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(a) Lévasz Local lemma and variations, e.g. Harvey-Vondrak paper

(b) Tropp’s concentration inequalities for sum of i.i.d. matrices, e.g. Tropp’s mono-
graph

(¢) Suen’s inequality, e.g. Janson’s paper

(d) CHERNOFF BOUND FOR RANDOM WALKS ON EXPANDER GRAPHS, Gilman’s

paper
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General remarks.

(a) This document is for personal use. Of course I wouldn’t mind if someone else uses
it as well, but use at your own risk ;-) Found errors? Kindly email me: first name
followed by last name at gmail dot com.

(b) The references given for each result is NOT necessarily the first place where the
result has been proven. But rather, I try to provide a reference which (i) has a
proof, and (ii) is easy to access, e.g. is available on-line, and is published.

(¢) Another set of useful results can be found in [I1), Part Four].

(d) All log’s are in base e.



1 Function Approximations

(a)

exp(z) > 1+ Yz,
exp(z) <14z + 22 Vz € [0,1.7932],

exp(—z—2%) <1-x vz € [0,0.6838].

(b)
2 3 4 5
log(l+x)—x—%+% % x5_ V|z| <1,
-1 xz—1)3 —1)4
log(x):(x—l)—xQ) —1—( 3) _(x4) +... Ve —1] < 1.

(c) Stirling’s formula (]9, equation 9.15 in Chapter II}):
V2mn(n/e)" exp(1/(12n+ 1)) < n! < vV2mn(n/e)" exp(1/12n) Vne€Zy,

which gives
logn! =nlogn —n+ (log27mn)/2 + O(1/n) .
For real n, [12, equation 8.327] or [Il, equation 6.1.37] gives

D(z) =a" 2™ (1 + L +O(x™ ))\/ﬁ Vo > 0.

122
(d) Inequalities for the Gamma function: ([19, equation (2.2)])
I(xz+A) A1
- A2 Ve >0, €(0,1)U (2
and ([19, equation (2.3)])
F(:L' + )\) A—1
—_— A2 >0,A€ (1,2
I’(x+1)>($+ /2) Ve >0,A€(1,2),
(e) Harmonic numbers: For every positive integer n we have ([33])
1 "1 1
| _ it
2n+2<;i 08N TS g

where v ~ 0.57721 is Euler’s constant.

(f) If G is a connected n-vertex graph with maximum degree A > 0 and diameter
D > 0, then the bound n < 2AP follows e.g. from Moore bound, see https:
//en.wikipedia.org/wiki/Degree_diameter_problem

(g) This bound for binomial coeficient comes in handy: Y5 () < (en/k)* holds for
all positive integers 1 < k < n, see [4, Exercise 2.14].

(h) [1, 7.1.13] Bounds for the standard Gaussian CDF: Let Z be Gaussian with mean
0 and variance 1. Then, for any ¢t > 0 we have

2 2
o t2/2 o t2/2

<\/m/2Pr(Z > t)
t+vVe 14 t+ t+ /2 +8/r

See https://arxiv.org/pdf/1012.2063.pdf| for more such bounds.
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2 Concentration Inequalities

(a) (Markov Inequality) If X is a nonnegative random variable then
Pr(X > t] < E[X]/t.
(b) (Chebyshev Inequality) If X is a nonnegative random variable then
Pr[|X — E[X]| > t] < Var[X]/t*.

(c) (Cramér’s Theorem [6, Theorem 1.4 and Comments (1), (4), and (5) in Sec-
tion 1.4]) Let Xy, Xo,... be i.i.d. real-valued random variables, and define

I(z) = sup{zt — logE[etXl} 1t e R}
For any a > E[X], as n grows we have
Pr(X1+ -+ X, > an) = exp((—I(a) £ o(1))n),
and for any a < E[X}], as n grows we have

Pr(Xi+ -+ X, <an) =exp((—I(a) £ 0o(1))n),

2.1 Chernoff-Type Inequalities (sums of bounded variables)

Let X = Xj + X5+ -+ + X, with X; be independent and bounded in [0, 1] and let p =
E[X]. The following Chernoff-driven inequalities are true even if X = X;+ Xo+---+X,,,

where X1, Xo,..., X, are bounded in [0, 1], and for all subsets S we have
Pr[ﬂ{Xi = 1}] < [[PrlX; =1].
€S i€S

(a) (Basic Chernoff Bound) Let p = p/n.

Pr[X>(p+t)n]< < D )p—s-t(q)q—t: |

\p+t q—t
and _ -
g \t/ p \P "
PriX <(p—t)n] < <q+t) (p—t)
Another, perhaps nicer way to write tile above inequalities foilows. Define
J(xz,p) =zln (%) +(1—2)ln (1 :;), for (z,p) € (0,1)%

Then for all z € (0,p) we have
Pr(Z, < nx) < e/ @P)
and for all x € (p,1) we have

Pr(Z, > nz) < e "/ (@P),



(b) ([8] Theorem 1.1)
Pr[X > p+t],Pr[X < pu —t] < exp(—2t*/n) vt > 0,

and
Pr[X < (1 —e)u] < exp(—€*p/2) Ve > 0,

and
Pr(X >t]<27" V0 <t<2epu.

