3 I wk\i,,x,x = wk\i,,x,x : ¥, x:A2, y:A;. Using semantic LF subst. (Lemma 6.4), we can
then move I'; ¥, x:A1 IF M = N : B to the new LF context ¥, x:A,.

(1):‘ I ¥, x:A1 FM=N:BandT; ¥+ Ay = Ay : typethenT; W, x:A2 FM =N :B

T'FY:ctx by Well-Formedness of Sem. LF Equ. (Lemma 6.1)
and Well-formedness of LF context (Lemma 3.1)

T'FY,x:Az : ctx by context well-formedness rules
T; ¥+ A = A; : type by symmetry
I W, x:Ap - Ap = Aq = type by LF weakening
W, x:Ag - x: Ap by typing rule using I' + ¥, x:A3 : ctx
IV, x:A2 Fx: Ay conversion using I'; ¥, x:Ay + Ay = Aj : type
¥, x:As bk x: [Wk\i,/\i’]Al as A1 = [Wk\i,/\i’]Al
¥, x:As + wk\i,, x,x : ¥, x:Ag, y:Aq by typing rules for LF substitution
Y, x:Ag, yiAr F wky, y 0 ¥, xiAy by typing rule for LF substitution
0¥, x:Ag, yiAr - wky, ¥ by typing
I ¥, x:Ag, y:Ap IF wk\i, = wk\i, 4 by Lemma 6.5
¥, x:Ag, y:Ap IH wk\i,, y= wk\i,, y: ¥, x:A; by sem. equ. for LF subst.
using the fact that whnf y

;¥ x:Ay IF wk\i, = wk\i, 4 by Lemma 6.5
;¥ x:Ay IF wk\i,, X, X = wk\i,, x,x : ¥, x:Ag, y:Aq by sem. equ. for LF subst.

using the fact that whnf x
¥, x:Ay I [wk\i,,x,x/‘i’, x,ylM’ = [wk\i,,x,x/‘i’, x,y]N' : [wk\i,,x,x/‘i’,x, y]B
where M’ = [wky,, y/¥,x]M and N’ = [wky, y/¥, x]N by semantic LF subst. (Lemma 6.4 twice)

[wk\i,, X, x/‘i’, X, y](wk\i,, y) = wk‘i,, x by subst. def.
¥, x:As + [wk\i,,x/‘i’, x|M = [wkq,,x/‘i’, x|N : [wk\i,,x/‘i’, x]|B by previous lines
I;¥,x:Ay IFM=N:B using the fact that [wk\i,,x/‘i’, x]M = M, etc.

We prove (2): | If T;¥,x:Aj IF o =0’ : ®and ;¥ + A] = Ay : type then T; ¥, x: Ay IF o =0/ : .

IV, x:Ag, y:A IF wk\i,, y= wk\i,, y: ¥, x:A; constructed as for case (1)
¥, x:Ag I wky, x, x = wky, x,x : ¥, x:Az, y:Aq constructed as for case (1)
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;¥ x:Ay IF [wk\i,,x,x/‘i’, x,ylo1 = [wk\i,,x,x/‘if, x,ylog : ®
where o1 = [wkg, y/‘i’, x]o and 0z = [wky, y/‘i’, x]o’ by semantic LF subst. (Lemma 6.4 twice)

[wk‘i,,x, x/‘i’, X, y](wk‘i,, y) = wk\i,, x by subst. def.
I ¥, x:Ap + [wkli,,x/‘i’, x]o = [wk\i,,x/‘i‘, x]o’ : @ by previous lines
¥, x:AylFo=0":® using the fact that [wk\i,,x/‘i’, x]o = o, etc.

]

Our semantic definitions are reflexive, symmetric, and transitive. Further they are stable under type conversions.
Establishing these properties is tricky and intricate. We first establish these properties for LF and subsequently for
computations. All proofs can be found in the long version.

LEMMA 6.7 (SYMMETRY, TRANSITIVITY, AND CONVERSION OF SEMANTIC EQUALITY FOR LF).
A. For LF Terms:

(1) (Reflexivity:) T; ¥ IFM =M : A

(2) (Symmetry:) IfT; ¥ IFM =N :AthenT; ¥ I-FN=M:A

(3) (Transitivity:) IfT; ¥ |- My = My : A and T;% |- My = Ms : A then T3 ¥ |- My = Ms : A.

(4) (Conversion:)If T; ¥+ A=A’ : type and ;¥ FM=N:Athen[;¥IFM=N:A".

B. For LF Substitutions:

(1) (Reflexivity:)T;¥ IFo =0 : .

(2) (Symmetry:) IfT;¥ ko =0¢": ®thenT; ¥ IF o’ =0 : .

(3) (Transitivity:) IfT; ¥ |- o1 =02 : @ and ;¥ IF o = 03 : @ then ;¥ |- 0y = 03 : .

(4) (Conversion:))If TH® =0 :ctx and ;¥ - o =0’ : D thenT o =0’ : @,

Proor. Reflexivity follows directly from symmetry and transitivity. For LF terms and substitutions, we prove
symmetry and conversion by induction on the derivation [; ¥ I M = N : Aand T; ¥ IF o = ¢’ : @ respectively. For
transitivity, we use lexicographic induction.

We reason by induction on semantic equivalence relation where we consider any ¢’ smaller than ¢ if ¢ \ L f ¢”; the
proofs is mostly straightforward exploiting symmetry of decl. equivalence (=), determinacy of weak head reductions,
and crucially relies on well-formedness of semantic equality (Lemma 6.1) and functionality of LF typing (Lemma 3.6)
for the case where a; \JLF 07, M;.

Transitivity: f T; ¥ - o1 =02 : @and ;¥ - op =03 : D then ;¥ I 0y = 03 : .

By lexicographic induction on the first wo derivations;

LWrkor N\F-:- ¥ Roo Np o
Case.
I;9IFoy =09 :-
I;¥YIFoy=03:- by assumption
;¥ Fog \uLF-:- by inversion and determinacy (Lemma 4.2)
;¥ ko3 \yLF - by inversion
;¥ - 01 =03 : - usingF;‘I’ F o1 \LF -:-and T3P+ o3 \LF I

— —
TV, x:A v o1 \uLF Wk\j/ ¥V T, x:AF 02 \WLF Wk‘i’ ¥

Case.
T;¥IFo1=00: ¥
;¥ Foy \yLF - by assumption
T; ‘I’,m F oz Lk wky o ¥ by inversion and determinacy (Lemma 4.2)
T; ‘I’m F o3 \uLF wky « ¥ by inversion

— —
Il'ktoy=o03:- using [¥, x:A + o1 \uLF Wk : ¥ and T ¥, x:A - o3 oL F wky © ¥
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0¥ Fop \uLF o[, M : &, x:A
;9 + op \ULF 0'2’,N:<I>,x:A ;¥ I~ 0'1' = 02' : d F;‘I’Il—M:N:[al'/ti)]A

Case.
Yoy =0p:9,x:A
IVYIFoy=03:9,x:A by assumption
;¥ F ooy \ULF crz’ LN D, x:A by inversion and determinacy (Lemma 4.2)
;9 F o3 \ULF 03’, Q:d,x:A by inversion
T;¥IFN=0:[0/d)A inversion
LY IFo, =05 :0,x:A by inversion
;¥ I 0'1' = 0'3' : D, x:A by IH
LY Fo),N:D x:A by def. of well-typed whnf
I'F®,x:A:ctx by well-formedness of LF typing
I;OF A:type by well-formedness of LF contexts
I;¥tor=0y:@ by well-formedness of semantic equality (Lemma 6.1)
T; ¥+ [01/®)A = [02/B]A : type by functionality of LF typing (Lemma 3.6)
[¥I-N=0Q:[01/D]A by IH (Conversion 4)
I;¥ - M= Q[oy/d]A by IH
[YIFop =03 d,x:A by sem. def.

Symmetry: If ;¥ |- o1 =02 : Pthen ;¥ IF o =07 : @

By induction on semantic equivalence relation where we consider any ¢’ smaller than ¢ if ¢ \  ¢”; the proof is mostly
straightforward exploiting symmetry of decl. equivalence (=), but also relies again on well-formedness of semantic
equality (Lemma 6.1) and functionality of LF typing (Lemma 3.6) for the case where o; L o], M;. We show the
interesting case.

;¥ F oy \iLF 0], M : &, x:A
¥ F ooy \uLF UZI,N:CI),x:A ;¥ I o‘l’ :62':<I) ;9 IFM=N: [o‘l’/CiJ]A

Case.
;Yo =0y:D,x:A

L¥l-oy=0/:® by IH
T'+®,x:A:ctx by well-formedness of typing
I;OFA:type by well-formedness of LF contexts
¥ro/=0,:0 by well-formedness of semantic equality (Lemma 6.1)
T; ¥+ [01/®)A = [02/D]A : type by functionality of LF typing (Lemma 3.6)
I;¥ - M=N:[0y/0]A by IH (Conversion 4)
;¥ - N =M: [02/D]A by IH
I'YIFoy=01:9,xA by def. of semantic equivalence

We now consider some cases for establishing symmetry and transitivity for semantic equality of LF terms.
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I8 - My NuLr Lt e, s tm typeof(I' + t1) = [®1 Ftm] Tk ®; =Py : ctx
;9 - My \uLF |_l’2Jo-2 :tm  typeof Tk ty) =[P rtm] TrEp=t2: [P Htm] TIF 0'1’ = 0'2’ B2

Case.
;9 IFM;p =My :tm

Symmetry for LF Terms.

LYoy =0 : @ by IH
LY IFoy =0 :®; by IH (Conversion (4))
Tr[®rtm] =[Py Ftm]:u since' + &1 = &5 : ctx
Tkt =ty: [Py Ftm] by conversion using I'  [®1 F tm] = [®2 + tm] : u
Triy=t: [Py Ftm] by transitivity of =
LYIEN=M:A by sem. def.

Transitivity for LF Terms.

I'lF My =Ms:tm by assumption
I'+ My \uiF Lt2]o, - tm by inversion and determinacy (Lemma 4.2)
I+ M3 \uF Lt3]oy by inversion
typeof (T F t2) = [®7 + tm] by inversion and uniqueness of typeof
typeof (I' F t3) = [®3 + tm] by inversion
T'r®y =d3:ctx by inversion
T+ ®; =03 :ctx by transitivity (=)
T'lFoy =03: P by inversion
T'lFoy =03:®; by IH (Conversion 4 using I I @3 = ®; : ctx)
FH—O'1=O'3:<I>1 byIH
Trity=ts3: [0y Ftm] by inversion on T; ¥ IF My = M3 : tm
Tt (®;-tm)= (P2 Ftm):u since ' + @1 = @y : ctx
Triy=t3: [P Ftm] by type conversion using I' F (®1 F tm) = (P2 F tm) : u)
Tt =t3:[®1Ftm] by Transitivity of =

T'lFM; =Mz :tm

We concentrate here on proving the conversion properties:

(Conversion:) f T; ¥ + A=A’ : typeand [ ¥ IF M =N : AthenT; ¥ IFM=N: A"

;P - M N\ F Ax. M :TIx:AB T;%+ N N\ Ax.N':TIx:A.B T;¥,x:Al-M =N’:B

Case.

I''YIFM=N :IIx:A.B
[ ¥+ Ix:A.B = [Ix:A’.B’ : type by assumption
¥, x:ArB=B :typeand ;¥ + A=A’ : type by injectivity of II-types (Lemma 3.8)
I;¥¢,x:AlFM =N'":B by IH
I;¥,x:A"IFM' =N’":B by Semantic LF context conversion (Lemma 6.6)
YI-FM=N:x:A B by sem. def.

Other cases are trivial since they are at type tm. O
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6.2 Semantic Properties of Computations

LEMMA 6.8 (WELL-FORMEDNESS OF SEMANTIC TypING). IfT Ik ¢t =4¢" : 7 thenT + ¢ : 7 andT + t' : T and
Frt=t':1.
Proor. By induction on the induction on T I- 7 : u. . In each case, we refer the Def. 4.3. [}

LEMMA 6.9 (SEMANTIC WEAKENING FOR COMPUTATIONS).

(1) fT Ik 7:uandl’ <, T thenT’ I {p}7 : u.
@) IfTIFt=17":uandl’ <, T thenT’ I {p}7 =
(B3)IfTIFt=1t":7andl’ <, T thenT’ IF {p}t = {

Proor. By inductiononT |- 7 : u.

