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Abstract

We develop a notion of predicate transformer and, in particular, the weak-
est precondition, appropriate for quantum computation. We show that there
is a Stone-type duality between the usual state-transformer semantics and the
weakest precondition semantics. Rather than trying to reduce quantum com-
putation to probabilistic programming we develop a notion that is directly
taken from concepts used in quantum computation. The proof that weak-
est preconditions exist for completely positive maps follows from the Kraus
representation theorem. As an example we give the semantics of Selinger's
language in terms of our weakest preconditions.

1 Introduction

Quantum computation is a field of research that is rapidly acquiring a place as
a significant topic in computer science. To be sure, there are still essential tech-
nological and conceptual problems to overcome in building functional quantum
computers. Nevertheless there are fundamental new insights into quantum com-
putability [Deu85, DJ92], quantum algorithms [Gro96, Gro97, Sho94, Sho97] and
into the nature of quantum mechanics itself [Per95], particularly with the emer-
gence of guantum information theory [NC00].

These developments inspire one to consider the problems of programming
full-fledged general purpose quantum computers. Much of the theoretical re-
search is aimed at using the new tools available - superposition, entanglement and
linearity - for algorithmic efficiency. However, the fact that quantum algorithms
are currently done at a very low level only - comparable to classical computing
60 years ago - is a much less explored aspect of the field. The present paper is
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situated in the nascent area of quantum programming methodology and the de-
sign and semantics of quantum programming languages. More precisely we con-
sider the well-known paradigm afeakest-preconditionf®ij76] as the basis of

a goal-directed programming methodology and as a semantics for programming
languages. We formulate the quantum analogue of predicate transformers and, in
particular, the weakest precondition.

Rather than reducing quantum computation to probabilistic computation and
using well-known ideas from this setting [Koz81, Koz85] we develop the ideas di-
rectly for the quantum setting. It turns out that the same beautiful Stone-type du-
ality between state-transformer (forwards) and predicate-transformer (backwards)
that one has seen in the traditional [Smy83, Plo83] and the probabilistic set-
tings [Koz85] appears in the quantum setting.

The influence of Dijkstra’s work on weakest preconditions [Dij76] has been
deep and pervasive and has even led to textbook level expositions of the sub-
ject [Gri81]. The main point is that it leads togmal-directedprogram or algo-
rithm development strategy. Hitherto quantum algorithms have been invented by
brilliant new insights. As more and more algorithms accumulate and a stock of
techniques start to accumulate there will be need for a systematic program devel-
opment strategy. It is this that we hope will come out of the present work.

A second goal is to present a semantical paradigm for quantum computation.
Quantum programming languages have started to appear. Perhaps the best known
is one due to Selinger [Sel03] which is based on the slogan: “Quantum data and
classical control.” While this is not the final word on the subject, it is an excellent
start with a clean semantics and a clear conceptual basis. We give a semantics for
this language based on our notion of weakest precondition. It should be noted,
however, that the definition of weakest preconditions and the basic existence re-
sults ardanguage independent

There is a remarkable duality [Smy83] between the forward operational se-
mantics - expressed as state transformers - and the backwards predicate trans-
former semantics. This duality is part of a web of dualities known to mathe-
maticians as Stone-type dualities [Joh82], the prototype of which is the duality
between boolean algebras and certain topological spaces called Stone spaces. In
categorical terms such a duality is captured by an adjoint equivalence mediated
by a pairing. In this case the pairing is the satisfaction relation between states and
predicates. Kozen - following suggestions of Plotkin - found such a duality in the
context of probabilistic programs [Koz85]. In the present paper we show that such
a duality exists in the quantum setting as well.

In the present paper we make two contributions:



e we develop the appropriate quantum analogue of weakest-precondition se-
mantics and develop the duality theory, and

e we write the detailed weakest-precondition semantics for Selinger’s lan-
guage including iteration and recursion.

We are fortunate in that we can prove existence of weakest preconditions for
completely positive maps in a very general way using a powerful mathematical
result called the Kraus representation theorem; see for example, chapter 8 section
2 in the recent book by Nielsen and Chuang [NCOQ].

The structure of this paper is as follows. In Sec. 2 the general setup is laid out,
in particular quantum state transformers and quantum predicates. Next, in Sec. 3
we define quantum weakest preconditions and healthy predicate transformers. We
also prove their existence for every completely positive map and every observable.
Sec. 4 summarizes the basic structure of Selinger’s language, and in Secs. 5 and 6
we develop its weakest precondition semantics. We develop an application to
Grover’s algorithm in Sec. 7. We conclude with Sec.8.

2 General setup

In the operational semantics for a traditional imperative language one has a notion
of state such that the commands in the language are interpreted as state trans-
formers. If the language is deterministic the state transformation is given by a
function, and composition of commands corresponds to functional composition.
The flow is forwards through the program. This type of semantics is intended to
give meaning to programs that have already been written. It is useful for guid-
ing implementations of programming languages and is, perhaps, less useful for
program development.