(c) ([24] Theorem 2.3(b)) For all € > 0,

2

Pr(X > (1+€)u] < exp(u(e—(1+€) log(1+e))) < exp (—2j2ﬂe/3> < exp(—€*(1—€)/2),

and the leftmost inequality gives
Pr[X > (14 €)u] < exp(—pue®/3) V0<e<1.8l,
and (see [28, Exercise 4.1])
PriX > (1+e)u) <270+ ves2e—1,
Moreover, (see [5, Theorem 2.17])
Pr[X < eu] < exp(—p + 2ue(l —loge)) Vo<e<l/e.

(d) ([29] Lemma 1.1) Define H : [0,00) — [0,00) as H(0) := 0 and H(a) :=1—a+
aloga. Let p € (0,1) and 0 < k < n. If k > p then

Pr[X > k] < exp(—pH (k/u)),

and if k& < p then
PrX < k] < exp(—pH (k/p)).

Finally, if k& > e?u then

Pr[X > k] < exp(—];log(k:/u))

(e) ([8] Theorem 1.2, Bernstein’s inequality) Let X7, ..., X}, be independent with X; —
E[X;] <bfor all i. Let X = > X; and let 02 be the variance of X. For any t > 0,

Pr(X > E[X] +t] <exp (— 502(1 _i bt/302)>'



(f) ([30] Theorem 5) If X is the sum of k-wise independent random variables taking
values in [0,1], and g = E[X], then

Pr(|X — u| > eu
Pr

exp(—|k/2]) Ve <1,k < |ue /3]
|€€u/3]) Ve <Lk > |[ue?]
[k/2]) Ve 1.k < |eue'/?)
lew/3]) Ve > 1,k > [epe /3]
eln(1

(—
[ X — pf > ep) < exp(—
(-
(—

)

( ) <

( )
Pr(|X — u| > en) < exp
r(| X — p| > en) < exp
( )

Pr(|X — u| > epn) < exp(— +e)p/2) < exp(—ep/3) Ve > 1,k > [ep]

(g) ([3] Lemmas 2.2 and 2.3) Let k be an even integer, and let X be the sum of n
k-wise independent random variables taking values in [0,1]. Let p = E[X] and
a > 0. Then we have

k)2
Pr[|X — pu| > a] < 1. 0004(”k)

k‘/jJ n k2>k/2

a?

Pr[|X — p| > d] <8<

2.2 Martingale-Based Inequalities

(a) ([24] Theorem 3.1) Let X = (X1, X9,...,X,), where X;’s are independent
random variables, with X; € A;. Suppose that the real-valued function f defined
on [] A; satisfies

(@) - f(F)| < i,

whenever the vectors 7 and 7 differ only in the i-th coordinate. Then for any
t>0,

Pr(f(X) - E[#(X)] < =t) Pr(#(X) - B[ ()] > 1) <exo(-2/ 30 ).

(b) ([24] Theorem 3.7) Let X = (X1, Xo,...,X,), where X;’s are random variables,
with X; € A;. Suppose that the real-valued function f defined on [] A; satisfies

ElfIX1 =a1,...,Xi-1 =ai-1, X =] —E[f|I X1 =a1,.... Xic1 = a1, Xi = yi]| < ¢,

for all a1, ao,...,a;—1,x;,y; for which the LHS is well-defined. Then for any ¢ > 0,

Pr(f(X) - E[#(X)] < =0) Pr(#(X) - B[ ()] > 1) <exo(-2/ 20 )

(¢) ([8] Theorem 5.2, Azuma-Hoeffding inequality for supermartingales) Let
Xg, ..., X, be random variables, and

}{i:gi(X()?le'--,Xi) l:O,l,

*

be such that



Suppose further that
a; <Y; = Y1 < b Vi<i<n.
Then for any t > 0,
Pr(Y, > Yo+t < exp(—ZtQ/Z(bi - ai)Q).

(d) ([25] Azuma-Hoeffding inequality for centering sequences) Let 0 = X, X7,
Xo,..., X, be a sequence and let Y, = X — Xp_1 for 1 < k < n. Assume that
E[Y;|Xr_1 = z] is a non-increasing function of z. (If this condition is satisfied
then (X;) is called a centering sequence.)

(a) (Theorem 2.2 in [25]) If 0 < Y} <1 for each k, then

Pr[X, — E[X,] > t] < exp(—2t*/n) vt > 0,

Pr(X, - E[X ] < —t] < exp(— 2t2/n) Vit > 0,
Pr(X,, > (1 +¢)E[X,]] < exp(—¢’E[X,]/3) V0 <e<1,
Pr[X, < (1- e) [X,]] < exp(—€?E[X,,]/2) Vo <e< 1l

(b) (Theorem 2.3 in [25]) If a, <Y} < by for all k, then for any ¢ > 0,

Pr(X, — B[X,] > 1] < exp(—=22/ " (bx — ax)?),

Pr(X, — BIX,] < —1] < exp(-262/ 3" (b — ax)?).

