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Motivation

Interested in sequential decision making
under uncertainty

Agent must infer its OstateO based on
observations of environment

A larger observation space gives more
iInformation, but increases complexity of
problem

Hardware is cheap and small => many
sensors/observations!



Our contribution

® Allow subsets of observation space to be
specibed for planning/learning.

®@ Provide theoretical foundations when
planning/learning using this idea.

Will address questions such as:

® How is agentOs behaviour affected by
using only a subset of all
observations?

= How are agentOs predictions affected?
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Partially observable MDPs
(POMDPSs)

y i
i9 = Maintain a
distribution over
bt s N states based on clues
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Standard POMDPs

® 6-tuple (S,A PR, Q,nsisting of
@ Setofstates , S (s,5,t,...)
@ Setof actions , A (a,b,..)

® Probabilistic transition
function P (s,a)(s’)

@ Bounded reward function

® Set of observations !

® Observation function O(a, s)(w)

® Discount factor Ol mne]
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Belief states
B

Move forward

4
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Belief states

A belief state I:a distribution over

® Given g action and observation
there Is a unique next belief state

7(U, a, w)

@ Can also compute probability of next
observations.
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POMDPs

® 5-tuple (S,A,P,! , 00nsisting of
@ Setofstates , S (s,5,t,...)
® Setofactions ,A (ab,..)
k-dimensional observation vector €
= Probabilistic transition . . 5 )

function —P(d,a)(s'g: aank :

Rewards part of observation vecto@
® Set of observations |
® Observation function Ota, s)(w) @

® Discount factor O Ll vucing]
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Partially observable MDPs

(POMDPS) State updates
) | i f /& (T B
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Specifying data and
Interest

Monday, April 4, 2011

Bt G {2 s kbe indices of
observation coordinates used for
belief updates

Let | ! {1,2,...,kbe Indices of
observation coordinates that are
observables of interest for planning/
prediction.

Let p be set of observations
containing only observations from
similarly for .! 7



New POMDP dynamics

® \We project observation functions with
binary projection matrices . ®&p Op = O! p

Unique next beliefs specipc to choice
of D TD(“ 3 CU) B HP O%
o UP20%e’
Can debne a transition fn. between
belief states  Tp(y, a)(K)
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Measuring performance

Elements from !may be of many

different types.

® Need a way to quantify an agentOs
performance.

@ We assume a function f !, ¥t

maps observations of interest to a real
number.
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Policies and value
functions

Closed-loop policies: Map belief states

to actions ( 7 !)II

i ]
Value of a belief state unqer o ET | Yt
| 1=0 J

Vi, = Pr(w e a@)f @)+ 3 To(u," (W) (1)VE (1)

€ u’'! B

® Optimal value function:

Vi, z(H) = max {
a" A

wr 7 9 B
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Is new POMDP debnition
sultable?

® Are fully observable MDPs still
expressible?

Does the debPnition properly follow
Intuition? (e.q. do larger observation
subsets yield improved performance)?
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MDPs

® Assume the observations are just

@ Dpointsto @&nd pbintsto
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Optimal value functions

® ProposiITIoN: Glven Indexing sets D, C D,
and Z then

Vip 8 ulE e
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Convexity of beliefs

(
b4 r N
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Convexity of beliefs

THEorREM: Given a belief ,@an action , (a
D, ! (Dy and observation w»! ,'tBe unique
next belief 7, (K, @, w2)1 be expressed as a
convex combination of the belief

states {!p, (K a " 1)} .1 11, 4 2)



Convexity of beliefs
'

BERED
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Equivalence relations

@ Partition belief space into equivalence
classes

@ Capture some form of behavioural
eqguivalence

@ Two beliefs In same equivalence are
behaviourally indistinguishable

Monday, April 4, 2011
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Value function
equivalences

@ For all belief states  lel,v  be thg

set of all policies here ()= ! (")
Belief states  jare (D, | )-cLOSED VALUE
EQUIVALENT If for all Tel
Vo, ()= Vg, (1)
® Belief states ame (D, ] )-oPTIMAL

VALUE EQUIVALENT If
V[!),| (M) = V[!),I (! )
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Closed and optimal value
equivalences

THEoREM: |f two states are closed value
equivalent, then they are necessarily optimal
value equivalent.