By contrast, in a predicate transformer semantics the meaning is constructed
by flowing backwards through the program, starting from the final intended result
and proceeding backwards to determine what must be true of the original program.
This type of semantics is useful fgoal-directedorogramming. Of course the two
types of semantics are intimately related, as they should be! In a sense to be made
precise later they are dual to each other.

In the world of probabilistic programs one sees the same duality in action.
Here the role of state is played lolstributions There are, of course, states as
before but, though in a particular execution there is only one state at every stage,
in order to describe all the possible outcomes (and their relative probabilities) one
keeps track of the probability distribution over the state space and how it changes



during program execution. What plays the role of “predicates”? Kozen has ar-
gued [Koz85] that predicates are measurable functions — or random variables, to
use the probability terminology. A special case of random variables are character-
istic functions, which are more easily recognizable as the analogues of predicates
(in fact theyare predicates). Rather than “truth” one has “expectation” value and
“truth values” now lie in[0, 1] rather than in{0, 1}. The pairing between measur-
able functions and distributions is given by the integral just as the pairing between
predicates and states is given by satisfaction.

For the quantum world we again need a notion of state - or distribution over
possible states - a notion of predicate and a pairing. Our choices are very much
guided by the probabilistic case, but we are absolutely not claiming that quantum
computation can be seen as a subcase of classical probabilistic computation. There
are crucial differences that we discuss briefly below.

Typically a quantum system is described by a Hilbert space, physical observ-
ables are described by hermitian operators on this space and transformations of the
system are effected by unitary operators [Per95]. However, we need to describe
not only so-called “pure” states but also mixed states. These arise as soon as one
has to deal with “partial information” in a quantum setting. For example, a system
may be prepared as a statistical mixture, it may be mixed as a result of interactions
with a noisy environment (decoherence) or by certain parts of the system being
unobservable. For all these reasons we need to work with distributions over the
states in a Hilbert space.

We take density matrices to be the analogue of distributions. These describe
probabilistic mixtures of quantum states. A good expository discussion appears in
Nielsen and Chuang’s book [NCO00]. For predicates we take (a certain restricted
class of) hermitian operators. These will then be “observables” of the system.
In discussions of quantum logic and foundations of quantum theory the actual nu-
merical values of the observables are not important, what matters is what subspace
of the Hilbert space is being observed or tested. We thus take as our observables
not all conceivable hermitian operators but (essentially) ones that describe sub-
spaces of the Hilbert space. This is very much in the spirit of a “predicate as a
description of a subspace of the state space.” The third notion we need is that of
a pairing. Given a density matrix and an observabl&/ the expectation value
of M in p is given byTr(Mp); where thel'r stand for the usual trace from lin-
ear algebra. Throughout this paper we will work with finite-dimensional Hilbert
spaces and one can think &f andp as matrices. The situation is summarized in
the following table:
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2.1 Quantum state transformers

In a quantum setting, forward semantics is described hQyantum-staterans-
former. The properties of such state transformers are now well understood. A
guantum state is represented by a density matdr a Hilbert spacé{, which is
apositive operatari.e.Vz € H.(x, pr) > 0, such thaflr(()p) < 11. A physical
transformation must take a density matrix to a density matrix. Let us not worry
about the trace for the moment and focus on the positivity requirement. A linear
map that takes a positive operator to a positive operator is caleditive map
It seems reasonable to require that physical effects correspond to positive maps.
However, a remarkable thing happens. It is possible for a positive map to be ten-
sored with another positive map - even an identity map - and for the result to fail
to be positive.

Physically this is a disaster. 8, is a physical transformation of a system
in statep and weformally regard this system as part of another far away system
which we do not touch (i.e. to which we apply the identity) then suddenly we
have an unphysical transformation. A simple example is provided by the transpose
operation; it is a positive map but its tensor with an identity will not be. We impose
the stronger requirement that a physical effect correspondsdmaletely positive
mapwhich are defined as follows.

Definition 2.1 A completely positive mag is a linear map such thaf(p) is a
density matrix for all density matricgs and such that

Vp € DM(H).(In, ® E)(p) € DM(H) 1)
wherel;, is the identity or{,, £ € CP(H2) andH = H; ® Ha.

CP(H) denotes the set of all completely positive maps operating on a Hilbert
spaceH. We frequently rely on the Kraus representation theorem for completely
positive maps, which goes as follows.

1In most books they insist thalr(()p) = 1 but we will not assume that everything is always
normalized so we allow the trace to be less than



Theorem 2.2 The map€ is a completely positive map, such that(&(p)) < 1
for all statesp, if and only if

¥p € DM(H).E(p) = ) EipE] )

for some set of operatorsE; } which map the input Hilbert space to the output
Hilbert space, withy", EJ E; < I.

The condition on the&’; assures us that trace of the density matrix will never
increase. Eq.(2) is also known as thygerator-sum representatiohe proof to
this theorem can be found, for example, in [NCOO0]. Note there is nothing in the
theorem that says that thig are unique.