V&' u.
t:{p)t.

We note that the theorem is trivial for 7 = tm_ctx. Hence we concentrate on proving it where 7 = 7 (i.e. it is a proper

type).

For better and easier readability we simply write for example 7 = (y : 71) = 73 instead of

T IF 7 : u where

MTrr NN (x:T1) >
(2) (VT <, T.I IF {p}ty s wy)

(B VI" <p I.T" Ik s=s": {p}ty =T’ |- {p,s/x}r2 = {p,s’/x}72 : uz and

(4) (u1,uz,u3) € R.
Weakening of semantic typing I' IF 7 : u:
By case analysison T IF 7 : u.

Case.7=(x:7]) > 12

'r{plt N {pH(y:%1) = 12) 1 us3
I Fiplr N\ (x : {p}t1) = {p,x/x}12 1 3

Suppose that I} <, T’
"<, T

Tisipp T

I IE Hpilpdar s wn

I IF {p1Hp}tr s wa

Suppose that Ty <, I and Ty IFs =s": {p1}({p}71)
Iisipp T

ks =s":{{p1lptn

I I Hpilp, s/xtea = ({p1)p.s”/x)t2 s ug

1 IF {p1.s/x}({p, x/x}12) = {p1, 5" /x}({p, x/x}72) = U2
I IF{p}t :us

Case.7 = [T]

I+ i{plt \ {p}[T] : u
I+ (phe N\ TP -
FH-LFTzT:u
I'tT=T:u

'+ {p}T={p)T:u
I'IF{plt:u
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by Lemma 4.4 using T' I 7 : u
by substitution def.

by assumption

by composition of substitution
byTIlFr:u

by composition of substitution

by composition of substitution
by composition of substitution

byTIlFr:u
by composition of substitution

by abstraction, since I3, p; where arbitrary

by Lemma 4.4 using T IF 7 : u
by substitution def.

by assumption

by inversion

by substitution lemma

by def.



Case.TIFt=1t":[¥FA]

TreNyw:[PrA] by assumption
I - (p}t N {phw : (DI F A] by 4.4
Trt/' N\ w :[¥FA] by assumption
Ik {p}t’ s {p}w” : {p}[¥ + Al by 4.4
LYIF [wlg=wlg:A by assumption
I (¥ I {p)Lwlia = (p}Lw'Sia : (p}A by IH
I’ Ik {p}t = {p}t' : {p}[¥ + A] by sem. def. using subst. properties

Case.TIFt=t':(y: %) >

TrtNw:(y:71) > by assumption
I+ {p}t W {plw: {p}((y: ©1) = 1) by Lemma 4.4
Tr/!\NW:(y:51)=>n by assumption
Ik {p}t/ N\ {p}w : {p}(y: 1) = ) by Lemma 4.4
Suppose that I1 <p, T" and Iy + t1 : {p1}({p}71) and I1 + £2 : {p1}({p}71)
I <pp I’ by definition
I+t {{pHpln by composition of substitution
Ikt {{p1lpina by composition of substitution
Okt =t: {pilpits = T IF {p1lpdw t1 = {p1dpdw’ t2 2 {{p1lp, t1/x}z2 by assumption
0Okt =t {p1}{ptf1) = 01 I {p1}{pIw)) t1 = ({p1H{pIw’) t2 : {p1, t1/x}({p}72) by composition of substitution
I I {p}t = {p}t" : {p}((y : 1) = 1) by def.
O

Our semantic equality definition is symmetric and transitive. Our semantic equality is also reflexive — however, note
we prove a weaker reflexivity statement which says that if #; is semantically equivalent to another term t; then it is also
equivalent to itself. This suffices for our proofs. We also note that our semantic equality takes into account extensionality
for terms at function types and contextual types; this is in fact baked into our semantic equality definition.

LEMMA 6.10 (SYMMETRY, TRANSITIVITY, AND CONVERSION OF SEMANTIC EQUALITY).
LetTIF7:uandT ¢ :uandT - =%":uandT |-ty = t5 : T. Then:

(1) (Reflexivity for Terms:)T |- t; = t1 : 7.

(2) (Symmetry for Terms:)T |-ty = t; : 7.

(3) (Transitivity for Terms:) If T I- tp = t3 : 7 thenT |- t; = t3 : 7.

(4) (Symmetry for Types:)T -’ =7 :u

(5) (Transitivity for Types:) If T Ik ¥/ =" :u andT I+ " :u thenT IF ¥ = " s u.

(6) (Conversion:)T |k t; =t5 : /.

Proor. Reflexivity follows directly from symmetry and transitivity. We prove symmetry and transitivity for terms
using a lexicographic induction on u and T I 7 : u; we appeal to the induction hypothesis and use the corresponding
properties on types if the universe is smaller; if the universe stays the same, then we may appeal to the property for
terms if T' IF 7 : u is smaller;

To prove conversion and symmetry for types, we may also appeal to the induction hypothesis if T IF 7’ : u is smaller.

Symmetry for Terms (Prop. 2): To Show: ‘ [kt =1t : tm_ctx

ty and t; stand for LF context ¥, and ¥; respectively
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T'r¥ =9, :tm_ctx bydef.TIFt;=t2:7
I'F¥; =¥ :tm_ctx by symmetry of =
TIFty =ty :tm_ctx by sem. equ. def.

Transitivity for Terms (Prop. 3): To Show: ‘ IfT -ty =t3:tm_ctxthenT I #t; = 3 : tm_ctx.
11, t2, and t3 stand for LF context ¥1, ¥5, and ¥3 respectively

T'r¥ =¥, :tm_ctx by T' I t; =tz : tm_ctx
T't ¥ =¥;:tm_ctx by T IF tp = t3 : tm_ctx
T'+V¥; =V¥;:tm_ctx by transitivity of =
Tkt =t3:tm_ctx by semantic equ. def.

Other cases are trivial.

Case.||t=[T],ie.Trr N\, [T] :uandl"ll—LFT:TWhereT:‘I’l-A‘

Symmetry for Terms (Prop. 2): To Show: |T' Ity = #1 : [T].

Trtp\ywi:7T by definition of T IF #; = t3 : 7
Triy \wy:T by definition of T' IFt; =t5 : T
Sub-Case: T+ t; \, [C]: [T1and Tk t, \, [C']: [T] and T - g C=C': T

Consider C = (¥ + M) and C’ = (¥ + N) and T = ¥ + A (proof is the same for case C = (¥ + o))

LYIFM=N:A byLlFpC=C":T
LYEN=M:A by Lemma 6.7 (2)
IFbpC'=C:T by sem. def.
Tty =t :[T] by semantic equ. def.
Sub-Case: wne wi,wp and I’ F wy = wy : [T]

TFwy=wp:[T] by symmetry of =
TlFty=1t:[T] by semantic equ. def.

Transitivity for Terms (Prop.3): To Show‘ IfTIFty=t3:[T) thenT -ty =t3:[T].

Trip N\ wy:T by definition of T I-t; =t : 7
Trtp \ywe:T by definition of T I-t; =t : T
Trta\ywy:7 by definition of T Ity = t3: 7
Triz\ws:T by definition of T' IF tp = t3 : T
wg =W, by Lemma 4.2 (3)
P IF [wilig = Lwelig = A bydef. T IFt; =tp:7
LY IF Lwalig = Lwslig - A bydef. TIFtp =t3:7
TP I [wilig = lwslig : A by Lemma 6.7 (3)
TIFt =t3: [P+ A] by sem. equ. def.

Symmetry for Types (Prop.4): To Show: ‘ k7' =[Tl:uwhereT=¥+ A
Tt/ [Tl :uandT+T =T’ byllFr=1":u
F'vT'=T by symmetry for LF equ.

Tke'=7:u by semantic equ. def.
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Transitivity for Types (Prop.5): To Show: | f T'IF ¢/ = 7" :uand T IF ¢”

:uthenT IF [T] =r":u.‘

e’ ([Tl :uandT+T =T’
Tt [T :uandT+T' =T
T'v+T=T"

Thr=1":u

Conversion for Terms (Prop.6): To Show:

Tritp N\ wr:[T]

Tkt N\ wy:[T]

Tt/ [T :uandT+T =T’
T[T =[T":u

Trr=[T]:u

T+’ =[T":u

F'tr=1":u
IFrti:tv’andTFw; 7/ fori=1,2
TrtpNywi:t/and Tkt \ywo: 7/
F\Ftlztzl’[’

Case.||t=(y:T1) @ nielTrc\(y:T1)>n:u

Symmetry for Terms (Prop. 2): To Show: |T'l-ta =t : (y: 71) = 12
Trty N\ wi:T
TrtyN\ywy:T
Assume T’ <, Tand I IF 53 = 51 : {p}7;
I IF{p}t1 cuy
I'IFs;=s2:{plf1
I IF {ptw1 s1 = {plwz 2 : {p, s1/yl72
I {p,s1/y}me s uz
I IF {plwz sz = {p}w1 s1: {p,s1/yl72
Tro' N (:t) =1 :u
I I {p,s1/y}r2 = {p,s2/y}ry s uz
F’ H— S2 =82 {p}‘fl
T I {p,s2/y}ma = {p,s2/y}7) : uz
I I {p,s2/ylr, = {p,s2/ylr2 s uz
2

I I {p,s1/ylre = {p, s2/y}r2 s u2
I IF {p}wz s2 = {p}wy s1: {p,s2/y)2
Tlhkt=t:1

byTlFr=17":u
byllFz/ =7":u

by transitivity for LF equ.
by semantic equ. def.

by definition of T I-t; =t : T
by definition of T IF #; = #3 : 7
by def. of TIFr=1":u

by decl. equ. def.

by T'+ 7 N\ [T] (since “\ rules are a subset of =)
by '+ 7/ N\, [T’] (since \ rules are a subset of =)
by transitivity and symmetry of decl. equality (=)

by typing rules using I' + t; : [T]
by Def. 4.3
by semantic equ. def.

by definition of T IFt; =t : T
by definition of T' IF #; = #3 : 7

byTlFz:u

by induction hypothesis (Prop. 2), symmetry

by definition of T' IFt; = t5 : 7
by assumption T IF 7 : u

by induction hypothesis (Prop. 2), symmetry

by definition of T IF 7 =7’ : u
by definition of T IF 7 =17’ : u

by induction hypothesis (Prop. 1), reflexivity

by definition of T IF 7 =7": u

by induction hypothesis (Prop. 4), symmetry
by induction hypothesis (Prop. 5), transitivity

by induction hypothesis (Prop. 6), conversion

since I, p, s2, 51 were arbitrary

Transitivity for Terms (Prop. 3):| f TlFtp =t3: (y:71) = raothenTIFty =13 : (y : 71) = 2. ‘

Frtp N wi:t by definition of T I-t; =t : T
Trta\ywe:T by definition of T' IF #; = #3 : 7
Trta\ywy 7 by definition of T Ity = #3: 7
Trig\\ws:T by definition of T I-tp = t3 : 7
w2 = W, by determinacy of weak head evaluation (Lemma 4.2)

Assume T’ <, Tand I I 51 = 53 : {p}71
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F’ I+ {p}‘f’] Uy
F’ I+ §1 =981 {p}f’l
I IF{p,s1/y}me s uz

I IF {p}wi s1 = {p}wa s1 : {p,s1/y}m2
I I {p}wz s1 = {plws 53 : {p,s1/y}72
I - {p}wi s1 = {p}ws 53 : {p.s1/y}m2

TFH=t3:7

Symmetry for Types (Prop 4):

TtF@y:n)=n=1":

Tro' N (y: ) =1

AssumeI” <, Tand I I- 5" = s : {p}7].
I'IF{p}t1:u

I I {p}t1 = {p}t] 1w

I’ I+ {p}fl’ = {p}‘f’l Uy

I"kFs=s":{plf
I I-{p,s/ylre = {p, s’ [y}r; s uz
I'Fs=s:{pln

I - {p.s/y}r2 - uz
I I {p,s'/y}r, =
TFt'=7:u

{p,s/ylm :u

byT'lF7:u

by induction hypothesis (Prop. 1), reflexivity
by assumptionT I 7 : u

by assumption T IFt; =tp : 7

by assumptionI' |-ty =t3: 7

by induction hypothesis (Prop. 3), transitivity
since I, P, $1, $3 were arbitrary

by assumption

by definition of T IF 7 =7/ : u

byTlF7:u

byTlFr=17":u

by induction hypothesis (Prop. 4)

byTlF7/:u

by induction hypothesis (Prop. 6), conversion

by induction hypothesis (Prop. 2), symmetry for terms
byllFr=1":u

by induction hypothesis (Prop. 1), reflexivity
byTIF7:u

by induction hypothesis (Prop. 4), symmetry for types
since I, p, s, s” were arbitrary

Transitivity for Types (Prop. 5):‘ Tk =¢"

cyand T IF 7”7

:uthenFH—rzr”:u.‘

TlF@y:7)=>n=1":u

Tre' N (y:7%)=2n:u
Tro”" N (y: %) =13:u
AssumeI'” <, Tand I’ I 51 = 53 : {p}
I I-{p}t| : u
I’ S1 =51:{p}v/

1
I IF{p,s1/y}r1 = {p,s1/y}r2 : uz

<

I I-{p}t] = {p}7; s w1

I sy =s1: {pl7,

I IF{p,s1/y}me = {p,s1/y)s : uz
I IF{p,s1/y}r1 = u2

{p
I’ IF{p,si/ylrr = {p,s1/y}ms s uz
{

I I (o)) = {p)]
T IF{p}t] = {p}t5 1w

Il sp =s3: {plrg

I IF{p,s1/y}rs = {p,s3/y)rs : uz
T IF{p,s1/ylr1 = {p,s3/y}s : uz
Tlhkr=1":u

Conversion (Prop. 6).

