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Exercise 3: Data-type exp of arithmetic expressions.

Part 1

Formation rule:

exp type
expF

Introduction rules:

Γ ` n ∈ nat
Γ ` Numb n ∈ exp

expIN

Γ ` e1 ∈ exp Γ ` e2 ∈ exp
Γ ` Pxy e1 e2 ∈ exp

expIP

Γ ` e1 ∈ exp Γ ` e2 ∈ exp
Γ ` Txy e1 e2 ∈ exp

expIT
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Elimination Rule:

Γ ` e ∈ exp Γ, n ∈ nat ` e0 ∈ τ Γ, x ∈ exp, y ∈ exp, f(x) ∈ τ, f(y) ∈ τ ` e1 ∈ τ Γ, x ∈ exp, y ∈ exp, f(x) ∈ τ, f(y) ∈ τ ` e2 ∈ τ

Γ ` rec e of f(Numb n) ⇒ e0 | f(Pxy x y) ⇒ e1 | f(Txy x y) ⇒ e2 ∈ τ
expEf,e

Part 2

We use the definitions of plus and times listed in the Constructive Logic notes.

count Specification:

count (Numb n) = s(0)
count(Txy e1 e2) = count(e1) + count(e2)
count(Pxy e1 e2) = count(e1) + count(e2)

count Implementation:

λe.(rec e of f(Numb n ⇒ s(0) | f(Pxy x y) ⇒ plus f(x) f(y) | f(Txy x y) ⇒ plus f(x) f(y))

eval Specification:

eval (Numb n) = n
eval(Txy e1 e2) = eval(e1) ∗ eval(e2)
eval(Pxy e1 e2) = eval(e1) + eval(e2)

eval Implementation:

λe.(rec e of f(Numb n ⇒ n | f(Pxy x y) ⇒ plus f(x) f(y) | f(Txy x y) ⇒ times f(x) f(y))
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