2.2 Quantum Predicates

In this section, we formally define quantum predicates and the associated order
structure required for the development of our theory. Concretely, we need an or-
dering on predicates so as to defimeakespreconditions, and this order should
be continuousn order to deal with programming language aspects such as recur-
sion and iteration.

As argumented above, quantum predicates are given by hermitian operators.
More precisely, we have the following definition.

Definition 2.3 A predicateis a Hermitian operator with trace bounded in abso-
lute value by somé € R, where we takeB = 1 without loss of generality.

The reason for taking predicates tolimindechermitian operators is clarified
below. We denote the set of all predicates on a Hilbert spabg P (H).

Definition 2.4 For matricesM and N in C™*" we defineM C N if N — M is
positive.

This order is known in the literature as théwner partial order[L 6w34].
Note that this definition can be rephrased in the following way, wiihe (H)
denotes the set of all density matrices.

Proposition 2.5 M C N if and only ifVp € DM(H).Tr(M.p) < Tr(N.p)

Proof Indeed,N— M positive means that for all € H we have(x|(N — M).x) >

0, or, equivalently,ITr((N — M).|x){(z|) > 0. By linearity of the trace operation

and the fact that the spectral theorem holds fopal DM (H) we obtain Eq.2.5.
|



Put otherwiseM C N if and only if the expectation value df exceeds that of
M.
With the above definitions, we have the following result.

Proposition 2.6 The posetP(H), C) is a directed complete partial order (DCPO),
i.e. it contains least upper bounds of increasing sequences.

Proof Take an increasing sequence of predicathsC M, C ... C M; C ...
SubtractingM; everywhere, we obtain the sequertcé&- M, — M; C ... C

M; — M, C .... Thisis a sequence of positive operators with trace bounded by 1,
or in other words, density matrices. Sind@M (H),C) is a DCPO [Sel03], this
sequence has a least upper bourid Therefore the original predicate sequence
has a least upper boudd + M; € P(H). It follows that(P(H), C) isa DCPON

In discussions of quantum logic and foundations of quantum theory it is com-
mon practice to consider only the subspace of the Hilbert space that is being ob-
served, rather than the actual numerical values of the observables. In this spirit, we
define predicates as essentially those hermitian operators that describe subspaces
of the Hilbert space. However, taking predicates tdbandechermitian opera-
tors also leads to the above Prop.2.6, which guarantees the existence of fixpoints
and thus allows for the formal treatment of iteration and recursion (see Sec.6).

3 Quantum weakest preconditions and duality
3.1 Definition

In a quantum setting, the role of the satisfaction relation is taken over bgxthe
pectation valueof an observablél/, just as for probabilistic computation. The
guantum expectation value of a predicdte is given by the trace expression
Tr(Mp). So preconditions for a quantum progrady describing a hitherto un-

specified quantum evolution, are defined as follows.

Definition 3.1 The predicatel/ is said to be greconditionfor the predicateV,
with respect to a quantum progra®, denotedV/ { O} N, if

Vp € DM(H). Te(Mp) < Tr(NQ(p)) 3



The exact form of the quantum prograghis being kept vague deliberately , as
we want to state these definitions without commiting to any particular framework.
From this we define weakest preconditions in the usual way.

Definition 3.2 The weakest preconditioffior a predicate M with respect to a
quantum progran®, denotedvp(Q) (M), is such that for all preconditions{ Q} N
impliesL C wp(Q)(M).

Note thatweakestin this context is equal ttargest indeed, a larger predicate
holds for more initial stateg, and thus corresponds to a weaker constraint. To any
given quantum progran® corresponds a weakest precondition predicate trans-
formerwp(Q) : P(H) — P(H).

3.2 Healthiness conditions

In analogy with [Dij76], we want to formulateealthiness conditionf®r quantum
predicate transformers. These are important because they characterise exactly
those programs that can be given an alternative weakest precondition semantics,
which is then dual to the forwards state transformer semantics embodied by the
program. Moreover, healthiness conditions allow one to prove general laws for
reasoning about programs. For standard (i.e. classical nonprobabilistic) programs
the healthiness conditions are conjunctivity, feasibility, monotonicity, disjunctiv-
ity and continuity. We propose the following in the quantum case, wheie

a predicate transformes;, 3 € C and M, N € P(H). As we shall see in the
following section these conditions all hold in the framework where quantum pro-
grams correspond to completely positive maps.

e linearity:
X(aM + 8N) = aX (M) + X (N) 4

Linearity is the generalisation of conjunctivity, and is certainly a require-
ment in the inherently linear context of quantum mechanics.

e monotonicity:
MEN=X(M)C X(N) 5)

e continuity:

(o)



These last two conditions together imply order continuity.

The last condition pertains to composite systems. Suppbse H; ® Ha,
with ® the usual tensor product on vector spaces, such/fhais the identity on
H1 andX € P(Hz). The fifth healthiness condition is then

e monoidal:
(In, ® X)(M) € P(H) (7

The requirement in Cond.(7), i.e. that predicate transformeradi®idalon
P(H), is a very natural one. Indeed, X is a predicate transformer, which acts
only on part of a composite Hilbert spat& then composing it with the identity

predicate transformer working on the rest of the Hilbert space should still result
in a valid predicate transformer.