I'tr=1":u

by assumption
by definition of T' I 7 = 7/ : u and determinacy of reduction

by definition of T IF 7" = 7" : u

byT'lF7:u
by induction hypothesis (Prop. 1), reflexivity
by definition of T lF 7 =7": u
by definition of T IF 7 =7’ : u
by induction hypothesis (Prop. 6), type conversion
by definition of T IF 7/ = 7" : u
byTlFz:u
by induction hypothesis (Prop. 5), transitivity for types
by definition of T - 7" =7 : u
by induction hypothesis (Prop. 5), transitivity for types
by induction hypothesis (6), type conversion
by L IF¢”
by induction hypothesis (Prop. 5), transitivity for types
since I, p, s1, s3 were arbitrary

by Well-formedness Lemma 6.8
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Trtp\ywi:T by definition of T IF #; = #3 : 7
Tt w7/ by the conversion rule
Tty \\wy:1’ ditto
Tre' N (y:f)=1:u by definition of T IF 7 =17’ : u
Assume I'" <, Tand I I 51 = 52 : {p}7]

I - {p}t1 = {p}t] s 1 by definition of T'IF 7 =7/ : ug
I IF{p}t1 cug byTlFz:u
I I-{p}t] = {p}t1 : 1 by induction hypothesis (Prop. 4), symmetry
I IF {ptwr s1 = {p}wa s2 : {p,s1/y}m2 by assumptionT' IF t; =t3 : 7
I"lFsy =s1: {p}f by induction hypothesis (1), reflexivity
T Ik {p,s1/y}r2 : uy by definition of T IF 7 : u
I IF {p,s1/ylm2 = {p,s1/y}7; by definition of T I-7 =7’ : u
I IF {plwr s1 = {plwa s2 : {p, 51 /y}rz’ by induction hypothesis (Prop. 6), conversion
T =ty: 7’ since I/, p, s1, sz were arbitrary
Case. ’T:u',i.e.l“ll-f:uwhererl—r\,u’:uandu’ <u‘

Symmetry for Terms (Prop. 2): To Show:

Tlhty=t:u by IH using Symmetry for Types (Prop. 4) (since u’ < u)
Transitivity for Terms (Prop. 3): To Show: ‘ IfTIFt;=t3:u’thenT IFt; =t3:u’.

Tty =t3:u by IH using Transitivity for Types (Prop. 5) (since u’” < u)
Symmetry for Types (Prop. 4): To Show:

T're’ Nu' :u bylTlFu' =7":u
Frr'=7:u since '+ 7 N\ u’ : uand u’ < u (by assumption), and T+ 7/ \yu : u
Transitivity for Types (Prop. 5): To Show:| T IF ¢’ =¢” :uandT I 7" :uthenT IFu' =" : u. ‘

Tt/ Nu' :u T'Fu' =7":u
Frr”" N :u byllFr' =7¢":u
T'Fu =7":u using sem. equ. def. and the assumption v’ < u
Conversion (Prop. 6): To Show:

IF'Fty=ty:7tandTIF7:uwhereTFr v :uandu’ <u by assumption
Ttu' =7":vuandu’ <u by assumption
F're’ Nu' :u byTlFu' =7":u

Tt =t:1’ sincel' IF7/:u
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Case.||t=xfandT + 7\, x f: u and wne (xf)‘

Symmetry for Terms (Prop. 2): To Show:

Tkt =t:x§ by assumption
TrtyNn x5 TR\ n2:x8TFny=ny:x5, wneng,ny byllFt =t :x5
Trnpg=ng:x5§ by symmetry of =
Tlhty=t;:x5§ by sem. equ. definition

Transitivity for Terms (Prop. 3): To Show |If T IF t2 =t3 : x SthenT |- #; = #3 : x §.

Tk =t:x§ by assumption
TrtyNnm xS TRty n2:x5,TFny=ny:x5 wneny,ny by[lFt; =ty:x§
Ttz \yn3:x5 T Fny=n3:x5, wnen;s byllFty=t3:x5
Trny=n3:x5s by transitivity of =
Tt =t3:x5§ by sem. equ. definition
Symmetry for Types (Prop. 4): To Show:

FFx§=7":uwhereTFr \yx5:u by assumption
Tt/ \\xf:uandT+xS=x7:u

Frxf=x5:u by symmetry of =
FkFe'=7:u by sem. equ. definition

Transitivity for Types (Prop. 5): To Show: |If T'IF /= 7" :uand T Ik "’ :uthenT IF xS=7" : u.

TFxs§=1":u by assumption
Trr/\yxs :uandTFxS=x5s :u byllFxS=1":u
ke =7":u by assumption
Tre”’\yxs”:uandT Fxs =xs" :u byllFz/ =7":u
TrxS=xs":u by transitivity of =
Trr=1":u by sem. equ. def.
Conversion (Prop. 6):

Tty =t:x§ by assumption
TrtpN\yni:xSandTrt \yno:xSandTkny=ny:xs byllFty =ty: x5
TFxs=7":u by assumption
Tro'\yxs :uandT FxS=xs :u byTlFxS=1":u
IF'tny=ny xs using type conversion
Trit \yn cxs andT + to \y N2 cxs using type conversion
Tkt =t: 7’ by sem. equ. def.

m]

Finally we establish various elementary properties about our semantic definition that play a key role in the funda-
mental lemma which we prove later. First, we show that all neutral terms are in the semantic definition.

LEMMA 6.11 (NEUTRAL SOUNDNESS).
IfTIFt:uandTvrt:TandTrt' :7andl+t=1t":7 andwnet,t’ thenT -t =1":7.
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Proor. By inductiononT I 7 : u.
Case.T =u

wne t and wne t’
t=xSandt' =xs
TrxS=xs:u
Fl—t’\,xs_;andl"l—t\x§’
Trxs§=t':u

Case. 7 = [T] where ¥ + tm

Ttt:[T]and T+t : [T]

wne t and wne t’

whnf t and whnf t’

tN\tandt’ \ t/

Trt=t':[T]
FTrtNyt:[TlandTr 1t Nt/ : [T]

LWk Lthd \LF Ltlid: A

D F Lt fig \iF [H]ig s A

I ¥ typeof (T Ft) = [@Ftm]and T+ ¥ = @ : ctx
;¥ + typeof T t') = [®' Ftm]and T+ ¥ = @’ : ctx
T'r®=3ad :ctx

LYiFid=id: ¥

LI [thig = 1t ]ig: A

TlEt=t":]T]

Case.1=(y:71) = 12

I‘I—t:(y:’fl)ﬁ’l’zandrkt,:(y:fl)ﬁfz
wne t and wne t’
whnf t and whnf t’
tN\tandt’ N\t
Trist' 1 (y:51)=>n
FTrtNt:(y:71) =
TNt (y:F) =
Assume VI <, T.T Ik s = s": {p}1
I Fiplt = {p}t’ : {p}(y: T1) = 12)
Tk iplt = {p}t’ : (y : {p}t1) = {p,y/ylm2
I"rs=s":{pln
I F{plts={p}t’s" : {p.s/y}r2
pit and wne {p}t’

wne
pit s and wne {p}t’ s’

I IF{p,s/ylre : uy

I I {pit s = {p}ts": {p,s/ylr2
Tht=t':(y:©1) >

—_———

wne

Case.T=x5

by assumption

sincewnetandwnet,Trt:u, T+t :uandTrFt=t:u
by assumption T+ ¢t =t" : u

since wne t and wne t’

by sem. def.

by assumption

by assumption

by def. of whnf /wne
by def. of N\,

by assumption

by Def. 4.3

since wne t

since wne ¢’

by Lemma 5.1

by Lemma 5.1

by symmetry and transitivity of =
by Lemma 6.5

by sem. def.

by semantic def.

by assumption

by assumption

by def. of whnf /wne
by def. of N\,

by assumption

by Def. 4.3

by Def. 4.3

by Weakening Lemma 3.18

by subst. def.

by Well-formedness Lemma 6.8
by rule

by Lemma 4.1

by def. of whnf /wne
byT'lF7:u

by IH

by semantic def.
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T't7\,x5:uand wne (x3)
I'tt=t":xSand wnet,t’
TrEtNt:x§
TRt/ Nt x5S
FkFt=¢t':x%

We also show that semantic definition are backwards closed.

LEMMA 6.12 (BACKWARDS CLOSURE FOR COMPUTATIONS).

thenT IFt] =ty : 7.

byT'lF7:u
by assumption
since wne t
since wne t’

by sem. equ. def.

]

Tty =t:Tandl vty \yw:TandT +t] \yw: 7T

ProOF. We analyse the definition of T' I #; = #3 : 7 considering different cases of T I 7 : u. O

LEMMA 6.13 (TYPED WHNF 1S BACKWARDS CLOSED). If T+t \\w: (y:71) @ pandl +s: 7y andT Fws \Jv:

{s/y}ro thenT Ft s\ v : {s/y}r.

Proor. Proof by unfolding definition and typing rules and considering different cases for w.

Trt:(y:11) =1

T'rs:7g
I'rts:{s/ylm
F'rs=s:17

Trt=w:(y: 1) =n
IF'rts=ws: {s/y}m
F'rws=v:{s/yjn
IF'rts=v:{s/ylmn
Ny w

ws '\, v
I'tov:{s/y}r

whnf w

Sub-case:t \\fnx =t andw=fnx =t

(fnx = t’) s \y v where {s/x}t’ \ v
ts\yv
F'rtsNv:i{s/ylr

Sub-case: t \, w where wne w
ws N\, WS

s\ ws
IF'rtsNv:{s/ylr

bydef. of TFt\w:(y:7) =
by assumption

by typing rule

by reflexivity of =

bydef. of TFt N\ w:(y: %) =
by congruence rules of =

by def. of T - ws \, v : {s/y}r

by symmetry and transitivity of =
bydef. of TFt N\ w:(y:#1) =
by def. of T - ws \, v : {s/y}r

by def. of T - ws \y v : {s/y}r

by definition of \

byTFws N\ v: {s/y}r
since t \, fnx = t’
by def.

since wne (w s)
by rule
by def.

O

LEMMA 6.14 (SEMANTIC APPLICATION). I[fTIFt=¢t":(y: %) @ npandT Ik s=s": 7 thenTIFts=1t"s": {s/ylr

Proor. Proof using Well-formedness Lemma 6.8, Backwards closed properties (Lemma 6.13 and 6.12), and Symmetry

of semantic equality (Lemma Prop. 2).

TrtNyw:(y:71) = 2 and
Fre! \w:(y:71) = rpand

VI' <, T.T ks =5": {p}i1 = T' IF ({p}w) s = {p}w’ s" : {p,s/y}m

by sem. def.



