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Abstract

This paper gives a logical characterization of probabilis-

tic bisimulation for Markov processes introduced in [5].

• Bisimulation can be characterized by a very weak

modal logic. The most striking feature is that one has

no negation or any kind of negative proposition.

• Bisimulation can be characterized by several inequiv-

alent logics; we report five in this paper and there are

surely many more.

• We do not need any finite branching assumption yet

there is no need of infinitary conjunction.

• We give an algorithm for deciding bisimilarity of fi-

nite state systems which constructs a formula that wit-

nesses the failure of bisimulation.

1. Introduction

This paper gives a logical characterization of probabilis-

tic bisimulation (henceforth we say “bisimulation” for this)

for Markov processes introduced in [5]. The thrust of that

work was an extension of the notion of bisimulation to sys-

tems with continuous state spaces; for example for systems

where the state space is the real numbers. As far as we

know there is no other treatment of bisimulation for such

continuous systems. One might have expected that the log-

ical characterization, while potentially technically demand-

ing, would contain no surprises and all the results could be

predicted by analogy with the experience gained from the

analysis of discrete probabilistic systems [21]. In fact the

present investigation revealed several surprises even for dis-

crete systems.
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• Bisimulation, for all systems can be characterized by a

very weak modal logic, in particular much weaker than

used by Larsen and Skou for discrete systems. The

most striking feature is that one has no negation at all.

Even for discrete systems this is an unexpected result.

• Bisimulation can be characterized by several logics,

we report 5 in this paper and we have no reason to

think there aren’t more. Curiously enough, none of

these logics are equivalent.

• We do not need any finite branching assumption yet

there is no need for infinitary conjunction. One is

tempted to think, by analogy with nonprobabilistic

bisimulation, that one must need infinitary conjunction

if one has infinite branching.

• The proofs that we give are of an entirely different

character than the typical proofs of these results for

nonprobabilistic systems or discrete probabilistic sys-

tems. They use quite subtle facts about analytic spaces

and appear at first sight to be entirely nonconstruc-

tive. Yet one can derive an algorithm for finite state

systems which constructs a formula that witnesses the

failure of bisimulation or establishes bisimulation, us-

ing the weakest of our logics. The algorithm itself is

not surprising, it is a modification of Cleaveland’s al-

gorithm [7], but it is surprising that an algorithm exists

at all given the nonalgorithmic route by which we ar-

rived at these results.

A couple of other results are described in this paper.

• We show how to construct the maximal autobisimula-

tion on a given system. This can be viewed as a couni-

versal construction. In the finite state case it is a state

minimization construction. This answers a question

raised by Kozen at the last LICS.

• We explore whether we can characterize bisimulation

equivalence classes by a single formula; here the dif-

ferent logics exhibit their differences.



In this paper we use the phrase “Markov process” to

stand for what are called “stationary Markov processes” in

the literature. We are also simplifying the formalism from

the probability literature quite a bit in order to elide several

of the complexities of stochastic process theory [6, 9, 11, 4].

These are dealt with fully in [12]. We use the phrase

“Markov chain” for a Markov process with a discrete state

space.

We now clarify exactly what we mean by “logical char-

acterization” of bisimulation. First we clarify the difference

between “bisimilar states” and “bisimilar processes”. We

use the word “process” (as in Markov process) to stand for

the analogue of a labeled transition system. In the literature,

the word ”process” is used for what we call a “state” of a

transition system. We define bisimulation as a relation be-

tween the states of two processes. We can say that two states

are bisimilar if they are related by a bisimulation relation.

We say that a logic L gives a logical characterization of

bisimulation if whenever we have two states, s, s′ of a prob-

abilistic labeled transition system (labeled Markov process)

then s and s′ are bisimilar if and only if they obey all the

same formulas of L. If s and s′ are not bisimilar then we

must have a formula which one satisfies and the other does

not. We give an algorithm that constructs a formula which

distinguishes two nonbisimilar states in a finite-state system

using one of our logics - the weakest one.

Given a system we are also interested in characterizing

the bisimulation equivalence classes. In other words we

might want to know if, for each equivalence class, there is

a formula φ, in whatever logic we are focusing on at the

moment, such that a state is in the given equivalence class

if and only if it satisfies the formula φ. It can happen that a

logic is powerful enough to distinguish any two nonbisim-

ilar states but not powerful enough to characterize equiva-

lence classes in this way. Our weakest logic is an example

of this phenomenon.

The motivation of our work is largely foundational. It is

premature to assess the practical importance of this notion

of bisimulation from the point of view of automated verifi-

cation or of modeling. Indeed it is clear that pragmatic con-

cerns like robustness and testability will cause us to mod-

ify our thinking, but the core theoretical investigations and

mathematical techniques will survive. We have, however,

begun two serious investigations into practical issues - in-

vestigating the notion of robustness and a case study with a

speech recognition system. We expect that eventually mak-

ing contact with probabilistic (or noisy) hybrid systems will

really require some of the techniques of the present work,

but the case studies need to reach a more mature stage be-

fore we can comment on applications. We have begun ac-

tive collaboration with Gupta and Jagadeesan who have de-

veloped probabilistic hybrid concurrent constraint program-

ming [13, 14] and used it for modeling studies. It is already

clear that one will need continuous state spaces for realistic

modeling of physical systems.