So we have the following definition.

Definition 3.3 Ahealthypredicate transformet : P(H) — P(H) is a predicate
transformer satisfying the healthiness conditions (4)—(7). We denote the space of
all healthy predicate transformers on a Hilbert spadasP7 (H).

We equipP7 (H) with an order structure by extending théwner order on
predicates in the obvious way, thus obtaining the following result.

Proposition 3.4 The posetP7 (H),C) is a DCPO.

Proof Take an arbitrary increasing sequence of predicate transfoifpersP, =
... C P, C .... From Prop.(2.6) it follows thaP, defined for allM € P(H)
asP(M) = U;(P;(M)), is the least upper bound to this series,[36= U, P;.
P is a linear map from predicates to predicates; it remains to be checked that it

is continuous. Take an increasing series of predichfesvith least upper bound
U; M;. We then have

P(U;Mj) = L Pi(U;M;)

= U U PZ(MJ) (by Cond.5)

= U; U; Pi(M;)

= U; P(M;) ®)
SOP = L; P; € PT(H). It follows that(P7 (H),C) is a DCPO. [ |



Note that the DCPO structure as defined on predi¢atés) and associated pred-
icate transformer®7 (H) is completely analogous to that for density matrices
DM(H) and associated completely positive mé@¥(H), as defined in [Sel03].

Furthermore, for healthy predicate transformers, we have the following gener-
alization of Kraus'’s theorem.

Theorem 3.5 The operatok is a healthy predicate transformer if and only if one
has that

VM € P(H).a(M) =Y AlMA, 9)

u

for some set of linear operatofsA,, } such thaty~, Al A, < 1.

Proof The proof is completely analogous to that of Kraus’s theorem for com-
pletely positive maps, which crucially uses the spectral theorem on the one hand
and complete positivity on the other hand. Since the spectral theorem holds for
predicates also, the only thing we really require is something analogous to com-
plete positivity, i.e. Cond.(6).

3.3 Predicate transformers for completely positive maps

Let us now consider the following framework: every quantum program is de-
scribed by a completely positive m@dbe CP(H). In this section we prove an
existence theorem of weakest preconditions for completely positive maps, and
show that they satisfy the healthiness conditions given in Sec.3.2, i.e. that they are
healthy predicate transformers.

Proposition 3.6 V€ € CP(H) and N € P(H), wp(€)(N) exists and is unique.
Furthermore, we have that

Vp.Tr(wp(E)(N)p) = Tr(NE(p)) (10)

Proof To prove existence, take a random predichtend effect€. Due to the
Kraus representation theorénone has for every effeét that

E(p) = _ EmpE}, (11)

2See appendix.

10



with 3", E,, E}, < I. Using this, together with the fact that the trace is linear
and invariant to cyclic permutations, we obtain for a predicétthat

Tr(NE(p)) = Te((X,, EL,NEwm)p) (12)
If we then take

M => ElNEn, (13)

in Eq.(12), we obtain

Vp. Tr(Mp) = Tr(NE(p)) (14)

So M is a precondition forV with respect tc€. Now take any other precon-
dition M’ for N with respect t&€. In other words

Vp.Tr(M'p) < Tr(NE(p) (15)

but due to Eq.(14), this implies thaf’ C M. So M is the weakest precondi-
tion for N with respect t&f, denotedwp(&) (V).

To prove uniqueness, suppose the predi¢ats also a weakest precondition
for N with respect ta. Then we havell T P, but also, sincel/ is a weakest
precondition,P = M. But then, sincé& is an order, we havé/ = P. [ |

We now prove weakest preconditions for completely positive maps satisfy the
healthiness conditions (4) — (7). In order to do this we need the following lemma.

Lemma 3.7 Tr is continuous orP(H).

Proof Monotonicity follows from Eq.( 2.5) withp = I. Now take an increasing
sequence of predicatédd; C M, C ... C L;M;. Taking the trace everywhere
we obtain an increasing series of reals, which has a least upper bplind/; ).

On the other hand, the positive seriefs — M7, and thus its square root, converge
in the trace norm, and this limit is equal to the least upper bound [Sel03]. In
particular, this means that the sequeticél/; ) converges tdr(Ll; M;). It follows

that Tr(LJ; M;) = LJ; Tr(M;), and thus that the trace operation is continuoudl

11



Proposition 3.8 Forall £ € CP(H), wp(€) € PT(H), i.e. it satisfies the health-
iness conditions (4) — (7).