TlFws=w"s":{s/ylm choosing T for I/, p to be the identity substitution

F'rws\yv:{s/ylr by def. of T IF ws =w's": {s/y}m
IF'ts:rpandTrs' + 1y by Well-formedness Lemma 6.8
Trts N v:{s/ylr by Whnf Backwards closed (Lemma 6.13)
Trw's" Nv:{s/ylr by def. of T IF ws =w’s": {s/y}r2
Tri's" v {s/yln by Whnf Backwards closed (Lemma 6.13)
Tlkts=t's":{s/ylr by Semantic Backwards Closure for Computations (Lemma 6.12)
and Symmetry (Lemma Prop. 2

O

7 VALIDITY IN THE MODEL

For normalization, we need to establish that well-typed terms are logically related. However, as we traverse well-typed
terms, they do not remain closed. As is customary, we now extend our logical relation to substitutions defining semantic

substitutions | T IF 0 =6" : T |:
T/ I'IFO=0":T T/IH{0}i={0"}t:u T/Ikt=t':{0}f T/ IF{0})7:u
Iik-=-:- I''-0,t/x=0"t'/x:T,x:t

LEMMA 7.1 (SEMANTIC WEAKENING OF COMPUTATION-LEVEL SUBSTITUTIONS). IfT” I 6 = 0" : T andT" <, I then
T I {p}6 = {p}6’ : T.

Proor. By induction on I’ I+ 6 = 0’ : T and using semantic weakening lemma 6.2. u]

LEMMA 7.2 (SEMANTIC SUBSTITUTION PRESERVES EQUIVALENCE). LetT’ I 0 =6 :T;

(1) fT; ¥+ M=M: AthenT; {0} + {0}M = {0"}M : {O}A.
(2) fT;¥+ro=0:0thenT;{0}¥ + {0} = {0} : {0}D.
(3) IfTrt=t:%thenT'+ (8}t = {6}t : (0)F.

Proor. By induction on M, o 7, and t. The proof is mostly straightforward; in the case where t = x we know by
assumption that ty/x € 6 and t}/x € 8’ where I IF t = t}. : {0}7x. From Well-formedness of semantic typing (Lemma
6.8), we know that I + t, = t5 : {0}z O

Last, we define validity of computation-level contexts and and computation-level types and terms referring to their
semantic definitions (Fig. 21). This allows us to define compactly the fundamental lemma which states that well typed
terms correspond to valid terms in our model. Validity here is defined in terms of the semantic definition (Fig. 20). In
particular, we say that two terms M and N are equal in our model, if for all computation-level instantiations 6 and 6’
which are considered semantically equal, we have that {6}M and {0’}N are semantically equal.

LEMMA 7.3 (WELL-FORMEDNESS OF SEMANTIC SUBSTITUTIONS). IfT’IF 0 =6":T thenT’+0:T andT’ + 0" : T and
I’'+0=6":T.

Proor. By inductionon I’ |- 6 =6’ :T. o

LEMMA 7.4 (SYMMETRY AND TRANSITIVITY OF SEMANTIC SUBSTITUTIONS).  Assume |= T.

(1) IfT’ IF 61 = 05 : T thenT” IF 6, = 0; : T.
(2) IfT IF 6, = 0, : T andT’ I+ 0, = 03 : T thenT’ I 0, = 05 : T.

Proor. We prove symmetry by induction on the derivation and transitivity by induction on both derivations using
Symmetry, Transitivity, and Conversion for semantic equality (Lemma 6.10); ; reflexivity follows from symmetry and
transitivity.

Symmetry: By induction on derivation.
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Case.

I Ik -
- =

Case. D =

I’ I-0 =

Validity of Context :

=EI' TET:u
= - =T,x:7

Validity of LF Objects :[T;¥ e M= N : A|

=T VI7,0,0". T"FO0=0":T =T";{0}¥ IF {O}M =

0’}IN : {0}A

YEM=N:A

Validity of LF Substitutions : | ;¥ o =0’ : ®

=T VI7,0,0 . T"IF0=0":T = T/;{0}¥ IF {0}01 = {0"}5’ : {0}D
IYEo=0":®
=T VI/,0,0.T"IF0=0": Fﬁl"’l%{@} ={0"}t' :u TEf=%:u
T'Et=%":u F'=7:u
=T TEft:u YI,0, 0’.1"'\#929’:F:>1"’IF{9}t:{9’}t':{9}i' T'Et=t:7

TEt=t':7

Fig. 21. Validity Definition

I'FO=0":T IiFt=t":{0}F

I''0,t/x=0",t'/x:T,x:%
6:T

It =t:{0)f
T'IF0',t'/x=0,t/x :T,x:%

Transitivity: By induction on both derivations.

Case. 01

k.=

Case. 01 =

I’ I 6]
I’ I- 6
I’ -6

:-,92:-and03:-

01,t1/x, 02 = 0, t2/x and 03 = 0, t3/x and T = T, x:7

=0;:Tp
=0;:To
=0;:Tp

T/ IFty =ty : {0])7
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by def.

by IH
by Lemma 6.10 (Symmetry)
by rule

by def.

by inversion
by inversion
by IH

by inversion



Ity =ty : (0%
T’ I (0]} ={§}%:
I {95}%:{ o))z :
T’ - {6))F = {6])F :
I’ I+ tp =t3 : { 1’}%
I’ I+ t1 =t3 : { l’}‘f’
I I {6]}7 = { é}f’
I'IF6; =06s:

LEMMA 7.5 (CONTEXT SATISFIABILITY). If|=T thent I andT I id(T) =

by inversion

by inversion

by inversion

by Lemma 6.10 (Symmetry)
by Lemma 6.10 (Conversion)
by Lemma 6.10 (Transitivity)
by Lemma 6.10 (Transitivity)
by rule

O

: T where

ProorF. By induction on I' using Neutral Soundness (Lemma 6.11) and Semantic Weakening (Lemma 7.1). By induction

id(-)
id(T, x:7)
onT.
Case. T = -
}_ .
id() = -
I'i-=

Case. T =Ty, x:T

|= I“o,x:%

ETyand Iy =7 :u

+To and To I id(ro) = id(r()) : To

vI’, 0, 0".T"IF0=0":T =TI {0})7 = {0}
T IF {id(Tp)}7 = {id(Ty)} % : {id(Tp)}u
LlFt=7:u

=c
=
<

Tor7:u

F Lo, x:7

wne x

To,x:TFx:7T

To,x:TFx=x:7

T, xfTlFx=x:7

Ty, x:7 I id(Tp) = id(Tp) : Tp

Ty, x:7 IF id(Tp), x/x = id(Tp), x/x : Ty, x:T
Ty, x:7 IF id(Ty, x:7) = id(Tp, x:7) : Tp, x:T

by rules
by def. of id
by semantic def.

by assumption

by def. validity

by IH

by def. validity

by previous lines

by subst. def.

by semantic typing

by context def.

by def.

by typing rule

by typing rule

by Neutral Soundness Lemma 6.11
by Sem. Weakening Lemma 7.1
by semantic def.

by def. of id

O

LEMMA 7.6 (SYMMETRY AND TRANSITIVITY OF VALIDITY).

() fTI=t=t":7thenT |=t' =t:7.

@2 IfTleti=ty:TandT |ty =t3: T thenT |=t; =3 : T.

Proor. Using Lemma 7.5 (Context Satisfiability), Lemma 7.4 (Symmetry and Transitivity for Substitutions), Lemma
6.10 (Symmetry and Transitivity for Terms), and Lemma 6.10 (Conversion).

=T I'et:u VI, 0, 0. T'IF0=0":T =T’ I- {0}t = {0'}t : {0)}F

Case.
F'Et=t':1
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AssumeI’IF0'=0:T

I'Fe=06":T by Lemma 7.4 (Symmetry)
T’ IF {0}t = (0"}t : {0)F by assumption T -t =1¢": ¢
T’ IF {0}t = {0}t : {0)7 by Lemma 6.10 (Symmetry)
=T by assumption
T'lFid(T) =id(T): T by Lemma 7.5
I'et:u by assumption
I'et=1:u by def.
I’ {0}t ={0)%:u byl'lEt=7:u
T’ IF {07}t = {0}t : {0'}F by Lemma 6.10 (Conversion)
F=t'=t:7¢ by rule
=T T'ef:u VI7,0,0.T"IF0=0":T =T IF {0}t; = {0'}t2 : {0}F
Case. and

F'=t1=t: 7

=T IF'Et:u VI7,0,0.T"IF0=0":T =TI {0}ty ={0"}t3 : {0)F
Case.

F'=ty=t3:7
Assume I’ IF0=6":T
I'k6=06:T by symmetry and transitivity of substitution (Lemma 7.4)

I I {0} {9 {0y byTl=ti=ty: %
I/ 1 {0}tz = {0"}t3 : {0)F byl =ty =t3:%
T 1 {0}t = {0’ } {0}t by Lemma 6.10 (Transitivity)
F'Eth=t3:7 by rule

m]
LEMMA 7.7 (FUNCTION TypE INJECTIVITY 1S VALID.). IfT [E (y: %)) =@ 2 = (y: 7)) = 1) :uz thenT {1 = 7| : g
andT,y:t1 E 2 = ‘[' s ug and (u1, uy, ug) € R
Proor. Proof by unfolding the semantic definitions.
TE@y:fH)=2n=(y:7)=>1:u by assumption
=T
VI7,0,0".T'IF0=0":T=T"IF{0)(y:71) @ o ={0"Ny: 7)) = 7, : {Olus by def. of validity

Toprove:T |= % = 7]t uy
Assume an arbitrary I'/ IF 6=6":T

VIF{OWy:t) =2 n={(0}y: %) =1 us by previous lines and {0}u3 = u3
I IF (y: {0}11) = {0, y/y T2 = (y {9 } 1/) = {0, y/y}fz’ 1 u3 by subst. def.
(y: 10)2])) = {0, y/ylry \ (y : 10"}7]) = {0, y/y)r, by unfolding semantic def. and \

since whnf ((y : {0"}7]) = {6, y/ylz,)

VTy <p T To IF {p}{0)21 = {p}{O}] : uy by sem. def.
I - {0}t = (0)1] s uy choosing Iy = I’ and p = id(I”’) and the fact that {id(I"")}0 = 6
VI7,0,0'. T'IF0=0":T=T"I-{0}; = {0'}F] : wy previous lines
T'Ef = 1“'1' T U def. of validity (=), since I/, 0, 0 arbitrary

Toprove: T, y:t1 F 12 =17, : tip
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Assume an arbitrary I I+ 62 = 07 : T, y:7.
02 =0,s/yand 6 = 6",5"/y

I'FO=0":TandT’ IFs=5s":{0}%1 by inversion on T I- 63 = 6 : T, y:7
Vo <p I".To - s =s": {pH{0}r1 = T’ IF {p,s/y}0,y/ylr2 = {p, s’ /y}HO', y/y}z, by sem. def.
Ik s =s": {0} = T IF {s/y}{0,y/y}r2 = (s"/yHO', y/y)z, by choosing p = id(I'’)
I'lks=s": {051 = T'IF{0,s/ylm = {0, 5" [y}, by subst. def.
T71-1{0,s/ylma = {6,5' [y}z, by previous line
I7 1 {62}z = {05} by previous lines
Lyfh En= 1'2’ : U by def. of validity, since I/, 0, 0" arbitrary

]

THEOREM 7.8 (COMPLETENESS OF VALIDITY). [fT =t =t' :fthenT +t:fandT v+ ¢’ : fandT vt =+ : 7 and
I'r7:u

Proor. Unfolding of validity definition relying on context satisfiability (Lemma 7.5) and Well-Formedness of Semantic
Typing (Lemma 6.8).

T=et=t':7¢ by assumption
=T by validity definition
tTandT IFid(T) =id(): T by Lemma 7.5
VI, 0, 0. T'IF0=0":T =TI’ IF {0}t = {0}t : {0}F by validity definition
T I {id(T)}t = {id(D)}¢" : {id(D)}7 by previous lines
Fket=¢:% by subst. def.
Fre/:z,Trt:f,Tre=t :fandT+T:u by Well-Formedness of Seman. Typ. (Lemma 6.8)

u]

The fundamental lemma (Lemma 7.13) states that well-typed terms are valid. The proof proceeds by mutual induction
on the typing derivation for LF-objects and computations. To structure the proof of the fundamental lemma that well-
typed computations are valid, we consider the validity of type conversion, computation-level functions, applications,
and recursion individually.