(¢) (Concluding remarks of [25]) If ap < Yy < by for all k, then for any ¢ > 0,

2
Pr[| X, — E[X,]| > t] < (W) .

(This may be better than (b) only for very small ¢t > 0.)

More inequalities of the type given in Sections 2.1 and 2.2 can be found in [5, Chap-
ter 2].

2.3 Sums of Poisson variables
Let X ~ Po()).
(a) ([2] Theorem A.1.15)

Pr[X < (1 —e)\] < exp(e2)\/2),
Pr(X > (14 €)A] < exp(A(e — (1 +¢€)log(l +¢))).



(b) ([29] Lemma 1.2) Let H(a) :=1—a+aloga, k,A > 0. If k > A then
Pr(X > k] < exp(AH(k/N)),
and if £ < k then
Pr(X < k] <exp(AH(k/N)),
and if k > €2\ then "
Pr(X > k] < exp(—2 log(k/)\)).

(c¢) ([32, Exercise 2.7]) Let X1, Xo,... be independent Poisson variables with mean
A, and let I(a) = alog(a/\) —a+ A. If a > X then

Pr(X) + -+ X, > na) < e ™M@,

and if a < A\ then
Pr(X; + -+ X, <na) < e ™M@,

Moreover, I(a) > 0 for all a # A.

2.4 Sums of exponential variables

Note: for some clean lower and upper bounds for sums of exponentials and sums of geo-
metrics, see Janson’s paper, TAIL BOUNDS FOR SUMS OF GEOMETRIC AND EX-
PONENTIAL VARIABLES, available at http://www2.math.uu.se/~svante/papers/
sjN14 . pdf

(a) (|27, Lemma 6]) Let Y(z) = x—1—log(z) and let Ey, Es, ..., E,, be independent
exponential random variables with mean 1. For any fixed 0 < x < 1, as m — o0
we have

exp(—Y(z)m —o(m)) < Pr(Ey + Es+ -+ Ep, < axm) < exp(—=Y(z)m)

(this is what Cramér’s Theorem gives, so is almost tight).

2.5 Sums of geometric variables

Let p € (0,1) and let Z1, Zs, ..., Z,, be independent geometric random variables with
parameter p and mean 1/p, namely for every positive integer s, Pr(Z; = s) = (1—p)*~!p.

(a) ([27, Lemma 7)) Ifr > 1/p, then Pr(Zy + Zo + -+ - + Zpp, > rm) < (r"p(1 — p)"~L(r — )1=7)™
(this is what Cramér’s Theorem gives, so is almost tight).
(b) (|10, Lemma 21]) For any £ > 0,

P(Z+ ny >(1—|—5)m><e <
T — xp| ————m | .
! m= p) — P 2(1+¢)
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3 Correlation Inequalities

The treatment here is from [I5, Section 5], which is essentially the same as that in [14]
Section 4] and I3} Section 2]. Let E be a finite non-empty set, and let Q = Qg = {0,1}.
A probability distribution g on Qg is called positive if u(w) > 0 for all w € Qp. For
a,b € Qp, max{a,b} and min{a, b} denote the component-wise maximum and minimum
(i.e. bit-wise OR and bit-wise AND). A random variable X : Qp — R is increasing
if flipping a bit from 0 to 1 does not decrease the value of X. An event A C Qp is
increasing if its indicator function is increasing.

(a)

(FKG inequality, Theorem 5.1 in [15]) Let u be a positive probability distri-
bution on Qg such that for all a,b € Qp,

p(max{a, b})u(min{a, b}) = p(a)u(d) . (1)

(For example, the product measure is positive and satisfies this condition.) Then
for any increasing random variables X and Y,

E[[p] XY > E[[|g] XE[[J4]Y .

For example, if A and B are increasing events, FKG inequality gives u(A N B) >

w(A)u(B).
(Holley’s inequality, Theorem 5.5 in [15]) Let 1 and po be positive proba-
bility distributions on 25 such that for all a,b € Qg,

i1 (max{a, b} (min{a, b}) = pn (a)pa(b)
Then for any increasing random variable X,
Elm)X > E[Jus]X .

For the following two inequalities, we consider the product measure on 2g: suppose
{pe}ecr are given, and define

Plw] := H De H (1 —pe) -

ew(e)=1 ew(e)=0
(BK inequality, [15, Theorem 5.11]) For F C F and w € Qp define wr € Qp
as
w(e) ifeeF
wr(e) = ©) .
0 ife¢F,

and for increasing events A and B define
AoB := {w : there exists F' C F such that wp € A and wp\r € B} .

(The canonical example in percolation theory is the existence of edge-disjoint
paths.)
Then, for increasing events A and B we have

Pr(Ao B) < Pr(A)Pr(B).