In our previous paper we worked with Polish spaces;

these are the topological spaces underlying complete, sepa-

rable metric spaces. In the present work we had to switch

to analytic spaces. Analytic spaces are continuous images

of one Polish space in another. It turns out that analytic

spaces are more “stable” under certain constructions, par-

ticularly under the formation of quotients. Furthermore an-

alytic spaces seem better adapted to logical investigations.

We have redone the construction of [5] to work with an-

alytic spaces and measurable functions rather than Polish

spaces and continuous functions.

We made two claims in the previous paper that are

wrong. We claimed that we could actually construct pull-

backs, but this is not the case. This is really not relevant for

the theory we have been developing but we have provided a

simple counterexample in the full paper for interested read-

ers. This does not affect the treatment of bisimulation - all

we need is to be able to compose spans in order to show that

bisimulation is an equivalence - and this is indeed correct

without modification. We also began a preliminary investi-

gation into the logical characterization of bisimulation. In

particular, we showed that bisimilar systems satisfy all the

same formulas of a certain logic (the logic L¬ of this pa-

per). In addition we claimed that if one of the systems was

discrete then the reverse was true as well, i.e. that we had

a logical characterization of bisimulation. This works only

when both systems are discrete. An example appears in the

full paper. This example is of interest in order to see why

we moved from Polish spaces but plays no logical role in

the present development.

2. Review of Labeled Markov Processes and

Bisimulation

We review the definitions of labeled Markov processes

and bisimulation. The results mentioned in this section gen-

eralize those of [5] and, by using some powerful results

about analytic spaces, we can simplify some of the argu-

ments of that paper. The results of that paper rely on a new

result in probability theory due to Edalat [12] and of course

we also rely on those results here as well.

A Markov process is a transition system with the prop-

erty that the transition probabilities depend only on the cur-

rent state and not on the past history of the process. We will

consider systems where there is an interaction with the en-

vironment described by a set of labels as in process algebra.

For each fixed label the system may undergo a transition

governed by a transition probability.

Definition 2.1 A partial, labeled, Markov process with la-

bel set L is a structure (S,Σ, {kl}l∈L), where S is the set of



states, which is assumed to be an analytic space, and Σ is

the Borel σ-field on S, and

∀l ∈ L, kl : S × Σ −→ [0, 1]

is a transition sub-probability function, i.e., for each fixed

s ∈ S, the set function kl(s, ·) is a sub-probability measure

and for each fixed A ∈ Σ the function kl(·, A) is a measur-

able function (with respect to the σ-field on [0, 1] generated

by the open intervals).

We will fix the label set to be some L once and for all. The

word “partial” is to emphasize the fact that kl(s, ·) is any

sub-probability measure for all s ∈ S, i.e. kl(s, S) ≤ 1.

A total labeled, Markov process would satisfy that kl(s, ·)
is either a probability measure or the null distribution (i.e.

kl(s, S) = 1 or 0). From now on we assume that all systems

are partial and we will stop writing the adjective “partial”

explicitly.

A binary relation R ⊆ S1 × S2 is just a set of or-

dered pairs and as such can be conveniently viewed as a

set equipped with the two projection maps S1 ← R → S2.

Such a structure is called a span. Indeed, for any relation

R between two sets S1 and S2, the set of ordered pairs

{(s1, s2) ∈ S1 × S2 | s1Rs2} together with the projection

morphisms is a span between S1 and S2; conversely, given

a span T, f1, f2, we can define the relation R as s1Rs2 if

there is a t ∈ T such that f1(t) = s1 and f2(t) = s2. If

the morphisms of the span are surjective, every element of

one set is related to an element of the other set. One can

talk about binary relations in arbitrary categories by talking

about spans. A span between an object S1 and another ob-

ject S2 is a third object T together with morphisms from T
to both S1 and S2. Accordingly, our definition of bisimula-

tion will be in terms of a span of morphisms, as was initially

done by Joyal, Nielsen and Winskel [20]. They observed

that Milner’s non-probabilistic strong bisimulation can be

expressed in this formalism.

Definition 2.2 A zigzag morphism1 f between two labeled,

Markov processes, (S,Σ, {kl}l∈L) and (S′,Σ′, {k′l}l∈L) is

a (Borel) measurable function f : (S,Σ) −→ (S′,Σ′) such

that

• f is surjective

• ∀l ∈ L.∀x ∈ S.∀σ′ ∈ Σ′.

kl(x, f
−1(σ′)) = k′l(f(x), σ

′).