V' equivalence

|

V™ equivalence
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Closed and optimal value

equivalences 4
LEmmaA: If So,t@re \Vequivalent and Vi (sp) > 10

then prob. of reaching frag wundsg is !
strictly positive.

Let | -~y be setof all policies constructed
from some optimal policy ad follows:

| (S/) = >l<(S()) if s’ = to
1 (s))= ! (s) otherwise
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Closed and optimal value

equivalences e
® Bis set of bounded functions Vi Six Ilgys — S0

Ee— 5. R(s,!1)= R(s,!(s))

B! B! B ! (N(sm)=7) P(s,m(SINSME mr¥ P(s,m(9)(to)V (g, ! )

s'k'to

! (e) =R + Y(ehas least Pxed pt el(sill ) =N

THEOREM (BASED ON (KOZEN, 2007))
DePne 11 ms vt "# " GV (E$ Vvthen
if £ £E"and (e! " 7(e)! then e c!
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Closed and optimal value

equivalences =4
LEMMA: If sand tare \EQuivalent then V*(so) = Vo llih
PRoOOF: Assume V' (sg) >V ' (to)

S() S0

V' (s0) o < 205 VT (sp)

Monday, April 4, 2011



Closed and optimal value
equivalences

LEMMA: If sand tare \éQuivalent then
LEMMA: If s@and tare \&Quivalent then
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Closed and optimal value
equivalences

LEMMA: If sand tare \éQuivalent then
LEMMA: If s@and tare \&Quivalent then

THEoREM: If s@nd tgre \éfuivalent then
Gl = )

V' equivalence

V™ equivalence
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Trajectory equivalences
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Trajectory equivalence

® Two belief states  jare -clo%ed trajectory
equivalent if for all I and,all Pnite
observation trajectories, SRR TR

P I = Rl 2 )
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Trajectory equivalence

@ Open-loop policies 0 @nap time steps to actions

Two belief states Areé -opén trajectory
equivalent If for all and all Pnite
observation trajectories U < | |

Pr(aly, 8) = Pr(alv, 0)

A trajectory amd open loop policy constitute

a PSR test (Littman et al., 2002)!

!CLl,! 1,41, - Sl

299Uy n
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Hierarchy

@ If D C| then the following hierarchy
IS obtained

| | open trajectory |- closed lrajeclony

|

(D,1)! closed value

/

(D,1)! optimal value
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Hierarchy

@ If D ¢ | then the following hierarchy
IS obtained

| | open trajectory |- closed lrajeclony

|

(D,1)! closed value

/

(D,1)! optimal value

Monday, April 4, 2011

38



Hierarchy

| | open trajectory ——F——(D, | )! optimal value
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| I open trajectory

H IerarChy (D,1)! optimal value

s and t are open
trajectory equivalent

s and t are not optimal
value equivalent!
. a, b
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Outline

POMDP review

2 New POMDP formulation

Equivalence relations
Value functions
® Trajectory predictions
® BISIMULATION

@ Conclusions and future work
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Bisimulation

0.9
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Bisimulation

An equivalence relation is & (Bsimulation
relation if whenever arg v -3izim)lar then

EEGCll T Wl QoA TP e = ()

BREorall cl! Blg al A

To(u,a)(p) = To(v,a)(p)

Jilidls iC LEAlEC

m If pand mare (D,-Bisimilar we will write
[~
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Deterministic Bisimulation

An equivalence relation Is &deterministic
(D, Z)-bisimulation relation if whenever are [, v

deterministic  (D;@$imilar then
el . O el AL SRR i le) = Br (i o)
BlEcall - el o LA (i ar ) B (G D)

If pand are deterministic (-Disinilar we
will write ! !
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- Hierarchy

Deterministic
(D, | ) — bisimulation

| | open: trajectory

l

(D, | ) — bisimulation

\

(D,1)!