(d) (Reimer’s inequality, [15, Theorem 5.12]) For w € Qg and F C E define the
cylinder event

Clw,F)={u :u'(e) =w(e) for e € F},
and for events A and B define
AOB = {w: there exists F' C E such that C(w, F) C A and C(w, E\ F) C B}.

In words, this is the set of w for which there exists F' C E such that agreeing with
w on F guarantees A happens, and agreeing on F'\ F' guarantees B happens. Then
for any two events A and B we have

Pr(AOB) < Pr(A) Pr(B).

4 Other Probability Bounds

(a) ([2] Theorems 8.1.1 and 8.1.2, The (Extended) Janson Inequality) Let 2
be a finite universal set, and let R be a random subset of €2 given by Pr[r € R] = p,,
these events mutually independent. Let Aq,..., A, be subsets of 2, and B; be the
event A; C R. Write i ~ j if i # j and A; N Aj # 0. Let

A =>"Pr[B; AND B;|,M = [[(1 — Pr[Bj]),n =Y _Pr[Bj],
1<j

and assume that Pr[B;] < € for all i. Then

M < Pr[no B; occurs] < Mexp(

=)
1—¢€)’

Prino B; occurs] < exp(A — p).

and

If also A > p then
2
Pr[no B; occurs] < exp <_ZA>

5 Eigenvalues of graphs, random walks and graph expansion

It is known that for a given graph, there are connections between combinatorial expan-
sion, mixing rate of random walks, and eigenvalues. Here are some relevant results. For
other results and references, see [22, Section 3| (a 1995 survey, perhaps not up to date!).

Let P denote the transition probability matrix of an irreducible reversible Markov
chain with finite state space X, and suppose the spectrum of P is

1:>\1>>\22"'2)‘\X|2_1-

The facts that all eigenvalues are real and lie in [—1,1] are well known (see, e.g., [T,
first page]). (Also, A|x| > —1 if and only if the chain is aperiodic.) Let m denote

10



the stationary distribution, and for S C X define 7(S) := >, cgm(x), and let Ty :=
min{7(z) : x € X}. The total variation distance between two distributions p and 7 is

1=l = max{[p(4) ~ w(A)] - A€ X} = 2 3 [la) — n(a)|

reX
We define the conductance of the chain as
c xr P x,
o = min{ Z@’y)esxs(;)( JPy) C X,0<7(S) < 1/2} (2)
T

A reversible Markov chain is equivalent to a random walk on a weighted undirected
graph (with all weights positive, and with possible self-loops, but no parallel edges). The
chain is irreducible/aperiodic if and only if the graph is connected /non-bipartite. The
transition probability matrix is also called the random walk matrix of the underlying,
possibly weighted, graph.

Now consider a simple random walk on an unweighted graph. This corresponds to
choosing all weights to be 1. The stationary distribution is m(z) = deg(z)/(2|E(G)|).
The difference 1 — \s is called the spectral gap of the graph. Graphs with larger spectral
gaps expand better. The formula for ® simplifies into

= min 76(57 59 . eg(z
P = {Exesdeg(x) .SgX,O<xze;gd g( )§|E(G)|}, (3)

where e(.S, .5¢) denotes the number of edges between S and S°.

If G is also d-regular, everything simplifies further. The stationary distribution is
simply 7(xz) = 1/n. The random walk matrix is simply éA, where A is the adjacency
matrix. The formula for ® simplifies into

P = min{e(;’j) 1S CX,0<|S] Sn/2}. (4)

5.1 Eigenvalues and mixing of random walks

(a) [7, Proposition 3] For all x € X and all positive integer m,

1P (2, ) — 7|l <

1 _
™) el [} <

@) gy P2l P

[21, Theorem 2.12] For all x € X, A C X and positive integer m,

[Pr(P™ (2, A)) — w(A)]| < %maxw, A}

In applications, the appearance of the smallest eigenvalue Ay is usually not im-
portant, and what we need to work on is bounding the eigenvalue gap 1 — \s. The
trick is the following: If the smallest eigenvalue is too small, then we can modify

11



the walk as follows. At each step, we flip a coin and move with probability 1/2
and stay where we are with probability 1/2. The stationary distribution of this
modified walk is the same, and the transition matrix is replaced with 1(P + I).
For this modified walk, all eigenvalues are nonnegative, and the eigenvalue gap is
half of the original. So applying the theorem to this, we only lose a factor of 2.
(b) For a > 0, a continuous-time Markov chain with rate o is a Markov chain combined
with an exponential clock with parameter a: whenever the clock rings, the walk
moves to a random location using the transition matrix. Formally, for a starting
vertex x and t > 0, the probability that the walk is at vertex y at time ¢ equals

Pay) = ety O gy )
n=0 ’

[7, Proposition 3] For all x € X and all positive t,

(95 —(1-X2)at —(1-X2)
Py(z,-) — < 2)a 2)
17 | \/ 471' x) 47Tmm

(c) ([16] Theorems 3.6, 3.9, and 3.10) Let G be a d-regular graph on n vertices,
and suppose |Aa|, |\n| < o, and let B C V with |B| = fn. Let Xy, X1,...,X; be a
random walk on G, where Xj is chosen uniformly at random. Then we have

PVO<i<t X;€B]<(a+p),
and for every subset K C {0,...,t},

PVie K X; € B] < (a+p8)K1,
and if 5 > 6« then

B(B—2a) <PNMO<i<t X;€B]<pB(B+2a).