By demanding that zigzag morphisms be surjective we

avoid situations like the following. Suppose that we have a

system S and another system S′ which consists of a disjoint

1The curious word “zigzag” comes from modal logic; the idea is that

they capture the “back and forth” nature of bisimulation.

union of a copy of S and some other completely unrelated

subsystem, say S′′. Now if we did not insist on surjectivity

we could have a zigzag from S to S′, a situation that we

want to avoid.

Definition 2.3 The category LMP has labeled Markov pro-

cesses as objects and the zigzag morphisms defined above

as morphisms.

Note that a diagram of morphisms in LMP will commute

if and only if the corresponding diagram commutes in Sets.

One can immediately check that the identity function is a

zigzag.

We often refer to a labeled Markov process by its set of

states.

Definition 2.4 Let T and T ′ be two labeled Markov pro-

cesses. T is probabilistically bisimilar to T ′ (written T ∼
T ′) if there is a span of zigzag morphisms between them,

i.e. there exists a labeled Markov process S and zigzag mor-

phisms f : S −→ T and g : S −→ T ′.

It is proven in [5] (using the result of [12]) that bisimula-

tion is an equivalence relation. The basic construction used

from [12] is the semi-pullback construction - a construction

which produces a span from a cospan but without the uni-

versal property of pullbacks.

3. Modal Logics

We now describe five logics that will each be proven to

characterize bisimulation. Thus all these logics play the role

of Hennessy-Milner logic for nonprobabilistic bisimulation.

We use letters like a or b for actions. The simplest logic

will be called L0 and has as syntax the following formulas:

T|φ1 ∧ φ2|〈a〉qφ

where a is an action from the fixed set of actions L and

q is a rational number. Given a labeled Markov process

(S,Σ, {ka}a∈L) we write s |= φ to mean that the state s
satisfies the formula φ. The definition of the relation |= is

given by induction on formulas, the only nontrivial case is

the modal formula. We say s |= 〈a〉qφ iff ∃A ∈ Σ.(∀s′ ∈
A.s′ |= φ) ∧ (ka(s, A) ≥ q). In other words, the system

in state s can make an a-move to a state that satisfies φ
with probability greater than q. We write JφKS for the set

{s ∈ S|s |= φ}. We often omit the subscript when no

confusion can arise.

In the following table we define four additional logics.

They are all syntactic extensions of L0.

LCan := L0|Can(a)

L∆ := L0|∆a

L¬ := L0|¬φ

L∧ := L¬|
∧

i∈N

φi



Given a labeled Markov process (S,Σ, {ka}a∈L) we

write:

s |= Can(a) to mean that ka(s, S) > 0;

s |= ∆a to mean that ka(s, S) = 0;

s |= ¬φ to mean that s 6|= φ;

s |=
∧

i∈N
φi to mean that s |= φi for all i ∈ N .

Although they all characterize bisimulation, they do not

have the same expressive power. Clearly all of them are at

least as expressive as L0, and L∧ is more expressive than

all the others. LCan, L∆ and L¬ are incomparable. It is

interesting to note that none of these differences will have

any impact on the characterization of bisimulation, as we

have already said.

The logic that Larsen and Skou used in [21] is L∆
with the additional formula φ1 ∨ φ2. They show that for

finitely branching systems2, two states of the same system

are bisimilar if and only if they satisfy the same formulas of

their logic.

The fact that a logic without negation and without in-

finitary conjunction is sufficient for systems with infinite

branching is somewhat of a surprise based on what we ex-

pect from the non-probabilistic case.

Consider the nonprobabilistic processes a.0 + a.b.0 and

a.b.0 in a CCS-like notation (with 0 for NIL). It is well-

known that they cannot be distinguished by a negation-free

formula of Hennessy-Milner logic. The usual formula is

〈a〉¬〈b〉T, which says that the process can perform an a
action and then be in a state where it cannot perform a b-
action. For no assignment of probabilities are the two pro-

cesses bisimilar, unless the first branch of the first process

has probability 0, in which case it is identical to the sec-

ond process. Suppose that the two a-labeled branches of

the first process are given probabilities p and q, assume that

the b-labeled transitions have probability 1. Now if the sec-

ond process has its a-labeled transition given a probability

anything other than p + q, say r > p + q we can immedi-

ately distinguish the two processes by the formula 〈a〉rT. If

r = p+ q then we can use the formula 〈a〉r〈b〉1T. The first

process cannot satisfy this formula. This simple example

shows that one can use the probabilities to finesse the need

for negation but, as we shall see, one cannot actually encode

negation with just L0.

The next example indicates why we do not need infinite

conjunctions even if we have infinite branching. Consider

a process with infinitely many a-labeled branches. The first

branch ends in a state that can perform no further actions,

call it a “dead state.” The second branch ends in a state

that can perform a single a to a dead state. Similarly the

nth branch can perform a sequence of n a-actions and then

2They actually use a stronger property, the “minimum deviation condi-

tion” which uniformly bounds the degree of branching everywhere.

reach a dead state. Call this process P . Now define a pro-

cess Q which is just like P except that there is an additional

transition to a state which then has an a-labeled transition

back to itself. Now consider the formula

〈a〉(
∧

n

〈a〉(n)T)

where the notation 〈a〉(n) means n nested 〈a〉 modalities.