Monday, April 4, 2011

| — closed trajectory

|

(D,1)! closed value

/

optimal value

45



Hierarchy

Deterministic
(D, | ) — bisimulation

e (D, | ) — bisimulation
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Hierarchy

(D, 1 ) — bisimulation

Deterministic
(D, 1) — bisimulation
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D¢ | Hierarchy

Deterministic
(D, | ) — bisimulation

| | open: trajectory

l

(D, | ) — bisimulation

\

(D,1)!
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| — closed trajectory

|

(D,1)! closed value

/

optimal value
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D¢ Hierarchy

Deterministic
(D, | ) — bisimulation

(D, | ) — bisimulation

(D,1)! closed value

/\/

| | open trajectory
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(D,1)! optimal value
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Hierarchy

Deterministic
(D, | ) — bisimulation

—+—— (D, | ) — bisimulation
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Deterministic
(D, 1) — bisimulation

Hierarchy

(D, 1) — bisimulation

J—y—l_}x{!li!21!31!4} S' t
|

CPr(! |s)= Pr(! [t)=1
!D(S," 1) s !p(t, g 1)
715, (S’WZ)! D) (t1 wZ)
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D¢ Hierarchy

Deterministic
(D, | ) — bisimulation

(D, | ) — bisimulation

(D,1)! closed value

/\/

| | open trajectory
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(D,1)! optimal value
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Strengthening open
D ¢ | trajectory

I ' = (D, | ) — bisimulation

CT\

From (Castro et al., 2009)

| | open trajectory
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Conclusions

@ Subsets must be chosen with care to avoid sub-
optimal performance

@ Open trajectory equivalence Is closely related
to PSRs; we showed this is not appropriate with
respect to bad choicesof ari@ . 7

® |n most situations we would require YDIRRS

® (D, I)bisimulation is robust even when D &I

Monday, April 4, 2011
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>c;  conclusions

Deterministic
(D, | ) — bisimulation

| | open: trajectory

l

(D, | ) — bisimulation

\

(D,1)!
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| — closed trajectory

|

(D,1)! closed value

/

optimal value
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p¢g1 Conclusions

Deterministic
(D, | ) — bisimulation

| ) — bisimulation (D,1)! closed valuej

.

+
(1! opentrajectory }/ (D,1)! optimal value
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Current work

® We are currently working on learning
algorithms for determining , assbming IS )i
known.

@ Start with a small , inPrementally add more
observations.

@ Start planning/learning with a small , use a®
expert/oracle to determine whether more
observations are necessary

Monday, April 4, 2011
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Future work

We project lonto ahel  uSlpg binary
projection matrices.

If we allow general projection matrices, does

open trajectory equivalence yield something
similar to TPSRs (Rosencratz & Gordon, 2004,

Boots et al., 2010).

® Life-long learning: Many tasks to solve,
different choicesof anD , depending on

task.

® ranking of observations to dynamically set
based on time requirements.

Monday, April 4, 2011
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Closed and optimal value

equivalences 3
LEMMA: If sand tare \eQuivalent then V*(so) = Vo llih

Proofr: Assume V' (sg) >V ' (to)
B i(s, )" Vi(s)? Yes!Justtake VI 1
V(s,1) > Vi(s) = "(V)(s,!) > V*(s)? YIS any s 7 t@nd ! ellgy

WeOVE(\SI(EOWH thsat) f—@lram(y S Zatd | e lloy V' (S) I EEE

with strict IHGQL | + SeMESWEoN> Op(d (5))(t0)V (50, )
By, 1‘§Sj;hgrgjgpllanRWe kh@wsi; P(s @éé sty (st v P/ (£9)(t) B (50, )
Thus, v™(s) >y 1= mmradlﬁangsg@wmlumﬁ *ESOV (s)

By contradictiork(s = (s Mw(j;E)PiisaV sV (s + P (s, 7 () )V (ko)
Za il s) Q=T ID)
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Specifying data and
Interest

Let ®pbe a projection matrix used to
compute Op :n x|! p]

OD — O(I)D

m Ifwe have D,! Dthe projection

yields the following:

27D

Op, = Op,! 19

SAEIDER 1L
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Approximating bisimulation

® ProposiTIioN: Given D, 71 pu,may be (D
forall 7, ¢t fail to be -Higblar.
I, ={L1,wi}

1'2:{! ,!2}
D=1=1;4!

| 5
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| -Bisimilar

0.9
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Partially observable MDPs
(POMDPSs)

ey

If state Is fully
X observable, it i1Is a MDP
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Partially observable MDPs
(POMDPSs)

(ol ) In POMDPs we only receive
&= clues of the state
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Partially observable MDPs
(POMDPSs)
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distribution over
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