5.2 Eigenvalues and expansion

(a) [7, Proposition 6] If the Markov chain is aperiodic then
1-20 <X <1-— 9%,

If Markov chain is not aperiodic, one can consider its lazy version, hence [31],
Theorem 2]
1-20 <)\ <1-—®2/2.

(b) Let G be a d-regular graph on n vertices (many of the results below can be extended
to general weighted graphs, but assuming regularity makes the formulae cleaner)
For S C V(@) define

e(.S,S5¢)

12



For k > 2 let
¢k(G) = min{max{¢(S;) : 1 =1,2,...,k} : S1,So,...,Sk partition V(G)}.
Then, [20, Theorem 3.8] gives
(1= M)/2 < 64(G) = O(K'VI =) .
Also, [I8, Theorem 1] gives
62(G) = O(k(1 = X2) /v/Ax) -

Results in this item are algorithmic: i.e., the authors also give an algorithm for
finding partitions with “small” conductance.

6 Urn theory

6.1 Pdlya-Eggenberger urns

Start with Wy white and By blue balls in an urn. In every step a ball is picked from the
urn uniformly at random, the ball is returned to the urn, and s balls of the same colour
are added to the urn. Let W), denote the number of white balls after n draws, and let
70 = Wo + By.

(a) (|26, Proposition 1]) For ¢ > (W, + By)/s we have

c >W0/8

P[W,, = <
[W Wo]_<c—|—n

(b) (|23, Corollary 3.1])

W,
E[Wn] == Wo+ 7_70871,
0
Wy Bos?
Var[W,] = - :;(;z(sn + )
o (10 +3)

(¢) ([23, Theorem 3.2]) For any fixed x € [0, 1] we have

Wn=Wo _ x} — P[B(Wo/s, Bo/s) < ]

- [0+ o)) I Wo/s( _ =1+ Bo/sqy,
B F(WO/S)F(BO/.;)/O O (1 — )P A

lim P {
n—00 sn

(d) ([I7, page 181]) Let Z be a beta random variable with parameters Wy/s and
By/s. Then (W,, — W) /s, the number of white draws, is distributed as a binomial
with parameters n and Z (so it has a mixture distribution). This follows from
above result and de Finetti’s theorem, since the draws are exchangeable.
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7 Singular value decomposition

Let A be an n X d real matrix of rank r.

(a)

There exist u1,...,u, € R", called the left-singular vectors, and v, ...,v, € RY,
called the right-singular vectors, and o1, ...,0, > 0 such that

A= ZaiuiviT =UDpvT,

where U = [u; ... u,|, V = [v1...v,], and D = diag(o1,...,0,). Moreover, U and
V are orthogonal: UTU =1 = VTV, and hence A~! = VD~ 1UT,
For each i, v; is an eigenvector of AT A with an eigenvalue of o2, and u; is an

eigenvector of AAT with an eigenvalue of o2. The matrices AAT and AT A have

eigenvalues o7, ..., 02, plus possibly some zero eigenvalues. Finally, we have

IAIF =D A%, => of.
Suppose we arrange the o; such that
o122 0p.

Then, v; maximizes ||Av||2 subject to v having norm 1 and being orthogonal to
v1,...,vi—1. Similarly, u; maximizes || ATu||s subject to u having norm 1 and being
orthogonal to u1, ..., uj_1. Also, we have Av; = o;u; and ATu; = o;v;.

Let A, = Zle O'Z"LLZ"UiT for some k < r. Then, for any n x d matrix B of rank k,

we have
=
> o?=|A—-Allr < |A-BJp,
i=k+1

Opt1 = [[A— Agll2 < |A = B2,

where || X||2 denotes the operator norm (or spectral norm) of X, e.g. ||All2 = o1.
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Useful Inequalities {»* >0}

Cauchy-Schwarz

Minkowski

Holder

Bernoulli

exponential

logarithm

trigonometric

hyperbolic

v0.27b - August 19, 2015

(&) = (£) (£)

1 1
(o) < (B )+ (G o)

n n 1/p n 1/q 1 1
Slenl < (Ele) (S mir) T orpas, dedo
i=1 i=1

=

for p > 1.

(1+2z)">14rz forxz>-1, reR\(0,1). Reverse for r € [0, 1].
14+2z)" <14+ (2" -1z forze(0,1], r€R\(0,1).
1+z)" < 1717”“ for z € [-1,0], n € N.
(I+a) <1+ gty forze] L25), r>1
(1 +nz)"1 > 1+ (n+z) forx € R, neN.
(a+b)" < a™ +nbla+b)""1 fora,b>0, ncN.
z\P z\4q ;
(1+;) 2(1+5) for (i) x>0, p>¢q¢>0,

(it) —p< —q<z<0, (it) —q > —p >z > 0. Reverse for:
(iv)g<0<p, —¢g>x>0, (vVVg<0<p, —p<zx<O.