The conjunction is over all n ≥ 1. This formula says that

the process can jump to a state from which arbitrarily many

a-labeled transitions are possible. The process P does not

satisfy this formula but Q does. Now if we associate proba-

bilities with these transitions we find that we can find distin-

guishing formulas that do not involve infinite conjunction.

To see this assume that both processes satisfy all the same

L0 formulas. By induction it follows that each branch in P
must have the same probability as the equal length branch

in Q. Thus the branch to the looping state in Q must have

probability 0, in which case Q is identical to P .

4. L0 characterizes Bisimulation

In this section we prove the main theorem of the paper.

The proof relies on various properties of analytic spaces.

We give an overview of the proof and give the full proof

in the full paper. We have included the proofs of the most

interesting propositions here.

To show that two bisimilar states satisfy all the same for-

mulas of L0 is relatively easy and we had included this in

our earlier paper [5]. To show the converse the general plan

is to construct a cospan using logical equivalence and then

to use the semi-pullback construction [12] to obtain a span.

To obtain the cospan one defines an equivalence relation on

states - two states are equivalent if they satisfy the same

formulas - and then form the quotient. We need a general

theorem to assure us that the result is analytic. It was here

that we had to move to analytic spaces because taking quo-

tients of Polish spaces may not yield Polish spaces. We

then define a transition probability on this quotient system

in such a way as to ensure that the morphisms are zigzags.

This is the part of the construction where we need most of

the measure-theoretic machinery. We use a unique structure

theorem to show that the measurable sets defined by the for-

mulas of the logic generate the σ-field. We use a theorem

on unique extension of measure in order to show that the

transition probability is well-defined.

The first proposition below says that sets of states defin-

able by formulas are always measurable.

Proposition 4.1 For all formulas φ we have JφK ∈ Σ.

The next proposition links zigzag morphisms with formulas

in the logic.



Proposition 4.2 If f is a zigzag morphism from S to S′

then for all state s ∈ S and all formulas φ,

s |= φ ⇐⇒ f(s) |= φ.

Corollary 4.3 If S and S′ are bisimilar, then they satisfy

the same formulas.

In order to show the logic gives a complete characteriza-

tion of bisimulation, we also want to show the converse.

Definition 4.4 We say that two states, say s of system S
and s′ of system S′, are L0-equivalent (written as (s, S) ≈
(s′, S′) or just s ≈ s′ for short) if for every formula φ of L0
we have s |= φ if and only if s′ |= φ.

We first show that there is a zigzag morphism from any sys-

tem S to its quotient under ≈. If (S,Σ) is a Borel space,

the quotient (S/≈,Σ≈) is defined as follows. S/≈ is the set

of all equivalence classes. Then the function q : S → S/≈
which assigns to each point of S the equivalence class con-

taining it maps onto S/≈, and thus determines a Borel struc-

ture on S/≈: by definition a subset E of S/≈ is a Borel set

if q−1(E) is a Borel set in S.

Proposition 4.5 Let (S,Σ, {ka}a∈L) be a LMP. We

can define ha so that the canonical projection q from

(S,Σ, {ka}a∈L) to (S/≈,Σ≈, {ha}a∈L) is a zigzag mor-

phism.

In order to prove this proposition we need a few lem-

mas. The first allows us to work with direct images of q.

The second is elementary, while the next two are known re-

sults about analytic spaces. The final lemma is a standard

uniqueness theorem.

Lemma 4.6 q−1qJφK = JφK for each formula φ of the

logic.

Lemma 4.7 Let (S,Σ, {ka}a∈L) and (S′,Σ′, {k′a}a∈L) be

two systems. Then for all formulas φ and all pairs (s, s′)
such that s ≈ s′, we have ka(s, JφKS) = k′a(s

′, JφKS′).

The next lemmas are Theorem 3.3.5 of [1] and one of its

corollaries.

Lemma 4.8 Let (X,B) be an analytic Borel space and let

B0 be a countably generated sub-σ-field of B which sepa-

rates points in X . Then B0 = B.

Lemma 4.9 Let X be an analytic Borel space and let∼ be

an equivalence relation in X . Assume there is a sequence

f1, f2, . . . of real valued Borel functions on X such that for

any pair of points x, y in X one has x ∼ y iff fn(x) =
fn(y) for all n. Then X/∼ is an analytic Borel space.

The final lemma that we need is a result which gives a

condition under which two measures are equal. It is Theo-

rem 10.4 of Billingsley [4].

Lemma 4.10 Let X be a set and A a family of subsets of

X , closed under finite intersections, and such that X is a

countable union of sets inA. Let σ(A) be the σ-field gener-

ated byA. Suppose that µ1, µ2 are finite measures on σ(A).
If they agree on A then they agree on σ(A).