Proof Throughout the proof we take, 5 € C and&, F € CP(H), p € DM(H)
andM; € P(H).

e linearity
This follows from the linearity of the trace operation. Indeed, we have

Tr(M(a€ + BF)(p)) = Tr(wp(a€ + BF)(M)p) (16)
by Eq.(10), while on the other hand

Tr(M(a€ + BF)(p)) = aTr(ME(p)) + BTe(MF(p))
— aTr(wp(€)(M)p) + BTr(wp(F) (M)p)
— Te((awp(E)(M) + Bwp(F)(M))p)  (17)

Comparing Eqgs.(16) and (17) we obtain the desired result.

e monotonicity
Take M; C M,. We then have for alp € DM(H) and€ € CP(H) that

Tr(MiE(p)) < Tr(M2E(p)) (by Prop.2.5)
=Tr(wp(€)(Mi)p) < Tr(wp(€)(Mz)p)  (by Prop.3.6)
=wp(E)(M1) E wp(€)(M2) (by Prop.2.5)  (18)

Sowp(€) is monotone.

e continuity
Suppose we have a least upper bound/;. Then for allp € DM (H)

Tr(wp(€) (Wi M;)p) = Tr((Ls M;)E(p)) (by Prop.3.6)
= L, Te(M;E(p)) (by Prop.3.7)
= U Tr(wp(E)(M;)p)  (by Prop.3.6)
= Tr(Uwp(€)(Mi)p)  (byProp.3.7)  (19)



Therefore, by Prop.2.5, we have that (&) (L; M;) = U;wp(E)(M;).
It follows thatwp(&) is continuous oP (H).

monoidal

SupposeH = H; ® Hy. TakingE € CP(Hz) as in Eq.(11) we have that
the weakest precondition fav/; € P(Hs) with respect tof is given by
wp(E)(Ms) =3, El, MsE,,. Now takeM = M; ® M, € P(H). Then
we have

(I, ® wp(€))(My ® M) = My @ Y El My Ey,

= Z(IHl ® El)(My @ My)((Ir, ® E)

(20)

and this is again a predicate due to Theorem 3.5. By linearity the same
holds for generalM € P(H), and as suckvp(€) is monoidal.

As an aside, note that we also have the following continuity result.

Proposition 3.9 Weakest precondition predicate transformers(.) are continu-
ous onCP(H).

Proof Take&; C &. We then have for alp € DM (H) and hermitian operators
M € Herm(H) that

E1(p) E &E(p)
=Tr(E (p).M)) < Tr(E(p).M)) (By Prop.2.5)
=Tr(M.E1(p))) < Tr(M.E(p)))
=Tr(wp(&1)(M).p)) < Tr(wp(&E2)(M).p)) (By Prop.3.6)
=wp(&1) C wp(&s) (By Prop.2.5) (21)

Sowp(.) is monotone.

13



Now suppose we have a least upper boung;. Then for allp € DM(H),
M € Herm(H)

Tr(wp(UiE) (M)p) = Tr(M(UiE)(p)) (by Prop.3.6)
=1, Tr(ME;(p)) (by Prop.3.7)
= U Tr(wp(&)(M)p) (by Prop.3.6)
= Tr(Uiwp(&;)(M)p) (by Prop.3.7) (22)
Therefore, by Prop.2.5, we have thap((L;&;) M) = U;wp(&;)(M).
Hence,wp(.) is continuous o€ P (H). [ |
3.4 Duality

In this section, we investigate the duality between the forward axiomatic semantics
of completely positive maps as state transformers, and the backwards axiomatic
semantics of healthy predicate transformers. Concretely, we define an isomor-
phism between the set of all completely positive mé@pgH) and the set of all
healthy predicate transformef7 (H). Associating a healthy predicate trans-
former with every effec€ follows immediately from Prop.3.6. Indeed, we asso-
ciate with every effecf its weakest precondition predicate transforme(&). To
complete the duality, we need to associate an effeetCP(H) with a predicate
transformera: € P7(H). Using the operator-sum representation for predicate
transformers as given in Eq.(9), we have that

Tr(a(M)p) = Te((S, ALMA,)p)

= Tr(M.(Y, AupAl) (23)
If we then take
Alp) =) AuwpAl (24)
we obtain )
Te(a(M)p) = Te(MA(p)) (25)

thus associating an state transformer with every healthy predicate transformer.
Analogously to the above, one could say that this expression defines the “strongest
poststate’A(p) for a statep, with respect to a predicate transformaee P7 (H).

14



To see this as a duality more clearly, suppose we define the notatignM
to mean thaflr(Mp) > r. Thus we think of this as a quantitative satisfaction
relation with the real numberproviding a “threshold” above which we deem that
p satisfiesM . Then we have

Ep) Er M
p Fr wp(E)M'

The fact that we have an order isomorphism between the domain of predicate
transformers and the domain of state transformers is clear. This can be expressed
categorically of course and made to look just like the usual Stone-type dualities
but we omit that in the present paper as it would involve setting up too much more
machinery.

4 A summary of the quantum flowchart language

The quantum flowchart language. also known as QPL (for Quantum Programming
Language), is a programming language for quantum computation in the spirit of
guantum data with classical control [Sel03]. It is formally defined in a categorical
context and has a denotational semantics. Concretely, the denotation of a program
state is given by a tuple of density matrices. The tuple dimension stems from the
present classical bits, i.e. each member of the tuple corresponds to a classical con-
trol path, whereas the density matrices correspond to registers of qubits. Program
transformations are represented formally as tuples of completely positive maps
(calledsuperoperatorén [Sel03]), which as such can act upon program states.