>O+2)">14a, (1+2)">e?(1-2) forn>1, [z <n.

e* >z¢ forx € R, and %+1§ez§(1+%)n+z/2 for z,n > 0.
ez21+m+§ for z > 0, reverse for x < 0.
e*<1-§ forze[0,~1.59] and 27% <1—§ forx€[0,1].
ﬁ<xz<x2—x+l for z € (0,1).
2/ (e —1) < rax(zl/T —1)  for z,r > 1.

zy
¥ +y* >1 and ez>(l+§)y>ez+y for z,y > 0.
2—y—e P V<14 <y+e* Y, and exS:E—O—eJCZ for z,y € R.

71 <In(z) < z 1 <z-1, ln(:p)gn(xv%—l)forx,n>0.
Q?f <In(l+x) S \/jl for > 0, reverse for € (—1,0].
In(n + )<ln(n)+ <lel<ln( n)+1
In(1+x) >3 forz €[0,~ 2.51], reverse elsewhere.

In(l+z)>z— % + % for z € [0, ~ 0.45], reverse elsewhere.

3

2
In(l-z) > -z~ % — % forz € [0,~ 0.43], reverse elsewhere.
x7—<xcosx< zcos/ﬂ” <:r;\/cosx<xfx3/6<a:cosf<smx
zcosx < W < xcos? (z/2) < sinx < (zcosz + 2x)/3 < e

2 .
~z <sinz < zcos(z/2) <z <x+ % <tanz all for xz € [0, %]

cosh(z) + asinh(z) < e®(@t2/2)  for z € R, o € [-1,1].

binomaial

square root

Stirling

means

power means

Lehmer

log mean

Heinz

Maclaurin-

Newton

Jensen

Chebyshev

'r'ea'rra'ngement

k

n—k+1 n k nn n

max{kk»ﬂ}<(n)§7§<kk) and (Z)SWSZ'
k n n n n

o< () fory/n>k>0 and }(17—)5(271)3?4%(17%).

for ny > k1 >0, na > ko > 0.
onH (o) L ©
\/m7 H(Q?) - 10g2(x (1

and ZZO()<2" forn >d > 0.

(DG < (i)
IG< (M) <G for G= —z)l-7),
o (7) <nf 1
Lo <(g)! fornzd>1.
;'i:o (?) < (Z) (1+ n72dd+1) for 3 >d>0.
(an) < 2520 (1) < 1555 (4n) for @€ (0,3).

2\/:c+1—2\/§<ﬁ<\/x+ —Vr—1<2y/z—-2Vz -1

for x > 1.

e(%)n < \/27rn(%)nel/(12"+1> <nl'< \/271'71(%)"61/12" < en(%)n

min{z;} < ZZFI < ('L xi)l/“ < %ZZ z; < ,/%Zi z;2 < max{z;}

(2t

MP < Mq for p < q; where MP = (ZZ wi|mi|p)1/pa w; > 0, Zz w; = 1.
In the limit Mo =[], |©;|"i, M_oo = min;{z;}, Moo = max;{xz;}.

Do wilzi|P > wilzi]?

Swilwa PN TS wilw] !

Vvar < (LR )k < ety < () <

for p < q, w; > 0.

ZTH for z,y > 0.

l—a, o, a, l-a
VZy < % < ‘T;ry for z,y > 0, a € [0, 1].
Si2 > Sk—1Sk+1 and ¥/ > (k1) Sk+1 for1<k<mn,
Sk =+~ @iy Qg -+ Ay, and  a; > 0.

(3) 1<ii<T<ip<n

o (X pizi) <3, i ()

Alternatively: ¢ (E[X]) < E [¢(X)]. For concave ¢ the reverse holds.

where p; > 0, > p; =1, and ¢ convex.

n n n n
Z flai)g(bi)ps > (_Z f(fli)m)(_zl 9(bi)pi) > _Zl (ai)g(bp—it1)pi
i=1 = 1= 1=
fora; <---<apn, by <--- < by and f, g nondecreasing, p; > 0, > p; = 1.
Alternatively: [f(X)g(X)] > E[f(X)]E[g(X)].
n n
> a Z 7r()>zaznz+l fora; <--- < ap,
=1 i=1
by <--- < bp and 7w a permutation of [n]. More generally:
2 fi(bi) > ; fi(br(sy) 2 ;1 filbn—it1)
with (fit1(z) — fi(¢)) nondecreasing for all 1 < i < n.



Weierstrass

Young

Kantorovich

sum-integral

Cauchy

Hermite

Chong

Gibbs

Shapiro

Schur

Hadamard

Schur

Ky Fan

Aczél

Mahler

Abel

Milne

[L(—2)" >1—3>,w;z; wherez; <1, and

either w; > 1 (for all i) or w; <0 (for all i).
If w; €[0,1], > w; <1 and z; < 1, the reverse holds.

for z,y >0, p,q>0, %—&-é:l.

for x;,y; > 0,
G =+vVmM.