LEMMA 7.9 (VALIDITY OF TYPE CONVERSION). IfT =¥ =%":uandT |=t:7 thenT =t : 7.

Proor. By definition relying on semantic type conversion lemma (Lemma 6.10 (6)).

FkEt:7 by assumption
T'kEt=t:7 by validity def.
AssumeI’IF6=06":T
I IF {0}t ={0"}t : {0}F by validity def. T =t =¢:7¢
TIF{0}f ={0"}¢" :u by validity def. T =7 =7':u
T I {0}t ={0’}: {0} by Lemma 6.10 (Conversion)
T'et=t:1% since I/, 0, 0 arbitrary
O

LEMMA 7.10 (VALIDITY OF FUNCTIONS). IfT,y:71 =t :mp thenT = fny=t: (y: 1) = .

Proor. We unfold the validity definitions, relying on completeness of validity (Lemma 7.8), semantic weakening of
computation-level substitutions (Lemma 7.1), Well-formedness Lemma 6.8, Backwards Closure Lemma 6.12, Symmetry
property of semantic equality (Lemma 6.10).

Nyt Ft:n by assumption
Ny:hiFt=t:n by def. validity
VI, 0, 0".T"IF0=0":T,y:7y = I’ |- {0}t = {0’}t : {0}z by def. of validity
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Ny:h1En:u by def. of validity

ly:hhFn=n:u by inversion on validity
ET,y: 7% by inversion on validity
=T by inversion on validity
=t :u by inversion on validity
I'=Et1=1%:u by inversion on validity
TO SHOW:

1) ET

@TEW: 1) > n:uie
VI7, 0, 0. T"IFO0=0"T=T'IF{0}(y:51) =) ={0} (y:©1) = ) : u
BG)YVI, 0,0 T"IFO=0":T=T"IF{0}(fny=1) ={0"}(fny=1) : {O}((y : ©1) = 12)

(1) SHOW: =T
=T, y:0 by assumption,y : 71 Et =t : 1y
=T by inversion on |= T, y:7;

(2) SHOW:VI' IF 0= 0" : T = I’ I {8)((y : 71) = 1) = (0"} ((y : ©1) = 2) : u

AssumeI’IF0=0":T

(2.2) SHOW: VI <, T'.T"" - s = 5" : {p}{0}71 = T IF {{p}0, s/y}z2 = {{p}0’, 5" [y}r2 s u
Assume I <, T'.T" Ik s = s": {p}{0}1;

I IF{p}0 ={p}0’:T by weakening sem. subst. (Lemma 7.1)
T - {p}b,s/y = {p}0’,s" [y : T, y:1q by sem. def.
I 1 {p}0.s/y}re = ({p}0".s" /y}r2 : u by def of T,y : 5| Emm =1 :u

(2.b) SHOW: VI <, T".T" IF {p}{0) 71 = {p}{0'}71 : u

I IF{p}0 = {p}0’ : T by weakening sem. subst. (Lemma 7.1)
I IF {pHO)71 = {p}{0'}71 1 u bydef.of T l=%1 =% :u
(2c) SHOW: T + (0"} ((y : T1) = 72) \AO'N(y : 71) = 1) 1 u

Tr(y:n1)>mn:u by Completeness of Validity (Lemma 7.8)

(using validity of functions which we show under (3))
I'+0:TandT'+ 6’ :T by Well-formedness of semantic subst. (Lemma 7.3)
I'r{0'N(y:51) = ) u by computation-level subst. lemma (Lemma 3.11)
whnf ((y : {0"}51) = {0, y/y}r2) by def. and subst. prop.

(B)SHOW: VI, 0, 0. T'IF0=0":T =TI {8} (fny=1t) ={0"}(fny = 1) : {O}((y : 1) = 12)
Assume I’ I 0 = 0’ : T; Showing: T” IF {0} (fny = t) = {0’} (fny = 1) : {0 ((y : T1) = 12)

(3.a) SHOW:T" + (O} (fny = t) N\ w: {0} ((y : T1) = 12)
and T/ +{0'}(fny = t) \\w’ : {0}((y : 1) = 12)

fny={0,y/y}t \w where w = fn y = {0, y/y}t since whnf (fn y = {6,y/y}t)
fny = {0,y/y}t \\ v where w’ = fny = {0’, y/y}t since whnf (fny = {67, y/y}t)
Lyt Ft:1 by Well-formedness of semantic typing (Lemma 6.8)
I"+6:TandT'+6':T by Well-formedness of semantic subst. (Lemma 7.3)
I yd{0 v 0,y/y : T,y:ty and T/, y:{ 0"}y + 0/, y/y : T, y:t] by comp. subst.

I, y:{0}ry + {0, y/ylt : {0,y/y}rs and
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0"}ty + {0, y/y} 0", y/ylr2

(3.b) SHOW: VI’ <, T".T” I s = s’
Assume I <, T'.T" IFs = 5" : {p}{0}7;
I I {p}0 = {p}0’ : T
T - {p}0,s/y = {p}0’,s" [y : T, y:11
T - {{p}0,s/ylt = {{p}0’,s" [y}t
I IF ({p}6.s/y}t N v : {{p)b.s/y)e
7 IF {{p}0’,s" [y}t \yo" : {{p}0,s/y}r2
I I {pHOMny =t \\ {pHOMny =t : {pH

Ik (fny = {{p}0,y/ylt) s N v: {{p}b,s/y
" IF (fny = {{p}0,y/y}t) s = ({p}0’.s" [y}t
I IF {{p}0.s/y}r2 = {{p}0’.s"/y}r2 : u

H{pi0}t =T I {plw's = {p}w’

s {{p}0,s/y}r2

by computation-level subst. lemma (Lemma 3.11)

Y

F{0}(fny=1): ((y 1) = 12) and

F{0}fhy = t) ((y ) = 1) by typing rule
FOW(y: 1) = Tz) 0N (y:t)=12):u by (2)
F{0}(fny = 1) : ((y 1T1) = 12) Conversion (Lemma 6.10(6))

s" +{p,s/yHO,y/y}r2

by weakening sem. subst. (Lemma 7.1)
by sem. def.
usinglL,by: 71 Et=t:n

sem. definition I+

N ((y:71) = 12) since whnf ({p}{0}fny = t)
andT” + fny = {{p}0,y/y}t : {pHO}((y: T1) = 12)
}z2 by rules (typing and \)

{{p10,s/y}r2 by Backwards Closed (Lemma 6.12)

byT,y:t1lFmo=m:u

I IF {{p}0’,s"/y}t = (fny = {{p}6,y/y}t) s : {{p}6,s/y}r2 Symmetry (Lemma 6.10(2))
I IF {pH0'Mny =t \ {pHO'Yny=1t:{p} { ((y 7)) = 12) since whnf ({pH{0'}ny = 1)

and T + fny = {{p}0’,y/y}t : {pHON(y : 71) = )
I"IF (fny = {{p}0’,y/y}tt) s’ N0 : {{p}O,s/ylr by rules (typing and “\))
Ik (fny = {{p}0',y/y}t) s’ = (fny = {{p}0,y/ylt) s : {p{0},s/y}rs

I 1F (fny = {{p}6,y/y}t) s = (fny = {{p}0

I Ik ({p}ifny = {6,y/ylt) s = ({p}fny =
T Ik {p}ws = {p}w’s" : {p,s/y}0,y/y)r

LEMMA 7.11 (VALIDITY OF RECURSION).
LetT v rec? (by | bapp | bram ) ¥ t: {¥/,t/
If TEZ:uandT |Et:[¥YFtm]and

{07, y/y}t)

by Backwards Closed (Lemma 6.12)
" ylyit) s {plO).s/y)r2

by Symmetry (Lemma 6.10(2))
s": {p,s/yHo,y/y}r by comp. subst.
since w = fny = {0,y/y}t
andw’ =fny = {0",y/y}t

O

mit and I = (Y : tm_ctx) = (m: [ F tm]) = 7.

T, ¢ :tm_ctx,p : [{ k4 tm] =ty : {p/y}r and
T,¢ :tm_ctx,m: [{ +tm],n: [ + tm],
Sm Am/ydr, fu s {n/y)r I= tapp : (Y + app Lmlig Lnligl/y}r and
I,y :tm_ctx,m: [¢,x : tm F tm],
fm AT, x  tm1/y, m/yle = t1am : {[¥ + lam Ax.Imliqg 1/y}r
thenT | rec’ (by | bapp | b1am ) ¥ t: {¥/y,t/m)r.

Proor. We assume I'” |- 0 = ¢’
considering different cases for I'" I+ {0}t = {0}
M]: T Ftm]and T/ + {0}t \, [P/ + N : {6
onT’; ¥ |- M = N : tm exploiting on Back. Clo

We now give the full proof.

: T, and show I IF {}(rec! B ¥ 1) =

(0"} (recT B Y1) : (O}{¥/y, t/m)r by
t:[{OY¥ F tm]. Let ¥’ = {6}¥. In the case where T’ F {0}t \, [V’ F
}¥ +tm] and I/; ¥’ IF M = N : tm, we proceed by an inner induction
sed Lemma (6.12).
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Let rec! B = rec? (b, | bapp | b1am )

Assume I’/ IF0=0":T

TOSHOW: T’ I {0}(rec B ¥ t) = {0"}(rect B 1) : (O){¥/y, t/m}r

I71E {0}t = {0}t : T{O}Y + tm)] by validity of T |= ¢ : [¥ I tm]

Let ¥/ = {6}¥. We now proceed to prove:
Case. T/ + {0}t \y w: [P/ F tm)]

and T/ F {07}t \y W’ : [V F tm]

and I'"; ¥ IF [wlig = [w']iq : tm

We write M for [w];q and N for |w’ ;4 below.

I, ¢IFM=N :tm
then I’ I {0}(rect B [¥1) 1%+ M] = {0'}(rec? B[¥]) [¥+ N1: {6, ¥ /¢, [¥ + M]/m}r

by induction on M, i.e. we may appeal to the induction hypothesis if the term M has made progress and has stepped
using \,r and hence is “smaller”

Sub-case:T'; ¥’ + M N\ LF app M1 Mz : tmand IT’; ¥/ + N N\, F app N1 N : tm
I'’' 9 IFM;=Ng :tmand ;% IF My = Ny : tm

I’ IF {0} (rec? B YT) ¥+ M1 = {0} (rect B[Y]) ¥+ NyT: (6, /[y, ¥+ My/ml)r by IH(i)
r' I- {0} (rect B [¥]) 19" F My] = (6"} (rec] B T¥') [9’ F NoT: {0, ¥/, [¥ + My /m)T by IH()
9}(recI BY) M+ M {0, ¥/, M+ M;1/m)r by Well-form. of Sem. Def.
F{0}(rec! BE) [¥+ N;i]: {6, ¥/, ¥+ Nil/mir by Well-form. of Sem. Def. and Type Conv.

let Oapp = 0,¥' /3, [¥ + Mi1/m, [¥ + Mp1/n
0 (rect B [¥1) ¥+ My 1/ fim, {0} (rect B W) [V + M21/fr
let 055, = 9' /Y, [P F Ny 1/m, T8 F Nﬂ/n
0’} (rec? BY) [V F Ni1/fm, 10"} (rec! B ) [V + N21/fn
let Tapp = F,¢ s [tm_ctx],m: [ Ftm],n: |'¢ Ftml, fmn s {m/y}z, fn : {n/y}z
I I Oapp = O4pp < Tapp

I IF {Oapp Ytapp = {9;pp Yapp @ {Bapp HIY F app Lmliq Lnliq1/y}T by sem. def. of tapp
I b {Oapp Mapp = {0hpp tapp : {0.¥ /1, [ + app My Mp1/m)t by subst. def.
I'-C=C:({6}¥ +tm) by reflexivity (Lemma 6.7) where C = ¥+ app My M
I’ {60}t = f‘i’Fapp My Ma] : ¥’ F tm since I’ F {0}t \, [C] : ({0}¥ + tm)
I’ IF{0,¥/y, {0}¢t/m}r = {6, ¥'/y, [+ app My Ma1/m)t by sem. def. of T IF 1 : u
I IF {Oapp Yapp = {Gapp Yapp : {0,Y' /¢, {0}t/m)T by type conversion
I’ F {Bapp Jtapp N0 : {60, ¥/, {0}t/m}r by previous sem. def.