Proof of Proposition 4.5: We first show that S/≈ is an

analytic space. Let {φi|i ∈ N} be the set of all formulas.

We know that JφiKS is a Borel set for each i. Therefore

the characteristic functions χφi
: S → {0, 1} are Borel

measurable functions. Moreover we have

x ≈ y iff (∀i ∈ N. x ∈ JφiKS ⇐⇒ y ∈ JφiKS)

iff (∀i ∈ N. χφi
(x) = χφi

(y)).

It now follows by Lemma 4.9 that S/≈ is an analytic space.

Let B = {q(JφiKS) : i ∈ N}. We show that σ(B) = Σ≈.

We haveB ⊆ Σ≈, since, by Lemma 4.6, for any q(JφiKS) ∈
B, q−1q(JφiKS) = JφiKS which is in Σ by Lemma 4.1. Now

σ(B) separates points in S/≈, for if x and y are different

states of S/≈, take states x0 ∈ q−1(x) and y0 ∈ q−1(y).
Then since x0 6≈ y0, there is a formula φ such that x0 is in

JφKS and y0 is not. By Lemma 4.6, it follows that x is in

qJφKS , whereas y is not. Since σ(B) is countably generated,

it follows by Lemma 4.8, that σ(B) = Σ≈.

We are now ready to define ha(t, ·) overΣ≈ for t ∈ S/≈.

We define it so that q : S → S/≈ is a zigzag morphism

(recall that q is measurable and surjective by definition), i.e.,

for any B ∈ Σ≈ we put

ha(t, B) = ka(s, q
−1(B)),

where s ∈ q−1(t). Clearly, for a fixed state s, ka(s, q
−1(·))

is a sub-probability measure on Σ≈. We now show that

the definition does not depend on the choice of s in

q−1(t) for if s, s′ ∈ q−1(t), we know that ka(s, q
−1(·))

and ka(s
′, q−1(·)) agree over B again by the fact that

q−1q(JφiKS) = JφiKS and by Lemma 4.7. So, since B is

closed under the formation of finite intersections we have,

from Lemma 4.10, that ka(s, q
−1(·)) and ka(s

′, q−1(·))
agree on σ(B) = Σ≈.

It remains to prove that for a fixed Borel set B
of Σ≈, ha(·, B) : S/≈ → [0, 1] is a Borel measur-

able function. Let A be a Borel set of [0, 1]. Then

ha(·, B)−1(A) = q[ka(·, q−1(B))−1(A)]; we know that

C = ka(·, q−1(B))−1(A) is Borel since it is the inverse

image of A under a Borel measurable function. Now we

have that q(C) ∈ Σ≈, since q−1q(C) = C: indeed, if

s1 ∈ q−1q(C), there exists s2 ∈ C such that q(s1) = q(s2),
and we have just proved above that then the ka(si, q

−1(·))’s
must agree, so if ka(si, q

−1(B)) ∈ A for i = 2, then it is



also true for i = 1, so s1 ∈ C as wanted. So ha(·, B) is

Borel measurable. This concludes the proof that S/≈ is a

LMP and q a zigzag morphism.

We now state the main result of this paper.

Theorem 4.11 Two systems are bisimilar iff they obey the

same formulas of our logic.

Proof. It remains to prove the if part. Suppose that

(S,Σ, {ka}a∈L) and (S′,Σ′, {k′a}a∈L) satisfy the same for-

mulas. Instead of defining a span of zigzags directly, we

can define a cospan and use the semi-pullback property to

infer that S and S′ are bisimilar. We first construct a sys-

tem, (T,ΣT , {ja}a∈L), called the direct sum of S and S′, as

follows. We set T = S⊎S′ with the evident σ-field. We de-

fine the transition probabilities as follows: ja(s, A ⊎ A′) =
ka(s, A) if s ∈ S and ja(s

′, A ⊎ A′) = k′a(s
′, A′) if

s′ ∈ S′ where A ∈ Σ and A′ ∈ Σ′. There are the evi-

dent canonical injections ι, ι′ which are not zigzags because

they are not surjective. We know that the quotient system

(T/≈,Σ≈, {ha}a∈L) is a LMP and that the canonical pro-

jection r from T to T/≈ is a zigzag morphism. Thus we

have morphisms q : S −→ T and q′ : S′ −→ T given by

the composites r ◦ ι and r ◦ ι′, which are measurable and

surjective. To see that q, q′ are surjective we recall that an

equivalence class must, by hypothesis, include members of

both S and S′. It remains to prove the zigzag property for q
and q′. So take a set B in Σ≈ and s ∈ S. Then

ha(q(s), B)) = ja(ι(s), r
−1(B))

= ka(s, r
−1(B) ∩ S)

= ka(s, q
−1(B))

This proves that q and similarly q′ are zigzag morphisms.