Syntactically, programs in QPL are represented either by flowcharts or by QPL
terms. Several basic language components are present in the syntax, such as al-
locating or discarding bits or qubits, assignment, branching, merge, measurement
and unitary transformation. One can then build more complex programs from
these atomic flowchart components through context extension, vertical and hori-
zontal composition, iteration and recursion. The categorical structure ensures that
these compositions are well-defined.

Concretely, QPL is described within the categ®y, which has signatures
(which define complex vector spaces) as its objects and effects as its morphisms.
This category is equipped with a CPO-structure, a co-pairing sap tensor
product® and a categorical trade(). All the basic flowchart components are
morphisms of this category. Context extension, vertical and horizontal compo-
sition correspond to tensor product, composition and co-pairing of morphisms
respectively, while iteration is interpreted via the monoidal trace. Specifically,

15



suppose that an effeé¢t: o & 7 — ¢’ & 7/, wheres andr are signatures, has
been decomposed into componefits: 0 — o', 12 : 0 — 7, & 1 T — o’ and
Ess : 7 — 7'. The effect obtained frorfi by iterating overr is then given by the
categorical trace of, which is defined as follows:

tr(€) = &11 + &1 Z &5 En (26)
=0
The existence of this limit is ensured by the well-definedness of the categorical
trace. Recursion is also well-defined in QPL, as follows. Suppose we have a
recursively defined effe¢t = F'(£), for some flowcharF'. In this caseF’ defines
a Scott-continuous functioh  on morphisms, such that the interpretatior£ a§
given as the least fixed point @f. This fixed point can be calculated as follows:

E=1;F; with Fy=0 andFH_l = @F(E) (27)
= 1;®%(0) (28)

where0 is the zero completely positive map, which corresponds to the divergent
program. Again, the existence of these fixed points is ensured by the categorical
structure.

QPL is a functional, statically-typed programming language with a denota-
tional semantics, and as such is very different from previously defined quantum
programming languages, which do not have a formal semantics and are imperative
rather than functional. This is because conventionally, quantum programming en-
vironments have been developed with the aim of providing an adequate simulating
environment for quantum computation. As such the main concern of such mod-
els is efficiency - specifically important when one has to simulate exponentially
growing quantum superpositions (and operations on them) in a linear way. How-
ever, when investigating qguantum programming asuadigm in which case the
aim is to discover and investigate quantum programming concepts and abstrac-
tions, expressiveness is the main concern - for which functional models with a
denotational semantics are far better suited.

In what follows we derive a weakest precondition semantics for all compo-
nents of the quantum flowchart language in the case that there are no classical
bits. In other words, our program states are given by (1-tuples of) density matri-
ces.
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5 Predicate transformers for loop-free flowcharts

In our approach we uniformly consider all basic flowcharts components to be
effects in the operator-sum representation [NC00], as in Eq.(11). As such Prop.3.6
already provides a weakest precondition semantics for these atomic flowcharts.
Weakest precondition relations for all of the composition techniques of QPL can
be found below.

5.1 Sequential composition

A
wp(er)(wp(e2)(M))
|

€1 wp(el;tzxM)
wp(s?)(M) €1,€2
1
&€ 13
|
*
i

Figure 1: Sequential composition schematically.

Suppose we take the sequential composition of two effgcands,, as shown
in Fig.1. For the composed effe€t; &5, and arbitrary predicat®/, we have that

Tr(M.(€1;2)(p)) = Tr(wp(&y; £2)(M).p) (29)

On the other hand, if we calculate weakest preconditions for both effects sepa-
rately and then compose them sequentially, we obtain
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Tr(M.(&1;E2)(p)) = Tr(M.E2(E1(p))) (30)
= Tr(wp(&2)(M).E1(p)) (31)
= Tr(wp(&1)(wp(&2)(M)).p) (32)
= Tr((wp(&2); wp(&1))(M).p) (33)

Comparing Eqgs.(29) and (33) we obtain that, for sequential composition, weakest
predicate transformers compose as

wp(&1;E2) = wp(€2); wp(€1) (34)

Notice that the order in which predicates are to be transformed is inverse to the
order in which the associated effects are applied.

5.2 Parallel composition

wp(er)(M1) WP(Szl)(Mz) wp(e1 ®e2) (M, ® M)
1 1
€1 | D | & €1Der
[\31 AEZ M] @Mz

Figure 2: Parallel composition schematically.

Suppose we take the parallel composition of two effégtand&,, as shown
in Fig.2. For the composed effect, given 8yd &£,, we have that

Tr((My @ M).(E1 @ E)(p1 @ p2)) = Tr(wp(&E1 @ &) (M1 @ Ma).(p1 ® p2))

(35)
On the other hand, if we calculate weakest preconditions for both effects sepa-
rately and then compose them in a parallel way, we obtain
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Tr((M; © Mz).(&1 © E2)(p1 D p2)) (36)

= Tr(M1.&1(p1)) + Tr(M2.E2(p2)) (37)
= Tr(wp(&1)(M).p1) + Tr(wp(E2)(Ma).p2) (38)
= Tr((wp(&1) @ wp(&2)) (M1 & M2).(p1 @ p2)) (39)

Comparing Egs.(35) and (39) we obtain that, for parallel composition, weakest
precondition predicate transformers compose as

wp(&1 @ &2) = wp(€1) © wp(E2) (40)

5.3 Block structure

} }
wp(e)(M) wp(e@ L) (M® L)
] ]
€ e® Iy
f ¥
M ML
| I

Figure 3: Block structure schematically.