(Simi®) (Tow?) < (8) (Simiws)?

0<m< Pt <M<oo, A=(m+M)/2,

fL L f@)de < SV L f6) < fU+1 f(z)dxz for f nondecreasing.
¥ (a) < w < ¢'(b) where a <b, and ¢ convex.

b p(x)de < M for ¢ convex.

for a; > 0.

n n
H a;% > H ai""n(i)
=1 i=1

for a;,b; > 0, or more generally:

for ¢ concave, and a := Y a;, b:=> b;.

= (z1,22),

e —y)z—2)+y'(y—2)(y—2z)+2(z—2)(z—y) >0
where z,y,2 > 0,¢t >0

where A is an n X n matrix.

(det A)2 < [T 3 A2,
1=1j=1

k k
PIHIEP IS Z?,jzl A?j and 30 di S350 A

A is an n X n matrix. For the second inequality A is symmetric.

for 1 <k<n.

A1 > -+ > A\, the eigenvalues, d; > --- > d, the diagonal elements.

n n
=1 CE Zi:l a;T;

H?zl(l —fvz) P i ai(l - )

(a1b1 — Z?:2 aibi)z Z ((11 o 2) (b2 :L 2 2)
given that a? > > ;a? or b? > Zz 2 b7

for x; € [0, %], a;
= 1/n 2 1/n

H (xz +yz) > H x "+ H y where z;,y; > 0.
74: 7,7

k n k
bimin > a; < > a;b; <bimax >, a; forby >--->b, >0.
k=1 i=1 koi=1

(i (as+00) (X 24% ) < (Ty i) (i b)

€0,1, Sa; = 1.

Carleman

sum & product

Callebaut

Karamata

Muirhead

Hilbert

Hardy

Carlson

Mathieu

Copson

Kraft

LYM

Sauer-Shelah

Bonferroni

n k 1/k n
2 k=1 (Hi:l |ai‘> <ed i1 lakl
n m n m n m n
ZHGzJZZH Gy and I > ai < I 30 aixgy)
j=1i=1 j=1i=1 j=1i=1 j=1i=1
where 0 < a;; < < ajmy fori=1,...,n and 7 is a permutation of [n].
ITTrey as — [Ty bs| < 300y lai — bs|  for |asl, [bs| < 1.

g (a+a;) > (14 a)™, where [T}

(Zi %be;ix) (Zi a%”“’b%*”) 2 (Zi %Hyb;_y) (Zi a;_yb;+y>
for1>x>y>0,andi=1,...,n

Y wla) >3 p(by)  forar >az>--->an and by > - > bp,
and {a;} = {b;} (majorization), i.e. Zle a; > 25:1 b; foralll1 <t<mn,

with equality for t =n and ¢ is convex (for concave ¢ the reverse holds).

—q1a;>21,a; >0,a>0.

n 1 b bn
w(n) > nl zﬂ' xﬂl(l) e xﬂ'(n)
>an and by >b2 > .- >by and {ap} = {bi},

z; > 0 and the sums extend over all permutations 7 of [n].

1 al a
mzwxﬂa)mx

where a1 > az > ---

for am,bn € R.

1
el 2ome 1%";{ < (Xooi am ) (Cnz,07)2

With max{m, n} instead of m + n, we have 4 instead of «.

g p
wl(w) <(L) % af  foran >0,p>1.

n= — p—1

(> ) <aZ23 a2 3% n2a2  for an €R.
1 2

m<z;®:1m<? fOI‘C;ﬁO.

o0 o0
> ( > %)p <pP > an? for an >0, p> 1, reverse if p € (0,1).
1

n=1

for ¢(4) depth of leaf i of binary tree, sum over all leaves.

> (‘;‘)_1 <1, Ac 2 nosetin A is subset of another set in A.
XeA

vc(A)
|Al < [str(A)| < > (F) for AC 2[7 and
i=0

str(A) = {X C [n] : X shattered by A}, vc(A)=max{|X|:X € str(A)}.

k .
Pr[ V A] < X (-1)77L8; for 1 <k <n,kodd,
i=1 j=1
n k .
Pr[ \V A > > (-1)371S;  for 2<k <n, k even.
i=1 j=1
Sk = > Pr [A,-l AREEW\ Aik] where A; are events.

1<iy < <ip<n



Bhatia-Davis

Samuelson

Markov

Chebyshev

274 moment

k'™ moment

Chernoff

Hoeffding

Kolmogorov

Var[X] < (M — E[X]) (E[X] —m) where X € [m, M].

p—ovn—1<z; <pu+ovn—1 fori=1,...,n.
Where =Y x;/n, o2 =3 (z; — p)?/n.