I 9 + {0} (rec B@ Y t) \ v:{0,% /Y, {0)t/m)r
since I’ F ()t \, [¥ F M] : tmand I”;¥’ + M N\ F app M; My : tm

F’ I { (recI B@VYt) = {9$pp }tapp {0, ¥ /Y, {0}t/m)r by Back. Closed (Lemma 6.12)
{ngp Ytapp N\ 0" {0, ¥/, {0}t/m)T by previous sem. def.
F’;‘I" 0V (recI B@ Y1)\ v : (0,9 /y, (0}t/m)T (using type conversion)

since I’ F (8"}t \\ [¥ F N]:tmand I/;%¥’ + N N\ app Ni Nz : tm
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I IF {8}(recf B@ ¥ 1) ={0"}(rec! B@ Y1) :{0,%/y, {0)t/m)r by Back. Closed (Lemma 6.12)
Tlrec! 8¥t:T since I/, 0, 0’ were arbitrary

Sub-Case. Other Sub-Cases where I'/; ¥/ + {0}M N\, F lam Ax.M : tm and I'"; ¥/ + {0}M \ LF x : tm where x : tm € ¥/
are similar.

Sub-Case. T”; ¥’ + {6}M \y.F r1 : tm where r; = |t1]5, and wne t;
and I'"; ¥/ F {6/}M \(LF r2 : tm where ry = |£3]5, and wne

I’V IFop=0p:® since I'/; ¥/ Ikpp {6)M = {0}M : tm
I''vror=0y:P by Well-formedness Lemma
I'rt=ty: [®Ftm] since I''; ¥/ IFpp {0}M = {0}M : tm
I 9 +ri=ry:tm

I’ F{0}¥ = {0'}¥ : tm_ctx Sem. Subst. Preserve Equiv. (Lemma 7.2)
sinceI"+60=6":T
I + {0} (rect BY) [V + 1] = {0} (rec! BE) [V + 1] : {0, /Y, (0)t/mir by =
0} (rect B W) (0}t \, {0} (rect B®) [V + 111 : {0, % [y, {0}t/m)T by N\
I’ F {0} (rect BY) (07}t \, (0"} (rect BY) [¥+ 1] : {0, ‘I"/¢ 0yt/m}r by \, and type conversion
I IF {8}(rec! B@ ¥ 1) ={0"}(rec! B@ Y 1):{0,% /Y, {0)t/m)r Back. Closed (Lemma 6.12)
and Symmetry

Case. wne w and wne w’ and T/ F w=w’ : [¥/ + tm]
wne {0 }(rec B @ ¥) wand wne {9’}(rec B@Y)w by def. of wne
F {0)rect B = {8}rec! B (short for all the branches remain equivalent) Sem. Subst. Preserve Equiv. (Lemma 7.2)
F{O}Y = { 19 tm_ctx Sem. Subst. Preserve Equiv. (Lemma 7.2)
r' I- {0} (rec] B @ ¥) w={0"}(rec] B @ ¥)w :{0,¥'/y, {0}t/m)r by =
F{0)(rect BE) ¢\, {0)(rec BY¥)w: {6, Y/, {0}t/m)r by type conversion and \ rule
0}(rec BY)t\ {0)(rec I'g ) w’ : {0,¥/y, {0)t/m)r by type conversion and \ rule
r' I- {0} (rec! BY 1) = (0"} (rec BY 1) : {6, ¥/, (0)t/m)T by Back. Closed Lemma (twice) (6.12)
and Symmetry
Tlrec! 8¥t: 7T since I/, 0, 0’ were arbitrary
m]

LEMMA 7.12 (VALIDITY OF APPLICATION). IfT |=t:(y:71) = mp andT |=s: 7 thenT |=t s : {s/y}r.
ProoF. By definition relying on semantic type application lemma (Lemma 6.14). O

THEOREM 7.13 (FUNDAMENTAL THEOREM).

(1) If+ T then|=T

2) fT;¥+-M:AthenT; ¥ |=M =M : A

3) fT;¥+ro:Dthenl; ¥ Fo=0:.

(4) IfT; ¥+ M=N:AthenT; ¥ EM=N: A
(5) fT;¥+o=0":0thenl;¥ o =0":0.
(6) IfT+t:zthenT |=t: 7.

(7)) IfTrt=t':tthenT Et=¢":71

Proor. By induction on the first derivation using the previous lemma on validity of application (7.12), Backwards
Closed (6.12), Well-formedness Lemma 6.8, Lemma 7.9, Lemma 3.9, Lemma 7.10, Sem. weakening lemma 6.2, Validity of
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Recursion Lemma 7.11.

IfI“I—t:Tthenl“lzt:T.‘

t:[®rA] T3¥+ro:®

;Y¢ tls i [0]A
T'Et:[®rA] by IH
I'¥=0=0:0 by IH

Case. D =

AssumeI’IF0=0":T
I IF {0}t = {0')t : {6} F A bydef.T |1 : [+ A

Sub-case: T + {0}t ~, [C] : {0)[® F A] and T’ + {07}t ~, [C'] : {0}[® F A]
and T/ IFC=C’": {6}(D+ A)

C=0rMandC'=dFN by inversion on I’ IF C = C’ : {6}(D + A)
I’; {0} IF {0}o = {0"}o : {0} by ¥ |=o:®
I’;{0}®I-M=N:{0}A by def. of T’ I C = C" : {O}(® + A)
I7;{0}Y I+ [{6}c]M = [{0’}c]N : {6}[c]A by Lemma 6.4
T/ {0}Y + [{0}a]M \\LF W : {0}[c]A by previous line

TE{O)} N\ TCT : {0}[® + A] by restating the condition of the case we are in
T {0} + {0}(Ltls) \\LF W : {0}[c]A by whnf rules
T/ {0}Y + [{0"}0]N \\LF W : {0}[c]A by previous line
T/ F {0}t \\TC] : {0}[D + A] by restating the condition of the case we are in

I’;{0}¥ + {0 '}(I_tJo—) \LF W’ : {0}[c]A by whnf rules
75 {0} IF {6} (Lt]ls) = {6'}(Lt]s) : {O}[c]A by Backwards Closed Lemma 6.12 (twice)

and symmetry.
IV = Ltls : [0]A by abstraction, since I'’, 6, 8" were arbitrary

Sub-case:T" F {0}t \y w: {0}[®FA]land T/ + {0}t \, w’ : {0})[® + A]
and wne w and wne w’ and T+ w = w’ : {0}[® + A]

' 0(ltle) N Iwlig)o by whnf rules
"0 (Ltle) N LW'J(Q by whnf rules
T’{0}¥ |- {0} : {6} bydef ;¥ =0 =0:0
I’;{0}¥ + {0} { } : {0} by Well-formedness Lemma 6.8
T {0} {0} (Ltls) = (0')(Lt]s) = {0} [o]A by = rules
I’ IF {6}® = {0}D : ctx Reflexivity
typeof (T” + w) = [{6}® F tm] sinceI’ + w: {0}[® + A]
typeof (I” + w’) = [{0}® + tm] sinceI’ Fw’ : {0}[® + A]
I {0Y I {0} (Ltle) = (0"} (L t)o) : {6}[c]A by semantic def.
LY = [tls : [0]A by abstraction, since I/, 0, 8’ were arbitrary
Case. D = prtel
F'ry:7
C:rTandC <D by Lemma 3.9

Assume I’,0,0’. T"IF0=6":T
I''l-t=s:{6;}f by sem. def. of T’ IF 6 = ¢’ : T
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"Ik {0}y = {6'}y : {0}F subst. def. where {6}y =t and {0"}y = s

l'ey=y:7 by def. of validity
Case.D:r'_t:T, I're'=7:u
T'rt:7
I'k=t:7/ by IH
l=r=7":u by IH
I'Et:t by Lemma 7.9
'+C:T
Case. D = ————
Tr[C]:[T]
C:+tTandC <D by Lemma 3.9
=T by IH
LetC=¥%+MandT =¥+ A
L;YrEM:A by inversiononI' + C: T
LW EM:A by IH
Assume I/, 0, 0. T IF0 =0’
T;{0}¥ IF {0}M = {0’}M : {0}A using ;¥ =M : A
TIF{0}(¥ F M) = {0}(¥ + M) : {0)T by sem. def.
LI {0}[C1 = {0"}[C] : {O}[T] by previous line
I'=[CT=[C1:[T] by abstraction, since I'’, 6, §” were arbitrary
F=1C: [TT by def. of validity
Fl-t:(y:‘fl)ﬁ‘[g T'rs:tg
Case. D =
Trts:{s/yln
Tes:# by IH
l"|:t:(y:1“'1):>r2 byIH
T'Ets:{s/yjr by Lemma 7.12
F,y Tkt
Case. D =
IF'rfny=t:(y:71) >
C:+rT,y:fyandC < D by Lemma 3.9
=Lyt by IH
=T by def. of validity
lNy:t1 =t by IH
T'eE(fny=1t):(y:71)>n Lemma 7.10
FT
Case. D = ——— (ug,up) € A
T'rup:u
Trup \yup:up by rules and typing assumption
u; < up by (u1,u) € A
I'tT:ug r,y:’hl-’[z:uz
Case. D = (u1, uz, us) €N

Try:%) =1m:u3
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T |= ‘fl tUr

VI'.T'IF0=60":T =TI {0} = {0"}71 : uq
Iyt =12 :u

VYI'IFO=0":T,y:ty = T IF {0}y = {0}z s g
AssumeI’IF6=6":T

I’ - {9}‘?1 = {9/}‘;1 tUp

Assume I'"" <, T’

by IH
by sem. def.
by IH
by sem. def.

by previous lines

T I {pHO) 71 = {pHO'} 1 - g sem. weakening for computations lemma 6.9

vI’’. 1" <p VT Ik {pHO}7F1 = {pH0'}11 1 wa
Assume I'"" <, " and I Ikt = " : {{p}0}1
I I {p}6 = {p}6’ : T

I 1 {p}0.t/y = p{6'},t'/y : T, y:1y

I - {{p}6, t/y}r2 = {p{0'}, t' [y}ro : un

by previous lines

by sem. weakening lemma 7.1
by sem. def.
by I, y:t1 = 12 : up

choosing 0 = {p}0,t/y and 0" = p{0’},t' [y

I 1- {p, t/y}{6, y/y}r2 = {p, t' /[yHO' . y/y)r2 : w2

VIV . T" <, T T -t =t {{p}0)rr = T IF {p, t/y}{0,y/y}rz = {p, t' [yHO', y/y}12 s uz

I'F{O)(y: 1) = 2 :us) = {0} ((y: T1) = 12 : up)
TE(y:%)=>n:u)=(y:171) = 12:u3)
T'E@y:H)=>mn:u3

TrT
Case. D = ————
THI[T]:u
=T
AssumeI’IF0=0":T
FEeT=T

I’ lFLF (01T = {0/)T

I+ {O}TT N\ [(0}T] : u
I - {0)[T] = {0'}[T] : u
T = [T]=[T]: Uy

T [T7]: U

Crt:[Yrtm] TrT:u Trby:T Trbypp:d Trbpy:7

Case. D = 7
T+ rec” (by | bapp | b1am ) ¥ t: (¥/V, t/y}r

where I = () : tm_ctx) = (y: [y +tm]) > ¢

I''=71:u

TEt:[¥Ftm]

I, ¢ tm_ctx,p: [ ke tm] F 1y 2 {p/ylT

Ly :tm_ctx,m: [ ¢ rtml,n: [ ¢ Ftm]fin: {m/ylr, fn: {n/y}r

by subst. def.

by previous lines
by sem. def.
by sem. def.
by def. of validity

by IH

sincel' = g T=T

since whnf [{6}T]

by sem. def.

since I, 0, 6’ are arbitrary
by def. of validity

by IH
by IH
by typing inversion

Ftapp : {[ Y Fapp Lmlig Lnliq1/y}z by typing inversion

Ig:tm_ctx,m: [ ¢,x :tm+tm], fr : {[ ¢, x : tm]/¢, m/y}r

Ftiam : {P/Y, T ¢+ lam Ax.[mlig 1/y}7 by typing inversion

C:rT,¢:tm_ctx,p: [+ tm]and C < D
=T
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L ctm_ctx,p: [ ¢ ks tm] | &y« {p/y}T