Thus we have defined a cospan of zigzag morphisms and

using the semi-pullback theorem there is a corresponding

span, hence S and S′ are bisimilar.

Note that this implies the result for discrete systems without

using the minimum deviation assumption used by Larsen

and Skou.

Definition 4.12 Given two bisimilar systems S and S′, we

say that two states s ∈ S and s′ ∈ S′ are bisimilar, denoted

s ∼ s′, if there is a span f : U −→ S, g : U −→ S′ such that

for some u ∈ U we have f(u) = s and g(u) = s′.

It follows from the existence of semi-pullbacks that ∼ is an

equivalence relation and we have:

Corollary 4.13 s ∼ s if and only if s ≈ s′.

The quotient construction has the following couniversal

property. In the case of finite state systems this says that

the quotienting construction gives the minimal finite state

system bisimilar to the given one.

Proposition 4.14 If S ∼ T , then there exists a unique

zigzag morphism r from S to T/≈.

Proof. If (S,Σ, {ka}a∈L) ∼ (T,ΣT , {la}a∈L), there is a

span (U,ΣU , {ja}a∈L) with zigzag morphisms f and g.

There is also a zigzag morphism q : T → (T )/≈ and we

show how to define r : S → (T )/≈ as in the diagram:

U

✠�
�f ❅

❅
g
❘

S T
.......

r
❘ ✠�

�q

(T )/≈

Let s ∈ S. Since f, g and q are zigzag morphisms, for every

formula φ we have,

s |= φ ⇐⇒ ∀u ∈ f−1(s).u |= φ

⇐⇒ ∀u ∈ f−1(s).g(u) |= φ

⇐⇒ ∀u ∈ f−1(s).qg(u) |= φ

This implies that all u ∈ f−1(s) are mapped by qg to the

same state t ∈ T/≈ and that we can set r(s) = t. This

makes the diagram commute. Surjectivity of r is obvious;

to see it is also Borel measurable, let A ∈ Σ≈. Then

r−1(A) = f(g−1q−1A), B1 := g−1q−1A is obviously

Borel in U and so is B2 := g−1q−1Ac. Now we not only

have that B1 and B2 are disjoint, but their images under f
are also disjoint. To see this, suppose the contrary. Then

there exist ui ∈ Bi such that fu1 = fu2; but since the dia-

gram commutes, it implies that qg(u1) = qg(u2), which is a

contradiction to the definition of the Bi’s. Thus we have that

fB1 and fB2 are disjoint analytic sets of S; since analytic

sets are separable by Borel sets and since fB1 ∪ fB2 = S,

fB1 and fB2 must be Borel sets of S, concluding the proof

that r is Borel measurable. We now show that r is zigzag;

let s ∈ S,A ∈ Σ≈ and u ∈ f−1(s). Then

ha(r(s), A) = la(g(u), q
−1A)

= ja(u, g
−1q−1A)

= ja(u, f
−1r−1A)

= ka(s, r
−1A)

Finally, r is unique because every state s is mapped in

T/≈ to the only state that satisfies the same formulas as it

does (since in T/≈ there is no pair of distinct states satisfy-

ing the same formulas).

Corollary 4.15 S ∼ T if and only if S/≈ ∼= T/≈

Now we consider the other logics.



Proposition 4.16 All the logics defined in the previous sec-

tion characterize bisimulation.

Proof (sketch). We must show that all results remain true if

we consider any of the above four logics instead of L0. We

begin with Proposition 4.1, i.e. we show that for all for-

mulas φ of all our logics, we have JφK ∈ Σ. JCan(a)K =
ka(·, S)−1((0, 1]) which is in Σ and J∆aK is its complement

and hence is in Σ. Now for L∧ and L¬ we only have to

show that if JφK ∈ Σ, then so is J¬φK which is straightfor-

ward, and if ∀i ∈ NJφiK ∈ Σ then so is J
∧

i∈N
φiK which is

also straightforward since Σ is a σ-field. The results follow

by structural induction. We now prove the important part

of Proposition 4.2, namely that for every zigzag morphism

f : S → S′ and every state s ∈ S, s and f(s) satisfy all

the same formulas. For LCan and L∆, since f is zigzag,

ka(s, S) = k′a(f(s), S
′), so s |= Can(a) if and only if

s′ |= Can(a), and s |= ∆a if and only if s′ |= ∆a. For

L∧ and L¬ it is obvious by structural induction. Now for

Proposition 4.5, we only have to show that Lemma 4.7 re-

mains true which is obvious. Finally it is easy to show that

Theorem 4.11 is not affected by the addition of the new for-

mulas.

Corollary 4.17 The relation ≈ and hence the equivalence

classes in each system are the same in all the logics de-

scribed above.

Although these logics all characterize bisimulation, they

do not all characterize equivalence classes, in the sense that

there does not necessarily exist a formula for each equiva-

lence class which is satisfied only by states in that class. The

most powerful logic does characterize equivalence classes.