Pr[|X| > a] <E[|X|]/a where X is a random variable (r.v.), a > 0.
Pr[X ] <(1-E[X])/(1—¢c) for X €[0,1] and c€ [0,E[X]].
Pr[X € S]<E[f(X)]/s for f>0,and f(z) >s>0forallz€S.
Pr[|X — E[X]| > t] < Var[X]/t> wheret>0.

Pr[X — E[X] > t] < Var[X]/(Var[X] +t2) where ¢ > 0.

Pr[X > 0] > (E[X])?/(E[X?]) where E[X] > 0.

Pr[X = 0] < Var[X]/(E[X?]) where E[X?] # 0.

Pr[|X ,M > t] < M and

o\ F/2
Pr[|X — M} >t] < Cy (%) for X; € [0,1] k-wise indep. 1.v.,

X=SX;, i=1,...,n, p=E[X], Cp = 2v7ke!/%% <1.0004, k even.

Pr[X >t] < F(a)/at
F(z) =

o p —us?
Pr[X > 1+ 5)#] < (m) < exp( 3 )
for X; ir.v. from [0,1], X = > X;, p=E[X], § > 0resp. 6 € [0,1).

e K — 2
Pr[X <(1-6)p] < (m) < exp (T) for § € [0,1).
for R > 2ep (=~ 5.44p).

for X r.v., Pr[X = k] = pg,

>4 prz" probability gen. func., and a > 1.

Further from the mean: Pr [X > R] <2 R
()#*
(k)

Pr(X > (14 0] < (1ot (")
k>k=[us/(1—p)|, BIXi]=pi, X = X;, p=E[X], p=£, §>0.

n’

Pr[X >t] <

for X; € [0,1] k-wise i.r.v.,

—262
o1 (bi — ai)?
X=YX; §>0.
A related lemma, assuming E[X] =0, X € [a,b] (w. prob. 1) and X € R:

E[e*X] < exp (L;“)Q)

Pr[|X — E[X]| > 6] < 2exp ( ) for X; i.r.v.,

X; € [a;, bi] (w. prob. 1),

Pr[mgx ISk > €] < & Var[Sn] = % ;Vﬁr[Xi]
where X71,... E[X;] =0,

Var[X;] < co for all i, S = Z;C:l X; and € > 0.

, Xp are ir.v.,

for X; € {0,1} k-wise i.r.v., E[X;] =p, X = > X;.

Paley-Zygmund

Vysochanskij-

Petunin-Gauss

Etemadi

Doob

Bennett

Bernstein

Azuma

Efron-Stein

McDiarmid

Janson

Lovasz

Var[X]

PriX>uEX]| >1-— for X >0,
2 BN 2= e T Varlx] .
Var[X] < oo, and p € (0,1).
Pr[|X —E[X]| > Xo] < 532 ifA>4/5,
4 2
Pr[|X—m|25} Sﬁ if € \[,
€ 27
Pr[ 7ar ife < Nek
Where X is a unimodal r.v. with mode m,
= Var[X] < 0o, 72 = Var[X] + (E[X] —m)2 = E[(X —m)?].

Pr[1r<nax |Sk| > 3a] <3 r<nax (Pr[ Skl > a])

where X; are i.r.v., S = Zizl Xi, a>0.

Pr[maxi<k<n |Xg| > €] <E[|Xn|]/e for martingale (X)) and e > 0.

Pr[

)
it

M
X; > s] < exp (— Z)) where X; i.r.v.,

no

M? (na
E[Xi] =0, 02 =13 Var[X;], |X;| <M (w. prob. 1),
O(u) = (14 u)log(l +u) —

e >0,

2

Pr[i:lXizs]gexp< ( —€

T ) for X irv,
2n02+M€/3)> or i Ly

E[X;] =0, |X;] < M (w. prob. 1) for all i, 02 = 1 3" Var[X;], e > 0.
52
Pr[| X, — Xo| > 6] < 2exp ( ) for martingale (X3) s.t.
257 ¢?

|XZ~7X¢71} < ¢ (w.prob. 1), for i=1,...,n, 6§ >0.

n .
Var[Z] < % E {2 (z - Z(z))ﬂ for X;, X;' € X irv.,
1

X" SR, Z=f(X1,...,Xn), 20 = f(X1,...,X,..., Xn).
Pr[|Z — E[Z]| > 6] < 2exp LSQ) for X;, X;' € X irv
ZZ 10; 1y <2 eV

Z, Z<)asbefore s.t. |Z VAL }<c, for all 4, and & > 0.

M < Pr[AB;] gMexp(2 Az
— z€

M=TI1-PiB]), A= ¥
i#5,B;~DBj

Pr[AB;] > TI(1 — ;) >0

for z; € [0,1) for alls=1,...

) where Pr[B;] < ¢ for all 4,
PT[BZ' AN Bj}.

where Pr[B;] < z; - []
(i,j)€D

,n and D the dependency graph.

(1—zj),

If each B; mutually indep. of the set of all other events, exc. at most d,

Pr[B;]<pforalli=1,...,n, then if ep(d+ 1) < 1 then Pr[A B;] >0
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