Iy :tm_ctx,m:[¢ Ftm],n: [ ¢ Ftm]fy : {m/ylz, fu: {n/ylt

T, :tm_ctx,m: [ ¢,x :tm+ tm], frm : {[ ¢, x : tm]/¢, m/y}r

T = rec? (by | bapp | bram ) ¥ t: 1

’IfFI—tEt’:TthenFIzt:t':r.‘

T'rfny=t:(y:11) > Fks: 7
Case. D =

T'r(fny=1t)s={s/ylt:{s/yln

To Show: T |= (fny = t) s = {s/y}t : {s/y}r2
C:+TandC <D

=T

AssumeI’IF6=06":T

I=fny=t:(y:01)=>mn

T'Es:n

I I {0)s = {0"}s: {0}11
TIH{O}(fhy=1t)={0"}fhy=1t):{0}((y:71) = )
FH{0}fny=1) \ {0}y = 1) {0}((y: T1) = 12)
TH{ONfny =) {0}y =1): (0} ((y: 1) = 12)
TIF{0}(fny = 1) {0)s ={0"}(fny = ) {6})s" : {0,{0)s/y}m2
TH{O}((fny=1)s) \\w:{0,s/ylr

T'F{0,{0)s/y}t \y w:{0,s/y}r

TH{N(fny=1t)s) \\w :{0,s/y}m

T +{0,{0")s/ylt \\ W' : {0,s/y}r2
TIF(fny=t)s={s/y}lt:{s/y}r

Frt:[PrA]

Case. D = N
Tr[¥YH Lthk@W =t:[¥+A]

To Show: T |= [¥ + Ltlwiy 1= ¥ F AT
AssumeI’IF6=6":T

TEt:[PFA]

T’ I {0}t = {67} : (O)]F + A]

T’ {0)t N\, w: {0}[YF A]

T {07}t \yw : {O}]Y + A]

IO IF [wlig = Lw'lig : {0)A )
We note that w is either n where wne n or [¥ + M]
Sub-case w is neutral, i.e. wne w

I/ {0V F L{0)tJwk, \F Lwli < {0}A

T3 {0 F LOITY F Ltlwi, 1id \uiF Lwlid = (0)A
TAONY I LIOY F Ltk 1id = Lw'Jia : {0}A

by IH
I= tapp : {[ ¥ F app Lmliq Lnliq1/y}r by IH

E tian < {@/Y.[ ¢ F lam Ax.Imliq 1/y}r by IH
by Validity of Recursion Lemma 7.11

by Lemma 3.9
by IH

by IH

by IH

byT Es: %

by previous lines (def. of |=)
by sem. equ. def.

by sem. equ. def.

by sem. equ. def.

by sem. equ. def

by inversion on \,

by sem. equ. def

by inversion on \

by Backwards Closure (Lemma 6.12)

by IH

byT | t:[¥F Al
by sem. def.

by sem. def.

by sem. def.

since I/ + {0}t \, w: {0}[¥ + A]
by \uLF

using I'/; {0}¥ IF [wliq = |w’liq : {0}A and Backwards Closure (Lemma 6.12)
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TAOVE (O b Lthyie, 1\ (O + L2l ] < (O} + AT since whnf ()% + [t]yi,

T/ 1OV - Lehwie, 1= (07} : ()W F AT by sem. def.

Sub-case w = [V + M]

T/ {6V F [[% F M1Jig \uLr N : {6}A by T/ {0} I Lwlig = [w']iq : {6)A

I 0¥ - M N1 N : {0)A by \iLr

T/ {0V + L{OITY F Ltlwig, Via “uLr N 2 {0)A

I';{0}¥ I N = [w']iq : {0}A by sem. equ.

T/ {0} IF {0} + Lthk@Hid =|w']iq: (6}A by Backwards Closure (Lemma 6.12)

T - {OMY - Lthoie, 1= 10} < {O}T¥ + AT by sem. def.
u]

From the fundamental lemma follows our main theorem normalization and subject reduction.
THEOREM 7.14 (NORMALIZATION AND SUBJECT REDUCTION). IfT +t:7 thent \ywandT +rt=w: T

Proor. By the Fundamental theorem (Lemma 7.13), we have I I t = t : 7 (choosing the identity substitution for 6
and 0’). This includes a definition ¢ N\, w. Since w is in weak head normal form (i.e. whnf w), we have w \, w. Therefore,
we can easily show that also I I t = w : 7. By well-formedness (Lemma 6.8), we also have that " + t = w : 7 and more
specifically, T + w : 7. O

Using the fundamental lemma, we can also show that every term has a unique type. This requires first showing some
standard inversion lemmas and then showing function type injectivity.

LEMMA 7.15 (INVERSION). (1) IfT + x : 7 thenx : ©' € T forsomet’ andT + T =%’ : u.

@) IfTrfny=t:tthenl,y:71 +t:12 forsome?, o andIfT rr=(y:71) = 12 : u.

(3) IfTrts:tthenTrt:(y:71) = w2 andT v s: 7 for somet; andty andT + 7 = {s/y}r2 : u.

(4) IfT + [C] : 7 thenT + [C] : [T] for some contextual type T andT + v = [T] : u.

(5) IfT + rect (bo | bapp | b1am ) Yt : 7 wherel = (Y : tm_ctx) = (y: [¥ Ftm]) = 7 thenT vt : [¥ F tm] and
I'tZ:uandT +tby : T andT v bapp : L andT v b1ay : I andT v 7 = (¥/, t/y}7 : u.

(6) IfT v uy : T then there some uy s.t. (uj,uz) € WandT +F 7 = uy : u.

(7) IfT + (y : 71) = 72 : T then there is some u1, uz, and uz s.t. (u1,ug,u3) € RandT' + 71 :ug, T,y : 71 + 72 : up and
Trus=7:u.

Proor. By induction on the typing derivation. O

LEMMA 7.16 (INJECTIVITY OF FUNCTION TyPE). If T+ (y: ) = ra = (y : 7)) = 7, : u thenT v 7y = 7] : uy and

T,y:71 F 12 =12 : up and (ug,uz,u) € R.

Proor. By the fundamental theorem (Lemma 7.13) T IF (y : 71) = 72 = (y : 7{) = 7, : u (choosing the identity
substitution for 6 and 6’). By the sem. equality def., we have T I 7; = fl' cypand T,y : 7 Ik = TZ' :up and (ug, uz,u) €

R. By well-formedness of semantic typing (Lemma 6.8), we have T' +#; =7/ :uj andand T,y : Ty F mp = 7 s up O

THEOREM 7.17 (TYPE UNIQUENESS).
(1) fT; ¥+ M:AandT; ¥ + M : BthenT + A= B : type.
(2) IfTrt:fandT+t:7 thenT+T=7":u.

Proor. By mutual induction on the typing derivation exploiting typing inversion lemmas. O

Last but not least, the fundamental lemma allows us to show that not every type is inhabited and thus Cocon
can be used as a logic. To establish this stronger notion of consistency, we first prove that we can discriminate type
constructors.

LEMMA 7.18 (TYPE CONSTRUCTOR DISCRIMINATION). Neutral types, sorts, and function types are can be discriminated.
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(1) IfT v uy = uy : u3 thenuy = uy (they are the same).
@) Trxi#u:u.

3) Fl-xf?f(y:’fl)ﬂ’[z.

(4) Trxt#[T].

BG)Tru+(y:7) = .

PROOF. Proof by contradiction. To show for example that T x  # (y : #1) = 72, weassume [ Fx f = (y : §) =
72 : u. By the fundamental lemma (Lemma 7.13), we have T' I- x f = (y : 1) = 12 : u (choosing the identity substitution
for 0 and 6’); but this is impossible given the semantic equality definition (Fig. 20). O

THEOREM 7.19 (CONSISTENCY). X : ug ¥ t : x.

PROOF. Assume x : ug F t : x. By subject reduction (Lemma 7.14), there is some w s.t. t \, wand T + t = w: x and in
particular, we must have I' - w : x. As x is neutral, it cannot be equal u, (y : 71) = 72, or [T] (Lemma 7.18). Thus w
can also not be a sort, function, or contextual object. Hence, w can only be neutral, i.e. given the assumption x : uy,
the term w must be x. This implies that I + x : x and implies T + x = ug : u by inversion lemma for typing. But this is
impossible by Lemma 7.18. O

8 RELATED WORK

HOAS within dependent type theory. We propose a new type theoretic foundation where LF is integrated within
a Martin Lof type theory. This is in some sense a radical step. A more lightweight approach is to integrate at least
some of the benefits of LF within an existing type theory. This is for example accomplished by weak HOAS approaches
[Chlipala 2008; Despeyroux et al. 1995] where we get ¢-renaming for free but still have to deal with capture-avoiding
substitutions. The Hybrid library [Felty and Momigliano 2012] in Coq goes further supporting both a-renaming and
substitution by encoding a specification logic within Coq. However it is unclear whether these approaches scale to
dependently typed encodings and can be integrated smoothly into practice.

Metaprogramming. Dependent type theory is flexible enough to serve as its own metaprogramming language. For
this reason many dependently typed systems [Christiansen 2014, 2015; Ebner et al. 2017; van Der Walt and Swierstra
2012] try to support meta-programming in practice using quote operator to turn an expression into its syntactical
representation and unquote operator to escape the quotation and refer to another computation whose value will be
plugged in at its place. However, a clean theoretical foundation is missing.

Davies and Pfenning [2001] observed the similarity between modal types in S4 and quasi-quotation to support simply
typed metaprogramming. However their work concentrated on closed simply-typed code. In Cocon, we can describe
open pieces of code, i.e. code that depends on a context of assumptions, and work within a Martin Lof type theory.
Hence, CocoN has the potential to provide a basis for dependently typed metaprogramming.

9 CONCLUSION

CocoN is a first step towards integrating LF methodology into Martin-Lof style dependent type theories and and bridges
the longstanding gap between these two worlds. We have established type uniqueness, normalization, and consistency.
The next immediate step is to derive an equivalence algorithm based on weak head reduction and show its completeness.
We expect that this will follow a similar Kripke-style logical relation as the one we described. This would allow us to
justify that type checking Cocon programs is decidable.

It should be possible to implement CocoN as an extension to BELUGA- from a syntactic point of view, it would be a
small change. It also seems possible to extend existing implementation of Agda, however this might be more work, as
in this case one needs to implement the LF infrastructure.
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A APPENDIX
EXAMPLES

Cost-Semantics. As a first example, consider the definition of a cost semantics for our small term language described
earlier. As we aim to reason by structural induction on the evaluation judgement, we define the evaluation judgment
m | v which says that the term m evaluates in at most steps k to the value v as an inductive type:

inductive Eval : (m:[ F tm])(n:[ + tm])(k: nat) type =
| E_Lam : (m : [x:tm + tm])(k:nat)
Eval [ + lam Ax.[m]] [ + lam Ax.[m]] k
| ELApp @ (m : [+ tm]) (n: [+ tm])(k:nat)(l:nat)(j:nat)
m': [x:tm + tm])(v:[ F tm])(w:[ F tm])
Eval m [ + lam Ax.[m'JT k - Eval nv 1l — Eval [+ [ m'] with [v]/x T w j
— Eval [+ app [m] [n]Tw(k+1+3+1)
| E_Let @ (m : [ F tm](n: [x:tm + tm])(k:nat)(L:nat)(v : [ F tm]) (w: [+ tm])
Eval m v k
— Eval [+ [n] with |[v]/x T w1l
— Eval [+ letv [m] Ax.[n] Tw(k+1+T1)

We define here an inductive type that relates closed tm-objects m and n with the cost k. We rely on the inductive type
nat in addition to functions such as addition on natural numbers. In a dependent type theory such as Coq or Agda, we
would not be able to define an inductive type over (open) LF objects and exploit HOAS. In this example, we clearly state
that we evaluate closed terms. To evaluate [ + app [m] [n]] where m and n denote a closed tm-objects, we evaluate m
and n respectively. Note that when we refer to variables inside a box (or quoted) expression, we need to first unbox (or
unquote) them. We write the unboxing here as [m].