Proposition 4.18 The logic L∧ characterizes equivalence

classes of states in arbitrary Markov processes. Given

a finite-state systems L¬ can characterize equivalence

classes of states in that system.

This proposition is false if we consider the problem of

writing a formula characterizes equivalence classes of ar-

bitrary finite Markov chains and not just the equivalence

classes of states within a fixed Markov chain. To be more

precise, suppose that we look at all processes, with an ini-

tial state, and we demand that bisimulation relate the initial

states. Now we want to know if, given a bisimulation equiv-

alence class there is a formula such that the initial state of

a process satisfies the formula iff it is in the bisimulation

equivalence class.

Proposition 4.19 There is no formula of L¬ that charac-

terises equivalence classes of finite Markov chains with ini-

tial states.

The same argument as used in the proof of the above propo-

sition can be used to show that neither L¬ nor L∆ can char-

acterize equivalence classes inside a discrete system even

if they satisfy the minimal deviation assumption defined by

Larsen and Skou.

5. Deciding Bisimilarity for Finite-state sys-

tems

The proof of the last section uses machinery that is un-

conventional in concurrency theory. The result gives a

characterization of bisimulation in terms of a logic with-

out negation, an unexpectedly weak logic. It is natural to

question the constructive content of such a proof. Now a

careful analysis of constructivity in measure theory is be-

yond the scope of this work, but we will show that in the

case of finite state systems there is an algorithm which de-

cides bisimilarity of finite Markov chains and also produces

a witnessing formula from the logic L0 in case the systems

are not bisimilar. The algorithm is a modification of Cleave-

land’s algorithm [7].

The algorithm shown in figure 1 allows us to distinguish

states that do not satisfy the same formulas. Beginning with

D1 containing only the set S of all states, bisim operates as

follows: for each a ∈ L and B′ in D1, it “splits” every set B
of D1 into subsets having the same probability of jumping

to B′ with action a; this is done until it does not modify

D1. At the end, all states satisfying the same formulas will

belong to exactly the same sets in D1.

The function split first lists in L all possible values of

Pa(b, B
′) for b ∈ B. Then, for every possible value in the

list L, the subset of states in B that can jump into B′ with

probability at least this value are added to the set D which

contains B at the beginning. Before adding a set to D, split

checks if it is already a member of D ∪D1 ∪D2; if not, it

defines the formula represented by the set and adds the set

to D; otherwise it does not add the set to D. This ensures

that we do not compute a new formula for a set that already

has a shorter one.

As shown in the following proposition, given two states,

we can determine if they satisfy all the same formulas by

checking if they belong to the same sets of D1. If they do

not, by finding the “first” set B in D1 that distinguishes

them, we get a formula F (B) that also distinguishes them.

The algorithm itself doesn’t record an order of creation on

the sets B, but it could be easily modified to do so.

Proposition 5.1 Two states satisfy the same formulas iff

they belong to exactly the same sets in D1 at the end of

executing the algorithm above.



bisim(S, L, D)

begin

F (S) := T

D1 := {S}
D2 := ∅
while D1 6= D2 do

for each a ∈ L and B′ ∈ D1 do begin

D2 := D1

D1 := ∅
for each B ∈ D2 do D1 := D1∪ split(B, a,B′)

end

end

split(B, a,B′)

begin

L := ∅
D := {B}
for each b ∈ B do L := L ∪ {Pa(b, B

′)}
L := L \ {0}
while L 6= ∅ do begin

l := minL
L := L \ {l}
B1 := {b ∈ B : Pa(b, B

′) ≥ l}
if B1 6∈ D ∪D1 ∪D2 then begin

F (B1) := F (B) ∧ 〈a〉lF (B′)
D := D ∪B1

end

end

return D
end

Figure 1. The bisimulation algorithm

6. Related Work

There are several papers now on probabilistic analysis,

modeling and verification. There are even several papers

on probabilistic process algebra analyzing notions of testing

and simulation, investigating model checking and exploring

various other ideas [23, 24, 17, 18, 19, 8, 2, 16]. One of the

most stimulating recent results on applications is the work

of Hillston [15] on PEPA and its uses in compositional per-

formance evaluation. There are also several other interest-

ing practical developments which are worthy of attention.

In particular telecommunication [22], real-time systems [3]

and modeling physical systems [14] are areas where proba-

bilistic systems are very important. It is particularly for the

last type of application that we expect that the continuous

space formalism developed here will be useful.

In this section we will focus the discussion on closely re-

lated papers. The fundamental work on this topic is the pa-

per by Larsen and Skou [21] which analyzes not just bisim-

ulation but also testing. Our work extends theirs in two fun-

damental ways. It applies to continuous state space systems.

The mathematics is therefore entirely different and even the

structure of the arguments is different. If we specialize to

the discrete case we have extended their work in two ways,

we characterize bisimulation with a logic that is weaker, it

has no negative formulas or disjunction and we do not have

any finite branching assumption or minimum deviation as-

sumption. Of course the minimum deviation assumption is

a reasonable one in the context of discrete systems but it is

interesting to note that it is not needed.