Let us now study what occurs if we weaken a context with extra variables.
That is to say, we want to relate weakest precondition predicate transformers for
an effectf operating on a density matrixwith those related to an effe€t® Z,
operating orp ® 7. Herer is an arbitrary context extension pf andZ. is the
corresponding identity effect.

For the effect operating on the extended context, with corresponding predicate
M ® I, we have that

T(MRL).ERL)p®7)=Tr(wp(ERL)MIL).(pa7)) (41)

due to Prop.3.6. On the other hand, calculating weakest preconditions with re-

spect to the contexig andr separately, i.e. first working out the tensor products
occurring in Eqg.(41), we obtain
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p)). Tr(T) (works if M.E(p) is diagonalizable (?))
= Tr(wp(E)(M).p).Tr(1) (by Prop.3.6)
(wp(&)(M) @ I7)-(p® 7)) (42)

Comparing Eqgs.(41) and (42) we obtain that, for an arbitrary context extension
weakest precondition predicate transformers compose as

wp(E®I,) =wp(&) ® I, (43)

6 Iteration and recursion

6.1 Iteration

wp(tr(e))(M)
tr(e)
€
8228/?l
—k
M

Figure 4: Iteration schematically.

Consider a flowchart which is obtained from an effédly introducing a loop.
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As explained in Sec.4, the semantics of the flowchart is given by taking the cate-
gorical trace ove€, denotedtr(€). For a predicatd/ and effectr(£), we have
that

Tr(M.(tr(£))(p)) = Tr(wp(tr(£))(M).p) (44)

On the other hand, by iterating explicitly we obtain

= Tr(M.(E11 + (E12; 2oie, €32 €21)) (p)) (by Eq.(26))
= Tr(M.E11(p)) + Tr(M.(E12; > e, E323 E21)(p)) (by linearity)
= Tr(wp(&11)(M).p) + Tr((wp(E21); wp(3o72, €52); wp(€12))(M).p)  (by Eq.(34))
= Tr(wp(E11)(M).p) + Tr((wp(€21); 3272, wp(E5,); wp(&12))(M).p)  (by Prop.3.9)
= Tr(wp(E11)(M)-p) + Tr((wp(€a1); Yoie, wp(€22)"; wp(€12))(M).p)  (by Eq.(34))
= Tr((wp(&11) + wp(€21); Y iny Wp(gzg)i; wp(€12))(M).p) (by linearity)

(45)

Comparing Eqgs.(44) and (45), we obtain that the weakest predicate transformer
for an iterated effectr(&) is obtained as

wp(tr(€)) = wp(E11) + wp(E21); Y wp(E22)'s wp(E1a) (46)

=0

Moreover, the existence of the limit in Eq.(46) is guaranteed due to Prop.3.4.

6.2 Recursion

Consider an effect which is defined recursively, i.e. an efeshatisfying the
equation = F'(£), whereF is a flowchart. The required fixed point solution to
this recursive equation is given by Eqgs.(27) and (28). Using Prop.3.6 for such a
recursive flowchart, we obtain

Tr(M.E(p)) = Tr(wp(E)(M).p) (47)

On the other hand, if we work out the weakest precondition relations using Eq.(27),
we obtain
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Tr(M.E(p)) = Tr(M.(LU; Fi)(p))
= Tr(wp(L; E;)(M).p) (by Prop.3.6)
= Te((Uiwp(F)) (M).p) (by Prop.3.9)  (48)
(49)
Comparing Egs.(47) and (49), we obtain that the weakest precondition predicate
transformer for a recursively defined effeétt= F(€) is obtained as
wp(€) = Lywp(F;) = Uiwp(®5(0)) (50)

The existence of the least upper bound in Eq.(50) is guaranteed due to Prop.3.4.
This result depends of course on the concrete recursive specification considered.
Specifically, one needs to determithg- in order to determine the weakest pre-
condition predicate transformer corresponding to an efedefined recursively

asé = F(€).

7 Examples

In this section we look at some specific situations and their weakest precondition
predicate transformers.