In general, we are unboxing open terms, i.e. terms that may contain free variables. Hence, we are unboxing a term
together with a substitution. For example, to evaluate the body m' where we replace the LF variable x with the closed
term v, we unbox m" with the substitution | v|/x. This is writtenas [ + [m'] with |v]/x].In general, we may omit
mentioning the substitution that is associated with every unbox-operation, if the substitution is simply the identity.

In BELUGA, an inductive definition about open LF objects is possible, but we would not be able to compute k + 1 + 1,
as BELUGA is an indexed language — not a full dependently typed language. Therefore, we cannot refer to addition
function in the index.

Compilation. As a simple example of compilation, we consider here a function trans which eliminates let-expressions.
As we also must traverse the body of lambda-abstractions and let-expression, this function takes a term in the context y
as input and returns a term in the same context as output. As for example in BELUGA, contexts are first-class in our
language and we specify their shape using a context schema tm_ctx which states that the context only contains tm
declarations.

rec trans: (y : [tm_ctx]) [y v tm] — [y r tm] =

fun ¥y (p: [y ks tm]) =p
l'y [Ty *r app Im] [n]] = [y + app ltrans y m] [trans y n]]
|y Ty r lam Ax.[m]] = [y + lam Ax. [trans (y,x:tm) m] ]
|y Ty r letv [m] Ay.[n]1 = [y + app (lam Ax. [trans (y,x:tm) n] [trans y m] ]

We write the translation by pattern matching on the HOAS tree of type [y + tm]. Four different cases arise. First,
we might encounter a variable from y. As in BELUGA, we use a pattern variable p of type [y F# tm] which can only be
instantiated with variables from y. Second, we translate [y + app [m] |n]] by simply recursively translating m and n
and rebuilding our term. Third, we translate [y + lam Ax.|m]] by translating m. Note that m has type [y, x:tm F tm]
and hence trans mreturns a term in the context y, x:tm. Last, we translate [y + letv [m| Ay.[n]] by translating
each part and replacing the let-expression with the application of a lambda-abstraction.

The function trans is close to what we can already write in BELUGA with one major differences: we are able to inline
recursive calls such as trans n within a HOAS tree by supporting the boxing (quote) and the unboxing (unquote)
of contextual objects; this is in contrast to BELUGA where we are forced to write programs in a let-box style. Further,
we only distinguish between LF variables that are bound by a A-abstraction or in a LF context and computation-level
variables. If computation-level variables have a contextual type, then we can use them to construct an LF object (or
LF context) by unboxing them. In BELUGA, we essentially distinguish between three different kinds of variables: LF
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variables, computation-level variables, and meta-variables (or contextual variables) that are of contextual type. Our
treatment here unifies the latter two classes into one.

We now prove that the operational meaning of a term is preserved and it still evaluates in at most k steps. In other
words, our optimization did not add any additional costs. This is done by recursively analyzing and pattern matching
on the derivation Eval m v k. We write the type of each of the recursive calls as comments to illuminate what is
happening in the background.

rec ctrns : [+ tm] - [+ tm] = funm = trans [ T m ;

rec val_preserve : (m:[ F tm])(v:[ + tm])(k : nat) Eval m v k — Eval (ctrns m) (ctrns v) k =
fun [ + lam Ax.|[m]] [ + lam Ax.|m]] k (E_Lam m k) = E_Lam (trans [x:tm] m) k
| TF app Im] Ln] 7 w (k+1+j+1) (E_LAppmnk 1 jm' vwele2e3)=
E_App (ctrns m) (ctrns n) k 1 j (trans [x:tm] m') (ctrns v) (ctrns w)
(val_preserve m [ + lam Ax.|m']] k el)

(val_preserve n v 1 e2)

(subst [ + tm] (fun e = Eval e (ctrns w) j)
(ctrns [ + |m'] with [v]/x]) ([ F [trans [x:tm] m'] with [ctrns v]/x])
(lemma_trans [1 m' v) (val_preserve [ + [m'] with [v]/x] w j e3))

| T+ letv [m] Ay.[n]T w (k+1+1) (E_Let m n k 1 v w el e2) =
E_App [ + lam Ax. [trans [x:tm] n]] (ctrns m) @ k 1 (trans [x:tm] n) (ctrns v) (ctrns w)
(E_Lam (trans [x:tm] n) @)

(val_preserve m v k el)

(subst [ + tm] (fun e = Eval e (ctrns w) 1)
(ctrns [ + |n] with [v]|/x]) ([ + [trans [x:tm] n] with |[ctrns v]/x])
(lemma_trans [] n v) (val_preserve [ + [n] with [v]/x] w 1 e2))

The proof above relies on a lemma that states that it does not matter whether we translate first a term m of type
[y, x:tm r tm] and then replace x with the translation of the term v or we translate directly the term m where we
already substituted for x the term v. It is applied by using substitutivity of identity type whose type is:
subst : (A : type) (P : A > type) (ab:A)a=b—->Pa—->Pb

rec lemma_trans : (y : ctx) (m : [y, x:tm F tm]) (v : [y F tm])
trans y [y + |m] with wk,, [v]/x]
= [y v [trans (y, x:tm) m| with wk,, [trans y v]/x] =
fun y [y, x + x] = refl
Iy Ty, x = Lp] with wky, 1 where p : [y ry Atm] =
refl wky,
|y Ty, x v lam Ay.[m]] =
cong [y,y:tm F tm] [y,y:tm F tm]
(fun e = [y + lam (Ay. leDD
(trans (y,y:tm) [y,y v+ [m] with wky,[v]/x,y/y])
[y,y v Lltrans (y,x:tm,y:tm) m] with wky, [trans y v]/x, y/y]
(lemma_trans (y, y:tm) [y, y, x + [m] with wky ,x/x, y/y1)

Iy Ty, x+ app m] [n]] =

cong2 [y v tm] [y r tm] [y ¢ tm]
(funmn = [y + app [m] [n]T)
(trans y [y + [m with wky, [v]/x]T)
([y v Lltrans (y,x:tm) m with wky,[trans (y) v],x]1)
(trans y [y + [n with wky, [v]/x]T)
(Ty v ltrans (y,x:tm) n with wky,[trans (y) v],x]T)
(lemma_trans y m v) (lemma_trans (y) n v)

Iy Ty, xr letv [m] Ay.[n]] =
cong2 [y + tm] [y + tm] [y + tm]
(funmn = [y v app (lam Ay.[n]) [m]T)
(trans y [y r |m] with wky, [v]/x])
[y v ltrans (y,x:tm) m] with wky,[trans y v]/x]
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(trans (y,y:tm)[y,y + Ln] with wky,[v]/x, y/y])

[y,y v Ltrans (y,x:tm,y:tm) n] with wky,[trans y v]/x,y/y]
(lemma_trans y m v)

(lemma_trans (y,y:tm) [y, y, x b |n] with wky,x/x,y/y])

In the first case, we have by definitional equality that indeed trans y v = [y + [trans y v ]].In the second
case, we in addition exploit that composing wky, [trans y v]/x with wk, simply is wk, effectively dropping
[trans y v]/x.

The recursive cases are handled by means of congruence. We rebuild the term on each side by joining together the
equalities obtained for the subterms. The types for the functions on congruences are respectively:

congl : (AB : type) (f : A = B) (al a2 : A)— al = a2 — (f al) = (f a2)

cong2 : (ABC : type) (f : A= B — C) (al a2 : A) (b1 b2 : B) — al = a2 — bl = b2 — (f al b1)=(f a2 b2)
In the 1am case and in the letv case, we exploit that we can build a substitution that exchanges variables such that we
can keep the x, the variable that we want to replace, to the right most position. This is a standard technique employed
in HOAS systems.

Note that we would not be able to implement such functions in Beluga for several reasons:

e We directly refer to the function ctrns in the type of val_preserve to indicate that if m evaluates to a value v
then the translation of m (i.e. ctrns m) also evaluates to the translation of the value of v (i.e. ctrns v). In Beluga,
we would need to reify the function ctrns as an inductive type and then pass it as an additional argument to
val_preserve.

o The lemma lemma_trans also directly references the function type of trans in stating that the equality property.

e We reason by equality, in particular we use the functions subst, cong1, and cong2 which all are polymorphic.
Polymorphism is presently not supported in Beluga, or any system we are aware of that supports HOAS.

RECURSORS OVER DEPENDENTLY TYPED LF OBJECTS

LF definitions are not inductive — however, we can generate recursors for each LF type following the procedure described
in [Pientka and Abel 2015].

To illustrate concretely, how recursors look for a dependently typed LF signature, we consider here another example:
the representation of well-typed terms. In this case, our LF signature contains the following type families and constants.

LF Signature Y == tp:type,nat: tp, arr: Ily:tp.Ily:tp.tp
tm : Ia:tp.type, z : tm nat, suc : ITy:tm nat.tm nat,
lam : Ia:tp IIb:tp Ily:(Ilx:tm a.tm b).tm (arr a b),
app : [a:tp. Ilb:tp.Ix:tm (arr a b).Ily:tm a.tm b
For easier readability, we simply write how it looks when we declare these constants in BELugA or Twelf. Note that
we write simply — if B does not depend on x in I1x:A.B. We also omit abstracting over the implicit arguments - this is
common practice in logical frameworks, as the type for A and B can be inferred.
tp : type
nat: tp.
arr: tp — tp — tp.

tm: tp — type.

z : tm nat.

suc: tm nat — tm nat.

lam: (tm A — tm B) — tm (arr A B).
app: tm (arr AB) — tm A — tm B.

To build the recursor for the type family tm a we proceed as follows:

o We generalize the recursor to rec! 8 ¥ s t. Here the intention is that s has type [+ tp] and t has type [¥ +
tm LsJWk@"I. Hence t depends not only on the LF context ¥ but also on the type s. As s denotes a closed type, we
weaken it to be used within the LF context ¥.

In general, we have a vector § to describe all the implicit arguments ¢ depends on. Note that even in an LF
signature that is simply typed, i.e. we have for example defined tm : type, the type of t already depends on ¥,
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since it has contextual type [¥ + tm]. Moreover, we already are tracking this dependency on the LF context.
Hence, the generalization to more dependent arguments is quite natural.

o The recursor for iterating over contextual terms of type [ + tm a] will have 5 branches: 4 branches covering
each constructor and one branch for the variable case.

rec’ (bo | bz | bsuc | bapp | blam)

where
by == Y,ap=>ty
b, ==y=1
bsuc == ¥, n, fun = tsuc

biam == ¥,a,b,m, fm = tam
bapp == Y, a,b,n,m, fu, fm = tapp
e We give the typing rules for the recursor over terms of type [/ + tm a]. Each branch gives rise to a specific
typing rule and we label the +; with the label I where I = {v, z, suc, lam, app} for clarity.

Recursor over LF Terms 7 = (f : tm_ctx) = (a: [Ftp]) = (y: [y Ftmal) => T
where | = {v, z, suc, lam, app}
Trs:[Ftp] Trt:[Yrtmslyk,] T+I:u Trpbp: T
T +rec (by | by | bsuc | Blam | bapp) ¥ s t = (¥/. s/a, t/y}r

Branches where

Ly tm_ctx,a: [Ftpl, p: [y ke tm Lalwk, 1+ to < {a/a, p/yle
Tty Wa,p=>ty): T

I,y :tm_ctx F t; : {[ F nat]/a, [¢ Fz]/y}r
T, (Y= t,): T

Ty : tm_ctx,m : [¢ F tm nat]
fm AT+ natl/a, m/ylr F o tsuc : {[ F natl/a, [ F suc Imliq1/y}r
T bsuc (V,m = tsue) : L

Iy :tm_ctx,a: [ Ftpl, b:[Ftpl,
m: [y - tm (arr Lalui, Lol ) T+ tm Lalig]
fm +Aarr Lalig Lblig/a, m/ylz, fn < {a/a, n/ylt F o tapp : {b/a, [ Y +app Lmlig Lnliq1/y}r
T rapp (Woa.b,m,n, fu, fm = tapp) : L

I :tm_ctx,a:[Ftpl,b:[Ftp]
m:[d,x:tm I_akaw F tm LwakI,,]s
fm (g, x : tm a)/y,b/a, m/y}r F o tiam :{@/Y, [+arrlaliq blig1/a, [ ¢+ lam Ax.Imliq 1/y}r
Chiam (V,a.b,m, fin = tiam) : L
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