The other related paper is the work of de Vink and Rut-

ten [10]. This is also an investigation into the realm of con-

tinuous state spaces. Their coalgebraic approach is defi-

nitely attractive and it should be interesting to explore if

there is any way of extending their results to metric spaces

like the reals. In particular there should be interesting links

between logic and coalgebras. However they work with ul-

trametric spaces, not with the kind of metric spaces that ac-

tually arise in physical examples. Thus, for example, the

real numbers do not form an ultrametric space and their re-

sults do not apply there; nor is any easy extension likely to

work. Furthermore they only are able to show that bisimu-

lation is an equivalence relation in the case that the space is

discrete.

The algorithm owes a lot to the treatment of Cleave-

land [7]. His algorithm is based on working with partitions,

and if the logic has negation this is an obvious strategy. Our

algorithm for L0 is based on using a nested family of sets

rather than a partition. Of course the main interest in this

algorithm is that it exists at all given the apparently noncon-

structive arguments used in the main theorem.

7. Conclusions

In this paper we have shown that a very weak

negation-free logic characterizes probabilistic bisimulation

for Markov processes with continuous or discrete state

spaces. Such systems exhibit possibly infinite branching yet

no infinite conjunction. The proofs are based on properties

of analytic spaces and appear at first sight to be noncon-

structive. However in the case of finite state systems we in

fact have an algorithm for deciding bisimilarity which con-

structs a distinguishing formula when the processes are not

bisimilar. The fact that the logic is so simple shows that the

distinguishing formulas are simple. In fact, based on our

limited analysis, there appears to be no complexity or size

advantage to using the more complex logics.

The fundamental point that we realized is that analytic

spaces - despite their richness and the fact that they include

many continuous spaces - are very closely linked to logic.

In our previous work we used Polish spaces and continuous

maps and this accords well with physical intuitions but we

did not get a very good match with logic. The second impor-



tant point is that probabilistic systems are in fact very close

to determinate systems. The fact that bisimilarity is so sim-

ply characterized shows that for probabilistic systems the

bisimilarity is not very far from some kind of trace equiva-

lence. In the nonprobabilistic case we know, of course, that

for determinate systems trace equivalence and bisimulation

coincide.

The results in this paper are encouraging from the point

of view of developing algorithms. At first it seems easy to

believe that measure theory on continuous state spaces is so

inherently nondiscrete that there will not be any reasonable

links with logical concepts. In fact, in the proper setting,

namely analytic spaces, we find that the discrete and the

continuous mesh very smoothly.
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A. Definitions from Measure Theory

Definition A.1 A σ-field on a set X is a family of subsets of

X which includes X itself and which is closed under com-

plementation and countable unions.

A set equipped with a σ-field is called a measurable space.

Given a set X and an arbitrary subset A of the powerset of

X , we can always find a minimal σ-field including all the

sets ofA; this is called the σ-field generated byA. Many of

the measurable spaces “in nature” actually arise from topo-

logical spaces. We take the open sets (or the closed sets)

and look at the σ-field generated by them. In the case of

R
n the σ-field generated by the usual open sets is called the

Borel field. The Lesbegue σ-field is quite different.

The notion of measure generalizes the concept of “length

of an interval” to arbitrary σ-fields.

Definition A.2 Given a σ-field (X,Σ), a (subprobability)

measure on X is a ([0, 1]-valued) [0,∞]-valued set func-

tion, µ, defined on Σ such that

• µ(∅) = 0,

• for a pairwise disjoint, countable collection of sets,

{Ai|i ∈ I}, in Σ, we require

µ(
⋃

i∈I

Ai) =
∑

i∈I

µ(Ai).

In addition, for probability measures we require µ(X) = 1.

The second property above is called countable additivity.

A probability space is a set X equipped with a σ-field Σ
and a measure P such that P (X) = 1. Functions between

measurable spaces are called measurable functions.

Definition A.3 A function f : (X,ΣX) −→ (Y,ΣY ) be-

tween measurable spaces is said to be measurable if ∀B ∈
ΣY .f

−1(B) ∈ ΣX .

Definition A.4 A Polish space is the topological space un-

derlying a complete, separable (i.e. has a countable dense

subset) metric space.

The fact that we have a countable dense subset is equivalent

to saying that there is a countable basis. This basis allows

many measure-theoretic arguments to go through smoothly.

A typical Polish space is Rn.

Definition A.5 An analytic space is the image of a Polish

space under a continuous function from one Polish space to

another.

In this definition it turns out to be equivalent to say “measur-

able” image and it makes no difference if we take the image

of the whole Polish space or of a Borel subset of the Pol-

ish space. A typical way that analytic spaces arise is when

one takes the projection of a Borel subset of R2 onto one

of the axes. Lebesgue mistakenly thought that these had to

be Borel sets but Suslin showed that they may not be and so

initiated the study of analytic sets.