7.1 Unitary transformation

Suppose we transform a density matrix unitarily, such that the associated effect
Eu is given by

Ey =UpUT (51)

Hence we have a degenerate operator-sum representation. The weakest precondi-
tion with respect t&y for an arbitrary predicaté/ is then given by

wp(Ey)(M) = UTMU (52)

7.2 Projection

Let us now look at the situation where we carry out a projection, such that we have
an effectfp acting on density matrices as follows
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Ep = PpP! (53)

The weakest precondition with respeciép for an arbitrary predicatd/ is then
given by

wp(Ep)(M) = PTMP (54)

Now suppose the predicafd is itself a projection operator, denotéy. Then
there are two possibilities:

1. If [P, P,] = 0, thenwp(Ep)(P1) = PP, = P, P, which is again a projec-
tor.

2. If [P, P,] # 0, thenwp(Ep)(Py) = PTP, P, which is not even a projector.
A specific instance is shown in Fig.5.

> P+
PPPy)

Figure 5: Two projectors, with 45° angle between them, acting on a statg

7.3 Grover’s algorithm

We now look at a less trivial example, namely that of Grover’s algorithm, also
known as the database search algorithm [Gro96]. Suppose we transform a density
matrix unitarily, such that the associated eff€égtis given by
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Ea = Gmp(GM)T (55)

where the Grover operat6# is given by

G = 2)(¥|-1)0 (56)

HereO is a quantum oracle, which labels solutions to the search problem, while
(2]) (| — I) is theinversion about meanperation. Geometrically, the Grover
operator is a rotation in the two-dimensional space spanned by the states

1
- 57
‘a> N-K w%{s%ions} |z> ( )

1
8) = 7= > o) (58)

ze{solutions}

whereNN is the dimension of the state space dtids the number of solutions to
the search problem in question. More specificallycan be decomposed as

_ si 2K(N - K
G = (Ziﬁg C(S)lsnee) with sin 6 = # (59)

Applying (52), we obtain as weakest precondition with respeéttdor an arbi-
trary predicate\/

wp(€a)(M) = (G")TMG" (60)

Now suppose we tak&/ to be a projector on the solution space, that is

M = 13)(5| (61)

Using (59), we see thaiG™)|3) corresponds ta rotations over an angle of

—6 in the state space spanned|by and|3). In other words, through repeated
applications ofwp(£¢) to |3)(3|, one can approximate arbitrary preconditiins
This property is the dual of the one that states that Grover’s algorithm is successful
for arbitrary initial states, after a suitable number of iterations [EBB].

3To decrease the error, one can always enlarge the state space, thus obtaining a smaller rotation
anglef.
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8 Conclusion

In this article, we have developed the predicate transformer and weakest precon-
dition formalism for quantum computation. We have done this by first noting
that the quantum analogue to predicates are expectation values of quantum mea-
surements, given by the expressibr(Mp). Then we have defined the concept

of weakest preconditions within this framework, proving that a weakest precon-
dition exists for arbitrary completely positive maps and observables. We have
also worked out the weakest precondition semantics for the Quantum Program-
ming Language (QPL) developed in [Sel03]. QPL is the first model for quantum
computation with a denotational semantics, and as such the first serious attempt
to design a quantum programming language intended for programming quantum
algorithms compositionally.

One can now investigate how properties transform during a quantum com-
putation, as for example (dis)entanglement, amplitude distributions and so forth.
These are exactly the properties that lie at the basis of quantum computation.
However, currently itis not at all clear how one should exploit them systematically
when designing quantum algorithms. Therefore, we feel that this work can con-
tribute significantly in the research towards the quantum programming paradigm
in general. What is important to note is that we can write useful specifications -
as in the Grover search algorithm - in terms of our predicates.

With this development in place one can envisage a goal-directed programming
methodology for quantum computation. Of course one needs more experience
with quantum programming idioms and the field is not yet ready to produce a
“gquantum” Science of Programmifigit seems to us that in the field of communi-
cation protocols, such as those based on teleportation, we now have a good stock
of ideas and examples which could be used as the basis of methodologies in this
context. We are actively thinking about this.

The most closely related work - apart from Selinger's work on his program-
ming language - is the work by Sanders and Zuliani [SZ00] which develops a
guarded command language used for developing quantum algorithms. This is a
very interesting paper and works seriously towards developing a methodology for
guantum algorithms. However, they use probability and nondeterminism to cap-
ture probabilistic aspects of quantum algorithms. Ours istimsically quantum
framework. The notion of weakest precondition that we develop here is not related
to anything in their framework. There are other works [BS04] - as yet unpublished
- in which a quantum dynamic logic is being developed. Clearly such work will
be related though they use a different notion of pairing. Also the work in [Eda04]

“4a classic text by Gries [Gri81] on developing imperative programs.
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is related and merits further investigation. Edalat uses the interval domain of reals
rather than the reals as the values of the entries in his density matrices. This seems
a good way to deal with uncertainity in the values.

There is a large literature on probabilistic predicate transformers including
several papers from the probabilistic systems group at Oxford. A forthcoming
book [MMO04] gives an expository account of their work. We hope to develop an
analogous theory of refinement and work out laws and healthiness conditions in
the purely quantum setting as they did for the probabilistic setting. Of course that
is a major enterprise.

One pleasant aspect of the present work is that it is language independent;
though we have used it to give the semantics of QPL the weakest precondition
formalism stands on its own. We can therefore apply it to other computational
models that are appearing and for which language ideas have not yet emerged.
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